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§ 1. Introduction

Let 0 be a bounded open set in R3  with sufficiently smooth boundary T .  We
set S2= R3 - 0 .  Suppose that Q is connected. Consider the following acoustic
problem

n u ( x ,  t) = a2u A— u 0 in 52 x(—oo, oo)ai2{
(1.1)

u(x, t)= 0 on F x(— oo, CO)

3 0 2
where P  =  E .  Denote by 99 (0  the scattering matrix fo r this problem.

J=1 ex?
Concerning the definitio n of the scattering matrix see, for example, Lax and Phillips
[8, page 9 ] .  It is known that SP(o- ) is a unitary operator from L 2 (S2 ) onto itself for
all o- e R  and

Theorem 5.1 of Chapter V of [8 ] .  Y(0 - ) extends to an operator valued function
99 (z) analytic in Tm z < 0 and merornorphic in the whole plane.

Concerning how the scattering matrix .99 (o) is related to the geometric properties
of obstacles

Theorem 5.6 of Chapter V of [8]. The scattering matrix determines the scat-
tering.

About a question as to a concrete correspondance of geometric properties of 0
to analytic properties of Y(a), Majda and Ralston [10], Petkov [14] and Petkov
and Popov [15] made clear relationships between 0  and the asymptotic behavior
of the scattering phase of 99 (a) for + oo when 0 is non-trapping. But concerning
relationships between 0  and the poles of .9'(z) we know a  few  facts. The results
we want to show in this paper are

Theorem 1 .  Let 9 = 9 k  0 2 , (51 A -62  = O. S uppose t h a t  0 1 a n d  0 2  are
strictly  convex, that is, the Gaussian curvatures of  the boundary  r. o f  0i , j = 1, 2
never vanish. Then there ex ist positive constants co  and c1 such that
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(i) f or any  e>0 a region

CO

{z; 1m z<c o -l-c il z ;
.i = -0 0

contains only a .finite num ber of poles of 99 (z), where

. it .
Z  = —d j, d =distance (0 1 , 0 2 ) ,

and C is a constant independent of s,
(ii) there exist infinitely many poles of 99 (z ) in

CO

j
{z ; lz—z1C ( 1 / 1 + 1)- 1 /2 }.

—co

Remark on constants c ,  and c 1 . L e t  ai , j =1, 2 be the points such that ai  e F ;

and la, — a 2 I =d=distance (0 1 , 0 2 )• T he  constan t c ,  is determined by d and the
principal curvatures and the principal directions of  1  ai , j = 1, 2. An explicit
formula for co w ill be  g iven  in §6, and c i  is also estimated by using d  and the
principal curvatures and directions of T i  a t ai .

Concerning the location of the poles of .91z), Lax and Phillips [7], with the
results on the uniform decay of local energy by Morawetz, Ralston and Strauss [13]
and Melrose [11], shows that "if 0 is non-trapping there exist a, b > 0 such that a
region

{z ;  Im z  a log (1 + z1)+14

contains no p o le s " .  O n the other hand, Bardos, Guillot and Ralston [1] shows,
under the same assumption on  0  as our Theorem 1, the existence of an infinite
number of poles of .91z) in {z ; Im z<s log I zi} for any E> O. Note that 0 is always
trapping if 0 consists of two disjoint objects. Then their result shows a difference
in locations of poles of the scattering matrices between cases of trapping obstacles
and of non-trapping obstracles.

Our Theorem 1 gives a very precise information on the position of poles of 69 (z),
and represents clearly a  reflection of some geometric properties o f 0  in  the  distri-
bution of p o le s . At the same time it shows that a conjecture of Lax and Phillips
[8, page 158] on poles of the scattering matrix for trapping obstacles is not correct
in general. Namely even in a case of a trapping obstacle, when it consists of two
strictly convex objects, all the poles of ,99 (z ) have the imaginary parts >  a >O.')

If we take account of another part of Theorem 5.1 of Chapter V of [8] the first
part of Theorem 1 is derived immediately from

Theorem 2 . Suppose that (9 satisfies the assumption in Theorem 1. Denote by
U(11)g a solution in n Hm(S2) of  a problem

m>o

1) This fact is already shown in Theorem 2.1 of [5].
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(1.2)
[ 0 12_ = in

u=g on

f or Re p>0 and g E C " (T ) .  Then U(g) is analy tic in Re p >0  as ..r(C`°(T),C"(0))
valued function and prolonged analy tically  into a region

00

9 E=Ift; Rei.t. - c o -  c1 +  - {,11; Iti œliii- C(iii -F1 )- " 2 }-  f i t ;  IA

f o r any  e>0, w here  2 (C "(F), C (5- 2)) denotes a  s e t  o f  all linear continuous
mappings from Cœ (T) into C'(2),

pi= - co+ i l =d

and C is a constant independent of t .  Moreover an estimate

m+7
E  su p  IM (U(p)g)(x )I CR ,„,,, E

ifi 15m xer2R j=0

holds for all it E g„ w here 52,,= n {x; ixi< R}.

The second part of Theorem 1 follows from

Theorem 3. U(g) has an  infinite number of poles in
GO

{ti; 1/2--ti1 l c(1/1+1)- h/2 1.
J = - 0 0

In order to prove Theorem 2 we shall construct a parametrix of a mixed problem

n u  =0 in C2 x R

(P) f o n  F x R

supp u x [0, co)

for f  E CA T x (0, co)). Our method of construction of a parametrix is the same one
used in the previous paper [5]. B u t we examine carefully properties of asymptotic
solutions constructed there, and pick up some typical behavior of solutions caused
by the existence of a ray which plys a, and a 2 .

§ 2. Properties of phase functions

Without loss of generality we may suppose

a l  =(0, 0, 0), a2  =(0, 0, d) (d>0).

Let

F 1 0  =  {AO; 6  E 610) X (
—

C
r
20

,
 Cr20)

=
/ 1 ) 0 -

10
,
 6 2 0 > ° )

and



. 15/(1 —5) r(x)M,

ai, . _  
au;

 1 3 — 1 1 a

ai,)

OCT ./ 
a

(2.5)

it follows that

(2.6)
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r20 = {z01); n e ( - 1 /1o, rho) x ( - 1 120, 1120= 1 2)011o, 112 0 >0)

be representations of r i  near a l  and F2 near a2  respectively, and suppose that they
satisfy

y(0)= a , z(0)=a 2 ,

(2.1) °Y  (0) — (0) = IT»  j =  1, 2,0o-
; O r i ;

where Yi  = (1, 0, 0), Y2 =(0, 1, 0). Set Y3 =(0, 0, 1).
Let yo(x) be a real valued C  function defined near 1'1 0  which satisfies

(2.2)
3

1/7 9(X)1 =  ( E
i=1

2)1/2
=1.

Set Rp(y(o-))= i(cr)= (4(0, 1 2 (a), i 3 (o-)) and

{
01 

o c r i  (a) = (lc i Jo), lcA O; , K i3(0), j= 1, 2,

We suppose that

(2.4) .."/((o-)> 0 for all o- e /1

where (5 is  a  small positive constant. Remark that from i3 (a) 1 — 6, I ii(u)i ( 5 ,
1=1, 2 and

(2.3)
,Y(*(o-) =

where ILY((0-)11 denotes the operator norm of .:1( ( a ) .  Define a  mapping 0  from
Flo X [0, CC) into R 3 by

0(y(o-), 1)= y(o-)+ li(a).
Since

(2.7) aY  ( a )
 ) 7 .11 0 6 °j=1 I au;

for a l l  y(a) e S1(60 2 )

the Jacobian determinant of (a, 1)—> y(o-)+ li(o-) satisfies

" )
det [I+ LY( (a)] — C((50 + 5)D(o-

 1 , a 2 , l)

2) S (o 0 ) is  the connected component containing ai  o f  Dc=(xi, x2, x 2 ) ;  x  e  i ,  x i+
and s(3.) - u



On the poles of the scattering matrix 131

where I  denotes the unit matrix in R 2 . Then when S o and (5 are small 0 is  a one
to one mapping. Then for each y(o-)E S 1 (00 ) there exists /(u) E R such that

AO+ 1(a)i(c)E F 2 0 .

Set

(2.8) z(g)= y(a)+1(a)i(o-).

Lemma 2.1. Fo r y(0-)GS 1(00 )  an d  z(n) e S2(0 0 ) linked by relation (2.8)
we have

(2.9) [ ' 3 6 P —  [I+ d Y ( a ) ] - 1

q11,2

_ C(00 + O)

  

(2.10) 01  I
p _<C((5 0 + (5), p= 1, 2,

where C is a constant independent of (5 0  and ,Y

P roo f. A differentiation of (2.8) by 7q
 gives

S z  (2.11) _ (  +1  ai i)ao-p
aqq0 o •p Oup e r i q

from which it follows that

(2.12) az az 2, 1 [ SaZr: i i +) g p la ;1 1 : •ati qa n ,
Taking account of (2.6), (2.7) and

I9 1. q
Y q C 5 °  '= 

-
v
F  . 5 )acrp

for all z (q ) S2(60) ,

we have by the projection to (x 1 , x2 )-plane of (2.12)

/—  (/+/ (a )Y (a ))[ 
°oar,: 2

q11:2

Thus we have (2 .9 ). The scalar product of (2.12) with i gives

S
Izq(   : 0y. p a l ( a  o \- qpq  _  1 ,  2 .

Since

3 z aY   il<co o + (5)Ong a n p

we have (2.10) with the aid of (2.9). Q. E. D.

C((50 + 6).
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Hereafter we will denote often a e e S2(5 0) instead of AO e S1(60),
z(n) e S2 (50 ) for brevity. Denote a mapping from S1 (50 ) into F 2 0  defined by (2.8) as

z(1)= 0 (Y(0")).

For x --(x i , x2 , x3 ) denote by x' a point (x 1 , x2 , 0). Suppose that

(2.13) AO • 1(9")' = Y(a)' • i(a)' 0 for all y(o-)e  0S 1 @50 )

holds. Then we have for AO e aSi(6 0)

11107(0, O' 2 = 1 AO ' 12 ± 2 1 Y(cr)' • i(a)' + 12 1i(a)'12

Y(0-)'12 .

Therefore

9 (s 1 (6 0 ) )D s2(60)

Note that

(2.14) li(a) Y 3 I 2 5 0 /d if 0 (y( 01)) e S2(6 0) , a e SOO) •

Then for each 1e S 2 (50 )  there exists uniquely a E S i (60) such that 0(y(o))= z(n).
We denote this correspondance çi to  a by

(2.15) a= T(n).
Let r(n) be a R 3 -valued C function defined by

(2.16) 4 0 =  KO —  A O ) • m0)) 11101)

where m(ri) is the unit outer normal of T y  at z(n), and a  and n are linked by (2.15).

Lemma 2 .2 . S u p p o s e  that (2.13) holds. T hen  r(n) defined by  (2.16) satisfies

(2.17) r(ii)• z(ii)' >0 f o r  a l l  z(n)e OS2 (4) .

P ro o f . From (2.13) it follows that 0 - 1 (z(n))= y(o) e S,(6 0 ) for z(q) e OS2 (50 ),
from which

1(Y(a)+ ii(a)Y1 2 1(Y(a)+ /(61)i(a))'1 2

follow s. Then w e have [ —
d  

1(y(o)+ li(o))'1 21
d l

w hich is equivalent to
1=1(a)

2z(n) • i(n)' O.

On the other hand the strict convexity of Ty  implies

m(1) . clz(ri)'12 (c > 0) ,

and (2.14) and rri(0)= — Y 3  im ply  — i(a) • m(n) 1 — C6 0 .
z(n) E OS2(o)

for all 0< / < /(cr)

Then w e have for all
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r(/)•z(/)'= kar zOlY — 2 ( 0) • m(1)) 171(i1) • zO1Y

2(1 — C(50)ciz(1)'1 2 > O. Q. E. D.

Let us set

1°1 1 2 (1 1 ) —  i Ic ;, 2 ) ( 11)170 p = 1, 2,
ail, h=1 P

K2== [k %72p) On h•-■ 1 , 25
p 1 1 ,2

and

g e = ; is a 2 x 2 real matrix such that .Y(' c / } .

Define a mapping F2 from go into istelf by

F 2 (d1)=.3r(/+dY() - 1 +2K 2 .

For r(n) defined by (2.16) set

Or
( 17)=- Rhp(1) 17h, P= 1, 2,

(2.18) UlJ.

{

=

h = 1

h p(P1)] h- ■1,2•
p11,2

Lemma 2 .3 .  L et r(ti) be def ined by  (2.16) f o r i(o-)  which satisfies (2.13) and
(2.14). Then it holds that

(2.19) 11A7(1) — F210 '1/ . 1011 C .60 .3 r (a ) f or all j e  S2(60)

(2.20) IR31(01+11z32(01 c6011dr(0)11 f o r all j  e S2(60)

where C is a positive constant depending only on F.

P ro o f . A differentiation of (2.16) by i g iv es

Or  _ 0 i  0o - ,  (  D i  n i  ) m01)
Do-h 

Orip ( 3 a ,  0 n p ( 3 o - h arip

— 2 )m— 2(i • m)  lam
 .Drip 0 q ,

31 . Om From  1=0 , m  =0 and (2.14) we have
ôah au ,

I  3 i
< C 6 3 1a u h  m °  ach

m l<c 6 0 .
lip

Therefore by comparing the x , and x 2 components of the both sides of (2.21), with
the aid of Lemma 2.1, we have (2 .1 9 ). And x 3 component of the right hand side of
(2.21) is estimated by C 50  ± 31

,  from which (2.20) follows. Q. E. D.
h = 1 t/ ry

(2.21)

Corollary. Suppose that R 3 -valued C' function r(q) defined in S2 (60 )  satisfies
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(2.17), I r ( n ) I = l  and

(2.22)I  r(q)—(— IT,)1. C 6 0 , .1 7- ( n )  0.

Correspond y ( a ) e  1 0  to  z(n) by  a relation

(2.23) y(a)— z(n)+h(n)r(n) (h(n)> 0),

and define i(a) near S 1 (60 ) by

(2.24) i(o-)= r(n)-2(r(n) • n(o-))n(o-),

where n(a) denotes the unit outer norm al of  F, at y(o-). Then it holds that

(2.25) i1.)r(u)—F1(.77())11 C6011.'17(011

(2.26) IK31(01+1K32(01-C6oilY"(n)11

where

F i (Y(*) = ( 1  + &X )- 1  + 2K f or

On(a)3
K 1  =  [k ( 0

) ] . 1 2 ,q
0 . 1 , 2 aCr

E kV)(0-) Y„.
h=1

Next we consider estimates of higher order derivatives of r(17). For f (x ) defined
on F„ we set

If 1.(y(a))= max I Xb o 1 X 0 2) Xbu)f( y (0)1,
osism

Iflm(s1(60))= max Ifl,(Y(0- ),
y(0")ESt(60)

where

a ax„(i)= by)  + bu) bu), 1=1, 2 are constants,Oo- , 2 0(72

and for f(x) defined on r 2 0  we set

1,.(z(q))= max I g b(i ) • -gb(d(z ( 11))1
isism

I.A 0 (S 2 ( 6 0 ) ) =  m a x  ifi.(z(0),
zwes2(60)

g b(p = b(i i )   „ ,
(3 

0 11
b(1 1  

2 a ,i2  •

Lemma 2 .4 . L et r(n) be defined by (2.16) f o r i(a) satisfy ing (2.13) and (2.14).
Suppose that ..YC(a)_>_c>0 f or all a E S i (4 ) .  Then we have for m=2, 3,....

