NUMERICAL ASPECTS OF COMPLEXES OF FINITE
HOMOLOGICAL DIMENSIONS

MAJID RAHRO ZARGAR AND MOHSEN GHEIBI

ABSTRACT. Let (R, m) be a local ring, and let C' be a semidualizing com-
plex. We establish the equality rr(Z) = V(Exti{i"fc(Z, C)),u}i%epthc(m, )
for a homologically finite and bounded complex Z with finite Gc-dimension
g. Additionally, we prove that if Ext*(M, N) = 0 for sufficiently large 4, while
idg Ext?(M, N) remains finite for all 4, then both pdp M and idg N are finite
when M and N are finitely generated R-modules. These findings extend the
recent results of Ghosh and Puthenpurakal [4], addressing their questions as
presented in [4, Question 3.9] and [4, Question 4.2].

1. INTRODUCTION

Let R be a commutative Noetherian local ring. Recently in [4, Theorem 3.5],
the authors proved the following theorem.

Theorem (Ghosh and Puthenpurakal). If M is a finitely generated G-perfect R-
module with G-dimgp M = g, then

rr(M) = v(Ext% (M, R))rg(R).

Here rg(—) and v(—) represent the type and number of minimal generators, re-
spectively. In light of the aforementioned theorem, in this paper we present the
following result which not only generalizes Ghosh and Puthenpurakal’s result but
also relaxes the G-perfect assumption and addresses their question [, Question
3.9].

Theorem (A). Let (R, m) be a local ring and C' be a semidualizing R-complex. Let
Z e Df (R) be an R-complex of finite Gc-dimension g. Then one has an equality

rr(Z) = v(Extd ™0 (Z,C)usP ™ m (O m, C).

As an application of Theorem (A), we provide some criteria for a semidualizing
complex C to be dualizing in terms of the existence of certain complexes of finite
Gc-dimension; see Corollary

Next, in [4, Theorem 4.3], the authors proved the following.

Theorem (Ghosh and Puthenpurakal). Let N be a nonzero R-module of finite
injective dimension with depthy N > dim R — 1. Ifidg Ext (M, N) < co for all i,
then pdp M < oo.
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2 M. RAHRO ZARGAR AND MOHSEN GHEIBI

In addition, the authors raised the question of whether the aforementioned theorem
holds without the additional assumption depthr N > dim R — 1; see [4 Question
4.2]. In Section 4, we provide an affirmative answer to this question and present
the following more comprehensive result.

Proposition (B). Let X,Y be complezes such that X € DL (R) and Y € DL(R).
Assume Ext*(X,Y) =0 for alli > 0 and idg Ext'(X,Y) < co for alli. Then, both
pdr X and idgrY are finite.

In a related topic, in [5], Ghosh and Takahashi examined the celebrated Auslander-
Reiten Conjecture in terms of injective dimensions of Homr (M, R) and Hom g (M, M)
for a finitely generated R-module M. In their work, they established the following
result.

Theorem (Ghosh and Takahashi). Let R be a commutative Noetherian ring and
let M be a nonzero R-module such that Ext%(M7M @ R)=0 foralli > 0. If at
least one of Hompr(M, R) or Homp(M, M) has a finite injective dimension, then
M is free and R is Gorenstein.

In Section 4, we provide a concise proof of this theorem, which can be found
in Theorem [4.6] Additionally, we extend Peskine-Szpiro’s theorem to the realm of
C-injective dimension.

Theorem (C). Let (R, m) be a commutative Noetherian local ring, C be a semid-
ualizing R-complez, and X € D& (R). Assume that idg(C ®@% X) < co. Then, for
all integers t, there is an equality
BHX) = D pip(m, O (m, C @ X).
i+j=t

As a corollary of Theorem (C), one has a semidualizing module C' is dualizing,

if there exists a cyclic R-module of finite C-injective dimension.

