OBSTRUCTION TO NAIVE LIFTABILITY OF DG MODULES

SAEED NASSEH, MAIKO ONO, AND YUJI YOSHINO

ABSTRACT. The notion of naive liftability of DG modules is introduced in [10]
and [I1]. The main purpose of this paper is to explicitly describe the obstruc-
tion to naive liftability along extensions A — B of DG algebras, where B is
projective as an underlying graded A-module. In particular, we give an explicit
description of a DG B-module homomorphism which defines the obstruction
to naive liftability of a semifree DG B-module N as a certain cohomology
class in Ext}B(N, N ®p J), where J is the diagonal ideal. Our results on the
obstruction class enable us to give concrete examples of DG modules that do
and do not satisfy the nailve lifting property.

1. INTRODUCTION

Throughout the paper, R is a commutative ring.

Lifting and weak lifting properties have been studied in commutative ring theory
by Auslander, Ding, and Solberg [I] for modules and by Yoshino [I7] for complexes
over certain ring extensions. These notions are tightly connected to the deformation
theory of modules and have been applied in the theory of maximal Cohen-Macaulay
approximations. The existing lifting and weak lifting results for modules and com-
plexes have been generalized recently in several papers [10, 1T, 13| 14 6] to the
case of differential graded (DG) modules over certain DG algebra extensions.

There exist three versions of liftability for DG modules. Let ¢: A — B be a DG
R-algebra homomorphism, and let N be a semifree DG B-module. We say that N is
liftable to A if there is a semifree DG A-module M such that N 2 M ® 4 B. The DG
B-module N is weakly liftable to A (in the sense of [10]) if there are non-negative
integers ay, ..., a, such that the finite direct sum N & N(—ay) ® --- ® N(—a,) is
liftable to A. Finally, N is naively liftable to A if the map ny: N|a ®4 B - N
defined by mn (n®b) = nb is a split DG B-module epimorphism. Here, N|4 denotes
the DG B-module N considered as a DG A-module via . If N is naively liftable
to A, then it is a direct summand of the liftable DG B-module N|4 ®4 B; see
Remark [3.4] for more details. In the special case where A and B are commutative
rings and N is a B-module, definition of lifting (resp. weak lifting) translates to the
existence of an A-module M such that N = M ®4 B (resp. N is a direct summand
of M ®4 B) and Tor? (M, B) = 0 for all i > 0. Note that by [I, p. 296] and [10,
Remark 6.6] the notions of liftability that we defined above are different in general.

Auslander, Ding, and Solberg [I, Proposition 1.6] proved a sufficient condition
for liftability of modules over certain ring extensions. More precisely, they showed
that if R is a complete local ring and = € R is a non-zero divisor, then a finitely
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generated R/zR-module N is liftable to R if Ext% /er(IN,N) = 0. The converse
of this result does not hold in general; see [I, p. 282]. Unlike the lifting property,
detecting weak liftability does not require the vanishing of the entire Ext?. More
precisely, Auslander, Ding, and Solberg proved the following result.

Theorem 1.1 ([T, Proposition 1.5]). Let R be a local ring and x € R be a non-zero
divisor. A finitely generated R/xR-module N is weakly liftable to R if and only if
a certain cohomology class [An] in Ext%/IR(N, N) vanishes.

We call [A ] the obstruction class to weak liftability. Similar statements for lift-
ing and weak lifting hold when we replace modules by bounded below complexes of
finitely generated free modules; see [I7]. Further generalizations have been obtained
in the DG algebra setting for simple extensions of DG algebras as followsﬂ

Theorem 1.2 ([I4] Theorem 3.6] and [I6], Theorem 4.7]). Assume B = A(X) is

a simple free extension of a DG R-algebra A obtained by adjunction of a variable

X to kill a cycle x in A. Let N be a semifree DG B-module. Then there exists an

obstruction class [An] in Extg{IH(N, N) such that

(a) if | X| is odd, then [An] =0 if and only if N is weakly liftable to A and

(b) if | X| is even and N is bounded below (i.e., N; = 0 for alli < 0), then [An] =0
if and only if N is liftable to A.

Note that if A = R is a local ring, x is a non-zero divisor, and |X| = 1, then
Theorem [1.2f(a) recovers Theorem because in this case B is the Koszul complex
over the element x which is quasiisomorphic, as a DG R-algebra, to R/zR.

In general, we are interested in the lifting properties of DG modules along free
extensions of DG algebras that are obtained by adjoining more than one variable
to another DG algebra. Our study of lifting properties along such extensions is
motivated by some of the major problems in commutative algebra including the
Auslander-Reiten Conjecture. This conjecture states that a finitely generated mod-
ule M over a commutative noetherian local ring R is free if Ext’ (M, M @ R) = 0 for
alli > 1. As we mention in [I1], §7] and [12} 1.2 and A.5], the Auslander-Reiten Con-
jecture has an equivalent DG version over a DG algebra Q(X; | i € N) obtained by
adjoining countably many variables X; to a regular local ring ). Therefore, devel-
oping a suitable notion of lifting along the DG algebra extension Q@ — Q(X; | i € N)
will provide an affirmative answer to the Auslander-Reiten Conjecture.