(2.27) irlm(S2(50))-((1+cd)-'+C15or+1lil„,(S1001)+Cmlil„,-1(S1(60 )),

.Yr* E  5 ' 05



821a u ,
au haus )alip

2
+ 2  E  

81

h,s=1 8 a,
Oi  acr h  O a,
0o-, On p  a n q
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where Cm  is a constant independent of i.

Pro o f . A differentiation of (2.11) by rip  gives

(2 .28 ) 
02z (  0 2 y  +  8 2/  1 +

a riPa rlq h.s=1 aC h a5 s ()Crharrs

‘Z , (  Oy  +  01   1 + 1   Oi 02a,,
00- h aah OcihI ailparl q

Set
H  p( p ( aa   _  (aya u , (   ay  

i ) i + 1 88
0-
1

1 »  t (

(

-1"\aa2
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1)1+1
81

aa 2 ) )1 '

where P denotes an orthogonal projection from R3 onto R 2 , that is,

P(x i , x2 , x 3)= (x 1 , x 2 ).

Consider components orthogonal to  i in (2.28) and we have

H

[  aaq p

2g1;q 1h.tt,2 + 1P  h t  1 (  a 0-8„ 1 h2L  4 1  h  ) )  a4 p
 84 : 1

C{IiIi(Si(6 0))+1z12(S2(60))+1Y12(Si(a0))I
021

fo r a ll p, q=1, 2. Since  i -8a h 0a,
have

Oi ei 01follows from 1 -0 , we
acr„ Oa, h

r  8 2 , h2 0210 a , ,  Oa, (2.29) E  P
s= a a p  a 'L anpan, 14.1,2 h, 1a h us an n,

w h e re  A  B  means IA — BI CW11(S10(0) + 13/12(S1(6 0)+ 1z12(S2(6 0)}
constant C independent of i and r. Since

f o r  some

821
Onp Ong

2 821 ao-
h O a ,  +  2 818 2 a h

— Eh,s=1 auhacrs anp Ongh = 1  aah anpan,

we have by using (2.29)

(2.30)

= r ( P ( a .    i ) i ) )  t( P ( —(  i) i) )1 1 1 -1 P  821
 Oa  8a

8ash,s=1 au, 5 80-2a u , . au h au s  aq g  an,
Then

82154(1) b(2) Pi(a) = b(1)b(2) P
P,4= 1 P  q N e l l q

2 2 a o . 2 a„. A2.E  E h  b (1) E  b(2))iiipip  . /  1

h ,s=1(p=1 ) ( , , q ao-hao-s

P ( 1 - - F (P u (p   8 1   )111I-  1)P   0
2 i  Oa h O a,02 : t

allpanq h ,s =1 \ L 8(51 8 a2 auhaas 811p an q
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where
[ r ( P (     i ) i ) ) ,  t( 1 ) (  ayao- i ao-2 00-2

Note that

(

i  a
n

c r " kV ) ) ((1 + cd) - 1  + C60) 11b(1 ) 11
p =1 " h11,2

holds for l = 1, 2 from  (2.9). Then by using 11 .17H - 1 11.__ (1 + cd)t +C(50 w e  have

Pil2(z( 11)) ( ( 1 + cd) - 1  + ca0)- 3 1Pi12(y(60)

+clil,(A0(1+izi,(s2(60))+Iy12(sioom.

By using (2.5) we have

i12(z(q)) ( ( 1 + +Co)31i12(Y(cr))

+ C lili(Y (0)(1+ 1z12(S2( 6 0))+1Y12(Si( 6 0))),

from which (2.27) for rn=2 follows immediately. For m >2 w e m ay obtain  the
desired estimate by the same reasoning.

C orollary. Suppose that r(r1) satisfies 11'001= 1 , (2.17) and (2.22). Then for i(a)
defined by (2.23) and (2.24), i f

,-, F(n) c for all ti e S 2 (60 )

holds, we have

lilm(S1(6 0 ) -  ((1 +c d r' +i 0)-
n - l irim(S2(6 0)+ i(S 2(6 o)) •

Let 9(x) be a real valued COE' function defined near S 1 ( 6 0 )

 s a t i s f y i n g  1179(x)1= 1 .
Set 179(y(a))= i(a) and suppose that (2.13) and (2.14) hold. Then, by extending
9  b y  9(Y +1179(0= 9(Y )+ I, 9(x ) may be considered a  function in 0(S 1 (S0 )x
[0, co)) verifying 1V9(x)1= 1. Note that we have 0(S1(60) x [0, 00)) ,S2(60) from
(2.13). Denote this 9 by 9 0  and define 9 1 (x) by

ir91(x)1= 1

(2.31) 91(x)=90(x) on S2 (6 0)

091 ( x ) _ _  090 ( 1,.) on S2 (iP)av a v

where v denotes the unit outer normal of r  at x. From (2.31) it follows that

(2.32) 1791(x)=179(x)— 2(179(x) • v(x))v(x) for all x e S2(60),

that is, by setting r(r1)=179 1(z(0)

40= i(a)— 2(i(a) • n(q))m(q).

Then Lemma 2.2 assures that

r(n) • z(11)' 0 for all ti e 852(60) •
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And from Lemma 2.3

ê(1) F2G((c))— C6011.Y - (0- )11 2K2 + Ildr(a) il (( 1 + cd)-1  — C60) •

As remarked o n  9 ( x ) ,  q 1(x ) can be defined in  {x(1)+ hr(n); n e S2(6 o),
S1(4 ) )  verifying 1 1 7 9 1 ( 4  = 1 .  Then we can define 9 2 (x) by

11792(x) i = 1{

av Ov

92(x) = (pi(x) o n  S1(60)

a 9 2   ( x )  = a; 1  (x) on S 1 (50 ),

and define successively 93, 94,••• ,
 ( Pq ,  ( Pq + 1 ' -by

IFT q l = 1{

av av o n  Sc (g )(60)

o n  SE(q )(6 0)9 q (x) = 49.1-1(x)

a(
Pq (x)—  —  a 9 q- ' (x)

for q even
E (q )= {  1

2 for q odd.

ig (o-) =17ço2 ,(y(o-)), r g (n)=1792q +  1(z( ) )

arq(n) R(g)(11)Yn _ K ( 0 ) Y ,  
s=1 an, s=1 sao-h 

= COX (0- )11-41:i, .4(n) = Eies% ) 01)]m :
2
.

Note that from (2.33) or (2.34)

(2.35) 1. (17)= i,,(0) - 2 (i g(a)• m(11))m(q)

(2.36) iq+,(u)=-rq(q)-2(r,(n)• n(o-))n(a)

hold for q=0, 1 ,2 ..... .
By using Lemmas 2.1-2.3 at each step we have

(2.37) II .4(0 — F2(drq (u))II c(5011,x'1(0- )11

(2.38) Ildrq(a) F i(A7-; -1(17))11 _C(5011•Y7q - i(n)II
Let

1{ 1, K2>Co•

(2.33)

(2.34)

where

Set

h > 0 }(c

Then from (2.37) and (2.38)
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(2.39) orq(a), A7
q(i7) 2 C0 — C60f o r  all q >1 .

Remark that, since

F 1(S )  F  1(1 '1 = (I + dY 11- 1 (. (  —  ')(I + d.Y  r) - 1

we have for Y , e

(1 +cd) - 2 11Y . —  "  ,  1= 1, 2.

Set

.FIGY( ) =F1(F2 ( )) , -F 2 ( r)= F2(FI (Y )) .

Then for any A'', E

(2.40) Ilg"(ic)- g - ( i r')11_ +cd) - 4 1w -yril, 1=1, 2.

Proposition 2.5. {179 q ; q =0 , 1 ,...}  is a  bounded s e t  in  C D (6), where co is
a domain surrounded by S I ( c 5 0 ) ,  1=1, 2 and Ix'l =bo.

P roo f. Since for all if ' > 00

Ildr(i+giryill_< 11d,

we have

11F1(s)11 +2K,, 1=1, 2.

Then for all q >1

11-4(i1)11 11d+2 max (W ill, IIK2II)+C6 0•

From Lemma 2.3 and its corollary we have for all q >1

1179 g li(S 00( 6 0 ) ) . 1 /d + 2  max OK111,

Next suppose that for m >1

(2.41) Ir(roqi,„(Se(,)(60)) C„,.

Applying Lemma 2.4 and its corollary we have

iq l.+1(S1( 0 0))_< ((1 + cd)- 1 + C(50)-1 "- ' Ir_  l Irn+I(S2(0 0))+

Irg lin+1(S2(0 0)) ((t+ cd) - ' +C 6 0)- m - 1 11
q 1.+1(S1(0 0 ) ) +G

for some C;„. Therefore we have

+ 1(S1(O0)) C.41 + cd) - 1  +C 6 0)- (m + 1 "

+41 + cdr +05,)-(m+1)2q1i01„,+i(Si(30)).

Similarly
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11. ,1.+1(S2(60)) 2 Cx1±cdri+C (50)-(m +1)ii=0

+01 + cd) - 1  C S 0 ) - ( m + 1 ) 2 g lioim+1(S1(0 0)).

Thus we have

1179q 1m+ 1(S.(q )(6 0)) Cm +1 for all q.

By induction (2.41) holds for all m .  Since we have

s u p  E ID,1(Rpq (x))1 cm1R,0,1.(s.(0(60))
x..

Proposition follows from (2.41).

§ 3. Convergence of phase functions

Let i(a), j(•) be R3-valued C functions satisfying 11(01= I j(a)I =1 and (2.13),
(2.14). We denote 2 x 2 matrices defined by (2.3) for i(a) and j(a) by .Y ((a) and dr(a)
respectively. Suppose that

(3.1) dr (a), it° (o-) 2C 0f o r  all a E  S i( 6
0) •

Lemma 3 . 1 .  Suppose that y(o), y(a)E S O O  and

(3.2) z(11)= Y (a)+l(o-)i(o-) = y(&) + h(a)j(a)E S2(
0

0) •

Then it holds that

(3.3) I /(0-) —  h("6"-)1 C6010- — al •
Proof.

y(o-)— y(a-)= (a h —  h )1 1.
0 ( + t(5- — o-))dt

= (ah —  a h))7 (a, a).
h=1

From (2.7) it holds that for all a, 5- e S 1(6 ) )

(3.4) I Yh— Yh(o-, ei)1 Coo,
from whict it follows that

I ly(a)—y(a)1 2  — 1(7 —5-12 1 0 0 1 0 - -a1 2 .

Since l(cr)i(o-)= y(a)—  y(a)+ h(a)j(a) we have

/(a)2 = Y(a)12+ h(5-)2 + 2h(6) Oh —  ah)(Yait , a). A O).

(3.4) and (2.14) imply

I Yait,
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Then we have

1/(0-)2 — h(a)2 1 + c(50) la — 612 + c6010.

Thus we have by using 1(a)+ h(a) 2d

I /(a)— h(&)I 2
I
d  ((1+c6 o )10- -al + c60)10- — al

from which (3.3) follows because of 10- - ifi .<C 6 o.

Denote by o-(1) and 6(0 mappings from S2 (60 ) to S1(60 ) defined by

z(r/)=Y( 6 ) +/(c)i(a),

z01)= Y(S)+ h(5)i(6) ,
respectively.

Lemma 3.2. It holds that

(3.5) m a x  1.0 (/ )) — i(a(?/))1 ( ( 1 + C0 d)- 1  + CS0 )  max I i(a) — A O
leS 2 (60 ) ereS1(60)

Q. E. D.

Pro o f . Set

a )= [ t (P 0
1 

 a
a
o.
i
 i (o- +t(a—o- ) )d t ) ,  t (P o l

0
( a  +1(if — 0-N1)1,

(7 2

Y(u, 5)— p(p a
a
u-Y, (a +t(a —  u))dt), t (P5 1

0   a
3 -(71'2 (u + — 0-))dt)1,

A = m ax A O  —./(01.
creS1(60)

From (3.2) we have

.Y(5)— + 1(a )(0 ) —1(a))

= ( 1(a) — Ka» .i(6 ) + 1(a)(i(&)

Then we have

(3.6) [Y(o-, ir)+ /(o- ).Y((cr, 5)]((ii—o-)

=(1(a) — 1(apPl(6)+ 1(0-)P( 0 ) —l(a)).

Since Y(o-, ei)+ l(c)dr(u, a )  1+ CO2d — C50  we have

+ cody' {AO — h(a)I +l(a)A}

by using (3.3)

+ c °co-  cb o la — 01+0 + co dy'(d +60 )A.

Then

(3.7) — — ca0)- '0 +c odyl(d+a o)A.
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Substituting this estimate into (3.3) we have

(3.8) 11(0— h(6-)1 C 5 0 A.

Note that

P(i(6-)— i(a))=dr(a, 6)t(Fi — a)

by using (3.6)

=.Y ((a, a)[Y(u, 6-)+ l(a)%1(a, 6-)] - '{l(o-)P(i(6)—j(&))

+W O — h(0)PI( 6 )} •
Then

P(I(a) —  i(a))= RP) —  i(a))+P(I(a) — i(a))

={ 1(a) ,Y ï(a,E  Y(a, "6")+1(a),Y((a, — I} P(i(a) — ,i(a))

+AP(0-, a) [y(0., + i(0-)X(0-, h(6-))Pi(a) •

By using (3.8) and a relation

/(a),Y r(a, a)[Y(o-, a)+ l(a).Yr(a, 6)r—  I

= — Y(o- , 61-')[Y (o - , 6-)+1(o-).Y ((a, 6)] - '

we have

IP(I(&)-0))1_ ((1+Cod)-i+C(50)A+CS0A .

Since

i3(01=V1-1Pi(&)1 2 — [Pi(0-)12 _c(501Pi(6)—Pi(0-)1

we have (3.5) from above estimates. Q. E. D.

Lemma 3.3. L e t  i(a) and j ( a )  be R 3-valued functions def ined o n  .S1(60)
verifying Ii(0)1=11(0)I =1, (2.13), (2.14) and (3.1). For i(a)  and j ( a)  define r(ri)
and s(q) by

r(1)=i(a)-2(i(a)• in(n)*(q)

s(i1)=.0 ) - 2 0 (6 ) . mOlDrn(n) •

Then we have

(3 .9 )o — slo(S o ) )  ( ( 1 + C o dY 1 + 0 )  l i  —MO 1(6 0)

and for m>1

(3.9),n i r  — s1.(S2(5 0 )  ( (1 + Cad)- ' + cbo)n+lli

+ 1( 31(60)) + Ulm+ As1(60))}
 I i

1 ( s 1 ( 6 0 ))

Pro o f . Set
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Y(i; a) =P P ( aL ( a )  — ( ayao.
( 6 )  i ( 7 ) ) / ( a ) ) ,  tP ( aYao .

