
OBSTRUCTION TO NAÏVE LIFTABILITY OF DG MODULES

SAEED NASSEH, MAIKO ONO, AND YUJI YOSHINO

Abstract. The notion of näıve liftability of DG modules is introduced in [10]

and [11]. The main purpose of this paper is to explicitly describe the obstruc-
tion to näıve liftability along extensions A → B of DG algebras, where B is

projective as an underlying graded A-module. In particular, we give an explicit

description of a DG B-module homomorphism which defines the obstruction
to näıve liftability of a semifree DG B-module N as a certain cohomology

class in Ext1B(N,N ⊗B J), where J is the diagonal ideal. Our results on the

obstruction class enable us to give concrete examples of DG modules that do
and do not satisfy the näıve lifting property.

1. Introduction

Throughout the paper, R is a commutative ring.

Lifting and weak lifting properties have been studied in commutative ring theory
by Auslander, Ding, and Solberg [1] for modules and by Yoshino [17] for complexes
over certain ring extensions. These notions are tightly connected to the deformation
theory of modules and have been applied in the theory of maximal Cohen-Macaulay
approximations. The existing lifting and weak lifting results for modules and com-
plexes have been generalized recently in several papers [10, 11, 13, 14, 16] to the
case of differential graded (DG) modules over certain DG algebra extensions.

There exist three versions of liftability for DG modules. Let φ : A → B be a DG
R-algebra homomorphism, and let N be a semifree DG B-module. We say that N is
liftable to A if there is a semifree DG A-module M such that N ∼= M⊗AB. The DG
B-module N is weakly liftable to A (in the sense of [10]) if there are non-negative
integers a1, . . . , ar such that the finite direct sum N ⊕ N(−a1) ⊕ · · · ⊕ N(−ar) is
liftable to A. Finally, N is näıvely liftable to A if the map πN : N |A ⊗A B → N
defined by πN (n⊗b) = nb is a split DG B-module epimorphism. Here, N |A denotes
the DG B-module N considered as a DG A-module via φ. If N is näıvely liftable
to A, then it is a direct summand of the liftable DG B-module N |A ⊗A B; see
Remark 3.4 for more details. In the special case where A and B are commutative
rings and N is a B-module, definition of lifting (resp. weak lifting) translates to the
existence of an A-module M such that N ∼= M ⊗AB (resp. N is a direct summand

of M ⊗A B) and TorAi (M,B) = 0 for all i > 0. Note that by [1, p. 296] and [10,
Remark 6.6] the notions of liftability that we defined above are different in general.

Auslander, Ding, and Solberg [1, Proposition 1.6] proved a sufficient condition
for liftability of modules over certain ring extensions. More precisely, they showed
that if R is a complete local ring and x ∈ R is a non-zero divisor, then a finitely
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generated R/xR-module N is liftable to R if Ext2R/xR(N,N) = 0. The converse

of this result does not hold in general; see [1, p. 282]. Unlike the lifting property,
detecting weak liftability does not require the vanishing of the entire Ext2. More
precisely, Auslander, Ding, and Solberg proved the following result.

Theorem 1.1 ([1, Proposition 1.5]). Let R be a local ring and x ∈ R be a non-zero
divisor. A finitely generated R/xR-module N is weakly liftable to R if and only if
a certain cohomology class [∆N ] in Ext2R/xR(N,N) vanishes.

We call [∆N ] the obstruction class to weak liftability. Similar statements for lift-
ing and weak lifting hold when we replace modules by bounded below complexes of
finitely generated free modules; see [17]. Further generalizations have been obtained
in the DG algebra setting for simple extensions of DG algebras as follows.1

Theorem 1.2 ([14, Theorem 3.6] and [16, Theorem 4.7]). Assume B = A⟨X⟩ is
a simple free extension of a DG R-algebra A obtained by adjunction of a variable
X to kill a cycle x in A. Let N be a semifree DG B-module. Then there exists an

obstruction class [∆N ] in Ext
|X|+1
B (N,N) such that

(a) if |X| is odd, then [∆N ] = 0 if and only if N is weakly liftable to A and
(b) if |X| is even and N is bounded below (i.e., Ni = 0 for all i ≪ 0), then [∆N ] = 0

if and only if N is liftable to A.

Note that if A = R is a local ring, x is a non-zero divisor, and |X| = 1, then
Theorem 1.2(a) recovers Theorem 1.1 because in this case B is the Koszul complex
over the element x which is quasiisomorphic, as a DG R-algebra, to R/xR.

In general, we are interested in the lifting properties of DG modules along free
extensions of DG algebras that are obtained by adjoining more than one variable
to another DG algebra. Our study of lifting properties along such extensions is
motivated by some of the major problems in commutative algebra including the
Auslander-Reiten Conjecture. This conjecture states that a finitely generated mod-
ule M over a commutative noetherian local ring R is free if ExtiR(M,M⊕R) = 0 for
all i ⩾ 1. As we mention in [11, §7] and [12, 1.2 and A.5], the Auslander-Reiten Con-
jecture has an equivalent DG version over a DG algebra Q⟨Xi | i ∈ N⟩ obtained by
adjoining countably many variables Xi to a regular local ring Q. Therefore, devel-
oping a suitable notion of lifting along the DG algebra extension Q → Q⟨Xi | i ∈ N⟩
will provide an affirmative answer to the Auslander-Reiten Conjecture.

As we see in Theorem 1.2, weak liftability along A → A⟨X⟩ depends on the
parity of the degree of X. Hence, it is not a suitable version of liftability when one
wishes to generalize it in an inductive process to the case where B = A⟨Xi | i ∈ N⟩.
To avoid keeping track of the parity of the degrees of the variables in each inductive
step, the notion of näıve liftability was introduced by the authors in [10, 11]. This
notion is independent of the parity of the degrees of variables and at the same
time, it detects (weak) liftability along simple extensions of DG algebras. Hence,
näıve lifting is a suitable version of lifting in dealing with the Auslander-Reiten
Conjecture. Also, Theorem 1.2 is restated as follows.

Theorem 1.3 ([10, Theorem 6.8]). Assume B = A⟨X⟩ is a simple free extension
of a DG R-algebra A obtained by adjunction of a variable X to kill a cycle in A.

1The word “simple” means that the DG algebra extension is obtained by adjoining only one
variable.
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Let N be a bounded below semifree DG B-module. Then there is an obstruction

class [∆N ] in Ext
|X|+1
B (N,N) such that N is näıvely liftable to A if and only if

[∆N ] = 0.