As we see in Theorem [1.2] weak liftability along A — A(X) depends on the
parity of the degree of X. Hence, it is not a suitable version of liftability when one
wishes to generalize it in an inductive process to the case where B = A(X; | i € N).
To avoid keeping track of the parity of the degrees of the variables in each inductive
step, the notion of naive liftability was introduced by the authors in [I0, [I1I]. This
notion is independent of the parity of the degrees of variables and at the same
time, it detects (weak) liftability along simple extensions of DG algebras. Hence,
naive lifting is a suitable version of lifting in dealing with the Auslander-Reiten
Conjecture. Also, Theorem is restated as follows.

Theorem 1.3 ([I0, Theorem 6.8]). Assume B = A(X) is a simple free extension
of a DG R-algebra A obtained by adjunction of a variable X to kill a cycle in A.

IThe word “simple” means that the DG algebra extension is obtained by adjoining only one
variable.
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Let N be a bounded below semifree DG B-module. Then there is an obstruction
class [An] in ExtglJrl(N, N) such that N is naively liftable to A if and only if
[An] =0.

Moreover, the obstruction classes [Ay] in Theorems and are the same
by [I0, Theorem 6.8]. Later, the authors proved the following ezistence result
(Theorem along more general extensions of DG algebras using the notion of
diagonal ideal that they extensively studied in the DG setting in [II]. Note that
the notion of diagonal ideal is a classic notion that originates in scheme theory and
has a long history. In fact, if A — B is a homomorphism of commutative rings,
then the kernel of the map B ®4 B — B defined by b ® 4 ' +— bb’ is the defining
ideal of the diagonal set in the Cartesian product Spec B Xgpec 4 Spec B.

Theorem 1.4 ([1I, Proposition 5.3 and Theorem 5.8]). Assume A — B is an
extension of DG R-algebras, where B is projective as an underlying graded A-module
(e.g., B is a free extension of the DG R-algebra A obtained by adjoining countably
many variables to A). For a semifree DG B-module N, there is an obstruction
class [An] in Exth(N,N ®@p J) such that N is naively liftable to A if and only if
[An] =0. (Here, J is the diagonal ideal; see Definition[5.3)

The obstruction classes [Ay] discussed in Theorems and [1.3| have been
explicitly described in [1], [14], and [I6]. More precisely, in Theorems and

we show that [An] = [jx(9V)], where jx denotes the j-operator with respect to the
variable X and 9V is the differential of the DG module N. Our goal in this paper
is to explicitly describe the obstruction to naive liftability discussed in Theorem
as well. Our main result in this paper is the following; see Theorems [3.8 and

Theorem 1.5. Let A — B be an extension of DG R-algebras, where B is projective
as an underlying graded A-module, and let N be a semifree DG B-module with a
semifree basis B = {ex}rea with a chosen well-ordering (that respects homological
degree). For ey € B, let 9N (ey) = D o< Eubur as a finite sum with b\ € B
Then, a right DG B-module homomorphism An: N — N ®p J of degree —1 which
defines the obstruction class [An] € Extg (N, N®pgJ) of naive liftability is explicitly
giwen by the formula

An(ex) =Y eu®0(bun)

n<A

where § is the universal derivation; see Definition [3.0.

The organization of this paper is as follows. Section [2]is devoted to the termi-
nology and basic definitions which are used in subsequent sections. In Section
we give an explicit description of the obstruction class whose vanishing detects
naive liftability. The proof of Theorem [I.5]is given in this section. In Section [4] we
provide another description of the obstruction class that is equivalent to the one
from Section [3] This description is based on the notion of “connections” that was
originally defined by Connes [6, II. §2] in non-commutative differential geometry.
Finally, our main result in Section [5]is Theorem which enables us to construct
concrete examples of DG modules that do and do not satisfy naive liftability.

2. TERMINOLOGY AND PRELIMINARIES

The main objects considered in this paper are DG algebras and DG modules;
references on these subjects include [2] 3, [8, [9]. In this section, we fix our notation
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and specify some terminology that will be used throughout the paper. For the
unspecified notation, we refer the reader to [11].

2.1. A strongly commutative differential graded R-algebra (or simply DG R-algebra)
A = (A%, d*) is a non-negatively graded R-algebra A" = @, -, A, such that

(a) d*: A" — AP is a graded R-linear map of degree —1 with (d4)? = 0, that is,
A = (Af,d*) is an R-complex;

(b) for all homogeneous elements a,b € A% we have ab = (—1)I%llpa, and a? = 0 if
the degree of a (denoted |a|) is odd; and

(c) d* satisfies the Leibniz rule, that is, for all homogeneous elements a,b € A% we
have d*(ab) = d*(a)b + (—1)!%ad? (D).

2.2. A (right) DG A-module M = (M*,0M) is a graded (right) A%module M?% =
@D,c, M; which is an R-complex with a differential 0 that satisfies the Leibniz
rule, i.e., for all homogeneous elements a € A% and m € M? we have M (ma) =
OM(m) a+(—=1)"Im d*(a). A DG submodule of a DG A-module M is a subcomplex
that is a DG A-module under the operations induced by M. A DG ideal of A is a
right and left DG submodule of A.

The DG modules considered in this paper are right DG modules, unless otherwise
stated. Note that a DG A-module M is also a left DG A-module with the left A-
action am = (—1)I"™ll4lma, for all homogeneous elements a € A* and m € M*.