(6
2

) ( 5Ya a
( 6

2
)  i(a))i(a))1

Z (i; n)=Lt p( agri
(:1) — ( a;n

01
,
) i(a) )4 6 ) ) , I '  4n2

)
 (

a
 2

17)

fl

We define Y(j; d), Z(j; 17) by the same w a y . Then (2.12) may be written as

Z(i; n)=[Y (i; o-)+1(o-).Y((o-) ][ °
a

°:71,

where

Similarly we have

On the other hand

,,e ( o = rt( p   ai(0- ( ) ) t pai(a(n)) 

ao-i _ a_ty,
L Ori L

z0; 17)=E170; 6--)+h(a).Ye(d)][ ia4 1 .

/L \ \ 0, 72

= PCP t(P aa.2 )1 [

=.3 f(6) Y(i; ci- ) -1 U+I(o-).Y(*(o-)Y (i; ri)

= EY(i; /(a).Y((a)i-IZ(i;

holds. Similarly we have

x ( ro  =  ( p   aiCA(C ) ,  ( p   a (aari(n)))1

AP(3 )170 ; 5)- 1 EI +h(a)A9 (&)370 ; 0 - 1 - 1 z(i; n)•
Set 

E=.)/((c)Y(i; — r(a)Y ( j;

E =[f ( o -)— Yf(6)]Y(i; s (ô)(Y (i; o)' — Y(i; 5) -1 )

+.1r(d)(Y (i; Y(j; ii)-1 )+(Y(6)—.Y1-9(5-))Y (j;

=E1+E2±E3+E4.
We have

Ei— SI afo. (o - + Ka-  — o-))dt

Then
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by using (3.7)

< ci 2 (Si  (6 0 ) )  I i 0( s OA •
Similarly we have

Il E2 11.31((6)11 13'1 2(Si(6
0))

—./10 1 ( 6
0)) ,

11E3 11 V01 1A 1(S1(
6

0))
—j10(S1(6

0)) ,

11E411 (1 ±  C6
0 ) max II .X.( 6 ) ' t ° (C ) ll •

acSi(60)

Then

-00) -  x(q)

=SVOY(i; (7) - 1  U+1(0)S .(a)Y(i; (7 )- 1 - 1 (Z(i; n)—ZO;

+U +1(0- )560-)Y(i; o-)  -9 -  EU +1(0 - )f f (a)Y (j; a)- 1 ] - 1 z(j; I?)

+.Ye(5-)Y (j; 5.)- 1 (U+ 1(o- )X (ii- )Y 0 ; —El +h(5- ).Y e(6)Y (j; a- ) - 1 ] - 1 )

•z(j>n)=Mi+m2+m3.

11m111 __CII•Y(.(0-)111i- ilo(Si( 6 0))

llM2ll Lç- + Co dy"' + C6 0)2 {(1 + C(50 )  max 11•Y((a)—Yeq(7)11
crES1(80

+ il2(S1(60))+ 1)120' 100M  —
i l 0 (

3
1 (0 ))}

11M311 j11(S1(60)) C 6 0 )  —
ilO (S 1 (

6
0)) •

Set

(n)  [ t (  p   aarn011 ) ) t ( p   r(7 ) '\1

_ Lt (p  aaso(")) ,a asti( 20)1
and we have from the definitions of r(n) and s(q)

II •)̀?" (n) - .77 0)11 II-1( 1) -  -4 0011 + Cl i- il 0
(S2 (ô0 ))

-(( 1 +  C o d )  +  0 ) - 2(1+ Có0 ) m a x  dr(u) — ie(0)11
crESI(no)

+ c(Ii12 +1i12 +1Y12+1z12)1i —ilo(si(50)) •

This shows (3.9) i .
Next consider the case of m=2. (2.30) may be written as

P  a 2 i ( c ( 1 1 ) )   — [I+ l(o). ((OY U; P  a0.1, a
a

a h  aaas + R ( q )
ati p arl q h , s = l h s  

r1p r i g
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R(n) can be written by derivatives of z(n) and y(o) of order 2  and derivatives
of i(a) of order 1.
Similarly

./(601))y u ; 118 2 j h  — u+h(5),e( aas02+ R ( q ) .aripan , &Too-, atip a t ! ,

Since we have from (2.12)

a
,9

6
„,,P OYU; q 'E/ +1(0o f » - 0'1*(017 U; (1)- 9 - '

" q q 1 P - . 1 , 2  
= ;

q 1 1 ,2

[

=  z ( i  )Y 0  af ri)ru  + h o -- )A(6-)Y (j ; .
— ,„ 1P -■ 1 ,2

q 1 1 ,2

Then from these relations we obtain

Igagb1i(0-(i1)) —.0 (0 ) )1 - + Codr 1 + 050) XaX5(i( 0 )

+ CI i —./11(S1(6 0) {11'13(S1(6 0))+ z13(S2( 6 0 )

+ Ii13(S1(150» + i13(S1(6 0)}

where ei=[ 5°- la a n d  =La
'  lb.On On

This shows that (3.9) 2  h o ld s .  And for m > 3 we can prove (3.9),n  by the same
way. Q. E. D.

Corollary. L et r(n) a n d  s(n) be R 3-valued C function def ined on S 2(60
verifying Ir(1)I =Is(rI)I =1 and (2.17), (2.22). Then i(r) and j(cr) defined by

i(o-)=r(ti(cr))-2(r(ii(cr))- n(o-))n(o-)

j(o)= s(11(a))— 2(s(11(a)) • n(o))n(a)

satisfy

(3.10)o li —llo(Si(60)) (0+Codr +C(5 0 )Ir— sl0(S2(60))

and for m>1

(3 .10) I i —./1.(S116 0 )  ( ( 1 + C0 d) - 1  + C60 r + 1 1r slm(S2( 6 0))

+ CI r — 1(S2(60) f Ir l.  1 (s 2 (6 0 )) +  Isl. +1(s2(50))

+1Y1.+1(s1(60))+1z1.+ 1(s2(60))}

where I(o- ) and i7(o) a re defined by

.Y (a)= z01)+7(,.1)r(n)= z(7)+Rips(q) •

Now we consider a convergence of a sequence of phase functions (po , (p l ,

9 q ,•.. constructed in the previous sec tion . Fix So > 0 so small that
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a= (1+ C 0 d) 1 +C(5 0 <1.

Note that from Proposition 2.5 {i,}T, 0 and {r,,IT= 0 are bounded set of . ' ( S 1 (&,))
and a - ( S2(60)) respectively. Set

— iol,„(S1(6 0))
— A „„  in= 0 ,1 ,....

Taking account of (2.36) and (2.38) we have from Corollary

(3.10)o — i„lo(Si (6 0 )) r,— r„-110(S2( 6 0 ) ,

(3.11),„ iq+ ii g lm(Si(6 0 ))

<Œm+  rq œ r q - ilm(S2(4)) + C „Jr r q - il„,--1(S2( 6 0 ) ,

and Lemma 3.3 shows

(3.12)o Irg—rq-11o(S2(60) _ cd i g —i,_ 1 10 ( s i (a 0 ))

(3.12)mr q —  r q - ilm (S2(4))

<am + ! li g
— ig -11m(Si( 6 0)+ Cm li g

— ig -11.-1 (S1(6 o )).

From (3.11)0  and (3.12)0  we have

lig + i — ig lo(Si( 6 0 ) cz 2q Ao,

r q + — r g lo(S2(6 0 ))<  Of2 q + I AO.

Then there exists R 3 -valued function i . ( a )  on S1 ( 6 0 ) and r . ( 11)

0,20-1 )

(3.13)0 liq — iool0(S1(60 A0  I Œ2

on S 2 ( 6 0 )  such that

(3. 14)0 Irq— r I o (S 2 (5 o )) .A o  
 a 2 q - 1

Then by using (3.11)m and (3.12)„, we have inductively for all m> 1

Œ 2( q -1 )

(3.13)ml i g — i . 1 . ( S i ( 6 o i l n ,  j _ 2 ± C m A tn _ a2 " - 1 )

2q-1
(3.14)mI  — r „o lm (S 2 (ô 0 )) Am _  (7 2  ±CmAm_la2q-1.

Thus we have

Proposition 3 .4 .  F o r a sequence of  phase functions {cpq } ,  there ex ist R 3 -
valued C°3 function i î) on S i (6 0 ) and r ) on S 2 (ö 0 )  such that (3.13)„, and (3.14)„,
hold for all m> O.

Remark 1. io„ and r

(3.15) ic„(0)= Y 3 ,  r (0 )= —Y3.
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Indeed, take a  function 0 (x ) satisfying I VtI/1=1, (2.4), (2.13) a n d  17111(a 1) = Y3.
Construct tP0 , tfri, according to the process in §2 for tif. Then it is evident
that

(3.16)V I I  2,(ai)= Y3, PV/2q + i(a2)= — )73.

On the other hand, by using (3.9)0  and (3.10)0  successively we obtain

(3.17)I  F T 2 q  F02.710 1 0 0 »  0 0 (  q - "  Vço— F010 1 ( 6 0)),

(3.18) I RP2q +1 — VIP 2q + 1 I 0 2 ( 6 0 »  0C2 4 -1  I TAP - VO10(S1(6 0)) •

From (3.13)0 , (3.16) and (3.17) we have G(0)= Y3 and from (3.14)0 , (3.16) and (3.18)
we have r.(0)= — Y3.

Remark 2 .  Note that

(3.19) rco(n)-- iw(a) - 2 (iw(u)• m(q))m(q),

where ci and n are linked by z(q)= y(ci) + 1(a)i .(o-). And also it holds that

(3.20) ioe(a)=rco(n)-2(ron(n)• n(cr))n(o),

where y(o-)= z(q)+ h(q)r ° (li). Let S' co (o-) and 4 ( 0  be matrices defined by (2.3)
for i (ci) and r J O .  Since o- =0 corresponds to n=0 (2.38) for o- =0

IIii(0)— F2(ro.(0 ))11 C ( 5011 or.(0 )

holds for any c5 >0. T h is  implies

(3.21) 4 ( 0 )  =  F 2  (.%(.3 (0 ) ) •

Similarly we have

(3.22) .Y40 (0) = F i (Y„,(0)) .

Then S'oo (0) is the fixed point of and 4 (0 )  is the fixed point of .F2 •

Remark 3 .  In the course of proof of Proposition 3.4 a constant a = (1 + C od) -

+ C6 0  in (3.13). and (3.14)m  is used as

(Y(i g  ; (7) + /(0 )
q (0"))'  j oc

(Z(rq ; n) + h(n).Y4(n)) -  1  11 cc.

But Proposition 3.4 assures that

EY(ig ; 0-)+ /(0-) •,(01 - 1  II + d.Y(.(0)) - 1 C h

[Z(rq ; h(n)i(n)]' 11 + cbil(0 ))- 1 11 + 050
holds for large q. Therefore by setting

= max (II(/ + cLY( . ( 0 )) - 1 11 , II + d 4 (0 )) - 1

we have
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(3.13)',„ li„— 1.1.(Si( 6 0) . (010+CS0) 2 ( - 1 ) A;„

(3.14);„ rq— r1„,(S2(6 o)) ((0+ C6 0 ) 2 q- 1 A'„,

where A'n is a constant determined by A„, and bo•

§ 4. Convergence of broken rays

We will use freely the notations concerning broken rays in §3 of [5]. L e t  'p(x)
be C  function satisfying IRpl= 1 and (2.3), (2.13). Let To , (p i , b e  a sequence
of phase functions constructed in §2. Denote by 0 q the mapping 0 in §2 for Rpq ,
namely

Sc(q)(60) x [0, co) R3

defined by

0,7 (x, 1)=x+1,41),(x).

And we denote by e q a mapping O for Pcp„, namely

0 q : S ( q ) (60 )

As remarked in §2 we have from the assumption (2.3)

(4.1) eq(S(q)(6o)),S(q+ 000 for all q•

By using this notation we have

(4.2) Xq(y, PO= e q °0 - i'• • • 0 0 1 0 0 0 ( Y ) fo r  y e Sabo) •

Let W 2q  be a function defined by
0 2q (Y(W2q (1)))= z (n ) fo r  n e S2(4)

and let j  4 + 1  be a function defined by

0 2q+ 1(Z( 7  2q-F1(6 ))) =  AO f o r  Cr E S 1(6 0) •

In other words

02-,1(411» = .Y( W2q 0 ) ) ,  e21+10,( )) = Z O F 2q+10-» •

From Lemma 2.1 we have

4 2 q(n )[ I  +  d X ; ( 0 2 q (11))] - 1

8 0 2 q+1 (6 )  — [I+ c1 .4(02,1+1(a))] - 1
Oa

Define X_ i (x, Pp q ) for x e So q )(60) and 05 j5 q by

X ;(. , 1A,90= 07,1 i  i o0 V  + 2 „...oev( x ).

(4.3)
5 CS°

<C5 0 .
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And set

p g ,i=

Let 9 0 0 (x) and 0 09 (x) be real valued C  functions such that

11749 .1= 1 , 1170.1=1,

179.(Y(c)) = 9.(a i) = 0 ,

FV9 .(z( 11)) = 4-9.0(a2) = 0 -

Let us denote V' defined fo r  i a n d  r Woo and Ti o, respectively. And we denote
by O 6 , 0  mappings O defined for i r Sim ilarly  w e can
define X ± i (x, 179 0,)  o r X ± i (x , FC,600 ) for a  sequence of phase functions V ,0 3 ,
179 „ . . . .  Set

X L (x ) —

{  X ± ; (x , F 9 )

X ± ; (x, PePo „)

f o r  X  E  S i(6 0 )

f o r  x e S2 (50 ).

Define Woj a )  and Tica ,i (n) by

Y(T.,;(0)) f o r  j  even
X f.t(Y (0)=-

z(W c o j o -)) f o r  j  odd,

z (q  , i (q)) f o r  j  even
XT i (z(1))=

y(Woo ( )) f o r  j  odd.

Hereafter we denote oco  +C6 0  by oc.

Lemma 4 .1 . F o r 1 <j<q  we have

(4.4) E 10P q ,; (0)i c,n 1i,
15,85m

where C m  is a constant independent of q and j.

Proof. From  the  chain rule o f derivatives o f composed functions we have

(4.5) r ,, ; (c )1 atfrq _; + ,
(P , , i ( a ) )1 [ (W q,;-1())1 .-L ea L

'..[  at . (T g ,i( 0"»1[ at  ( a )  1.

Remark 3 of §3 says that

t <oc

  

except a finite number of q. Then we have

r  apq ,i

L  ô a _ J <Coci.(4.6)
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For derivatives of higher order difTderentiate the both sides of (4.5) and use the
boundedness of {5„fl tirq } 0  for any fi we have (4.4) for all in. Q. E. D.

By the same reasoning we have

Lemma 4 .2 .  For j > 1  we have

(4.7) E

(4.8) E 181,',Too  J (n)l c„,co.

Remark 1. Set

Y (&)=X -21(Y (a), F92 q ) .