2. PREREQUISITES
Throughout, R is a commutative Noetherian ring with identity.

2.1 (Complexes). An R complex X is a sequence of R-modules X; and R-linear
maps 90X : X; — X;_1,i € Z, where X; is an R-module in degree i, and 9% is
the i-th differential with 9;*,0; = 0.An R-module M is thought of as a complex
0 — M — 0, with M in degree 0. For any integer n, the n-fold shift of a complex
(X, &X) is the complex ¥" X given by (X" X), = X,_,, and &' X = (=1)"¢X . The
homological position and size of a complex are captured by the numbers supremum,
infimum and amplitude defined by

sup X :=sup{i € Z | H;(X) # 0},
inf X :=inf{i € Z | H;(X) # 0}, and
amp X :=sup X — inf X.
With the usual convention that sup () = —oco and inf ) = co.
2.2 (Derived Category). The derived category D(R) is the category of R-complexes
localized at the class of all quasi-isomorphisms (see [7]). We use ~ to denote iso-

morphisms in D(R). The full subcategory of homologically bounded above (resp.
below) complexes is denoted by D (R) (resp. D—(R)). Also, we denote Df(R)
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NUMERICAL ASPECTS OF COMPLEXES OF FINITE HOMOLOGICAL DIMENSIONS 3

the full subcategory of homologically bounded complexes with finitely generated
homology modules.

For R-complexes M and N, the tensor product complex M ®pr N is defined by
(M ®g N)p =@,y Mi ®p Npp—; with differentials

MERN (1 @R yn—i) = M (23) @R Yn—i + (—1)'x;i @R O~ (Yn—s),

and the homomorphism complex Homp(M, N) is defined by Homg(M,N), =
[I;cz Homp(M;, Niy,) with differentials

OHlomn(MN) (£ = ON . fi = (=1)"fic10M )iez.
Let X,Y € D(R). The left-derived tensor product of X and Y in D(R) is denoted
X ®% Y and defined by

XY ~F@rY ~X@rF ~F@iF,

where F and F are semi-flat resolutions of X and Y, respectively.
Also, the right-derived homomorphism complex of X and Y in D(R) is denoted
RHompg(X,Y) and defined by

RHomg(X,Y) ~ Homg(P,Y) ~ Homp(X,I) ~ Homp(P,I),

where P and I are semi-projective resolution of X and semi-injective resolution
of Y, respectively. For definitions of semi-projective, semi-injective and semi-flat
resolutions we refer the reader to [3, Chapter 5|. For i € Z, we set Torf(X,Y) =
H;(X ®%Y) and Ext(X,Y) = H_;(RHompg(X,Y)). For R-complexes X, Y and
an integer n € Z there are the following identities of complexes:
RHomg(X,X"Y) = "R Hompg(X,Y), and
RHomgz(X"X,Y) = ¥""RHomg(X,Y).

2.3 (Numerical Invariants). Let (R, m, k) be a local ring with residue field k.
The depth of an R-complex X is defined by depthy(X) = —sup RHompg(k, X),
and the Krull dimension of X is defined as follows:

dimp(X) =sup{dimR/p—infX, | p € Spec R}

= sup{dim R/p —inf X, | p € Suppyp X},

where Suppr X = {p € SpecR | X, # 0} = U,z Suppg Hi(X). Note that for
modules these notions agree with the standard ones. For an R-complex X in
Dé(R) such that X 2 0, one always has the inequality depthp(X) < dimp(X). A
homologically bounded and finitely generated R-complex X is said to be Cohen-
Macaulay whenever the equality depthy(X) = dimpg(X) holds. For an R-complex
X and integer m € Z, the m-th Bass number of X is defined by

wri (m, X) =rank, H_,,(RHompg(k, X)) = ranky Exty (k, X).
If X is homologically bounded, then the type of X is denoted by rg(X) and defined
by rr(X) = ,u%epthR(X)(m, X). The m-th Betti number of X is defined by
BE(X) = rank; H,,(k ®% X) = rank;, TorZ (k, X).
Definition 2.4. An R-complex C' is said to be semidualizing for R if and only
if C € DL(R) and the homothety morphism x& : R — RHomg(C,C) is an

isomorphism. Notice that in the case where C' is an R-module, this coincides with
the definition of a semidualizing module. An R-complex D € Df (R) is said to be a

6 Jan 2024 00:05:22 PST
230719-RahroZargar Version 2 - Submitted to J. Comm. Alg.



4 M. RAHRO ZARGAR AND MOHSEN GHEIBI

dualizing complex if and only if it is a semidualizing complex with finite injective
dimension.