A DG A-module homomorphism between DG A-modules M, N is a graded A"-
linear map f: M® — NP of degree 0 that commutes with differentials, i.e., ON f =
FOM. We also set

“Hom 42 (M*, N*) = (P gr-Hom 4: (M*, N*(n))
nez

where gr-Hom 4; (M?, N%(n)) is the set of graded A%-module homomorphisms from
M?® to N¥ of degree n. We denote gr-Hom 4; (M?, N%(0)) by gr-Hom 4 (M?¥, N¥).
Note that *Hom 45 (M?, N?) is a graded A%-module. Defining the differential 0* by

(0" (@) = oV (f(2)) — (=) f(@™(2)

for f € *Hom:(M? N?%) and z € M?, we see that (*HomAu(Mh7N“)78*) has a
DG A-module structure, which we denote by Hom 4 (M, N).

For a DG A-module M and an integer i, the i-th shift of M, denoted YiM, is
defined by (X'M), = M;_; with 97 M = (~1)'9)1,;. We set TM = T'M.

A DG A-module M is semifree if it has a semifree basis {ex}rea, that is, a subset
{ex}ren € M which is a graded A’-free basis of M? indexed by a well-orderd set
(A, <) such that 0M (e,) € D<A e, A% for all ey. See [3 8.2] for more details.

For an integer i and DG A-modules M, N, where M is semifree, Ext’y (M, N) is
defined to be H_; (Hom4 (M, N)).

2.3. Let C(A) denote the abelian category of DG A-modules and DG A-module
homomorphisms. Let K(A) be the homotopy category of DG A-modules; objects of
K(A) are DG A-modules and morphisms are the set of homotopy equivalence classes
of DG A-module homomorphisms, i.e., Homg4)(M, N) = Hom4 (M, N)/ ~, where
f ~ g for f,g € Homy(M,N) if and only if there is a graded Af-module homo-
morphism h: M? — N? of degree —1 such that f — g = ONh + ho™. The category
K(A) is a triangulated category and Ext’y (M, N) = Homyc(a)(M,X'N).
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2.4. Let ¢: A — B be a DG R-algebra homomorphism, that is, ¢ is a graded R-
algebra homomorphism of degree 0 with d®¢ = pd“. Assume that B? is projective
as a graded A’-module. Let B° be the opposite DG R-algebra and B¢ = B° ®4 B
be the enveloping DG R-algebra of B over A. The algebra structure on B€ is given
by

(09 @ bo) (V'S @ b'5) = (—1)IPa1balH102D (371 1) @ by (2.4.1)
and its differential structure is described as
dB° (09 @ by) = dB° (b9) @ by + (—1)1"169 @ dP (by) (2.4.2)

for all homogeneous elements by, by, by, b, € BE.

Note that DG B¢-modules are precisely DG (B, B)-bimodules. In fact, for a DG
Bé-module N, the right action of an element of (B¢)? on N yields the two-sided
Bf-module structure

nb=n(1°®b) and  bn=(—1)Pl"pe @ 1) (2.4.3)
for all homogeneous elements n € N and b € BY. In particular, if N = B® and
n = b9 ® by for by, by € BY, then by (2.4.1)) we have

(b ® ba)b = b] ® bab and b(bS @ by) = (bb1)° @ bo. (2.4.4)
2.5. Assume that A, B are DG R-algebras such that Bf is projective as a graded
Af-module. For a DG B¢-module N, a graded Af-linear map D: B — N is called
an A-derivation of N if the following conditions are satisfied for all homogeneous
elements by, by € Bt
D(biba) = D(b1)by + (—1)1P11P11p, D(by) (2.5.1)
D(a) =0 for all a € A.

Note that by (2.4.3), equality (2.5.1) is equivalent to
D(blbg) = D(bl) (10 & bz) + (71)‘b1||b2‘D(b2) (b(f & 1) . (252)
We denote the set of A-derivations of the DG B°-module N by Der4(B, N).

3. EXPLICIT DESCRIPTION OF THE OBSTRUCTION CLASS

Our main results in this section are Theorems [3.8]and in which we explicitly
describe the obstruction class to naive liftability of DG modules along DG algebra
extensions. The notation used in this section comes from Section Bl We also make
the following convention for the rest of the paper.

Convention 3.1. Throughout the paper, A, B are DG R-algebras such that B? is
projective as a graded Af-module and ¢: A — B is a DG R-algebra homomorphism.

The description of the obstruction class to naive liftability of DG modules is
based on the classic notion of diagonal ideal that we define next.

Definition 3.2. Let 7: B® — B denote the map defined by 7(b ® ba) = b1bo,
for all by,by, € B Note that m is a homomorphism of DG R-algebras; see [IT]
3.1]. Also, J := Ker is a DG ideal of B¢ which is called the diagonal ideal of .
Moreover, the isomorphism B¢/J = B of DG R-algebras is also an isomorphism of
DG B¢-modules. Hence, there is an exact sequence

0—-J5B°5 B—0 (3.2.1)

of DG B¢-modules in which ¢ is the natural inclusion.
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Proposition 3.3. The short exact sequence (3.2.1) is a splitting sequence of DG
B-modules. More precisely, the maps p: B — B¢ and o: B® — J defined by

p(b) =1°®0b and O'(bi’@bg) Zbg®b2—1o®b1b2
for all b,by,by € B, are DG B-module homomorphisms that satisfy the equalities
mp =idpg, oL =1idy, Lo+ pm = idpge . (3.3.1)

Proof. For all by,by € B we have mo(bg ® by) = 7 (b ® by — 1° @ bibe) = byba —
b1ba = 0. Hence, Im(o) C J = Ker, that is, the map o is well-defined.