Moreover, the obstruction classes [∆N ] in Theorems 1.2 and 1.3 are the same
by [10, Theorem 6.8]. Later, the authors proved the following existence result
(Theorem 1.4) along more general extensions of DG algebras using the notion of
diagonal ideal that they extensively studied in the DG setting in [11]. Note that
the notion of diagonal ideal is a classic notion that originates in scheme theory and
has a long history. In fact, if A → B is a homomorphism of commutative rings,
then the kernel of the map B ⊗A B → B defined by b ⊗A b′ 7→ bb′ is the defining
ideal of the diagonal set in the Cartesian product SpecB ×SpecA SpecB.

Theorem 1.4 ([11, Proposition 5.3 and Theorem 5.8]). Assume A → B is an
extension of DG R-algebras, where B is projective as an underlying graded A-module
(e.g., B is a free extension of the DG R-algebra A obtained by adjoining countably
many variables to A). For a semifree DG B-module N , there is an obstruction
class [∆N ] in Ext1B(N,N ⊗B J) such that N is näıvely liftable to A if and only if
[∆N ] = 0. (Here, J is the diagonal ideal; see Definition 3.2.)

The obstruction classes [∆N ] discussed in Theorems 1.1, 1.2, and 1.3 have been
explicitly described in [1], [14], and [16]. More precisely, in Theorems 1.2 and 1.3,
we show that [∆N ] = [jX(∂N )], where jX denotes the j-operator with respect to the
variable X and ∂N is the differential of the DG module N . Our goal in this paper
is to explicitly describe the obstruction to näıve liftability discussed in Theorem 1.4
as well. Our main result in this paper is the following; see Theorems 3.8 and 3.10.

Theorem 1.5. Let A → B be an extension of DG R-algebras, where B is projective
as an underlying graded A-module, and let N be a semifree DG B-module with a
semifree basis B = {eλ}λ∈Λ with a chosen well-ordering (that respects homological
degree). For eλ ∈ B, let ∂N (eλ) =

∑
µ<λ eµbµλ as a finite sum with bµλ ∈ B♮.

Then, a right DG B-module homomorphism ∆N : N → N ⊗B J of degree −1 which
defines the obstruction class [∆N ] ∈ Ext1B(N,N⊗BJ) of näıve liftability is explicitly
given by the formula

∆N (eλ) =
∑
µ<λ

eµ ⊗ δ(bµλ)

where δ is the universal derivation; see Definition 3.6.

The organization of this paper is as follows. Section 2 is devoted to the termi-
nology and basic definitions which are used in subsequent sections. In Section 3
we give an explicit description of the obstruction class whose vanishing detects
näıve liftability. The proof of Theorem 1.5 is given in this section. In Section 4 we
provide another description of the obstruction class that is equivalent to the one
from Section 3. This description is based on the notion of “connections” that was
originally defined by Connes [6, II. §2] in non-commutative differential geometry.
Finally, our main result in Section 5 is Theorem 5.1 which enables us to construct
concrete examples of DG modules that do and do not satisfy näıve liftability.

2. Terminology and preliminaries

The main objects considered in this paper are DG algebras and DG modules;
references on these subjects include [2, 3, 8, 9]. In this section, we fix our notation
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and specify some terminology that will be used throughout the paper. For the
unspecified notation, we refer the reader to [11].

2.1. A strongly commutative differential graded R-algebra (or simplyDG R-algebra)
A = (A♮, dA) is a non-negatively graded R-algebra A♮ =

⊕
n⩾0 An such that

(a) dA : A♮ → A♮ is a graded R-linear map of degree −1 with (dA)2 = 0, that is,
A = (A♮, dA) is an R-complex;

(b) for all homogeneous elements a, b ∈ A♮ we have ab = (−1)|a||b|ba, and a2 = 0 if
the degree of a (denoted |a|) is odd; and

(c) dA satisfies the Leibniz rule, that is, for all homogeneous elements a, b ∈ A♮ we
have dA(ab) = dA(a)b+ (−1)|a|adA(b).

2.2. A (right) DG A-module M = (M ♮, ∂M ) is a graded (right) A♮-module M ♮ =⊕
i∈Z Mi which is an R-complex with a differential ∂M that satisfies the Leibniz

rule, i.e., for all homogeneous elements a ∈ A♮ and m ∈ M ♮ we have ∂M (ma) =
∂M (m) a+(−1)|m|m dA(a). A DG submodule of a DG A-moduleM is a subcomplex
that is a DG A-module under the operations induced by M . A DG ideal of A is a
right and left DG submodule of A.

The DG modules considered in this paper are right DG modules, unless otherwise
stated. Note that a DG A-module M is also a left DG A-module with the left A-
action am = (−1)|m||a|ma, for all homogeneous elements a ∈ A♮ and m ∈ M ♮.

A DG A-module homomorphism between DG A-modules M,N is a graded A♮-
linear map f : M ♮ → N ♮ of degree 0 that commutes with differentials, i.e., ∂Nf =
f∂M . We also set

∗HomA♮(M ♮, N ♮) =
⊕
n∈Z

gr-HomA♮(M ♮, N ♮(n))

where gr-HomA♮(M ♮, N ♮(n)) is the set of graded A♮-module homomorphisms from
M ♮ to N ♮ of degree n. We denote gr-HomA♮(M ♮, N ♮(0)) by gr-HomA♮(M ♮, N ♮).
Note that ∗HomA♮(M ♮, N ♮) is a graded A♮-module. Defining the differential ∂∗ by

(∂∗f)(x) = ∂N (f(x))− (−1)|f |f(∂M (x))

for f ∈ ∗HomA♮(M ♮, N ♮) and x ∈ M ♮, we see that
(∗HomA♮(M ♮, N ♮), ∂∗) has a

DG A-module structure, which we denote by HomA(M,N).
For a DG A-module M and an integer i, the i-th shift of M , denoted ΣiM , is

defined by
(
ΣiM

)
j
= Mj−i with ∂ΣiM

j = (−1)i∂M
j−i. We set ΣM = Σ1M .

A DG A-module M is semifree if it has a semifree basis {eλ}λ∈Λ, that is, a subset
{eλ}λ∈Λ ⊆ M ♮ which is a graded A♮-free basis of M ♮ indexed by a well-orderd set
(Λ, <) such that ∂M (eλ) ∈

∑
µ<λ eµA

♮ for all eλ. See [3, 8.2] for more details.