Then a- = W2 q ,2 i (0). Therefore

y(er)I a l / 1 2(1 , 2 j  
00-

10- - u'l ccgi ly(0)—y(cr')1

  

Namely it holds that for all x , y e S 1 (6 0 )

V 920 — X  -2 .0 , 179201 C Œ 2 i  —

Evidently an estimate of the above type holds for x, y E S2( 5 0).
j< q  and x , y  E S i ( 6 0) ( x ,  y  S2( 450)) we have

(4.9) IX _(x, V(P,)— X _ i (Y, Cal Ix — YI

Then for all 0<

Lemma 4 .3 .  It holds that

(4.10) IXT21(x)—a11 +IXT2J-1(x) — a2I<C 0e2 f Ix'l

f or x  E S1(6 0) and

(4.11) I X 2 (x) — a21 + I Xf2r -1(x) —  al I

f or x E S2(60).

P ro o f . Let y(a) S 1( 6 0). S e t  X 1c21(Y(17 ))= y(5). Then ã = T c0 ,2 ; (n). From
(4.7)

 

Oo- < Ca2j.

   

By using 1 o o . 2 ; (0)=0 we have which implies

I XT2i(x) — a i l = IY(a) —  Y(0 )1 Coczl Igl

Similarly we have

IXT2r-1(x) — a21 CŒ21 10 1.

Thus (4.10) is p roved . (4.11) is also proved by the same reasoning.
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Lemma 4 .4 .  For l <  j < q  it holds that

(4.12) IX -i(  • , 17400 — X 19;(•)im(S.( q)(6 0)) Cmaq - i  ,

f or m =0 , 1,..., where Cm  is independent of q and].

P ro o f . Let q  is even. Since X T ,(x )= X  _,(x ,17 9 )  we have with the aid  of
(3.13)m

E  10!(x–i(y(0), F(Pq )—xfi(y(0 - )))1 _
/31 n1

Suppose that

E _s(y(0), r(,00— X f s(Y (c)))1.C m aq - s+ i ( i+c o ± . „ +1 2 ( S- 1 )).
1/3I m

Since X - s - 1(.0 ) ,  1740 0 = X -1(X -s(Y (0 ) ,  179 0 , R P q - s) and
=X _ i(XTs(Y(a), 179.0)) we have

E  10(x –s–i(y(a), 1790— XTs_ 1(y(0)))1
I/31

E  10(x _1(x _s(y(0), 1790, 179,_0—x _ i(x_s(y(a), 1790, 1790,))1
Ifi Krn

+ la(x _1(x _s(y(u), Rp q ), Rp.)—x _1(xfs(y(0), PV.)))1

=mi+m2.

Then from the above remark we have

MI<

And by using the assumption we have
m 2 <  c mcl . 0 0 -s+10 + 0 c 2+ ... ± 0 t 2s-2) .

Therefore

'CYO*

M <C m aq- s ( l+a 2 +••• +a 2s).

Thus (4.12) is proved. Q. E. D.

Lemma 4 .5 .  There exists a point A  a S 1(50 ) such that

(4.13) IX2,(A, F9 0 ) — a,I. Cat2 q

(4.14) IX2,4_1(A, 179 0 ) —a2 I<C a 2 q.

P ro o f . Let m> q 0. Set

A m ,, = X -2,n+ q(ai, 1792m)

B m ,q
=

 X  -(2m +  1 )+ q(a2 .5  V 92m +  1 ) •

Suppose that q is even. Then A m ,q a S1(60). Let n> m.



and

On the other hand

X q (130,0 , Fgo0 )=13 09 ,q

IB — a2 1__Coc2 q.

la1 —X_ 1 (a2 , FT 2 m +  1)1 Ca2m
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(4.15)

from Lemma 4.4

Since

PP20 — a11

— - - .) (ai ,  FT2n) ° 2(n — m)(a 1)1

<  C a 2n—(217 —2m) C a 2t n

A„,q — A„,,g = X _ 2 „,, q (X _ 2(n — m)( 2 )5  P  2 ,0 —  X  2m + q(
a

j , F 9 2 m )

we have from Remark of Lemma 4.1 and the above estimate

IA„,q — A,n,qi< ca 2m1 2m-q = c a 4m-q .

Then for each q ,  {A„,,q } m% , is  a Cauchy sequence. Therefore there exists A q

such that

.4 4 — * A ce ,q a s  m --+ cc.

Evidently it holds that

lAm,q—A,,q1<Ccem-q.

From the definition we have for 2m> p >

X 17(Pg) = A,n ,p .

Then

X p _q (A co ,,, 1790= A for all p >q .

This implies that

(4.16) X q(A 00 ,0 , 17 y90 )=A ço ,qf o r  all q.

In (4.15) setting m =q  we have

I A n,2q a  <  COC2 q

and letting f l -4  C:0

I4.,2q— ail Cc(2 '•

Taking account of (4.16) the above estimate shows (4.13).
By the same method we have



152 M itsu ru  lk aw a

and

lAm,0 - Bm,01 = 1 7 9 2 7 . ) — X - 2 „ , ( X - 1 ( a 2 ,  F92m  +1)51792a C /
4m .

Then we have A oc ,0 =B 0 . This completes the proof.

Proposition 4 . 6 .  It holds that for 0 <  j< q

(4.17) (1) 1X -1( • X fj(  • )1„,(S i (6 0 )) Cm aq

(ii) IX-2,+ J( • , 17492,) — Xj(A, o)i m(S 1((51))) C ci

and

{ ( 1 ) 1 X -1 ( • ,17(P2,+1) — Xfj(•)1,X ,S200 ) Cmocq

(4.18)
(ii) X _ 2 ,-  +j( • , V ( 211 +1) -  X  j(A  F4 9 0 )1 m (S 2 (6 0 ))  C m aq

Pro o f . ( i )  of (4.17) and (4.18) are nothing but Lemma 4 .4 .  Let q  is even.
From Lemmas 4.3 and 4.4 we have

(4.19) 17920—a1i c o o .

Note that

X  -2,i +i(X, F 9 2 0 -  Xj(A, V(P0)

= X_ 0 _ D (X _ q ( x ,  17920 ,q )  -  X  -  (q -D (X ,(A , 1749 0), 179 0 .

And (4.19) and (4.13) imply

X -,(x, 17 (,02,) —  X,(A, 179 0 )1 Caq

Then Lemma 4.1 shows

1792 ,), /749,) — X_( q _D(X q (A , 17 (p0 ) , 17 (pq )1 Cocq+ q- j .

For m > 1, since

X  -2 q  + j(Y (C), F920 -  Y ( tli  4 ,2 q  -  j(a))

Lemma 4.1 shows that

-2„ + j( • 1179201m (S 1(60))  C  C (. 2 q- j

Then (ii) of (4.17) is proved. We can show (ii) of (4.18) by the same method.

§ 5 .  Transport equations (1)

Let 9 (x ) be a  real valued C  function verifying (2.2), (2.4) and (2.13) and let
{9 q }q q  be a sequence of phase functions constructed for 9  following the procedure
in § 2 .  Set

aTq = 2  as + 2 v 9 q • V+ .
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Following §3 of [5] we choose 0 <6 2  <6 3 <6 0  so that Lemma 3.3 and its corollary
of [5] hold.

Let vi ,(x), j ,  / =1, 2 be functions defined on r i  satisfying

v i i ( X ) =
01

and vi 1 (x)+ v i 2 (x)— 1 on Set

cog = {0 4 (x, I); x E S c a( 5 3 ), 0 < <10 q (x)— xl} .

Note that, if I i(0) Y 3 I 6 3 ,

(5.1) wq
 ( pc fo r  a ll  q

where co is the one defined in Proposition 2.5.

Definition 5 . 1 .  Let f = { fq }ri =0  be a sequence such that f q  e q°, (SE ( q ) (60 ) x (0, co))
and g = {g q }"q = 0  be a sequence such that g q  e C(cTi x (0, cc)). W e say that a sequence
y = {vq } =, such that vq  E  cg, ((.7) x (0, co)) is a solution of

Tv = g in w x R

v = f o n  S(6 2 ) x R

when

Tqvq=q q i n  Co x R

vq =v o q ) ,,v g _ i +f , o n  S ( q ) (60 )x  R

holds for all q =0, 1,..., where we set v_ 1 =0.

Let tif(x) be a  real valued function defined in  an open set olt c R 3 satisfying
1170 = 1 .  Then any solution of an equation

Ov(x t)2 ' +217 0(x)•17v(x, t) + z10(x)v(x, t)= 0 in x Rat
satisfies

(5.2) v(x+/170(x), 1+1)—  r  Go (x—Fiptp(x))  i1/2
G (x )

voc,L ,fr

for all x, x + I rzli(x) , where G (x )  denotes the Gaussian curvature of a surface
Wq,(x)={y; iii(y)=0(x)} at x (see, Keller, Lewis and Seckler [6] and Ikawa [3]).

Set for x E  SE (q  1 ) ( 0)

Aq(x)=[Gq,a(x)IGvg(0-q 1 ( x ) ) 1 1 1 /  2  .

Then for vq  satisfying Tq vq = 0 in  -05q x R we have from (5.2)

(5.3) vq(x, t)= A q (x)v q (0'(x ), t—  h q (x )), h q (x)=Ix—  0 -
1

1(x)1
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for all x e Se o +  000.
Let f(x, t) e C(S 1 (52 ) x R) and let j  is a non negative integer. Set

(5.4) f =  { fg } = 0  where f 2 ; = f and f g = 0 for q 0 2j .

Let v = {vg }1, 0  be a solution of

(5.5)

The definition means that vg ,

Tv =0 in

, v = f on

q=0, 1,... satisfy

co x R

S(c50 ) x R.

(5.6) Teg= 0 in co x R forai!q

and

vg=0 for q <2j

(5.7) v2i(x, t)=f(x, 1) on S1 ( 50 ) x R,

and for q>2j

(5.8) vg(x, t)=D e ( g ) ,i (x)v g _ i (x, t) on SE (g ) (50 ) x R .

Note that for all x e So g , "(5 3 ) we have 1(x) e Sc ( g ) (62 ). Since

vg (x, t)=v g _ 1 (x, t) o n  Se ( g ) (52 )

follows from the definition of u., 1 (x) and (5.8), we have the following lemma by
applying (5.3) successively.

Lemma 5 .1 .  For any q_>_2j and x e SG (g , "(ô 3 )

(5.9) v g (x, t) = A(x) • A g _ 1 (X _ 1 (x, 17 9g ))• • •A 2 i (X _ ( g _ 21) (x ,  Rpg ))•

f(X _ ( g _ 21) 1(X, 179 q ) ,  t—hg ,2 ; (x))

holds where

Set for X E S2(60)

and for x e S1 (60 )

q -2 j
hq,2j(X) =  E  hq - - 17(Pq)) •

1=0

A c o (x )= [G ,(x )IG ,JO VO C D P 2

= A (a 2 ), h c o (x)= Ix — 0;1 (.0

A-09(x)=[Go_(x)1G0(C);1(x))]  1/2

; =  ;L (a,), ( x ) =  x & 'oz.,1 (x)i •

Define aj (x) on Si(60) and à (x ) on S2 (60 ) by



On the poles of the scattering matrix 155

;1» ,,,(x )  A c c (X ff i (x ) ) zr,,,(XT2.1.4_2(x)) A c o ( X.??2 i + i (x )) ai (x )—

A " (x ) ( x œ  ( x ) )  i r o o (X T 2 j+ 1 ( x ) )  A . ( X f 2 i ( x ) )  

Remark 1. Because of (2.1) and (3.15) the principal curvatures of Wcp..(a i ) at
a l  are the eigenvalues of Y ( 0 )  and those of C ( a 2 )  a t a2  are the eigenvalues of
1 o e (0 ) (I+ d ( c o (0)) -- '. Therefore

2= [det (1+ d Y 00 (0 ))] - 1 / 2

Similarly we have

A= [det (I+ d i (0 ) ) ] - 1 /2 .

Lemma 5 .2 .  For x e Sab o)

a(x)=  lim  a j (x )
J-00

exists and

(5.10)a  — aiim(Si(6 0 )  C mcgi

holds. S im ilarly  f or x e S2 ( i 0 )

ii(x )=  lim  i i (x )
co

exists and

(5.11) I a — iim(S ( 6  0)) C ,„a 2 i

holds.

Pro o f . Since cpoo and 0 °0 are Cœ) functions we have

Z oo (x) e C"(S i(bo)) , A ( x )  6  C a° (S 2 (6 0)) •

Then (4.10) implies

(5.12) iAco(Xf2p+ 100) —  A c,(a2 )I Cœ2 P for all X E S2(6 0)

Note that

A c o (Xf'32p+ i(Y(a)D= A co(Y(W 1(0))).

Then Lemma 4.2 shows that

E  I a,/1 oo(XT 2p + i(Y(cr)DI Cm ct 2P

Set

A 0,(Xf2p+ 1(0 1 2 = 1 + y 2 p  _ 1(x)

and we have
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ly2 ,-1 1 m (s i(5 0 ))_ca 2 P .

By the same way, if we set

AT.(Xl°2p(x))/A =1 +y 2 (x) f o r  X E S i (60 )

we have

IY2pini(S1 (6 0)) Cm oc2 P

Therefore we see that

2 j
a (x )=  f J  ( i + y p (x ) )

p=0

converges to some function a(x) and (5.10) h o ld s . And (5.11) may be proved by the
same way.

Remark 2. Since

a j ± i ( x )—  ,(x ) A Œ ,(X f i (x )) ....... A.(X°2.107=°i(x))) 

IT
( x

)  ci i (XT i (x )) .

Letting j—* co we have

(x)a(x) —   °°- a ( X T I (X ) ) f o r  a l l  X E  ( p )  •

Similarly we have

A (x) ti(x)— a(X fi(x)) for all x e S2(6 0).

Lemma 5.3. Set

b2J 2h
/12 .(x 2 .(A F goo)) 

,  

A2 j+1  (T2 j+1 (A , F ( P0 ))

A2( j + h  ) 2 ( j + h ) (A
,
 17(p

0 )) 

Then b 2 i =1im b2i 2ry exists and
h -4 0 o

(5.13) b21 b21,21,11. Ca2 u +0, I b2 i — 11 < coczi

holds.

P ro o f . From (3.13) we have

IA2p(• ) — A.( -)I„, C„,ce2P.

Then (4.14) implies
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IA2p(X2p+ RP0))— A.9 (a 2 )1 Cci 2 P

Similarly we have

1A2p+ 1(X2p+ 2( 24 , 17 (P0)) —  j oo (a i )l Ccx2 P

Therefore from these estimates (5.13) follows by the same reasoning a s  in  Lemma
4.2. Q. E. D.

For x e S(60 )

j ,,(x )=  h c o (X ;(x ))—  d.

Lemma 5 .4 .  For x e SOO there exists j . (x ) e  C '(S (6 0 )) such that

(5.14) Ij.,(. )— E • )I„,(s(60))_ cmcop=i

P ro o f . Let x e S 1 (6 0 ). From the definition

h.(X l°2 p (x))= X2p(x) — Xl°2p- i(x)I

1-,( 1°2p(x) — a1i +IXT2p-i(x) — a2i + — ail

by (4.10)

<Coc 2 P+ d.