Note that the short exact sequence is a splitting sequence of graded
B-modules and the Bf-module homomorphism p satisfies the equality 7p = idg.
Moreover, it follows from that p commutes with differentials. Hence, p is a
DG B-module homomorphism.

It is straightforward to check the equality to + pm = idge. To prove the equality
ot = idy, note that the elements of J% are finite sums of the form > i | b ® b}
with homogeneous elements b;,b; € B such that > . b;b} = Y1 w(b ®@ b)) =
7 (30, b2 ® b)) = 0. For such an element in J% we have

1=1"1
ot (ibf ® b§> = i(bf ® b —1° @ bib;) = En:b;’ ® b,
i i=1 i=1

Also, o commutes with the differentials. In fact, for all homogeneous elements
b1, by € BY we have the equalities

7o (b @ by) = 07 (b9 @ by — 1° @ byby)
=d"" (1) @ by + (—1)"169 @ dP (by) — 1° @ dP (b1by)
=d""(b9) @ by — 1° @ d® (b1)ba + (=1)1"*1 (b @ AP (by) — 1° @ byd® (b))
= o (d?" (1) @ by + (—1)" 169 @ dP (b))
= dP (9 @ by).

This computation implies that o: B¢ — J is a DG B-module homomorphism. [

Remark 3.4. Let N be a semifree DG B-module. Applying the functor N ®pg — to
the short exact sequence (3.2.1)) and using the natural isomorphism v: N B — N
of DG B-modules defined by v(n ® b) = nb for all n € N% and b € Bf, we obtain
the short exact sequence at the top row of the commutative diagram

0—>NopJ—Ys NoyBe — 00 N 0 (34.1)
-|
N|ja®4 B ™ N

in which ¢y = idy ®¢, the DG B-module N regarded as a DG A-module via the DG
R-algebra homomorphism ¢ is denoted by N|a, the map my is the DG B-module
epimorphism defined by 7y (n ®b) = nb, and the isomorphism £ is the composition
of the isomorphisms N ® g B¢ = N ®p (B°®4 B) 2 (N®p B°)®4 B 2 N|4®4 B
which is described by the formula £(n ® (b9 ® bg)) = nb; ® by for all n € N and
b1, by € BY. Using the commutative diagram , we identify the map v(idy ®m)



OBSTRUCTION TO NAIVE LIFTABILITY OF DG MODULES 7

with 7y, i.e., we assume 7y = v(idy ®7) for the rest of the paper and hence, the
top row of (3.4.1)) is the short exact sequence

0=+ NopJ 5 NeogB* ™ N—0 (3.4.2)

of DG B-modules; see [I1], Proposition 5.3] for more details. Note that N is naively
liftable to A if and only if (3.4.2)) splits. In particular, if NV is naively liftable to A,
then it is a direct summand of the DG B-module N|4 ® 4 B, which is liftable to A.

Remark 3.5. Let N be a semifree DG B-module with a semifree basis B = {e,}.
Then (3.4.2)) is a splitting sequence of graded B%-modules. More precisely, the maps
pn: NP — (N ®@p B®)f and on: (N ®p B¢)? — (N @p J)? defined by

pn(exd) = ex ® p(b) and on(ex® (b ®bg)) = ey ®a(b] @ by)

for all ex € B and all homogeneous elements b,b;, by € B, are right Bi-linear
homomorphisms for which the following equalities hold:

TnpN = idy, O’NLN:idN®BJ, LNON + PNTN :idN®BBE~ (351)

Note that py and oy are not DG B-module homomorphisms in general because
they are not necessarily chain maps.

Next definition plays an essential role in the rest of the paper.
Definition 3.6. Let §: B% — J% be the AP-linear map defined by
L) ="®1-1°®b

for all b € Bf. Note that [6| = 0 and §(a) = 0 for all a € A%. Also, it follows

from (2.4.1)) that ¢ satisfies (2.5.2]). Hence, 6 € Deru(B,J). The map ¢ is called
the universal derivation. Since d” is induced from dB°, the universal derivation &
commutes with the differentials, i.e.,

6dB = d76. (3.6.1)

Remark 3.7. Let N be a semifree DG B-module, and let Ay: N — (N ®@p J)*
be the right Bi-linear graded homomorphism of degree —1 defined by

AN = O’NaN@)BBepN.
It follows from chasing the diagram

TN

e — >
N ®@p B¢ < P N
gN®pB*© anN
LN ™™
_— _—
N®pJ < N®pB* <" N
oN®BJ oN®p B¢
LN

N ®pJ < o N ®p B¢

that tn(OV®B Ay + AxyON) = 0. Therefore, Ay is a DG B-module homo-
morphism, since ¢y is injective. In particular, Ay defines a cohomology class
in Exth (N, N ®p J) which is denoted by [Ax].
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The next theorem is one of the main results in this section that describes the
structure of the obstruction class to naive liftability of DG modules along the DG
algebra extensions satisfying Convention This result is a major part of Theo-
rem [L5] from the introduction.