For an integer i and DG A-modules M,N , where M is semifree, ExtiA(M,N) is
defined to be H−i (HomA(M,N)).

2.3. Let C(A) denote the abelian category of DG A-modules and DG A-module
homomorphisms. Let K(A) be the homotopy category of DG A-modules; objects of
K(A) are DG A-modules and morphisms are the set of homotopy equivalence classes
of DG A-module homomorphisms, i.e., HomK(A)(M,N) = HomA(M,N)/ ∼, where

f ∼ g for f, g ∈ HomA(M,N) if and only if there is a graded A♮-module homo-
morphism h : M ♮ → N ♮ of degree −1 such that f − g = ∂Nh+ h∂M . The category
K(A) is a triangulated category and ExtiA(M,N) = HomK(A)(M,ΣiN).
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2.4. Let φ : A → B be a DG R-algebra homomorphism, that is, φ is a graded R-
algebra homomorphism of degree 0 with dBφ = φdA. Assume that B♮ is projective
as a graded A♮-module. Let Bo be the opposite DG R-algebra and Be = Bo ⊗A B
be the enveloping DG R-algebra of B over A. The algebra structure on Be is given
by

(bo1 ⊗ b2)(b
′o
1 ⊗ b′2) = (−1)|b

′
1|(|b1|+|b2|)(b′1b1)

o ⊗ b2b
′
2 (2.4.1)

and its differential structure is described as

dB
e

(bo1 ⊗ b2) = dB
o

(bo1)⊗ b2 + (−1)|b1|bo1 ⊗ dB(b2) (2.4.2)

for all homogeneous elements b1, b2, b
′
1, b

′
2 ∈ B♮.

Note that DG Be-modules are precisely DG (B,B)-bimodules. In fact, for a DG
Be-module N , the right action of an element of (Be)♮ on N ♮ yields the two-sided
B♮-module structure

nb = n(1o ⊗ b) and bn = (−1)|b||n|n(bo ⊗ 1) (2.4.3)

for all homogeneous elements n ∈ N ♮ and b ∈ B♮. In particular, if N = Be and
n = bo1 ⊗ b2 for b1, b2 ∈ B♮, then by (2.4.1) we have

(bo1 ⊗ b2)b = bo1 ⊗ b2b and b(bo1 ⊗ b2) = (bb1)
o ⊗ b2. (2.4.4)

2.5. Assume that A,B are DG R-algebras such that B♮ is projective as a graded
A♮-module. For a DG Be-module N , a graded A♮-linear map D : B♮ → N ♮ is called
an A-derivation of N if the following conditions are satisfied for all homogeneous
elements b1, b2 ∈ B♮:

D(b1b2) = D(b1)b2 + (−1)|D||b1|b1D(b2) (2.5.1)

D(a) = 0 for all a ∈ A.

Note that by (2.4.3), equality (2.5.1) is equivalent to

D(b1b2) = D(b1) (1
o ⊗ b2) + (−1)|b1||b2|D(b2) (b

o
1 ⊗ 1) . (2.5.2)

We denote the set of A-derivations of the DG Be-module N by DerA(B,N).

3. Explicit description of the obstruction class

Our main results in this section are Theorems 3.8 and 3.10 in which we explicitly
describe the obstruction class to näıve liftability of DG modules along DG algebra
extensions. The notation used in this section comes from Section 2. We also make
the following convention for the rest of the paper.

Convention 3.1. Throughout the paper, A,B are DG R-algebras such that B♮ is
projective as a graded A♮-module and φ : A → B is a DG R-algebra homomorphism.

The description of the obstruction class to näıve liftability of DG modules is
based on the classic notion of diagonal ideal that we define next.

Definition 3.2. Let π : Be → B denote the map defined by π(bo1 ⊗ b2) = b1b2,
for all b1, b2 ∈ B♮. Note that π is a homomorphism of DG R-algebras; see [11,
3.1]. Also, J := Kerπ is a DG ideal of Be which is called the diagonal ideal of φ.
Moreover, the isomorphism Be/J ∼= B of DG R-algebras is also an isomorphism of
DG Be-modules. Hence, there is an exact sequence

0 → J
ι−→ Be π−→ B → 0 (3.2.1)

of DG Be-modules in which ι is the natural inclusion.
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Proposition 3.3. The short exact sequence (3.2.1) is a splitting sequence of DG
B-modules. More precisely, the maps ρ : B → Be and σ : Be → J defined by

ρ(b) = 1o ⊗ b and σ(bo1 ⊗ b2) = bo1 ⊗ b2 − 1o ⊗ b1b2

for all b, b1, b2 ∈ B♮, are DG B-module homomorphisms that satisfy the equalities

πρ = idB , σι = idJ , ισ + ρπ = idBe . (3.3.1)

Proof. For all b1, b2 ∈ B♮ we have πσ(bo1 ⊗ b2) = π (bo1 ⊗ b2 − 1o ⊗ b1b2) = b1b2 −
b1b2 = 0. Hence, Im(σ) ⊆ J = Kerπ, that is, the map σ is well-defined.

Note that the short exact sequence (3.2.1) is a splitting sequence of graded
B♮-modules and the B♮-module homomorphism ρ satisfies the equality πρ = idB .
Moreover, it follows from (2.4.2) that ρ commutes with differentials. Hence, ρ is a
DG B-module homomorphism.

It is straightforward to check the equality ισ+ ρπ = idBe . To prove the equality
σι = idJ , note that the elements of J♮ are finite sums of the form

∑n
i=1 b

o
i ⊗ b′i

with homogeneous elements bi, b
′
i ∈ B♮ such that

∑n
i=1 bib

′
i =

∑n
i=1 π(b

o
i ⊗ b′i) =

π (
∑n

i=1 b
o
i ⊗ b′i) = 0. For such an element in J♮ we have

σι

(
n∑

i=1

boi ⊗ b′i

)
=

n∑
i=1

(boi ⊗ b′i − 1o ⊗ bib
′
i) =

n∑
i=1

boi ⊗ b′i.

Also, σ commutes with the differentials. In fact, for all homogeneous elements
b1, b2 ∈ B♮ we have the equalities

∂Jσ(bo1 ⊗ b2) = ∂J(bo1 ⊗ b2 − 1o ⊗ b1b2)

= dB
o

(bo1)⊗ b2 + (−1)|b1|bo1 ⊗ dB(b2)− 1o ⊗ dB(b1b2)

= dB
o

(bo1)⊗ b2 − 1o ⊗ dB(b1)b2 + (−1)|b1|
(
bo1 ⊗ dB(b2)− 1o ⊗ b1d

B(b2)
)

= σ(dB
o

(bo1)⊗ b2 + (−1)|b1|bo1 ⊗ dB(b2))

= σdB
e

(bo1 ⊗ b2).