Taking account of h cc,(x)>  d for all X E SOO

0 <  J cc,2p= h co (XT2 p (X )) —  d 5Cœ 2 P for all X  E  S 1 (6 0 ).

By the same way we have 0< j o,,,2 p +  <  Ca 2 P . On the other hand for 1131 > 1

i8 ti,,,,,(xT2p(y(0-))1 =10(y(w oo,2p(0)--  z (w .,2p+  (a)))1

.181,37.), ( P00,2p(a))1+ la l:rz(T.,2p+ i(a))i

by (4.7) and (4.8)

cip icx2 P •

Thus we have

E  I
from which

h1 )• )-
 p=1

„(.)1 .(s i( 6 0)) CmCt 'l

fo llow s. For x e S2 (60 ) we have the same estimates. Therefore (5.14) is proved.
Q. E. D.

Remark 3. As Remark 2 we have

.i .(x )= .l.,i(x )+ .l.(X fa x ))= h co (x )+ .l.(X fi(x ))— d .
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Lemma 5 .5 .  Set

dp = l p (A,17(po )—d

Then

lim  E d  = d  •
p 1

ao,j

exists and

(5.15)I d , —  E  dp l:<Cocu+h ) ,
P=.1

holds.

Proof. (31 1X2p( 4 . X2p+1(A,1790)1— d

1.)C 2 p (A, 17 90— +1X2p+i(A ,1790)— a2 I + —a2 1 —d

from Lemma 4.5

< Ca2 P.

Then we have

0 < d2 p  < Ca2 P

Similarly we have

0<d 2 p ± i <Ca 2P+1

From these estimates (5.15) follows immediately.

Proposition 5 .6 .  L et v= {v q }1, 0  b e  a solution of  (5.5) f o r f  of  (5.4). Then
vq , q are decomposed as

V = w + zq q q

where

 

- 1 - 4 P – i  C I (X )b 2 j f (A 2 j ,  t  0 0 (X )—  d  0 0 ,2  j —  (2p + 1 —2 j)d)

f o r  q=2p

(,U)" ci(x)b 2  if (A 2 »  t — d 2  — (2 P + 2 -
2 .nd)

f o r  q=2p +1

(5.16) w q (x, t

 

A 2 i = X 2 i (A,1790), and zq  verifies

(5.17) lz,1.(SE(q+1)(63)) C.(q-2j)(Alx)(q/2-i)Iflin(Si(60) x R) ,

where C. is a constant independent off.

P roo f. Let x e S2 (63 ). Using (5.9)
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v2 p (x, t) —w2 p (x , t )

= Ap+1;Ip

 I
I  A 2 p (X )

 
A2„_1( x- 1(x, 1792 ) )  A 2 i(X -2 p + 2 .1 (x ,  R P 2 p ) )   _ a (x )b }

./GY-2 p+2j —1(X PV2p), h 2 p ,2 j(X ))

+ 2P41  ,IPa(x)b{f (X _ 2 p +  2 /X , 1 7 9 2 d , t  1 1 2 P ,2 t (X ) )

— f (A 2 i , t — j oo (x)— d cc ,2 ;  —(2p —2 j)d)} = 1 1 + 1 2 .

For /< p  we have from (3.13)' and (3.14)'

A2,_ 21( • ) — A .( • )Im(S i(60) C„1c(2p-21
(5.18)

IA 2p — 2/ +1( •  ) o e  ir c 0 (  •  ) 1m(S2(6 0 ) ) .  C m a2 P- 2 1 + 1

Then for /< p

la (A 2 p _  21(X -21(Y(a ), 1792p)) —  A.(XT21(Y( 0 ))))1

10 ,(A2p-2.1(X -21(Y( 0 ), V9 2 )) — A co (X  -2 t(Y (c ) , RP2p)))1

+  laiRA.c,(X -21(Y (a), RP2p)) — A.(XT-20( 0 ))))I

by (5.18) and (4.12)

<  C mcx2p-21

By the same way

l8 i,37(A2p-2/+1(X-21+1(Y(a) , RP2p)) —  A  (X -°321+ i(Y(0)))1
‹  C . ( X 2 p - 2 1 + 1 .

Then we have for all 0 <  l < p

IA2p-21(X -21(• ,V<P2p))1A—(1+Y21(•))1.(Si(60))_C„,a2P-2' ,

IA2p- 21+ 1(X —  2 1 + 1 ( R P 2 p ))/
/1 ( I

 +Y21 - 1( • ))im (S1(60)) CmCC2P-21+1

and

I A2 ( . )
i A

A 2 p - 1 (X - 1 ( •  V 4 9 2 ) ) A 2 1 (X -2 (p - i ) ( R P 2 p ) )  

2 0 , )
- (1 -E y h (• ) )1  (S1( 6 0 ) C .2 (P  — 1

) 0 c m i n ( 2 1 , 2 ( p - 1 ) ) .

h=0

By combining the above estimate with (5.10) we have

(5.19) A 2 p (* )   A 2 P -1 (X  — 1 ( •  R 1 9 2 ) ) A 2 1 (T -2 P + 2 1 ( •  FT 2 ) )  

( S 1 ( 6 0 ) ) 5  C .(2p —21)a min(21,2(p-1))

Suppose that p >  2j. Then (4.17) implies



160 Mitsuru Ikawa

1A 2 - 2p+ 2 j +h (  •  ,  F T 2 p ) ) -  A 2 j+  ha 2 j + h(A , F (P 0 ) )1 m (S 1 ( 6 0 ) )

< Cm ocP f o r  0  h < p —2j .

Then we have for p < 21 < p +1

A 2 1 - 1 ( X - 2 P + 2 1 - 1 ( • P P 2 p ) ) A 2 ( X - 2 p + 2 *  F(P2P)) 
A

b 2 (s, (60)) cm( p -

Then by choosing 1 as p  2 1  p  + 1  we have from (5.19) and (5.20)

Cm(2 P — 2DAP + 1 P 1 P 1f1m(S 1 (ô 0 ) x R) .

When p < 2j we have from (5.19) for /= j and b 2 — Ca 2 j < C a 2 ( P- i )

Il1lm (S1(60)) C ,„2(p —Dc12(p-i

Next consider / 2 • Suppose that p> 2j. Then (ii) of (4.17) shows that

(5.21) IX -  2 p +  2  j -  1 (  •  PP 2 p ) -  A 2,1„, C„,(xP

and (i) of (4.17), (3.13)' and (3.14)' imply that

(5.22) ih.(X1°1( -))— h 2p - la --1( • PP2p))1„,(S1(6 0)

Then

0 q ( - )+ d) —h 2 _ - i ( •  1792))lin(S 1(6 o)) C„,pocP ,
q=0

from which, with the aid of Lemma 5.4,

(5.23) h2p.p( •) j , (  • ) + Pdl ' (S  (6 o)) C,„pocP

follows.
By the same way from (ii) of (4.17) we have

Ih21 -I-1 (X  - 2p+  2 j+ I(. • F
(P21,))

-  h 2 j+ 1 ( X 2 j+ I (A ,  
17(

P0))1m(S1(6 0 ))

<C„,o(P for O <  p— 2j.

Then by using Lemma 5.5

P -2 .i
(5.24) E  I h21 + E(X -2p+ 2 i +  i( •  , PP2 )) - d.,2; — (p - 2 1)dim(S1( 6 0 )-  Cm(2 P — 2DŒP

i=o

And (5.23) and (5.24) show that

h2p,2j( • ) - - .1.( • ) — — 2(p — i)d I .(s 1(6 0)) „,2(p — Ace
When p < 2j we have from (5.23) and Lemma 5.4

1'2p,2J( • ) 00( • ) — (2P — 2/)d1,,,(Si(6 0)) C . 2 (P — DI P  •



On the poles of the scattering matrix 161

Taking account of

Id.„2,J1 Ca 2 j <  CaP ,

we see that (5.24) holds for p  < 2 j .  Note that

(5.25) 1X-2p + 2j( • 5 17(P2p) —  A 2ilm(Si(60))

holds for a ll p >  j .  Indeed, if  p >2 j,  (5.25) is nothing bu t (5.21). Suppose that
p <2j.

IX -2 p +  2 j( •  F
(
p 2 p ) A 2  jim (S 1 (

(5
0 ))

X  - 2p+ 2j( F(P2p)— X c-c2p + j
I \
 • 1m(S PO))

+ I X 2 + 2 1 (  • ) a +

by (i) of (4.17), (4.13) and Lemma 4.2

< C m a 2 j - ' <  Cm ce.

Then it follows from (5.24) and (5.25) that

If (x  -  2p+ 2 j (  • F(P2p) , t  h 2 p  -  j ( X ) )

— f(A2 1 , t i.( • )—  d 00,2 i  —2(p —i)d)I„1(s1(60)) „,2(P —PŒP •

Then we have

21.(S c i) ) < C m 2(p —j)(2/1a)P- i I f l m (S ,(6 0 ) x R ).

For q odd we can prove (5.17) by the same way.

Remark 4. A representation of solutions (5.9) of an equation (5.5) for a data
(5.4) shows

Stipp 1)4 c t , 17(p0 ).
(x, t )esuppf

Therefore, if

s u p p f  ,S1(6 3) x (T1, T2),

it follows that

supp Vg =  _ 2i X [T, + (q — 2j)d, T2 -1-  —  q i  +  1)d + d 00 + x E ss up6 3 ) j ( x ) ] .

§ 6 .  Transport equation (2)

In order to consider properties of solutions of the transport equation of higher
order we introduce some spaces of functions.

Set

(6.1) co— 41
d  log det (/ +d.Y (c o (0)) (I + d 4(0)) —  —  21

d  lo g  L , ,



162 Mitsuru Ikawa

(6.2) C1 =  — 2d log ((l+d o C0 ) - 1 + C6 0)•

We set

F { v  ={ v q , "V"q } 0 ; vq , Vq E Q°(63 x(0, cc)) such that

supp vq , q x[2qd, (2q +2)d + d+ d.,0],

sup sup ec° t(g , tv (x, 01+ (x, 01)< co for all fi} ,
(x,t).0) ,<R g

and for V E F

V 11 Fon =  sup sup E ecot(iDflv,(x, 01+ iDfiv 01)q •
ip q<co (x ,t )e c o x R  I/315m

For v, = {v i ,q , i3i ,q } T=0  and v2 = {v 2 ,q , i32 ,,}T, o , a, b e  C we define av 1 +bv 2  by

av  + bv 2 = {av i ,q + bv 2 ,q , di5i ,q +bV 2 ,q }T, c , E F.

For p positive integer

F(p)={{v q , Vq }1=0  E F; v q =  = 0  fo r  q<p}  ,

i(p)={ { v q , i3g }T=0  e F; v q = Vq = 0  fo r  q  p }  ,

K i (p)={{v q , f3q } = (,e F(p); v q (x, t)=(2i)q f (x, t — 2dq), q> p

for some f e Q°((715 x [0, cc)) a n d  fig = 0 for all

K 2 (p)={{v q , i3,1} , 0  E F(p); ij q (x, t)=(.1):)qj (x, t — 2dq), q> p

for s o m e  (x, e Q°((.7) x (0, cc)) a n d  vg = 0  for all

K(P)=Ki(P)+ KA P) •

Since

sup sup ecof1M, ,(A.T.)qg (c, t —2qd)I
os q <oo (x,t)ecoxR

=  sup eco2 qd(/11)q sup IM, t (ecotg(x, t))1
05q< co (x,t)ea)X1?

we have for v e K i (p)

(6.3) C- 1 191,n(wx R).

Set

Mr(P) = {v ={v q , fi q l=,, E F(p ) ; sup sup { (1+t) - re( co+c1)t
osq <00(x,t)

• (IDLv q (x, t)i+IDLV q (x , 01)}  <oo for all f l } ,

q }  ,

q},

and
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11v 11m r ,„, = s u p  s u p  E  0 + 0 - '  e(co+cot
q (x,f) I/315m

•(IDIL , V , ( X ,  1)1 + ID 11, ,i3q (X, OD} .

R em ark. F rom  the assumption on the support of vq , tiq sup  lecovq l< oo and
sup1(.U)qvq l< oo a r e  equivalent. S i m i l a r l y  sup1(1+ t) --re( co±c1)tvq 1< co and

suplcr().Ice)qv q 1< oo are equivalent.

L et us set N + = {0, 1,...} and  NI.= 
{ J

 = ( j 1 ,  j2,•••, j s ) ;
 j 1  e  N , 1 = 1 , 2,..., s}.

Denote j1+./2+ • by IJI. W e define  classes (CH),, s = 0, 1,... of sets of func-
t io n s . (CH) 0 = { f ;  fe C (6 3  x (0, co))}. We say { f ( i)(x, t)l i E N +  belongs to (CH) 1

when
( i ) f ( i)(x, e C(53x R ) for all j e N ,
(ii) there exists t, > 0 such that suppf ( j ) ã  x [0, t l ] for all j,
(iii) there exists fe")(x, t)e Q(Cci x R) such that

sup j - Iccjlfw— f ( ')I,„(ctix R )<  00 for all m

For {f co} i E N +  e (CH ) 1 we define semi-normsI 1• m = 0, I,... by

IffuliEN+1 ( cH) ,

= I f ( ' ) I m (cox R)+ max j - l cci lf ( f ) — f ( ' ) ImP x  R ).

And for s>1 we say {f ( Js)},,s o rt belongs to (CH), when
( i ) f (Jo  e  g (6 x  R ) for all J S EN ,Ns+ ,
(ii) there exists t > 0 such that suppf (-1.) c  x  [0, ts]  for all Js ,
(iii) there exist a  linear continous mapping B , from  C̀63 (6  x R ) in to  (C H ), and

(C H ),_ , such that

{ f ( J . , - 1 , 1 ) } 1 0 =  B s g ( J.- 1 ) for a l l  J5_ 1 .

Note that { f  ( J.-1 , °°)} e (CH ),_, and for each j

( f  ( j — " ." — f  us - "`"} J_ t eNvie(CH)-1.

We define 11• . ( C f n s , m  by

{ f " . )

}1(cH).,„,=1{f ( J. - " ) }1(CH) - 1 ,m
+ sup j C 1  I { f —f ( J  i , x ) } ( CH ) s

Definition 6.1. We say W ={w ( J.) }, s c n  belongs to ,Y4(l) when
(i) WU ' ) K(Ifsl for all J, e
(ii) if we set

w (J)={ 0.;)q(.1.)(x , t-2d q ), (Q q j ( J- ) (x, t —2dq)} q , i j s i  + 1

then f(J-)1Jsenl. e (C H ), .  And define semi-norms in A ( l )  by
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II w II-y s,.= I 
{ f ( ) }

 Jsesql (cH) ,,,n+ I { J (J.)} Jsoil.1(cins,..

Definition 6.2. Let f={ 4 ,L } T = 0 b e  a  sequence such that f g e C(S ,(.5 0 )x
(0, co)), f q e C,'T(S2 (c50 ) x (0, co)) and let g= { g q , g",}T=0 b e  a  sequence such that
gq , g q E Cg)(Cti x (0, co)). W e say  tha t y =Iv q , ijq l 0 is a solution of

Tv = g i n  co x R

t  v = f o n  S(c52 ) x R

when

T2qvq=ga i n  co x  R

vq =v i o . i3q _ ,+ 4 o n  S1 (c50 ) x R

and

T2 q + IA= i n  co x R

'13q = q +  q o n  S2 (50 ) x R

Remark that the definitions 5.1 and 6.2 have only a  difference in  assigning a
number to elements of sequences. Hereafter we will use Tv =g, v  = 1  in the sense of
Definition 6.2.