Theorem 3.8. Let N be a semifree DG B-module with a semifree basis B =
{ex}ren. For ey € B, if we assume 0N (ey) = Zu<z\ eubux as a finite sum with
bux € B, then the DG B-module homomorphism An: N — N ®p J is explicitly
described by the formula

An(en) =D ep®6(bun). (3.8.1)
pn<A

Proof. For ey € B we have the following equalities:

An(ey) = o8B py(en) = onOVN®B B () @ (1°® 1))

=on | D@3, ®1) | = €, @d(bay)

pn<A <A

as desired. 0O

Remark 3.9. Consider the notation from Theorem Since (3.2.1) (or (3.4.2)))
is a split short exact sequence of graded B-modules, we have the isomorphism

NY@pg: (BO) = (N ®@p: J) @ NP
By Remark the sequence (3.4.2)) is equivalent to a short exact sequence
(i) (0 iax)
0>N®pJ — > (NwgJ)ed N —= N =0 (3.9.1)
of DG B-modules in which the differential on (N ®p J) @ N is of the form

d:= (aNjBJ g%) (3.9.2)

where fy: N — (N ®p J) is a chain map, thus a cycle in Hompg (N, X(N ®p J)).
Hence, fy represents a cohomology class [fx] in Ext(N, N @5 J). Note also that

. 0
fN = (1dN®BJ 0) 0 (ldN) .
Therefore, [Ax] = [fn] in Exty(N, N ®@p J).
The following along with Theorem completes the proof of Theorem [1.5

Theorem 3.10. Consider the notation from Theorem [3.8 and Remark[3.9 The
following conditions are equivalent:

(i) [fv] =[AN] =0 in Extz(N,N ®@p J);

(ii) N is naively liftable to A.

The proof of this theorem is straightforward and perhaps can be found in the
literature. However, we give the proof for the convenience of the reader.
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Proof. Let 0 := (DNQ;BJ a%) and recall from that 0 = (aNQ;BJ g%) When
necessary, we use the notations (N @p J)* ® N¥,0) and ((N ®p J) @ Nh,g) to
specify the DG B-module structure on (N ®p J)! @ N*.
Note that N is naively liftable to A if and only if there is an isomorphism
®: (NwpJ)! @ N, d)— (NogJ)!® NI
of DG B-modules such that the diagram

dng g g
0

(0 idy)

0——>NepJ —5> ((N®p J)"® N4 0) N 0
(ingg;BJ) ¢i oo
0——>NepJ > ((Nep )f e N, 0) © N 0

commutes. Commutativity of this diagram implies that ® is of the form

_ (dness 4
¢ = < 0 idN>
where ¢: N¥ — (N ®p J)? is a graded homomorphism of degree 0.

(i) = (ii) Since [fn] = 0 in Extp(N, N ®@p J), there exists a graded Bf-module
homomorphism g: N% — (N ®p J)? of degree 0 such that fy = 9VN®57g — goN.
Setting ¢ := g in ®, we see that N is naively liftable to A.

(ii) = (i) If N is naively liftable to A, then an isomorphism

id _
= (l N(?BJ i&) :(N®g J)"® N, 9) — (N ®p J) @ N, )
of DG B-modules exists. Since ® is a DG B-module homomorphism, it com-
mutes with the differentials and ¢ is a DG B-module homomorphism, that is,
q € Homp(N,N @p J). Hence, fx = OV®57q — qdN. This means that [fy] =0 in
Exty (N, N ®p J), as desired. O

Definition 3.11. Following Theorems [3.8] and [3:10] for a semifree DG B-module
N, we call [fn] = [An] the obstruction class to naive liftability.

4. ANOTHER DESCRIPTION OF THE OBSTRUCTION CLASS

In this section, we provide another description of the obstruction class to naive
liftability that is equivalent to the one constructed in Theorem [3.8} see Theorem
below, which is our main result in this section. The notation used in this section
comes from the previous sections. Recall that we still work in the setting of Conven-
tion We start with introducing the notion of “connections” that was originally
defined by Connes [6, II. §2] in non-commutative differential geometry. See also
Cuntz and Quillen [7], §8].

In the following, recall that § is the universal derivation introduced in Defini-
tion

Definition 4.1. Let N be a semifree DG B-module with a semifree basis B =
{ex}rea. We define a subset Diff, (N) of gr-Hom 4 (N, (N ®p J)*) by

Diff% (N) = {D: N¥ = (N ®p J)? | D(nb) = D(n)b+n® §(b) for n € N* b e B}.
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Each element of Diff% (N) is called a connection on N.

Let DB: N% — (N ®p J)? be the graded A®-linear homomorphism of degree 0
satisfying DB(3°, exby) = >, ex @ 6(by), for all ey € B and by € B. Noting that
DB(ey) = 0 for all ey, € B, for all b € B we have

DB (exb) = ey @ 6(b) = DB(ex)b + ey @ 6(b).
Hence, for all n € N and b € B? we have
DB(nb) = DB(n)b+n o §(b)
that is, DB € Diff%,(N). Thus, Diff’,(N) is non-empty.

Later, in Theorem we will prove, under the setting of Definition that
the equality Ay (ex) = DB (ex) holds, where Ay is introduced in Theorem 3.8

For this equality, one should note that DB(ey) = 0 for all ey € B, and hence,
oN®sIpB(ey) = 0.

Lemma 4.2. Let N be a semifree DG B-module with a semifree basis B = {ex}aea-

The following assertions hold.

(1) For D,D’ € Diff%(N), we have D = D' if and only if D(ey) = D'(ey) for all
ex € B. In particular, DB = D if and only if D(ey) = 0 for all ey € B.