Definition 2.5. Let C be a semidualizing complex for R. An R-complex X in D(R)
is said to be C-reflezive if and only if X and R Homp(X,C) belong to D (R) and
the biduality morphism 0§ : X — R Hompg(R Homg(X,C), C) is invertible. The
class of complexes in D4 (R) which are C-reflexive is denoted by R(C). In view of
[2, Definition 3.11], for an R-complex X in D (R) we define the G-dimension of X
with respect to C' as follows:

inf C — inf RHomg(X,C) if X € R(C)

Ge-dim(X) = {oo it X ¢ R(O).

Definition 2.6. Let C' be a semidualizing R-module. An R-module M is said to
be C-Gorenstein projective if:
(i) Extfl(M, C ®g P) = 0 for all projective R-modules P.
(ii) There exist projective R-modules Py, Pp,... together with an exact se-
quence:

00— M —CRrPy—CRrP, — ...,
and furthermore, this sequence stays exact when we apply the functor
Hompg(—,C ®gr Q) for any projective R-module Q.

For a homologically bounded below R-complex X we define:
Ge-pdp(X) = igf{sup{n € Z|Y, # 0}},

where the infimum is taken over all C-Gorenstein projective resolutions Y of X.
In view of [8, Examples 2.8(b)(c)], such resolutions always exist. Note that when
C = R this notion recovers the concept of ordinary Gorenstein projective dimension.

Next, we recall the concept of the Gorenstein dimension with respect to a semid-
ualizing R-module C, which was originally introduced by Golod [6].

Definition 2.7. The G¢-class of R denoted G¢(R), is the collection of finite R-
modules M such that
(i) Exth(M,C) =0 for all i > 0.
(ii) Exth(Hompg(M,C),C) = 0 for all i > 0.
(iii) The canonical map M — Homp(Homp (M, C),C) is an isomorphism.
For a non-negative integer n, the R-module M is said to be of G¢-dimension at
most n, if and only if there exists an exact sequence

0—G,— G171 — - — Gy — M —0,

where G; € Go(R) for 0 < i < n. If such a sequence does not exist, then we
write G-dimg (M) = co. Note that when C' = R this notion recovers the concept of
Gorenstein dimension which was introduced in [IJ.

Remark 2.8. Notice that if C is a semidualizing R-module and X € Dé(R),
then, by [8, Proposition 3.1], the Definitions and are coincide, that is,
Ge-dimp(X) = Ge-pdg(X). By, [8, Theorem 2.16], for a homologically bounded
below complex Z of R-modules there is the equality Ge-pdr(Z) = Gpdg,o(2).
Also, by [11] Theorem 2.7], for a finitely generated R-module M and a semidualizing
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NUMERICAL ASPECTS OF COMPLEXES OF FINITE HOMOLOGICAL DIMENSIONS 5

R-module C, we have that the two Definitions [2.5] and [2.7] are coincide, that is,
G-dime (M) = Ge-dimg(M).

Definition 2.9. Let C be a semidualizing complex for R. The Auslander class of R
with respect to C, Ac(R), is the full subcategories of Dn(R) defined by specifying
their objects as follows: X belongs to Ac(R) if and only if C ®% X € Dg(R) and
the canonical map ’yg : X - RHompg(C,C ®E X) is an isomorphism.

3. COMPLEXES WITH FINITE GORENSTEIN DIMENSION

In this section, we give the proof of our main result Theorem (A). The starting
point of this section is the following lemma, which is used in the proof of the next
theorem. For the proof of this lemma, the reader is referred to [2].

Lemma 3.1. Let (R, m, k) be a local ring, C' be a semidualizing R-complex and X
be a homologically bounded and finitely generated R-complex. Then the following
statements hold:

(1) If Ge-dimpz(X) < oo, then G-dimg(X) = depth R — depth (X).
(2) The following conditions are equivalent:
(i) C is dualizing.
(ii) Ge-dimg(k) < oo.
(3) If Ge-dimp(X) < oo, then inf RHomp (X, C) = depthp(X) — depthz(C).

Definition 3.2. Let C' be a semidualizing complex and X be a homologically
finitely generated and bounded complex. Then we define garde of X with respect
to C' as follow:

grade (X) := inf{i| Ext%(X,C) # 0} = —sup RHompg(X,C).