This computation implies that σ : Be → J is a DG B-module homomorphism. □

Remark 3.4. Let N be a semifree DG B-module. Applying the functor N⊗B− to
the short exact sequence (3.2.1) and using the natural isomorphism ν : N⊗BB → N
of DG B-modules defined by ν(n ⊗ b) = nb for all n ∈ N ♮ and b ∈ B♮, we obtain
the short exact sequence at the top row of the commutative diagram

0 // N ⊗B J
ιN // N ⊗B Be

ν(idN ⊗π)
//

∼= ℓ

��

N // 0

N |A ⊗A B
πN // N

(3.4.1)

in which ιN = idN ⊗ι, the DG B-module N regarded as a DG A-module via the DG
R-algebra homomorphism φ is denoted by N |A, the map πN is the DG B-module
epimorphism defined by πN (n⊗ b) = nb, and the isomorphism ℓ is the composition
of the isomorphisms N ⊗B Be = N ⊗B (Bo ⊗A B) ∼= (N ⊗B Bo)⊗A B ∼= N |A ⊗A B
which is described by the formula ℓ(n ⊗ (bo1 ⊗ b2)) = nb1 ⊗ b2 for all n ∈ N ♮ and
b1, b2 ∈ B♮. Using the commutative diagram (3.4.1), we identify the map ν(idN ⊗π)
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with πN , i.e., we assume πN = ν(idN ⊗π) for the rest of the paper and hence, the
top row of (3.4.1) is the short exact sequence

0 → N ⊗B J
ιN−−→ N ⊗B Be πN−−→ N → 0 (3.4.2)

of DG B-modules; see [11, Proposition 5.3] for more details. Note that N is näıvely
liftable to A if and only if (3.4.2) splits. In particular, if N is näıvely liftable to A,
then it is a direct summand of the DG B-module N |A ⊗A B, which is liftable to A.

Remark 3.5. Let N be a semifree DG B-module with a semifree basis B = {eλ}.
Then (3.4.2) is a splitting sequence of graded B♮-modules. More precisely, the maps
ρN : N ♮ → (N ⊗B Be)♮ and σN : (N ⊗B Be)♮ → (N ⊗B J)♮ defined by

ρN (eλb) = eλ ⊗ ρ(b) and σN (eλ ⊗ (bo1 ⊗ b2)) = eλ ⊗ σ(bo1 ⊗ b2)

for all eλ ∈ B and all homogeneous elements b, b1, b2 ∈ B♮, are right B♮-linear
homomorphisms for which the following equalities hold:

πNρN = idN , σN ιN = idN⊗BJ , ιNσN + ρNπN = idN⊗BBe . (3.5.1)

Note that ρN and σN are not DG B-module homomorphisms in general because
they are not necessarily chain maps.

Next definition plays an essential role in the rest of the paper.

Definition 3.6. Let δ : B♮ → J♮ be the A♮-linear map defined by

δ(b) = bo ⊗ 1− 1o ⊗ b

for all b ∈ B♮. Note that |δ| = 0 and δ(a) = 0 for all a ∈ A♮. Also, it follows
from (2.4.1) that δ satisfies (2.5.2). Hence, δ ∈ DerA(B, J). The map δ is called
the universal derivation. Since ∂J is induced from dB

e

, the universal derivation δ
commutes with the differentials, i.e.,

δdB = ∂Jδ. (3.6.1)

Remark 3.7. Let N be a semifree DG B-module, and let ∆N : N ♮ → (N ⊗B J)♮

be the right B♮-linear graded homomorphism of degree −1 defined by

∆N := σN∂N⊗BBe

ρN .

It follows from chasing the diagram

N ⊗B Be
πN //

∂N⊗BBe

��

N
ρN

oo

∂N

��

N ⊗B J
ιN //

∂N⊗BJ

��

N ⊗B Be
πN //

∂N⊗BBe

��

σN

oo N
ρN

oo

N ⊗B J
ιN //

N ⊗B Be
σN

oo

that ιN (∂N⊗BJ∆N + ∆N∂N ) = 0. Therefore, ∆N is a DG B-module homo-
morphism, since ιN is injective. In particular, ∆N defines a cohomology class
in Ext1B(N,N ⊗B J) which is denoted by [∆N ].



8 SAEED NASSEH, MAIKO ONO, AND YUJI YOSHINO

The next theorem is one of the main results in this section that describes the
structure of the obstruction class to näıve liftability of DG modules along the DG
algebra extensions satisfying Convention 3.1. This result is a major part of Theo-
rem 1.5 from the introduction.

Theorem 3.8. Let N be a semifree DG B-module with a semifree basis B =
{eλ}λ∈Λ. For eλ ∈ B, if we assume ∂N (eλ) =

∑
µ<λ eµbµλ as a finite sum with

bµλ ∈ B♮, then the DG B-module homomorphism ∆N : N → N ⊗B J is explicitly
described by the formula

∆N (eλ) =
∑
µ<λ

eµ ⊗ δ(bµλ). (3.8.1)

Proof. For eλ ∈ B we have the following equalities:

∆N (eλ) = σN∂N⊗BBe

ρN (eλ) = σN∂N⊗BBe

(eλ ⊗ (1o ⊗ 1))

= σN

∑
µ<λ

eµ ⊗ (boλµ ⊗ 1)

 =
∑
µ<λ

eµ ⊗ δ(bλµ)

as desired. □

Remark 3.9. Consider the notation from Theorem 3.8. Since (3.2.1) (or (3.4.2))
is a split short exact sequence of graded B♮-modules, we have the isomorphism

N ♮ ⊗B♮ (Be)♮ ∼= (N ♮ ⊗B♮ J♮)⊕N ♮.

By Remark 3.5, the sequence (3.4.2) is equivalent to a short exact sequence

0 → N ⊗B J

(
idN⊗BJ

0

)
−−−−−−−→ (N ⊗B J)⊕N

(0 idN )−−−−−−→ N → 0 (3.9.1)

of DG B-modules in which the differential on (N ⊗B J)⊕N is of the form

∂ :=

(
∂N⊗BJ fN

0 ∂N

)
(3.9.2)

where fN : N → Σ(N ⊗B J) is a chain map, thus a cycle in HomB(N,Σ(N ⊗B J)).
Hence, fN represents a cohomology class [fN ] in Ext1B(N,N ⊗B J). Note also that

fN =
(
idN⊗BJ 0

)
∂

(
0

idN

)
.