(2) For all Dy, Dy € Diff%(N), the mapping Dy — Dy is B-linear.

(3) For all D € Diff%(N) and all f € gr-Hom g (N%, (N ®@p J)?) we have D + f €
DiffS, (N).

(4) We have the equality:

Diff), (N) = D + gr-Homg; (N%, (N @5 J)). (4.2.1)

Proof. (1) If D(ey) = D'(ey) for all ey € B, then for every finite sum >, exby € N*
with by € B* we have the equalities D (3", exby) = >, (D(ex)by +ex ®(by)) =
Yo (D'(ex)br +ex®0(bx)) = D' (3, eabx). Hence, the equality D = D’ holds.

(2) For all n € N and b € Bf we have the equalities (D; — Ds)(nb) = Dy (n)b+
n ® 6(b) — Da(n)b —n @ §(b) = (D1 — Dy)(n)b. Hence, Dy — Dy is Bb-linear.

(3) For all n € N and b € B® we have (D + f)(nb) = D(nb) + f(nb) = D(n)b+
n®d(b) + f(n)b= (D + f)(n)b+n & §(b). Therefore, D + f € Diff}, (N).

(4) follows immediately from statements (2) and (3). O

Notation 4.3. Let N be a semifree DG B-module with a semifree basis B =
{ex}rea. Given a subset T' = {yx}rea of (N ®@p J)f with |ya| = |ex| for all X € A,
we define a graded A%-linear homomorphism Dr: N% — (N ®@p J)? of degree 0 by

Dr <Z eAbA> = (nba+ex@3(by))
A

A
where by € BY and by # 0 for only finitely many \. Note that Dr is well-defined
and Dr € Diff%, (N) by definition.

Lemma 4.4. Let N be a semifree DG B-module with a semifree basis B = {ex}aea-
There is a one-to-one correspondence

Diff%, (N) i’ [~ @50

g lex]
AEA

defined by f(D) = {D(ex)}rea and g(T') = Dr.
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Proof. Let D € Diff%,(N) and T’ = {yx}xrea C (N @5 J)! such that |yy| = |ey| for
A€ A Wehave (gf)(D)(en) = Dip(ey)y(en) = D(e,) for all e, € B. It follows from
Lemma 1) that (¢f)(D) = D. On the other hand, (fg)(I') = {Dr(ex)}rea =
{mtrea =T O
Notation 4.5. Let N be a semifree DG B-module. For every D € Diff%(N), let
a(D) := DON — 9N®=EI D,

Note that a(D): N* — (N ®p J)? is a graded A’-linear map of degree —1.

In the following, recall that K(B) denotes the homotopy category defined in

Lemma 4.6. Let N be a semifree DG B-module with a semifree basis B = {ex}aea,
and let D € Diff% (N). Then the map a(D): N — (N ®p J) is a DG B-module
homomorphism. Hence, there is a mapping

Diff (N) — Homy () (N, Z(N @5 J))
defined by D — [o(D)]. Moreover, for all Dy, Dy € Diff’(N), the equality
[a(D1)] = [a(D2)]

holds in Homypy(N,L(N ®@p J)).
Proof. Tt is straightforward to see that 9*(V®5/) (D) —a(D)0N = 0. Hence, a(D)
is a chain map. On the other hand, for all n € N and b € B? we have the equalities
a(D)(nb) =(DoN — dN®=' D)(nb)

=D(0N (n)b + (=1)/"IndB (b)) — dN®=T(D(n)b +n @ 6(b))

=D (0N (n))b+ 0N (n) ® 6(b) + (—=1)"'D(n)d? (b) + (—1)"In & 6(d” (b))

—9N®27(D(n)b — (=1)"D(n)d” (b) — 8V (n) @ 6(b) — (=1)"In @ 7 (8(b))

=(DoN — oN®EI D) (n)b

=a(D)(n)b
where the fourth equality uses (3.6.1). Hence, a(D) is Bf-linear and we conclude
that (D) € Homp(N,X(N ®p J)). Note that a(D) defines an element [a(D)] in
HOHI}C(B)(N, Z(N ®B J))

For the last assertion, assume D1, Dy € Diff‘;(N). Let f = Dy — Dy and note
that f is B%linear by Lemma 2). Then we have the equalities

a(D1) — a(D3) = (D10N — ON®57Dy) — (D20N — 9N®5 Do) = 9¥N®57 f 4 fON.
Hence, [a(D1)] = [a(D2)] in Homy gy (N, X(N ®p J)), as desired. O

Definition 4.7. Using the notation from Lemma[d.6] it follows that the class [a(D)]
in Homy(g)(N, X(N ®p J)) does not depend on the choice of D & Diff, (N). We
call [a(D)] the Atiyah class of N.

Remark 4.8. There are notions of Atiyah class in various areas; see, for in-
stance, [4, Bl [I5]. The above definition of Atiyah class is a DG version of the
one for modules over a non-commutative algebra; we refer the reader to [5] [I5] for
more details on this notion.
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Theorem 4.9. Let N be a semifree DG B-module with a semifree basis B =
{ex}ren. The following equality holds:

a(DP) = Ay. (4.9.1)

Proof. For a basis element ey of B, write 9V (ey) = Zu<>\ eubuy, which is a finite
sum with b, € Bf. Then we have the equalities

a(DB)(ex) = (DBON — oN®57DB)(ey) = DP (0 (ex)) = D €, ® 6(bur) = An(en)
<A

in which the last equality follows from (3.8.1)). Now, the equality (4.9.1) follows

from the fact that a(D?) and Ay are both Bf-linear. O

Moreover, we can prove the following result.