Also, we say that a finitely generated R-module M with finite G-dimension is G-
perfect if gradeg (M) = G-dimg(M).

In [4, Theorem 3.5], the authors proved that for a G-perfect R-module M the
equality rg(M) = v(Ext% (M, R))rr(R) holds true. Also, they provided some ex-
amples to show that the above equality holds true for some R-modules with finite
G-dimension which is not necessarily G-perfect. In this direction, in [4] Question
3.9] they asked whether the aforementioned equality holds true for all R-modules
with finite G-dimension. The following theorem, which is our main result, provides
an affirmative answer to the above question.

Theorem 3.3. Let (R,m) be a local ring and C be a semidualizing R-complex.
Suppose that there exists an R-complex Z € Dh(R) with g := Ge-dimg(Z) < oo,
then one has the following equality

rr(2) = v(Exty ™ (Z,0))ug? " (m, ©).

In particular, if M is a finitely generated R-module with finite Gorenstein dimension
g, then rp(M) = v(Ext% (M, R))rr(R).

Proof. Let Z be a finite Go-dimension R-complex in DY (R), and notice that by [2,
Lemma 3.12] one has Ge-dim(379Z) = Ge-dimg(Z) — g = 0. Set d = depthy(2).
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Then by Lemma [3.1(1) we have the following equalities

H_4(RHomp(k, Z)) = H_g(RHomp(k,$9(X792)))
:H_d(ZgRHomR( D gZ))
= H_(d+g)(RH0mR(k > gZ))
=H_ depthR(RHomR(h Z_(JZ))

Next, set X := Y797 and notice that X" ~ X, where (=)' := RHompg(—,C).
Hence, the above equalities yields the following equalities

’/’R(Z) = vdimk H_ depthR(RHomR(k X))

= vdim  H_ gepth (R Hompg(k, X TT))

= vdim , H_ gepth (R Hompg(k, R Hompg (X', C))

=vdim, H_ depthR(RHomR( ®L )(Jr ))

=vdim; H_ dcpthR(RHomR(k ®L xt ®k k C))

=vdim;H_ depthR(R Homk(k ®R Xt :R,HOIHR(]{I7 C)))

= X B uRm,C).

i+j=depth R
On the other hand, in view of [3, 15.4.15, 15.4.26], one has inf{i € Z | BF(XT) #
0)} = inf XT and inf{i € Z | u%(m, C) # 0)} = depth(C). As Ge-dimz(X) = 0, by
using Lemma and the fact that inf C' +depth,(C) = depth R, one has inf XT =
inf C. Therefore, one can deduce that rg(2) = B, o(XT)u%y depth(©) (m,C).
It remains to show that BB ,(XT) = v(Ext% ™ (Z, C)) First notice that by

Lemma [3.1] we have inf C' — g = inf C' — depth R+ depth(Z) = inf RHompg(Z,C).
Now we have the following equalities

me(XT) anC(RHomR(ZigZ7O))
Bme(EgRHomR(Z7 C))

= vdimk Hmfc(k ®R EQRHOIDR<Z, C))
= VdHIl]€ Hmt C(Eg(k ®R RHOIHR(Z, C))
vdim ; Hinrc—g(k ®R RHomg(Z,())
vdim k Hinf zZt (/f ®% RHOHIR( C)
lem k(HO (k‘) ®% Hlan' (R HomR(
v(Exty ™% (2,0))

v(Exty ™% (Z,0)).

Note that the equality I follows from [3], Proposition 7.6.8]. O

(=1l

)
Z,0)))

As a consequence of Theorems we obtain the following characterizations of
a dualizing complex C' in terms of the existence of certain complexes of finite G-
dimension which also provides a suitable generalization of [4, Corollary 3.10].