Therefore, [∆N ] = [fN ] in Ext1B(N,N ⊗B J).

The following along with Theorem 3.8 completes the proof of Theorem 1.5.

Theorem 3.10. Consider the notation from Theorem 3.8 and Remark 3.9. The
following conditions are equivalent:

(i) [fN ] = [∆N ] = 0 in Ext1B(N,N ⊗B J);
(ii) N is näıvely liftable to A.

The proof of this theorem is straightforward and perhaps can be found in the
literature. However, we give the proof for the convenience of the reader.
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Proof. Let ∂̃ :=
(

∂N⊗BJ 0
0 ∂N

)
and recall from (3.9.2) that ∂ =

(
∂N⊗BJ fN

0 ∂N

)
. When

necessary, we use the notations
(
(N ⊗B J)♮ ⊕N ♮, ∂

)
and

(
(N ⊗B J)♮ ⊕N ♮, ∂̃

)
to

specify the DG B-module structure on (N ⊗B J)♮ ⊕N ♮.
Note that N is näıvely liftable to A if and only if there is an isomorphism

Φ: ((N ⊗B J)♮ ⊕N ♮, ∂) → ((N ⊗B J)♮ ⊕N ♮, ∂̃)

of DG B-modules such that the diagram

0 // N ⊗B J

(
idN⊗BJ

0

)
//
(
(N ⊗B J)♮ ⊕N ♮, ∂

)
Φ
��

(0 idN )
// N // 0

0 // N ⊗B J

(
idN⊗BJ

0

)
//
(
(N ⊗B J)♮ ⊕N ♮, ∂̃

)
(0 idN )

// N // 0

commutes. Commutativity of this diagram implies that Φ is of the form

Φ =

(
idN⊗BJ q

0 idN

)
where q : N ♮ → (N ⊗B J)♮ is a graded homomorphism of degree 0.

(i) =⇒ (ii) Since [fN ] = 0 in Ext1B(N,N ⊗B J), there exists a graded B♮-module
homomorphism g : N ♮ → (N ⊗B J)♮ of degree 0 such that fN = ∂N⊗BJg − g∂N .
Setting q := g in Φ, we see that N is näıvely liftable to A.

(ii) =⇒ (i) If N is näıvely liftable to A, then an isomorphism

Φ =

(
idN⊗BJ q

0 idN

)
: ((N ⊗B J)♮ ⊕N ♮, ∂) → ((N ⊗B J)♮ ⊕N ♮, ∂̃)

of DG B-modules exists. Since Φ is a DG B-module homomorphism, it com-
mutes with the differentials and q is a DG B-module homomorphism, that is,
q ∈ HomB(N,N ⊗B J). Hence, fN = ∂N⊗BJq− q∂N . This means that [fN ] = 0 in
Ext1B(N,N ⊗B J), as desired. □

Definition 3.11. Following Theorems 3.8 and 3.10, for a semifree DG B-module
N , we call [fN ] = [∆N ] the obstruction class to näıve liftability.

4. Another description of the obstruction class

In this section, we provide another description of the obstruction class to näıve
liftability that is equivalent to the one constructed in Theorem 3.8; see Theorem 4.9
below, which is our main result in this section. The notation used in this section
comes from the previous sections. Recall that we still work in the setting of Conven-
tion 3.1. We start with introducing the notion of “connections” that was originally
defined by Connes [6, II. §2] in non-commutative differential geometry. See also
Cuntz and Quillen [7, §8].

In the following, recall that δ is the universal derivation introduced in Defini-
tion 3.6.

Definition 4.1. Let N be a semifree DG B-module with a semifree basis B =
{eλ}λ∈Λ. We define a subset Diffδ

A(N) of gr-HomA♮(N ♮, (N ⊗B J)♮) by

Diffδ
A(N) = {D : N ♮ → (N ⊗B J)♮ | D(nb) = D(n)b+ n⊗ δ(b) for n ∈ N ♮, b ∈ B♮}.
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Each element of Diffδ
A(N) is called a connection on N .

Let DB : N ♮ → (N ⊗B J)♮ be the graded A♮-linear homomorphism of degree 0
satisfying DB(

∑
λ eλbλ) =

∑
λ eλ ⊗ δ(bλ), for all eλ ∈ B and bλ ∈ B. Noting that

DB(eλ) = 0 for all eλ ∈ B, for all b ∈ B♮ we have

DB(eλb) = eλ ⊗ δ(b) = DB(eλ)b+ eλ ⊗ δ(b).

Hence, for all n ∈ N ♮ and b ∈ B♮ we have

DB(nb) = DB(n)b+ n⊗ δ(b)

that is, DB ∈ Diffδ
A(N). Thus, Diffδ

A(N) is non-empty.

Later, in Theorem 4.9, we will prove, under the setting of Definition 4.1, that
the equality ∆N (eλ) = DB∂N (eλ) holds, where ∆N is introduced in Theorem 3.8.
For this equality, one should note that DB(eλ) = 0 for all eλ ∈ B, and hence,
∂N⊗BJDB(eλ) = 0.

Lemma 4.2. Let N be a semifree DG B-module with a semifree basis B = {eλ}λ∈Λ.
The following assertions hold.

(1) For D,D′ ∈ Diffδ
A(N), we have D = D′ if and only if D(eλ) = D′(eλ) for all

eλ ∈ B. In particular, DB = D if and only if D(eλ) = 0 for all eλ ∈ B.
(2) For all D1, D2 ∈ Diffδ

A(N), the mapping D1 −D2 is B♮-linear.

(3) For all D ∈ Diffδ
A(N) and all f ∈ gr-HomB♮(N ♮, (N ⊗B J)♮) we have D + f ∈

Diffδ
A(N).

(4) We have the equality:

Diffδ
A(N) = DB + gr-HomB♮(N ♮, (N ⊗B J)♮). (4.2.1)

Proof. (1) If D(eλ) = D′(eλ) for all eλ ∈ B, then for every finite sum
∑

λ eλbλ ∈ N ♮

with bλ ∈ B♮ we have the equalities D (
∑

λ eλbλ) =
∑

λ (D(eλ)bλ + eλ ⊗ δ(bλ)) =∑
λ (D

′(eλ)bλ + eλ ⊗ δ(bλ)) = D′ (
∑

λ eλbλ). Hence, the equality D = D′ holds.
(2) For all n ∈ N ♮ and b ∈ B♮ we have the equalities (D1 −D2)(nb) = D1(n)b+

n⊗ δ(b)−D2(n)b− n⊗ δ(b) = (D1 −D2)(n)b. Hence, D1 −D2 is B♮-linear.
(3) For all n ∈ N ♮ and b ∈ B♮ we have (D+ f)(nb) = D(nb) + f(nb) = D(n)b+

n⊗ δ(b) + f(n)b = (D + f)(n)b+ n⊗ δ(b). Therefore, D + f ∈ Diffδ
A(N).