Proposition 4.10. Let N be a semifree DG B-module with a semifree basis B =
{ex}ren. The following statements are equivalent.

(i) N is naively liftable to A.

(ii) [a(D)] = 0 holds in Extl(N,N ®pg J) for all D € Diff%(N).

(iii) [o(D)] = 0 holds in ExtL(N,N @p J) for some D € Diff},(N).

(iv) a(D) =0 holds in Homp(N, £(N ®p J)) for some D € Diff%,(N).

(v) a(Dr) = 0 holds in Homp (N, (N ®p J)) for some subset T' = {yx}ren of

N ®@p J)& with |y = |ex| for all X € A.

Proof. (i) = (iii) and (ii) = (i) follow from Theorem and Theorem

(iii) = (ii) follows from Lemma

(iv) = (iii) is trivial.

(ili) = (iv) Let D € Diff%,(N) such that [a(D)] = 0 in ExtL(N,N @5 J).
There is a graded B-module homomorphism h: N% — (N ®p J)? of degree 0 such
that a(D) = 8*N®s7h + hoN. Note that D — h € Diff%(N) by Lemma [4.2(3).
By definition we also have a(D) = DN — gV®s/D. Therefore, a(D — h) =
(D — h)oN —oN®s/(D — h) = a(D) — a(D) = 0.

(iv)<=>(v) is clear from Lemma [£.4] O

5. SOME CONCRETE EXAMPLES

In this section, we will construct concrete examples of DG modules that do and
do not satisfy naive liftability; see Examples[5.6]and[5.7} The main tool to construct
such examples is the following theorem, which is our main result in this section.
(Again, our notation in this section comes from the previous sections and we still
work in the setting of Convention [3.1])

Theorem 5.1. Let N be a semifree DG B-module with a semifree basis B =
{ex}ren. Write OV (e)) = Z#O\ eubuy as a finite sum with b, € BY. Then
the following assertions are equivalent.
(i) N is naively liftable to A.
(ii) There is a subset T' = {yx}ren of (N ®@p J)F with |yz| = |ex| for all X € A
such that N8 (yy) =37\ (Vubux + €, ® 6(bur))-

Proof. Let T' = {7x}rea be a subset of (N ®p J)? with |yy| = |es| for A € A. Recall
from Notation that the A"-linear homomorphism D € Diff%, (N) is defined by



OBSTRUCTION TO NAIVE LIFTABILITY OF DG MODULES 13

the formula Dr (3, exbx) = >, 7aba +ex ® 6(by). Now, for all A € A we have
a(Dr)(ex) = Dr(d" (ex)) — V927 (Dr(ey)) (5.1.1)

S by | — 0725 ()

<A

= Z (’Yubu/\ + €u ® 5(bu/\)) - 8N®BJ(’Y>\)'
pn<A

If (i) holds, then by the equivalence (i)<=>(v) in Proposition [4.10] there exists a
subset I' = {yx}aea of (N®pJ)! with |y5| = |ex| for all A € A such that a(DF) =0.
Therefore, for all A € A we have a(Dr)(ey) = O Now (ii) follows from (5.1.1)).

For the converse, if (ii) holds, then by (5.1.1) we have a(Dr)(ex) = O for all
A € A. Hence, a(Dp) =0, and (i) follows again from the equivalence (i)<=(v) in

Proposition @ i

Remark 5.2. If the elements vy of a set {yr}rea satisfy Theorem [5.1fii), then
they can be described by induction. Let w denote the minimum element of A
and assume w < A. Consider the element & = 37\ (Vubur + €, @ 6(byun)) of
(N ®p J)¥ which is constructed using the inductive step and note that it is a
cycle in the DG B-module N ®p J, by Proposition [5.3] below. This £, defines an
element [¢,] in H|.,|(N ®pJ). By assumption, we obtain v5 € (N ®pJ)" satisfying
8N®BJ(’Y)\) = f)\, that iS7 [f)\] =0in H|e>\|(N XB J)

Proposition 5.3. Let N be a semifree DG B-module with a semifree basis B =
{extren, and let {ya}rea be a subset of (N ®@p J)b with |yx| = |ex| for all X € A.
Then, 3-, o\ (Vubux + €, ® 6(bun)) is a cycle in N @p J for A € A.

Proof. We proceed by induction on A. The assertion is trivial for A = w, where w
denotes the minimum element of A. Now, assume A > w. Use the general protocol

that OV (e;) = > j<i€ibji is a finite sum with all bj; € B%. Then we have

oNesY (Z (b + € @ 6(%»)

pn<A

= 3 (9V% b + (1) (b) + 9V (04) @ (bpa) + (~1) e © 73 b))

pn<A

_Z<Z (Vbu + €v @ 8(buy) ) b + 3 (= 1) 1,07 (b,0)

p<X \v<p <A
+ 30 (evbun @ 3(b)) + Y ((—1)'@H'eu ® 8J6<bm)
pu<xv<p n<A

—Zvu( > buubur + (1)1 (b, )—I-Zeu ( > é(bwa)+(—1)8”|6(dB(bVA))>

v v pu<A v<A v <A

=0
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where the second equality follows from the inductive hypothesis and the third
equality follows from (3.6.1). To see the last equality, note that

0= (")) =" [ Y eubr | =Y (aN(eu)buA + (71)‘e“|eudeu>\)

pn<A pn<A
=2 <Z evbupbpn + (_1)|6”€ude”/\>
pn< \v<p
= e | D buabur+ (~1)1d"b,
v<A v<pu<

Since B is a semifree basis for N, for v < A, we conclude that

Z buubu)\ + (‘U‘ewabuA =0
v <A

and hence, the last equality holds. O

The following result is an application of Theorem and will be used to con-
struct Examples [5.6] and [5.7] below.