Corollary 3.4. Let (R,m) be a local ring and C be a semidualizing R-complex.
Consider the following statements:
(i) C is dualizing.
(ii) R admits a Cohen-Macaulay complex X with finite Go-dimension g such
that rr(X) < v(Ext% ™ (X, C)).
(iii) R admits a Cohen-Macaulay complex X with finite Go-dimension g such
that dimp(X) = dimg(C) — grade(X) and rr(X) < 1/(E}<‘5§7{infc(X7 Q)).
Then, the implications (i)<=>(iii) and (i)==(ii) hold and the implication (ii)=(i)
holds whenever amp X = 0.
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Proof. Fist note that a dualizing complex C is a type one Cohen-Macaulay R-
complex with finite G¢-dimension and grade(C) = 0. Therefore, the implications
(i)==(i) and (i)==(iii) follow for X = C. For the implication (ii)==(i), by
Theorem one has rr(C) = 1, and so it follows from [9, Theorem 3.7]. For
(iii)=(i), the assumption rr(X) < I/(Ext%_infc(X, () and Theorem [3.3| implies
that rg(C) = 1. Also, in view of [9, Proposition 3.9], one has C' is Cohen-Macaulay,
and so by [9, Theorem 3.3] the assertion holds. O

4. FINITE INJECTIVE DIMENSION

In this section, we address a question of Ghosh and Puthenpurakal [4, Question
4.2]. Additionally, we present a concise proof of Ghosh and Takahashi’s result [5]
Corollary 1.3]. Furthermore, we extend a theorem by Peskine and Szpiro, which
asserts that if a local ring R possesses a cyclic module with finite injective dimension,
then R is Gorenstein.

fTM X
Lemma 4.1. Let X :=--- — X 2 X 8—l> Xi;_1 — -+ be a bounded complex
such that idr H;(X) < oo for alli. Then idrX < oo.

Proof. Let n be the number of non-zero homologies of X. We proceed by induction
on n. Assume that n = 1. Then without loss of generality, we may assume Ho(X) #

0. Let Z = Ker(dp). Then the complex X is isomorphic to YV := - — X; —
Z — 0 and the latter is isomorphic to Ho(X) in D(R). Since idg Ho(X) is finite,
so is idr X.

Let n > 1. Again without loss of generality, we may assume inf X = 0, and
same as the above we have X ~ Y. Since Hy(X) = Ho(Y) has a finite injective
dimension, there exists a bounded injective resolution I of Hy(X). Let C :=--- —
X, — 2 —1° — ' — ... where the map Z — I° is the composition
of Z — Ho(Y) and Ho(Y) — I°. This gives an exact sequence of complexes
0 —Y — C— I —0, and also one has H;(C') = 0 for ¢ < 0. Therefore, by
inductive hypothesis idgrC' < oo. On the other hand, we have that idg[I is finite,
and so idrY < oo as well. Therefore idgX < co. O

Proposition 4.2. Let X,Y be complezes such that X € DL(R) and Y € DL (R).
Assume Ext"(X,Y) =0 for i > 0 and idr Ext"(X,Y") < oo for all i. Then, both
pdr X and idrY are finite.

Proof. First note that Ext(X,Y) = H_;(RHompg(X,Y) for all i and also by [3,
Proposition 7.6.7] one has R Homp(X,Y) € DL (R). Therefore, in view of Lemma
and [3, Proposition 15.4.30] one can deduce that pdp X and idgY are finite, as
required. ([

In [4, Proposition 4.1], the authors proved that over a Cohen-Macaulay local ring
R admitting a canonical module wg, if M is finitely generated R-module such that
idg Ext’(M,wg) < oo for all i, then pdg M is finite. In this regard, in [& Question
4.2], they asked whether one can replace wg with any arbitrary R-module of finite
injective dimension. The following corollary affirmatively answers their question
even without assuming the finiteness of the injective dimension of the R-module
N. Also, this result provides a partial answer to [5, Question 2.18]
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8 M. RAHRO ZARGAR AND MOHSEN GHEIBI

Corollary 4.3. Let (R,m) be a local ring and suppose that M, N are finitely gen-
erated R-modules such that Ext'(M,N) = 0 for i > 0, and idg Ext"(M,N) < oo
for alli. Then, pdr M and idrN both are finite. In particular, if Ext!(M,M) =0
fori >0 and idg Ext'(M, M) < oo for all i, then R is Gorenstein.

Notice that the equality dim(R) — depth(M) = sup{ i | Ext% (M, M) # 0} holds
for all finitely generated R-modules M with finite injective dimension. Therefore,
the following corollary which is an immediate consequence of the Proposition
provides an affirmative answer to [4, Question 4.7].