(4) follows immediately from statements (2) and (3). □

Notation 4.3. Let N be a semifree DG B-module with a semifree basis B =
{eλ}λ∈Λ. Given a subset Γ = {γλ}λ∈Λ of (N ⊗B J)♮ with |γλ| = |eλ| for all λ ∈ Λ,
we define a graded A♮-linear homomorphism DΓ : N

♮ → (N ⊗B J)♮ of degree 0 by

DΓ

(∑
λ

eλbλ

)
=
∑
λ

(γλbλ + eλ ⊗ δ(bλ))

where bλ ∈ B♮ and bλ ̸= 0 for only finitely many λ. Note that DΓ is well-defined
and DΓ ∈ Diffδ

A(N) by definition.

Lemma 4.4. Let N be a semifree DG B-module with a semifree basis B = {eλ}λ∈Λ.
There is a one-to-one correspondence

Diffδ
A(N)

f
//
∏
λ∈Λ

(N ⊗B J)♮|eλ|g
oo

defined by f(D) = {D(eλ)}λ∈Λ and g(Γ) = DΓ.
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Proof. Let D ∈ Diffδ
A(N) and Γ = {γλ}λ∈Λ ⊂ (N ⊗B J)♮ such that |γλ| = |eλ| for

λ ∈ Λ. We have (gf)(D)(eµ) = D{D(eλ)}(eµ) = D(eµ) for all eµ ∈ B. It follows from
Lemma 4.2(1) that (gf)(D) = D. On the other hand, (fg)(Γ) = {DΓ(eλ)}λ∈Λ =
{γλ}λ∈Λ = Γ. □

Notation 4.5. Let N be a semifree DG B-module. For every D ∈ Diffδ
A(N), let

α(D) := D∂N − ∂N⊗BJD.

Note that α(D) : N ♮ → (N ⊗B J)♮ is a graded A♮-linear map of degree −1.

In the following, recall that K(B) denotes the homotopy category defined in 2.3.

Lemma 4.6. Let N be a semifree DG B-module with a semifree basis B = {eλ}λ∈Λ,

and let D ∈ Diffδ
A(N). Then the map α(D) : N → Σ(N ⊗B J) is a DG B-module

homomorphism. Hence, there is a mapping

Diffδ
A(N) → HomK(B)(N,Σ(N ⊗B J))

defined by D 7→ [α(D)]. Moreover, for all D1, D2 ∈ Diffδ
A(N), the equality

[α(D1)] = [α(D2)]

holds in HomK(B)(N,Σ(N ⊗B J)).

Proof. It is straightforward to see that ∂Σ(N⊗BJ)α(D)−α(D)∂N = 0. Hence, α(D)
is a chain map. On the other hand, for all n ∈ N ♮ and b ∈ B♮ we have the equalities

α(D)(nb) =(D∂N − ∂N⊗BJD)(nb)

=D(∂N (n)b+ (−1)|n|ndB(b))− ∂N⊗BJ(D(n)b+ n⊗ δ(b))

=D(∂N (n))b+ ∂N (n)⊗ δ(b) + (−1)|n|D(n)dB(b) + (−1)|n|n⊗ δ(dB(b))

−∂N⊗BJ(D(n))b− (−1)|n|D(n)dB(b)− ∂N (n)⊗ δ(b)− (−1)|n|n⊗ ∂J(δ(b))

=(D∂N − ∂N⊗BJD)(n)b

=α(D)(n)b

where the fourth equality uses (3.6.1). Hence, α(D) is B♮-linear and we conclude
that α(D) ∈ HomB(N,Σ(N ⊗B J)). Note that α(D) defines an element [α(D)] in
HomK(B)(N,Σ(N ⊗B J)).

For the last assertion, assume D1, D2 ∈ Diffδ
A(N). Let f = D1 −D2 and note

that f is B♮-linear by Lemma 4.2(2). Then we have the equalities

α(D1)− α(D2) = (D1∂
N − ∂N⊗BJD1)− (D2∂

N − ∂N⊗BJD2) = ∂ΣN⊗BJf + f∂N .

Hence, [α(D1)] = [α(D2)] in HomK(B)(N,Σ(N ⊗B J)), as desired. □

Definition 4.7. Using the notation from Lemma 4.6, it follows that the class [α(D)]

in HomK(B)(N,Σ(N ⊗B J)) does not depend on the choice of D ∈ Diffδ
A(N). We

call [α(D)] the Atiyah class of N .

Remark 4.8. There are notions of Atiyah class in various areas; see, for in-
stance, [4, 5, 15]. The above definition of Atiyah class is a DG version of the
one for modules over a non-commutative algebra; we refer the reader to [5, 15] for
more details on this notion.
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Theorem 4.9. Let N be a semifree DG B-module with a semifree basis B =
{eλ}λ∈Λ. The following equality holds:

α(DB) = ∆N . (4.9.1)

Proof. For a basis element eλ of B, write ∂N (eλ) =
∑

µ<λ eµbµλ, which is a finite

sum with bµλ ∈ B♮. Then we have the equalities

α(DB)(eλ) = (DB∂N − ∂N⊗BJDB)(eλ) = DB (∂N (eλ)
)
=
∑
µ<λ

eµ ⊗ δ(bµλ) = ∆N (eλ)

in which the last equality follows from (3.8.1). Now, the equality (4.9.1) follows
from the fact that α(DB) and ∆N are both B♮-linear. □

Moreover, we can prove the following result.

Proposition 4.10. Let N be a semifree DG B-module with a semifree basis B =
{eλ}λ∈Λ. The following statements are equivalent.

(i) N is näıvely liftable to A.

(ii) [α(D)] = 0 holds in Ext1B(N,N ⊗B J) for all D ∈ Diffδ
A(N).

(iii) [α(D)] = 0 holds in Ext1B(N,N ⊗B J) for some D ∈ Diffδ
A(N).