Lemma 6 . 1 .  Let g e i(p) and let v  be a solution of

Tv = g i n  co x R

tv =0 o n  S(c52 ) x R.

Then v is decomposed as

v = w +z ,  w e K ( p ) ,  z e M i (p ) .

Moreover it holds that

where Cm  is a constant independent of g  and p.

P ro o f . Set g = {g q ,V  = {vg , q}:=, 0 Evidently vq =  = 0 for q<p,

(6.4)
T2 p vp =g p i n  w x R

v  =0 o n  F, x R ,

(6.5)
T

2p- - p
=

 p in co x R

p
=

 t)2,1(X)vp o n  S 2 (62 ) x R

and for q p+1
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(6.6)
T 2 ,1 ) ,=  0 in co x R

Vq
=

 V  1  1 (X )iq - 1 o n  S1 (62 )x R

and

(6.7)
f  T 2 „ 1 fig =0 in co x R

i3q= u2 ,,(x)vgo n  S2 (62 ) x R

Then we have from (6.4) and (6.5)

(6.8) ();17)-P{IvpIn,(co x R)+Ii3 p 1„,(wx R)}

p l,n (a) x R)+14 p l„,(wx R)).<C„,1g11,,,„.

Applying Proposition 5.6 we have for q> p +1
v

q

= w
q

+ -=
q

+ 2
g

where

wq = Aq+1 - 6I.q- Pa(x)b 2 p i3,(A, t —j.(x)— d 2 — (2q + — 2p)d)

q =- ().T.)q- P Ci(x)b2 p fi p (A, t —f o o (x)— d o „,2 p -2(q—  p)d),
and

lz g
lin(co x R)+14(co x R)<C2(q—  p)(.11x)q - Pin L i vp in i (S 1

(5
0 ) x  R).

Then by using (6.8) we have

11WMF C„,(.11 ) -P ii3p1m(S1(6 2) x R) C.11gIlr,. •

Similarly we have for all q

q - 1 (.11 0 - glIz q l,„(cox R)+1E,i,,,(wx R)}

< 2 C,„(illa.) - P f lgpl.(cox R)+14,1.( 0 ) x R)}

.C..11g1lAco on,

which implies Mz MM1,rn Cmllg L o an.

Lemma 6.2. Let g= {g q , , } 0  E .111,.(p). Then a solution of

f  Tv  =g i n  co x R

v =0 o n  S(c52 ) x R

can be decomposed as

v = w( f ) + z , w (i) e K (j) , z  M r+2 (p ) •i=P

Q. E. D.

A nd they satisfy

(6.9)



166

(6.10)

P ro o f . Set

Mitsuru Ikawa

e l ) {g(qi) (4 0 }0 0q _ 0 ,

where gY ) ----gi , gy)=g ;  and g(
q i)=0V ) =0 for q  0 j .  Evidently it holds that

g
=

i= P

and

11g11 mr,..

Let vu) be a solution of

fT vli =  gr ( . i)

v (J) = 0

i n  w x R

o n  S(62 ) x R.

Applying the previous lemma to each vu ) we have

vu)=w w +zu ) , w( -' ) EK(/), zu ) EMI (j),

Ilw( j ) 11 F Cm11 )11 F i r a i Mr,rn,

11Z( i ) 11 C m ir Mo,m*

00

Set z=  E  zu ) . Then
.1=1,

sup E  (ArICXY qq q (X , 1)1
(x ,t)ecox ft

r - 1  E sup E  W a rq q - ii D P  zu )(x  1)1x ,t  q
.1= P  (x ,t)ew xR

And we have

sup q -r - i E  d e l l ,
Li m ., m

l= P

(AX(x) - .1
.1= 1

C, gIl xf,.,m.

Thus we have (6.10). Q. E. D.

Lemma 6.3. L et g E K(p) and y  be a solution of

T 00 v = g i n  co x R

v=0 o n  S(52 ) x R.



I
T v o = g oi n  co x R

v0 =0 o n  S(c52 ) x R.
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Then r is decomposed as

V=w o ) ,  w ( D e K (p +j) .
J =o

If  we set

g={ g,(x , t), "g q (x, t)} 4 1 ,={ (g)gg(x , t-2pd), (n)V (x , t-2qd)} q i ,

w ( i)={ (U)gf i (x , t-2qd), ().1)qji (x , t-2qd)} q p -F i ,

then there ex ist h={(Al)'h(x, t — 21d), (A)ifi(x, t — 2 1 0 7 ' 1 0  e K(0) an d  z  e M
such that

t —21d), (2).)'1
1
(x, t — 21d)} = h + z .

M oreov er there  ex ist linear continuous m appings d  f rom  (C (cox  R))2  in to
(C,T(cox R)) 2  and A f orm  (Q (cox  R)) 2  into M 1(0) such that

{h, 13} = d { g , 4- }
z= A{g, g} .

P ro o f . Set g o = {g o q , g o g Yq°=0  w h e re  g0 ,0 =g(x, t), 0 ,0 = X x , t )  and g 0,q =
g oq = 0 for q  1. Let vo = {vo q , 1o q } 0 be a solution of

From Lemma 6.1 we have

(6.11) vo + z, wo e K(0), z e M i  (0) .

Set
w 0= { (Qqh(x , t-2qd), (f l)4(x , t — 2qd)} cq°, 0 .

Denote by T  a mapping from F(p) onto F(p+j) defined by

iV {. V q _ t —2jd), .5q t 2jd)}, i,+ ;

for v = {v,(x, t), v g (x,
If we set

g(I) { 4 1 ) , g(q0} qco_o , 4 11)1 =  g  p + 1 ,p + 1 ,  4 1 )  =  g ( q1) = 0 f o r  q0/31-/

we have

(6.12) g(i) =

and

g g(1)(6.13)
1=c1

Let v ( l) ={v (: ) , i3(,1) }oeq _o  be a solution of
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T v ( 1)=g") in o x R

vo ) = 0 o n  S(5 2 ) x R.

Since T o o TiV =2iT co , for all y e F, we have from (6.12) and (6.13)

v( 1 ) =Tp+ivo,

v =  E  v .
1=0

Namely

V(q1 ) (X, = 0.11)P + 1 1)0, q ( p  + 1)(X , t —2(p+ /)d) for q> p +1
(6.14)

t) =(.11) 1'+Iii c ,,q _( p + 1 ) (X, t 2(p+ 1)d) for q p+1.

If we set

w ( 1 ) =  {w (
i» , =  { v 1 - P - I ) ,  E 1 ( q q - P - 1 ) } ° : - p ± i ,

it follows from (6.14) that for q p + 1

w(
q t) (x, t)=(,11)qu o ,,(x, t —2(q —1)d)

vi)(
q

1 ) (x , t)= W rib c ,,,(x, t —2(q —1)d).

Then w( 1 ) e K (p+ 1). Since i.),' ) = 0  for q < p+ I we have

9- (g - p
E 11) M =  E  0 " - P- 1 ) =  E  y ( 1 ) =  E  V " )

•1=0 1=0 1=0 1=0

Similarly we have

oo
E  v i.,(/) =  E  D o)

q/-0 i=0

These equalities imply

E  w w =  E  v o )= v .

The linearity and the continuity o f  mappings g o to  vo , wo and z  show the existence
of d  and A  with the properties mentioned in our lemma. Q. E. D.

Lemma 6 .4 . L et G = Le s ) } G ,rta s(P) and  let y  be a solution of

Too l =  E  g ( J s ) i n  o i x R
J e N

1 V =0 o n  S(5 2 ) x R.

Then y  is represented as

(6.15) v= E w u s 'o ,4 = {w "s+ 1 )}J ,„E ls i+ 3 le .)fa s+ I(e ).
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Moreover

(6.16) 11 Wilx,,„, __. Cs,„,11Gilmes ,..

P ro o f. Denote by vus) a solution of

{T .v = g ( J.) i n  co x R

v=0 o n  S(S2 ) x R.

Lemma 6.3 shows that

V( j s) = W(js'i), W ( j s ' P E K ( I fs i + P ± i)  •
j= 0

co
=  E  0.1.0 =  E  E  w (J s , i) = . E w u s , t ) .

J s elq. :1=0 J + 1 0 - 1

If we set

g u o  = {(,U )q e s )(x , t-2 q d ), ()1 )q -g ( J. ) (x,

w ( J. , i) = { ( . ; )q f  ( J - j) ( x ,  t -2 q d ) ,  (A ) 61f ( J. , 1 ) (x ,  t -2 q d ) } , Ij s 1 .4. p + i

a  mapping {g(J.), g t f . ) }  t o  Ifus-1), jus-117_0  i s  l in e a r  a n d  continuous from
(Cgp(co x R))2  into ( C H ) , .  This shows that

If ( J — i ' L l s + , E N r i , I i ( Js+ i ) }.1s „ N r i E ( C H ) s + 1 ,

w hich im plies W ={w(J.+1)} i s „ N -F1e 1 fs 4 .1 ( p).

Lemma 6.5. Let G = fg (J o l j s e v i  E  ,Yeas (p) and let y be a solution of

T v =  E  g (Js)i n  co x R
i s Etvl

v =0 o n  S(62 ) x R

Then y is decomposed as

(6.18) v = E w(-1 - 0  +  E  11( i ) + Z
j= 0

where

Q. E. D.

W =  tw( Js+11 } j s  eN.1.+1 E ,Yes+ i(P)

ume K (p + j) , z  E  M s + 2 (P ) ,

and the following estimates hold:

I  11 WIL C„,11 G11,,r

L

P ro o f. Let w be a solution of

Then

(6.18)
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f T,ow g(Js)i n  w  x R
s eN1

w = 0 o n  S(52 ) x R

Then the previous lemma shows that

w=E w= E•Yes+i(P) •
.1,+ieN1.+ 1

Note that

Iwg im(cox E wys 0 1„,(0) x R)
Js+ieN1.+ 1

< (11;1' ) q  # {J  s - F 1 ; s+ 11 q}11 W 11,r s  +1,1„

< cni(n) qq s+1 W

Thus
( T— T ° )w E Ms+i(P) •

Since y satisfies

T(v— w)= — (T— T co )w i n  co x R

1 v— w= 0 o n  S(62 ) x R

we have from Lemma 6.2

v— w= E u ( i ) + z ,  u ( D e  K(p+j), zeM r-1-2 (P ) •
j=0

Thus (6.17) is proved. Estimates (6.18) follows from

1(T—

and the estimates of solutions in Lemma 6.2. Q. E. D.

Proposition 6.6. L et f(x, t)Ecgo(s 1 (62 ) x R). Set f  =  ff i , 0 lri= 0  f o =f , f q =0
f or q>  1. Define vr  successively by

f
Tv 0 =0 in co x R

1 v 0  = f o n  S(62 ) x R

and for r>0

I i n  a) x R{ Tv,.= -T  0 v,._,

r
(6.19) yr. =  E w;..4 )+ E E W j

r EN'.; h=1 1 = 0 h e N V h
,

.1
Z r

v,.=0 o n  S(52 ) x R.

Then vr , r>1  are decomposed as
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where

(6.20) 04:4)1 .404 G f4 .(0 ) ,

(6.21) "r, h, I = {
w

i',11-1:1" ) } heNVh G.-
r
t;—h(

1),

(6.22)E  M 2 ,( 0 ) ,

and it holds that

(6.23) W rIl ,,m 5  1Z rl M C r,m1f1m+ 2r(S  1(62) X R ).

(6.24) x R ).

P ro o f . Proposition 5.6 shows that vo  is represented as

V o  =  W o  Zo

where wo  e K(0), z o  e M (0). Let v1 ,0 be a solution of

1T v =  O w °i n  co x R

v=0o n  S(32 ) x R

1Taking account o f  -.- [Iw o e K(0) and

-- OWi 0

we have from Lemma 6.5

Cml W O 1 F , m + 2  C m i f  Im + 2(51 (32 ) X  R )
F , ni

oo
w ( j ) w ( j ) 1

v 1 ,0  = - 1 .1 ,0 5 jeN+ G .
Yl° 103)

j=0

and z i ,o e M 1(0). Let v , 1 b e  a solution of

{
lT v =  i 0 4

v =0.

Then Lemma 6.2 shows that

W1 1 e K(l), Z 1 ,1 E M 2 (0),

and

lw 1.11F,,,,-- Cmai liflm+2(S 1(6 2)x R).

Thus Proposition is proved fo r r= 1. Suppose that (6.19) (6.24) holds for r=s.
Let vs +  i3 O  be a solution of
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{  

V  = 0 o n  S(6 2 ) x R.

T v = - 1 , -  E  f l  w () i n  cox  R
1 J s eIV E

Since {f lw (J. ) } j s E N 1  e ,Yes(0) Lemma 6.5 shows that

vs+ i,o=
w c fs ,o +

ŒJ lico + 7s+1
J s  leN.t+1 j=0

Ws+1= {w (
s+s1" ) }./s,,,eN!»e?rs+1( 0 ) ,

14,( !;_) 1 Zs+1,0 E M 2 s + 2 (° )

1U (sV1IF,m<CmŒ i r+ i lf Im+2s+2.

Denote by vs+ 1,h,1 a solution of

{ 1Tv= E  El w". - h)

Je -h E N V I '

V  = 0

and we have

V  s+1,h,1
=E w (Js-Ft-h ) -1 - T

J,,-, 1- heN 1+1-h - s+1,h,1
•os+1,h,

3 " 5
+ 1 ,1 1 . 1 =

 {
IV  s( j+s1+,L , th ) i f .+ 1 -  h e M + +"  E .7e s + i-h ( 1)

11 Ws+1,17,111,1°.+1-h,M C s+1„na l l S + 1 - h lf IM +2 (S +1
- 0 ( S  1(ö 2 )  X  R )

izs+1,h,tim 2 *2 s
,m < C,,,,,ocli5+ 1 ' l f  1,n+2(s+i—h)(si (62) 

x  R ) .

Let i,s + 1  b e  a solution of

1T v= 7 - Dz.

I v =0

Then we have from Lemma 6.2

rv(
s!, + e K(/ ), e M2 ,+ 2 (0)

Iws+1 C s+1 ,(1 )1
in,i12 fS+21 II J  Im +2S +2 ( 5 1 ( 6  2 ) X  R ) .

Since

vs-F1 = vs+ 1 ,0 +  E E s+1
h=0 1=0

i n  co x R

o n  S(S 2 ) x R

i n  co x R

o n  S(c52 ) x R.

w e have the required properties from  the  decomposion a n d  estimates o f  each
element.
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§ 7. Asymptotic solutions of (1.1)

Let us set

(7.1) u(x, t; k)=eik ( §"x) - 0 v(x, t; k ),

V (X , t ;  k )=  E  v i (x, t)k - i .