Corollary 4.4. Let M be a nonzero R-module such that the injective dimensions
of M and Ext’zr(M, M) are finite for all 0 < i < dim(R) — depth(M). Then R is
Gorenstein.

The following example shows that the finiteness of injective dimensions of Ext
modules in Proposition is necessary.

Example 4.5. Let (R7 m, k) be a non regular Gorenstein local ring of dimension
d. Then, one has Exth(k,R) = 0 for all i # d and Ext%(k, R) = k Therefore,
idp(Extg(k, R)) = oo and also pdg (k) = co.

Theorem 4.6. The Auslander-Reiten conjecture holds true for a nonzero finitely
generated R-module M over a commutative Noetherian ring R when at least one of
Homp(M, R) or Hompg(M, M) has finite injective dimension.

Proof. By the assumptions of Auslander-Reiten conjecture, we have Ext}(M ,R) =
0 and Extzk(M, M) = 0 for all i« > 1. Therefore, in view of Proposition and
Corollary[4£.4] one has pd M and idg R both are finite. Note that R Hompg (M, R) ~
Homp (M, R) in D(R). Now, consider the following equalities

ph(m,Homp (M, R)) = vdimy H_;(RHompg(k, Homg (M, R)))

= vdim ; H_;(R Hompg/(k, RHomR(M R)))
= vdim  H_;(R Homp (k ® ))
( (

= vdim  H_;(R Homp (M ®I§ K ®F k, R))

= vdim , H_;(R Homy (M ®% £, RHomR(k7 R)))

= Zlem  H; (M ®}"{ k’)leHl e Hi_y (R HOHIR(]C, R))
i€Z .

= > B (M)ugp(m, R).
ifj=t

Set dim R = d and note that p%"* (m, Homp(M,R)) = 0 and p% (m,R) = 0 as
injective dimension of the R-modules Homp (M, R) and R are finite. Therefore, by
the above equality one has

BI(M)pfa(m, R) + B3 (M) (m, R) + - + By (M) (m, R) = 0.

Since pé%(m, R) # 0, we have (M) = 0, and therefore M is a free R-module as
required. (I

Theorem 4.7. Let (R, m, k) be a local ring, C be a semidualizing R-complex, X €
DL(R) and that idg(C @k X) < 00. Then, for all integers t, there is an equality

BEX) = Y wh(m, C)pg’ (m,C F X).
1+j=t
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Proof. By [2, Proposition 4.4] and [2, 4.6(a)], we have X € A¢(R), and so the
canonical map 'ygg : X - RHompg(C,C ®E X) is an isomorphism. Therefore, in
view of [3] Theorem 8.4.24], we have the following equalities

BE(X) = vdimy, Hy(k ®R X)
= vdim  H;(k ®% R Homp(C, C @% X))
vdim j, H;(R Homg (R Hom g (k, C) C ®g X))
vdim ,, H;(R Hompg (R Homg(k, C) @F k, C @k X))
= vdim y, H;(R Homy (R Hompg (k, C), RHomR(k, C ®Ié X))
= Y vdim; H_;(RHomg(k, C))vdim  H_;1+(R Hompg(k, C ®% X))
i€Z 4
2 pg(m, C)ug’ (m,C @F X).
i+j=t
This finishes the proof. O

Corollary 4.8. Let (R,m) be a d-dimensional local ring, C be a semidualizing R-
module and M be a finitely generated R-module such that C-idgM < oo. Then,
there exists an equality

v(M) = ph(m, C)ug(m,C @p M).
In particular, if v(M) = 1, then C is the canonical module.

Proof. By [10, Theorem 2.11], we have C-idgM = idr(C ®r M). Hence R is
Cohen-Macaulay by the Theorem of Bass, and so C' is maximal Cohen-Macaulay.
Hence, u%(m,C) = 0 for all i < d. Also, u4(m,C ®r M) =0 for all i > d. On the
other hand, by [I0, Theorem 2.11] and [I0, Corollary 2.9] we have Tor; (C, M) = 0
for all i > 1. Thus C ®% M ~ C ®r M, and the desired equality follows from
Theorem. Finally, if V(M) = 1, then one has u%(m,C) = 1 which shows that
C is the canonical R-module. O
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