(iv) α(D) = 0 holds in HomB(N, Σ(N ⊗B J)) for some D ∈ Diffδ
A(N).

(v) α(DΓ) = 0 holds in HomB(N, Σ(N ⊗B J)) for some subset Γ = {γλ}λ∈Λ of
(N ⊗B J)♮ with |γλ| = |eλ| for all λ ∈ Λ.

Proof. (i) =⇒ (iii) and (ii) =⇒ (i) follow from Theorem 3.10 and Theorem 4.9.
(iii) =⇒ (ii) follows from Lemma 4.6.
(iv) =⇒ (iii) is trivial.

(iii) =⇒ (iv) Let D ∈ Diffδ
A(N) such that [α(D)] = 0 in Ext1B(N,N ⊗B J).

There is a graded B♮-module homomorphism h : N ♮ → (N ⊗B J)♮ of degree 0 such

that α(D) = ∂ΣN⊗BJh + h∂N . Note that D − h ∈ Diffδ
A(N) by Lemma 4.2(3).

By definition we also have α(D) = D∂N − ∂N⊗BJD. Therefore, α(D − h) =
(D − h)∂N − ∂N⊗BJ(D − h) = α(D)− α(D) = 0.

(iv)⇐⇒(v) is clear from Lemma 4.4. □

5. Some concrete examples

In this section, we will construct concrete examples of DG modules that do and
do not satisfy näıve liftability; see Examples 5.6 and 5.7. The main tool to construct
such examples is the following theorem, which is our main result in this section.
(Again, our notation in this section comes from the previous sections and we still
work in the setting of Convention 3.1.)

Theorem 5.1. Let N be a semifree DG B-module with a semifree basis B =
{eλ}λ∈Λ. Write ∂N (eλ) =

∑
µ<λ eµbµλ as a finite sum with bµλ ∈ B♮. Then

the following assertions are equivalent.

(i) N is näıvely liftable to A.
(ii) There is a subset Γ = {γλ}λ∈Λ of (N ⊗B J)♮ with |γλ| = |eλ| for all λ ∈ Λ

such that ∂N⊗BJ(γλ) =
∑

µ<λ (γµbµλ + eµ ⊗ δ(bµλ)).

Proof. Let Γ = {γλ}λ∈Λ be a subset of (N⊗B J)♮ with |γλ| = |eλ| for λ ∈ Λ. Recall

from Notation 4.3 that the A♮-linear homomorphism DΓ ∈ Diffδ
A(N) is defined by
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the formula DΓ (
∑

λ eλbλ) =
∑

λ γλbλ + eλ ⊗ δ(bλ). Now, for all λ ∈ Λ we have

α(DΓ)(eλ) = DΓ(∂
N (eλ))− ∂N⊗BJ(DΓ(eλ)) (5.1.1)

= DΓ

∑
µ<λ

eµbµλ

− ∂N⊗BJ(γλ)

=
∑
µ<λ

(γµbµλ + eµ ⊗ δ(bµλ))− ∂N⊗BJ(γλ).

If (i) holds, then by the equivalence (i)⇐⇒(v) in Proposition 4.10 there exists a
subset Γ = {γλ}λ∈Λ of (N⊗BJ)♮ with |γλ| = |eλ| for all λ ∈ Λ such that α(DΓ) = 0.
Therefore, for all λ ∈ Λ we have α(DΓ)(eλ) = 0. Now, (ii) follows from (5.1.1).

For the converse, if (ii) holds, then by (5.1.1) we have α(DΓ)(eλ) = 0 for all
λ ∈ Λ. Hence, α(DΓ) = 0, and (i) follows again from the equivalence (i)⇐⇒(v) in
Proposition 4.10. □

Remark 5.2. If the elements γλ of a set {γλ}λ∈Λ satisfy Theorem 5.1(ii), then
they can be described by induction. Let ϖ denote the minimum element of Λ
and assume ϖ < λ. Consider the element ξλ =

∑
µ<λ (γµbµλ + eµ ⊗ δ(bµλ)) of

(N ⊗B J)♮ which is constructed using the inductive step and note that it is a
cycle in the DG B-module N ⊗B J , by Proposition 5.3 below. This ξλ defines an
element [ξλ] in H|eλ|(N⊗B J). By assumption, we obtain γλ ∈ (N⊗B J)♮ satisfying

∂N⊗BJ(γλ) = ξλ, that is, [ξλ] = 0 in H|eλ|(N ⊗B J).

Proposition 5.3. Let N be a semifree DG B-module with a semifree basis B =
{eλ}λ∈Λ, and let {γλ}λ∈Λ be a subset of (N ⊗B J)♮ with |γλ| = |eλ| for all λ ∈ Λ.
Then,

∑
µ<λ (γµbµλ + eµ ⊗ δ(bµλ)) is a cycle in N ⊗B J for λ ∈ Λ.

Proof. We proceed by induction on λ. The assertion is trivial for λ = ϖ, where ϖ
denotes the minimum element of Λ. Now, assume λ > ϖ. Use the general protocol
that ∂N (ei) =

∑
j<i ejbji is a finite sum with all bji ∈ B♮. Then we have

∂N⊗BJ

∑
µ<λ

(γµbµλ + eµ ⊗ δ(bµλ))


=
∑
µ<λ

(
∂N⊗BJ(γµ)bµλ + (−1)|γµ|γµd

B(bµλ) + ∂N (eµ)⊗ δ(bµλ) + (−1)|eµ|eµ ⊗ ∂Jδ(bµλ)
)

=
∑
µ<λ

(∑
ν<µ

(γνbνµ + eν ⊗ δ(bνµ))

)
bµλ +

∑
µ<λ

(−1)|γµ|γµd
B(bµλ)

+
∑
µ<λ

∑
ν<µ

(eνbνµ ⊗ δ(bµλ)) +
∑
µ<λ

(
(−1)|eµ|eµ ⊗ ∂Jδ(bµλ)

)

=
∑
ν<λ

γν

 ∑
ν<µ<λ

bνµbµλ + (−1)|γν |dB(bνλ)

+
∑
ν<λ

eν ⊗

 ∑
ν<µ<λ

δ(bνµbµλ) + (−1)|eν |δ(dB(bνλ))


= 0
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where the second equality follows from the inductive hypothesis and the third
equality follows from (3.6.1). To see the last equality, note that

0 = (∂N )2(eλ) = ∂N

∑
µ<λ

eµbµλ

 =
∑
µ<λ

(
∂N (eµ)bµλ + (−1)|eµ|eµd

Bbµλ

)

=
∑
µ<λ

(∑
ν<µ

eνbνµbµλ + (−1)|eµ|eµd
Bbµλ

)

=
∑
ν<λ

eν

 ∑
ν<µ<λ

bνµbµλ + (−1)|eν |dBbνλ

 .