Apply El to u of (7.1) and we have

N+2
E  k -0 -2)Clu(x, t; k )= — eiko- _ (1702 ± 0 1,1P 0

i=o

+ i (Ov •2  aft- 1  +  2V917v1 _1 +  you i _ 1 ) —

where we set v 1 =  
V

-  2  =  V N + 1
=

V N +  2 =  0. Then, if

(7.2) 1(7912=1,

•(7.3) 2  a v i +2V 9 -1 7vi + ,6,9v.i= —

1  
E v ; _,, j =0, Nat

hold, we have

(7.4)

Let

Ou = eik ( v- ok - NOv N .

(7.5) m (x, ; k)=eik((P(x) - 0 f (x ,  t ) ,  f (x ,  t )  e  q (S 1(62 ) x R)

be an oscillatory boundary data given on T  x R .  Suppose that 9 (x ) satisfies con-
ditions (2.2), (2.3), (2.4) and (2.13). Let 9 0 , 9 ,, (p2 , . . .  be a sequence of phase func-
tions constructed in §2, and let v,.= t), r  = 0 ,  1, 2,... be solutions
of transport equations constructed in Proposition 6.6. Set

1,11 (X ,  t; k )=  
e i k ( V 2 , ( x ) -  E v,. q (x, t)k - r

r=0
(7.6)

.
14 X ,  t; k )= e ik ( rP2a E (C, Ok - r,

r=0 '"

(7.7) u (x , t; k )= {u q (x, t; k), fi g (x , t; k )} 0 .

Taking account of the above remark and the equations which vr satisfy we have

(7.8) IDu(x, t; k )=  k-N  l e ik( 4 ,„ -t )E v N , q ,  e ikop2„,i-oEBN , q } qcc= 0 .

From (3.13) we have

140 4 ('2 ) —  4 9 2q (a 1) — 9 .(a 2) — ço œ(a 1))1 Ccc2g



(7.12)

where BR , denotes If I.(Si(62) x R ) .  Similarly we have from (6.21) and (6.24)

Il Ur11,,Tron CronkmBin+2r,

{ u,={uVo } j r e K e.yer (o),
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On the other hand q (a 2 )— P
o o (à 1 ) = d  follows from (3 .15 ). Then

1492,(d2)—(P2,(ai)— dl Ca2 g.

Similarly we have

192,1+1(a 1)—(P.20-1(a2)—di_Ca2q.

Recall that 92q ( 2 2)=92 q +1(a 2) and 92q +2(a1)=92 q +1(a 1). Set
00
E  ( q + 2(a 1) — (P2q (d 1) - 2 d)= do.q=0

Then it holds that

I ( P 2 q ± 2 (a i ) — 9 0 (a i ) —2(q + 1)d — d 0 1 Ca2 q.

Combining this inequality with (3.13) we have

(7.9) I 92q+ 2( • ) ( ( No( ) +  2(q + 1)d + do/1„,(SiOon_ C„,a2 q.

Similarly we have

(7.10) I 492 q + t( • ) — co( • ) +2qd + 0)1.(S  2( 6 o)) . C,„a2 q

for some constant do .
By using (6.19) we have

r 00
(7.11) u (x , t; k )  = { E u V o + E E E 11 (jr-h )

JreNfi-
r  h  Ir=0 I:=1 ' = °  J r - h e N V h

where

u V r)= leik(9.±2qd+do-t)my:4),eik(eAco+2qd±a0-01;*r0,e}qi

u(Jr-h) =  f e ik(cp.+2qd+do-t) w (4 -1 ,) p ik (0 .+ 2 qd + c1 0 - 0 0 0 , - - 0 1
r,h,I ■7 1.1r-hl

and

r =  {e ik (T 2 q - t )z r , q ,  e ih0 ,02a+i - f ) i r , q }c,;0= 0

{ ( e ik ( P 2 q - , ) — e ik (V e o + 2 0 + d 0 - 1 ) )V r o p  ( e i k ( 4 2 0 . 1 - 1) — e i k ( 0 . + 2 ( 0 + a 0 - t) î5 r , q } C :  0 .

Then (6.20) and (6.23) imply

U r,h ,I =  tU rC ij I : i h ) }./,--heN:i. h e Y e r -h ( 1 ) ,{

!I Ur,h,111.,T r -r,, m
< Cr,ma i l r - h le n Bm+2r•

Concerning u,. we have from (6.22)

(7.13)
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leik ( 9 2q- oz,., q 1,n (co x R )+  jeik ( 9 20- 1- 0 2,. I„,(co x R)

C k m a q q 2 r  B m + 2 , .

Since

leik(4,29-1)—eik(v-±2qd+do-ol„,(u) x R) C„,km-"a 2 q

follows from (7.9), an estimate

11),,,1„,(cox R)<_ Cm (n )qq 2 "13„,± 2 ,.

which is proved in Proposition 6.6 implies

o ik ( 0 2 ,- -o _ e ik( 0 ..+2 q d+do -t )) v r ,  oil m ( 0 )  X  R) C„,km+ 1 (),,Tylot2 q.

By the same way we have

i( e ikop".„-o_ e ik(-0„„+2q d+ao -vob r , q l , ( 0 )  X  R) C„,km""(.1.1)q cx2 q .

ii r elif2 r (0),

k Br  m + 1 - m+2r•

Thus we have the following

Lemma 7 .1 .  u(x, t; k) defined by (7.7) and (7.8) is decomposed as (7.11) where
(7.12), (7.13) and (7.14) hold.

Corollary. fl u is decomposed as

N  co
= k - N {E gW E E  0 .0N-0 + 5.

6  N h N.)
•IN 11=1 1= 0  .1N—h

I GN =  {e l l ) } JN eN , E "rfN (°)

I IIGNIIR 'N ,m<CN,m/c
m + i

Bm+2N,

G N ,  h,
 I

= Ig(Al sh,'1h ) } .IN-heN-lr h  6  `r N - -h ( 1 )
{

IIGN,h,111A-N- 1„m

1
k-  e m2N(0)1

lilm 2N ,m sCN,Inkm + 1 Bm+2N•

E xtend  a ll th e  elem ents o f  eN )={ (.1 1 )V (JN )(x , t-2q d ), (22 )q 4 ( 5 N)(x,
by a fixed manner in to 0  and denote them as

Then

(7.14)

where

(7.15)

(7.16)

and

(7.17)

CN , m k m ± 1 cci i n - h ,
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g , (J.0={(2AN'(JN)(x, t-2qd), (.11)g Nkx, t

Let u u' N)  i r u
q

N)  be solutions ofq 

Ou'qu N )  =(.1):)qg'uNqx, t — 2qd) i n  R 3 x R

Da q'oN)=(0)q -piN )(x, t -2 q d ) i n  R 3 x R

such that the supports c R 3 x {t> 0}.
Denote by A IR (p ) and Aef:(p) the spaces defined by the procedure of Definition

6.1 replacing at by OR and F respectively. Then if we set

U 'U N )= lu :P N ) (X , 1), f rq U N ) (X 1 )}

11U'llxg.,,„<CN,,„,Rkm+1 B 2 N + I n •

Construct u',,N, Ïh )  fo r  g (NJN,=,h) and ù ,  for g  b y  the above manner. Then we have

it follows that

II' --= tu" J " ) },,,cNi.; E A 1 R (
0 )

(7.18)
{

(7.19)

and

(7.20)

Then, setting

we have

(7.21)

Set

Il r hl,h,1 =  { U j hN,T h ) LIN—heN 11.— h E . 3 r 1 -1P h ( 1 )

IIITI V ,h,111 erg R ,m _  C N , m ,R k m + 1 1 1 1 N — h Bm+2N

m D (o)

CN ,m ,R k m  + I  Bm1-2N•

= k —N t E ll 'AP N ) +  E  E  E 1
-11,1 h=l 1=0 Jp1—  h

0(u— u')=0 in to x R.

00

(7.22) it(x, t ;  k )=  E (u a(x, t ;  k) — q (x, t ;  k))
q=0

hp N=  E  E
q=0 r=0

Note that

supp u i r x ) 1  * 5 0 )x  R

follows from Remark 4 of §5 and we have from Proposition 6.6



(7.23) u(x, t; k

On the poles of the scattering matrix

09 N
111(X , I ;  k)—  E  E  k - reik(v2a - I ) .6t ) 1 , 2 r,q

q=0 r=0
on

177

S1 (60 ) x R

N

and

E  E  Ic re ik " '2 g + i - t ) v2,2v,,,
q=0 r=0

on S 2 (6 0 ) x  R

(7.24) u(x , t; k )= m (x , t; k ) on S(52 ) x R.

Set
N N

f  q , f  g y oq , 0 = eik (o2 g - i)  E op
E  k - r v

2 , 2
v

r , q
}

r=0 r=0

Recall that Corollary of Lemma 3.3 of [5] shows that

#.1"(x, 179 2 0  K  + 1 for all X E PrOj x  (SUPPfq)

(x, F 9 2 q + K  + 1 for all x  E Proj x  (suPPL)

hold for all q. Let i4(x, t; k) be an asymptotic solution constructed for an oscil-
latory data f q on r i  x R  following the procedure in §7 of [5], and let f(x , t; k ) be
an asymptotic solution of an oscillatory data I, on F2 X R .  Set

u"(x, t; k )= { u;(x , t; k ), t; k )1 0 .

With the aid  of considerations of Corollary of Proposition 8.1 of [5] t; k )
satisfies

114(• ; 01.(g2Rx k lv r,q1.+N +u,(S i(62)x  R)
r=0

Eli4=0 i n  cox R

; f q lm ( r X  1 ?) < C m k - N+1 +m E  v rIv r, q 1m+N+N , ( s i ( 6 0 ) x  R)
r=0

supp F x[2qd, 2qd+ di ] for s o m e  dl .

Estimates of the same type hold for û . T ak ing  accoun t of Proposition 6.6 and the
continuity of a correspondences of f ,  to and f q to w e  s e e  t h a t  u" can be de-
composed as

co
u"= { E  1 1 ( j r ) +  

r

u ' r q r , - , h )  + 1 7 }
r=0J , . h=1 1=0 J r - h

where

f
IT, '. =  0 4 "  r ) }  i,o r ;.E d r,f.2R ( 0 )

I 11U"11A-p C,., m + 1 -13km_ m+2(N+N'),

{

IT, f,h,i =  tu ( 47, h ) , 11;..(ir:T h ) } 
J r

_h E N1.-h e  ye0,91;,(1)

I llf;,h ,tilsrp h o n _. Cr,m ,R k m +lcchlr— "B m +2(N +N '),



I U r  = { 14 j  ')} J r oe, e A IR (0 )

1 il Ur li RIR,m < C r , m , R k m + ' B- tn-I-2(N+N') ,

f
Ur, 1,, i = {u &- ,"){ u& - ,") } J r _ h olvh E A l-R h  (1)

h, x r.oRom..... .  C r , m , R 1cm+1111r - h
'-'m +2(N +N '),

J.1, 7 h=1 1=0 - h

{

where
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eM2,(0 )

Cr k m + 1 B,m,R ni+2(N+N')•

Now denote u—u' —u" by u again. Then we have

Proposition 7 .2 .  For an  oscillatory  data m (x , t; k ) on F, x  R given by (7.5),
there exists an asymptotic solution

u(x , t; k )= (u,(x, t; k)— fi g (x , t; k))
q=0

with the following properties:

( i)  u (x , t; k )= { u q (x , t; k), f i g(x, t; k)Y 4
q , 0  is decomposed as

oo
U = { E +  

r

u v h , - , h )  +
r=0J , h=1 1=0 J r - h

where it holds that for all R>0

ur nM BR  (0)

117,1 Cr,,,,,,Rkm +1B m +2(N+N,),

here B m  denotes If Im(si(62) x R).

(ii) Ou(x, t; k )=0 i n  w x  R.
(iii) supp u c  x  { t ;  t> O} .
(iv) If we set

E
q 0

f ,
=

on F 1 x R
U =

oo
E  q
q=0

on F 2X  R,

f=  {fg , f q }oeq =, is decomposed as
N  Go

f  =  1C N  { E f  U N )  -F E E  E f  ( j N  h )  + ! NIN ,h,l

FN ==  UVN) }.1 „.4 e 1 1 (0 )

Ii F N II X rp;,m  CN„nkm + 1 Bm1-2(N+N' ) 9
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{  FN ,h ,1 =  f f i V s h ) }.1 . 4 -h  E •Yll—h ( 1
)

11FN ori;_hon C N ,,,k m +lallN —
hB m +2(N +N ')

E MI'N(°)

INIA lçjv ,iu Ci q , ,n 1Cm +1  B m +2(N +N ')•

§ 8 .  Laplace transformation of functions in de,.

Denotes by S  a mapping from F into C(co x R) defined by

Sw = (w ) f o r  w= 
q=0

Note that w(x, t) =S w  satisfies

IwIn#0 , C„,e' t 1w1Fmr

Then the Laplace transformation of w(x, t)
00

W(x, p)= e-Atw(x, t)dt

is defined for Re p> — c0 , and we have for any e>0

I0 (• 01.(co) for all R e  p> —c+8.

Let w = {(g)1(x, t — 2qd), (2.1)1(x, t — 2qd)} , p e  K (p ) . Since

co e - Pl(g)qf (x , t-2qd)dt=(11;1 e-2)1(x , p) for all p e C

we have for w(x, t) =S w  and Re p>  —c0

0 (x, p )= (A;te- 2 Pd)q(f (x , p)-1(x , p))
9=P

=(..T.e -2 1 1 d)P(1— ,1).7 e- 2 1(f(x, p)— .1(x, 12)).

Since the right hand side is meromorphic in the whole complex plane we have the
following

Lemma 8 .1 .  L et w (x , t)=S w , w  EK (p). T h en  the L aplace transform ation
of w

vt, (x, p)= e- tw(x, t)dt

converges in Rep> —co . A nd  it is prolonged analy tically  to  a m erom orphic
function in C of  the form

(8.1) 0(x, = _ge-2AdyiF (x5  5



180 Mitsuru Ikawa

where F(x , p) is holom orphic in the whole complex p lan e . A n d  a mapping from
{f, f}  to F(x , p) is linear, and continuous in the following sense

(8.2)F ( . , p)1(w )_C„,{ 1e ( co+c ) tf1,2((0x R)+ le(co+c)tJI„,(co x R)}

f or all Re y> — (c o + c ) ,  c  R.