Corollary 5.4. Let N be a semifree DG B-module with a semifree basis consisting

of only two elements {e, ¢’} with OV (¢') = eb for b € B%. Then the following hold:

(a) If 6(b) is a boundary of J, then N is naively liftable to A.

(b) Conwversely, if Ag = By and N is naively liftable to A, then 0(b) is a boundary
of J.

Proof. (a) By assumption, there is ¢ € J% such that §(b) = 97(c). Let v = 0 be in
(N ®@p J)j¢| and v/ = e ® ¢, where 7' € (N ®p J)|r|. Note that [0V (e)] = |e] — 1.
Hence, 0" (e) = 0 and we have

oNerI () =N ()@ c+e®d(c) =e®d(b) =vb+e® (D).
This means that {v,7’} satisfies condition (ii) in Theorem Hence, N is naively
liftable to A.

(b) The assumption By = Ag implies Jy = 0. Then, we have (N ®p J), =
D,>0 Nn—i ® J;. In particular, (N ®p J)|; = 0. Since N is naively liftable to
A, it follows from Theorem that there are elements v = 0 in (N ®p J)|¢| and
7' € (N ®p J)|er| such that V57 (') = vb+ e ® 6(b) = e ® 6(b). We know that
7 = e® c, for some ¢ € J. Therefore, N®8/(y') = 9N®s/ (e @ ¢) = e ® 07 (c).
Hence, §(b) = 0”7 (c) and this means that §(b) is a boundary of J. O

Corollary 5.5. Consider the assumption of Corollary . If Hierj—jej-1(J) = 0,
then N is naively liftable to A.

Proof. Note that 0 = (0V)%(¢/) = 9V(eb) = (—1)l¢led®(b). This implies that
dB(b) = 0. Tt follows from that 878(b) = ddP(b) = 0, Hence, §(b) is always
a cycle in J. By our assumption, §(b) is a boundary of J as well. Now, it follows
from Corollary [5.4(a) that N is naively liftable to A. O

Next, we construct a DG module that satisfies naive liftability. For the notation
and more details about free extensions of DG algebras see [11].
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Example 5.6. Assume z,y are non-zero elements of R such that xR NyR = (0)
and 22 = 0. Let B = R(X,Y | dX = z,dY = Xy) be a free extension of the DG
R-algebra R with |X| =1 and |Y| = 2. Let N be the semifree DG B-module with
N' = eBi'@e’ BY and with the differential defined by 0V (e) = 0 and 9N (¢/) = eY Xy.
By we have 0(YXy) = §(dP(Y?)) = 975(Y?). Now it follows from
Corollary a) that N is naively liftable to R.

In the next example we construct a DG module that does not satisfy naive
liftability.

Example 5.7. Consider the setting of Example Let M be the semifree DG
B-module with M?* = uB% @ v/ B and with the differential defined by 0™ (u) = 0
and OM (v') = uY Xz, where |u| = 0.

Claim: M is not naively liftable to R.
To prove the claim, set
T=B(X"Y'|dX' =0,dY' = X'y)
=R(X,X")Y)Y'|dX =2,dX' =0,dY = Xy,dY' = X'y)

where | X’| = |X| =1 and |Y'| = |Y| = 2. Note that

Th — @ (Y'(n—l) X'Biay'™ Bu)

n=0

with the convention Y (=1 = 0. The map f: B¢ — T defined by f(1® X) =
X, fXeo)=X'+X, f0eY®) =Y® fy®a1) = (Y +Y)™ is a DG
R-algebra isomorphism. In particular, if we consider the DG ideal J’ of T, where
J% =@, (Y VX'Bi e Y™ B%) and 97" is induced by dT, then we obtain
an isomorphism f|;: J — J’ which induces a mapping H(f|;): H(J) — H(J') on
homology. Note that f(§(Y Xz)) = X'V +Y' Xz + X'Y'z. Since 8’ (-X'XY) =
X'Yz and 87 (—X'Y'X) = X'Y'x, we have the following equalities:

H(f|)([6(YX2)]) = [X'Yz+Y' Xo+ X'Y'z] = [Y'X2z].
We show that [Y’ X 2] # 0in H3(J’). To see this, note that for a general element x =

X'XYa14+Y'Yay+Y'Paz+X'Y'Xay € J) = X' XYROY'YROY'PROX'Y'XR
with a; € R we have

87 (x) = X'Y (—zay + yas) + Y' Xyas + X'Y'yas — X'Y'zay.

If [Y'Xz] = 0, then there is b € R such that yb = z. It then follows from the
assumption tRNyR = (0) that = 0. This contradicts the fact that x is nonzero.
Hence, [Y'Xz] # 0, that is, §(Y Xz) is not boundary in J. It then follows from
Corollary b) that M is not naively liftable to R, as desired.
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