Since B is a semifree basis for N , for ν < λ, we conclude that∑
ν<µ<λ

bνµbµλ + (−1)|eν |dBbνλ = 0

and hence, the last equality holds. □

The following result is an application of Theorem 5.1 and will be used to con-
struct Examples 5.6 and 5.7 below.

Corollary 5.4. Let N be a semifree DG B-module with a semifree basis consisting
of only two elements {e, e′} with ∂N (e′) = eb for b ∈ B♮. Then the following hold:

(a) If δ(b) is a boundary of J , then N is näıvely liftable to A.
(b) Conversely, if A0 = B0 and N is näıvely liftable to A, then δ(b) is a boundary

of J .

Proof. (a) By assumption, there is c ∈ J♮ such that δ(b) = ∂J(c). Let γ = 0 be in
(N ⊗B J)|e| and γ′ = e ⊗ c, where γ′ ∈ (N ⊗B J)|e′|. Note that |∂N (e)| = |e| − 1.

Hence, ∂N (e) = 0 and we have

∂N⊗BJ(γ′) = ∂N (e)⊗ c+ e⊗ ∂J(c) = e⊗ δ(b) = γb+ e⊗ δ(b).

This means that {γ, γ′} satisfies condition (ii) in Theorem 5.1. Hence, N is näıvely
liftable to A.

(b) The assumption B0 = A0 implies J0 = 0. Then, we have (N ⊗B J)n =⊕
i>0 Nn−i ⊗ Ji. In particular, (N ⊗B J)|e| = 0. Since N is näıvely liftable to

A, it follows from Theorem 5.1 that there are elements γ = 0 in (N ⊗B J)|e| and

γ′ ∈ (N ⊗B J)|e′| such that ∂N⊗BJ(γ′) = γb + e ⊗ δ(b) = e ⊗ δ(b). We know that

γ′ = e ⊗ c, for some c ∈ J . Therefore, ∂N⊗BJ(γ′) = ∂N⊗BJ(e ⊗ c) = e ⊗ ∂J(c).
Hence, δ(b) = ∂J(c) and this means that δ(b) is a boundary of J . □

Corollary 5.5. Consider the assumption of Corollary 5.4. If H|e′|−|e|−1(J) = 0,
then N is näıvely liftable to A.

Proof. Note that 0 = (∂N )2(e′) = ∂N (eb) = (−1)|e|edB(b). This implies that
dB(b) = 0. It follows from (3.6.1) that ∂Jδ(b) = δdB(b) = 0, Hence, δ(b) is always
a cycle in J . By our assumption, δ(b) is a boundary of J as well. Now, it follows
from Corollary 5.4(a) that N is näıvely liftable to A. □

Next, we construct a DG module that satisfies näıve liftability. For the notation
and more details about free extensions of DG algebras see [11].
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Example 5.6. Assume x, y are non-zero elements of R such that xR ∩ yR = (0)
and x2 = 0. Let B = R⟨X,Y | dX = x, dY = Xy⟩ be a free extension of the DG
R-algebra R with |X| = 1 and |Y | = 2. Let N be the semifree DG B-module with
N ♮ = eB♮⊕e′B♮ and with the differential defined by ∂N (e) = 0 and ∂N (e′) = eY Xy.
By (3.6.1) we have δ(Y Xy) = δ(dB(Y (2))) = ∂Jδ(Y (2)). Now it follows from
Corollary 5.4(a) that N is näıvely liftable to R.

In the next example we construct a DG module that does not satisfy näıve
liftability.

Example 5.7. Consider the setting of Example 5.6. Let M be the semifree DG
B-module with M ♮ = uB♮ ⊕ u′B♮ and with the differential defined by ∂M (u) = 0
and ∂M (u′) = uY Xx, where |u| = 0.

Claim: M is not näıvely liftable to R.

To prove the claim, set

T = B⟨X ′, Y ′ | dX ′ = 0, dY ′ = X ′y⟩
= R⟨X,X ′, Y, Y ′ | dX = x, dX ′ = 0, dY = Xy, dY ′ = X ′y⟩

where |X ′| = |X| = 1 and |Y ′| = |Y | = 2. Note that

T ♮ =
⊕
n⩾0

(
Y ′(n−1)X ′B♮ ⊕ Y ′(n)B♮

)
with the convention Y (−1) = 0. The map f : Be → T defined by f(1 ⊗ X) =
X, f(X ⊗ 1) = X ′ + X, f(1 ⊗ Y (n)) = Y (n), f(Y (n) ⊗ 1) = (Y ′ + Y )(n) is a DG
R-algebra isomorphism. In particular, if we consider the DG ideal J ′ of T , where
J ′♮ =

⊕
n>0

(
Y ′(n−1)X ′B♮ ⊕ Y ′(n)B♮

)
and ∂J′

is induced by dT , then we obtain

an isomorphism f |J : J
∼=−→ J ′ which induces a mapping H(f |J) : H(J) → H(J ′) on

homology. Note that f(δ(Y Xx)) = X ′Y x+Y ′Xx+X ′Y ′x. Since ∂J′
(−X ′XY ) =

X ′Y x and ∂J′
(−X ′Y ′X) = X ′Y ′x, we have the following equalities:

H(f |J)([δ(Y Xx)]) = [X ′Y x+ Y ′Xx+X ′Y ′x] = [Y ′Xx].

We show that [Y ′Xx] ̸= 0 in H3(J
′). To see this, note that for a general element χ =

X ′XY a1+Y ′Y a2+Y ′(2)a3+X ′Y ′Xa4 ∈ J ′
4 = X ′XY R⊕Y ′Y R⊕Y ′(2)R⊕X ′Y ′XR

with ai ∈ R we have

∂J′
(χ) = X ′Y (−xa1 + ya2) + Y ′Xya2 +X ′Y ′ya3 −X ′Y ′xa4.

If [Y ′Xx] = 0, then there is b ∈ R such that yb = x. It then follows from the
assumption xR ∩ yR = (0) that x = 0. This contradicts the fact that x is nonzero.
Hence, [Y ′Xx] ̸= 0, that is, δ(Y Xx) is not boundary in J . It then follows from
Corollary 5.4(b) that M is not näıvely liftable to R, as desired.
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