Lemma 8 .2 .  L et W = {w(-1)} ;EN+ e<Yei (p). Set

w (x , t)= E  SW ( i ) .
JeN +

T hen the L aplace transform ation of  w (x , t) conv erges in Re y > —cc,  an d  it is
prolonged analy tically  to a  m erom orphic function in  {y; Rey> —co  —c 1 }  of the
form

(8.3) 0(x, to p) {(1— ) e - 2 1 " ) - 1 F,(x, p)

g e -2,a)-2F 2 (x ,  k w.

w here Fax , [I) and F 2 (x , p ) are  holom orphic in  {y; Rey> —co  —c l }. M oreov er
correspondences W  to F , and F 2  are linear, and continuous in the following sense;

(8.4) sup 1F;(. 01,,,(co)
Reg>— (cod-ci)+E

P ro o f . Let us set w (i)={ (Q qf  ( i ) (x, t — 2dq), (.11)1(i)(x, t — 2qd)1,1 1,±  a n d
w ( j) =S w ( j ) .  By using the result of the previous lemma we have

11)(i)(x, y)=(.11e - 2 1 ")P+ ,1( 1 - 1 c 2 Pd)_ 1 F ( i ) (x,

From the property (iii) of the definition of (C H ), we have f ( ') (x , t) , j(")(x , t)e
C (w  x R ) and

IF( P ( . , F(')( • , /1)1.( 0 ))

< C„,A le ( co+cot(f (i) — f ( )1.(cox  R)+1e(co±cot —  j(")))1„,(a) x R )}

for Re y  —  co  c i  + e. Note that

E  (2,Ae - 2 A °)iF ( i ) (x , p)
j=0

. ,= E  (AAe-2tid)iF(.0)(X, p) +  °±  (Ala e - 2 ) i  F ( i ) (X , /4 —  F ( x ) (X, /1)

j=0 )--o ai
.

Then for R ey  —  cc , — c, +s

00 ,

i ai
E pae-2pdv
=o 

1  Ftn—pc.)

<  sup 1 (F(i) — F ( ) ) 0c- i l i 1 2 ;lae - 2 A a l)

j J=0

< (1 —  AO Ce - 2 4 d 1) - 1 (1{ f ( i ) ) je N + I(C H )i,m +  I{ f  (-I } i EN +1( c , ) ,,,,,)

cn,„11E3711,,,,,,..
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Therefore

loce- 2 0 d)j(F ( i ) —Fm)oci=F i (x, 12 )
j = 0

is holomorphic in {y; Re y>  —c0 —c 1 + 8 } .  On the other hand

(2;te -2pa)ip.)( x ,  t o = _  „ i l e -2/Lay1poo)(x ,  t o .
j=0

Then setting F2 (x, y)=F(')(x, we have (8.3). The linearity and the continuity
of mapping W to F , and F 2  already shown. Q. E. D.

Proposition 8 .3 .  L et W ={ w ( r) }.1r eAlf, e.Yer(F). Set

w(x, sw (Jr).

Then the Laplace transformation

11)(x, 1.1) =1 e- ow (x , t)dt

converges for all Re y> —co  and it can be prolonged analytically  to a m erom orphic
function in Rey> — c— c, of the form

(8.5) ti)=-4,11e-2Pd)P
i=o

where j=0 , 1 , r ,  are C ( w ) -valued h o lo m o rph ic  f u n c tio n  in  {/.1; Re/1>
—co  —c 1 }. Moreover a  m apping W e.re,.(p) to  {F; (x, p)}ri =0 is  l in e ar, an d  con-
tinuous in the following sense;

(8.6)s u p t  IF  J( • , 12 )1.(w)
Reg> —co— c i + E  j=o

P ro o f . First admit the following
A ssertion . Let r3 b e  a  linear continuous mapping from Q°(co x R )  in to  a

set of a C ( w )  valued holomorphic functions in  {y; Re y> — c o — c,}  such that

sup1 ( 1 3 f ) x R) •
Rep> — co— c 1-1.6

Then for {g(j')},r,cNi! E (CH), we have

(.11e- 2 ) 11. 1(B0 ( J. ) ) (x,
Js

= (1 — ,3e - 2 4 ") - (s- DG; (x , y),
J=0

where Gi (x , y) are holomorphic in {y; Re y>  —c0 — c,}  and

suP 1G1 • , 01.(0 )) Igus 11
Rep>—co—ci+a

holds for j= 0, s.
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Let us prove Proposition by using the above assertion. Note that the assertion
of Proposition for r=1  is nothing but Lemma 8.2. Suppose tha t r 2 a n d  W=
{w ( J.) },,,„4-. a A Ç ( p )  such that

w u r )  {(2;1)qf (.4 )(x, t -2 qd ), jsi+ p .

From  (iii) o f definition o f (CH), there exist B and  {g(4 -1)}  (C H )„ _  such that

f f ( J r - I , f r ) } c oj r = 0 - -  B n ( J r - i )

Since we have from Lemma 8.2

CO

E  (swor—ijo)s(x,
Jr=0

for a l l  Jr _p

=  (YU e - 2 f i d ) 1 J r - l1 + P ( 1 —  ; l e - 2 ) - j P i j r - ' ) ( x ,
j= 1

it follows that

(8.7) 0(x, p)= (sw(Jo ) ' (x, ,u)
J r

= (21 e -24//yr (1 _2;ie- 2 a );  E
j=1 J r - I

Taking account of the linearity and the continuity o f a  mapping {f(J --id )}
(CH), to  { F 7 r - l ) } .1= 1,2 , which we denote by B', we can write

frEN+ G

{ P i j r - i ) } i = 1 , 2 =  B l f ( J r - i , i r ) } i Or = o = B g ( J r - 1 )  B e r - 1 )

from which the linearity and the continuity of r3 follow. Then Applying Assertion
we have

E  ( , 1 - e -2Ad)14-11Pir-1) (x ,  i t )
J r - 1

= ( I _ ) -Àle-2pds I I ) .
1=0

Substitute his relation in to  (8.7) and the assertion of Proposition follows. For
W= {w ( J.) } E .Yes(p) such that

w(.'s) = {0, (23.)1(.1.)(x, p

Proposition is proved by the same way.
W e turn to the proof of A ssertion. For s=1 it is proved already in  Lemma

8.2. Suppose that Assertion is  ture for s = r .  Let Igur. 0 1 e(CH) r , , .  Then the
property (iii) of (CH)„,

 1
 assures the existence of B and {g ( Jo}  e(CH),. such that

{ e r d r + 1 1} 7, + 1 = 0 ,..- B g (4 ) for all J r .

The assertion in the case of s =1 shows
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E w e - 2 p d p , , i (n g (Jr■ ir+1 ))( x , p )
ir+1=0

=(1 — A/le - 2 tid) - 1 G (* ) (x , p)+GW - ) (x , p) .

Therefore

(8.8) ( g e - 2 p d p r i - i l ( n g ( J r + i ) ) ( x ,  p)
Jr+1

= (l  _ g e -2 ,d ) -1 E  (,ue - 2 ,d )p r iG y r )  (x ,  p )

E u l e -2,,d ) iir1 0 4 ) ( x ,  p )

The linearities and the continuities of B and { au - r+ 0 }7, +  i ., 0  t o  {G}Y r 1,2 imply
that a  mapping 0-'0  t o  {G7 0 11 =1 ,2  is linear and  continuous. Therefore we can
apply Assertion in the case of s = r to  {G(.'r)} and we have

Gyr)(x, /1)Gue-2Adprl

± (1- - 2.1e - 2 P.°)- ( r- OGL i (x , p).

Substitution of the above relation into (8.8) derives that Assertion is also true for
s = r  + 1 .  By the induction Assertion is true for all s >  1 . Thus the proof of Propo-
sition is completed.

§ 9. Proof of Theorem 2

Let h(x, t) a Cg)(S i (6 2 ) x (0, d /2 ) ) . Then it holds that

h(y(o), t)= co(y(a), t)• • )ei(1-6.) •h (y (o l, Oda' dt' dN k ,

where co a CÔ(S1(60) x R ) verifying

{ 1 f o r  (x, t) e S i (t50 ) x (0, d/2)
w(x,

0 f o r  (x, t)( S 1 (6 3 ) x ( d).

Set

( h)(Y (a), 1) = w (Y  (a), 1) *" e
-ik (t-C)ei(a-ce)

ikl2 1

X i ( )h (y (o - ') , t ')do - 'd t 'd lo g ,
fiolkl

where z(/) e q ( R )  such that

{ 11 / 1 _ 1
A O=

0 I/I
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and fio  is a constant which will be fixed later. Then we have

( Y lh)(y(o - ) , t) — w(y(a), t) k2dk5 dn df31dt'do - '
n csi

eik { Po t, 6 - a"> - ( r - "X16671601/(Y(cr'), t').

L et —2/30 2 / 3 0 ,  n  S1 = { ( h; n2); ni +ni = 1 } and le t 49(x; /3, n) be a  real
valued C  function verifying

(9.1) fIRPI =1

ço(y(a); fl, 0= fi < 0 ', n>
a 9  > o 'On 

Fix flo > 0 so sm all that (p(x; fl, n) satisfies (2.14) and (2.17). Define a  mapping

Wi from C,T(S1(6 2) x (0, d/2)) into C"(52x R ) by

(9.2) (6711h)(x, t)= 5k 2 d k 5 d rid f 3  u (x , t ; k , 1 3 , 0)( 1 01130 ;1(k, 13, n),

where

h(k, ,6, n)= 11e ik(t' - fi<u" , o)h(y((y'), t')do- 'dt'

and u(x, t; /3, n) denotes an asymptotic solution in Proposition 7.2 for an oscillatory
data

m(x, t; k , fi ,

 0=eik(,p(x;p,„)_ "co(x, t).

Concerning - r2 h, i f  we choose 53 > (52 > 0 sufficiently small, we can construct
following Corollary of Lemma 3.3 and Proposition 7.5 of [5] an operator 67/2 from

(S 1 (52 ) x (0, d/2)) into C"(r2 x R )  with the following properties:

(9.3) supp oit2 h  {(x, t); t— t, Ix' t+ t2 }

where t1 , t2 are positive constants.

(9.4) Hitzhini(OR x R ) Cm,121h1m+5(r x R ) for R > O.

(9.5) Ei qi2 h 0 in S2 x R.

(9.6) Pil2h 'r 2 h1,„(/' x R)< Cm 1h10 (F x R ) for m < N — 1.

Therefore if we set

U 20-0h= clu(°l2h)(x , t)dt

we have from (9.3) and (9.4)

(9.7) U201)h is holomorphic in C,
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and for any R > 0 and m <N —  1

(9.8) C 'hi -m,R m + 5e  (ti+R )Rep,
j=0

and from (9.5) we have for all y  e C

(9.9) (j22— A )U2(P)h = 0 i n  52,

from (9.6)

(9.10) !PH.1 0 U202)h — (" .211)0 1)1,. C„,lh I x R)e - PReP.
=

Moreover we see easily, with the aid of the energy inequality of (P), from (9.5) and
(9.6) that

(9.11) U 2 (y)h e Hm(Q) i f  Re p >0 .
ns o

Now we turn to consideration of Laplace transformation of V i h. Note that it
follows from Proposition 7.2 that

lu( ; 13, n)l m (s2R , o c i t , N . n i tn e - c0tkm+1.

Then the Laplace transform
00

U 1 ( i)h= e-Pr(61.0)(x, t)dt

converges absolutely for Re j > —co . Therefore

(9.12) Ui(p)h is holomorphic in Re pi> —co .

Next consider an analytic continuation of U i ( p ) h .  Let us set

Q r( i i ) h =• • • e - P t u,.(x , t; 13, 11)k- rh(k, fi, g)x1(flIfi0)k2 dkdfidtidt

02,,h,i(O 1 1r,h,i (x, t; k, 13, n)k - rri(k, fi, t1)Z1(fill30)k2dkdfidndt

r(11)h=1•••5e - gtar(x, t; 13, n)k - rh(k, 13, ti)xt(fl I flo)k 2 dkdfldndt

where

ur (x , t; k , f i ,
 n ) =  E  su ;!-)(x , t; 13,

J-eN.;

t; k , f i ,
 n ) =  E  Su u - 1h ) (x, t; k, 13, n)

17,(x, t; 16, 0=siir(c , t; k , )6, rt)•
We have from (i) of Proposition 7.2

ar( • ; k, fi, 01.42R, t)_ cN,m,R,c(c°+
c i - E ) t t r k m + 1 ,
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from which it follows that

(9.13) -0,.(a)1 is holomorphic in Re p> — co — c 1 ,

and

(9 .1 4 )  Ii1110,01)hin(QR) CN,„„R„1 111.+5(r x  R ) f o r  Re — co — c 1 +6.

By applying Proposition 8.3 t o  e- gtu,.(x, t; 13, ri)dt we have

(9.15) 02r(I1)h=(1—Aile-212d)-r-1(,Frh)(x,

where

SFrh(x, P)= k 2dk 1dn d13 F i d (x, 11; 13, n)

k - rx166 1130 ;1(k , fl• n)•

(8.5) and (8.6) imply that Fri/ is holomorphic in Re p > —co — c i  +6  and

(9.16) 1111 i V r h ) (  •  1, )1,77-;(0 6) CN,m,e,EI him+ 5(r x R)
i=o

for Re p  — co — c i  + 6 .  Similarly we have for R e p  —  co —c i  +6

(9.17) Qr,h,i(ti)h-=()Ie-21")'(1— g,e-211d)-(r-h)-1,Fr,hah(x,

where p) is holomorphic in Re —co —c i  +6 and

(9.18)I V 1 1 / 1 -i lF rh lh (• , /1)1m - j(g2

i=0

CN,m,e,eal/r-hih1.-F5(r x R ).

Note that

1(10h = {Qr(P)h t Q r h  1 (0h + 0r0 -0
11}

r=0 h=1 1=0

and for R ep>  —co —c, +e

m
E  E  11.11'11Ae- 2 "111(g,,h,/h)( • • P)Ini- i (OR)
1=0 .fro

. CN,m,R,g( 1 +11) - r Ictn e - 2 "1 1/r-11 1 h  + 5 (F  X  R )< cc.

Thus by setting

(700h= U 1 0.011+ U2 (y)h,

we have

Lem m a 9.1. A  linear mapping e(p) f rom  CAS 1 (6 2 ) x (0, d/2)) into C (L  x  R)
is of the form
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(9.19) CI(y)h (1— ible- 2 p c 1 )

r=0

w here A. h(x, y )  is C '(n) v alued holom orphic f unction in  { y ; Re p> — c 0 —c 1 }
satisfy ing an estimate for Re p_>_ — co — c1 +E

(9.20) 11)1m--#2s) CN,m,s,(l +1/ 2 1)- 1h1m+ s(r x R).
i=o

Next consider the boundary value of I.7(y )h. We have from (iv) of Proposition
7.2

U,(y )h— (i/ih)(x , ) = (1 — yll e )- N- 1  Wh(x, p)

where h(x, p) is C°(F) valued holomorphic function in Re p> — co — c, and satisfies
for R ep>  —co — c, +s

N -5
E I- N - 1 11110  X R).
i=o

Combining this estimate with (9.6) we have

Lemma 9 .2 .  It holds that f o r all he CA S 1 (62 ) x (0, d/2))

iiiI i iC( 1 )h —  h( . , j ( F )
-5

j=0

CN,E1 1 •—
2 1 1 4 1 - N - 1

1MAF X R)

Until now we restricted boundary data to  be in C 0 (S 1 (62 ) x (0, d/2)). B u t  a s
remarked in the proof of Proposition 8.1 of [5] we can remove this restriction, that
is, from Lemmas 9.1 and 9.2

Lemma 9.3. There ex ists a  linear mapping I.7(y) from CW (Fx (0, d12)) into
c-(r2) with a param eter y e D= { y; R ep>  —co — c1 }  with the following properties:

( i) C l(p )h = E (1— ilI e - 2 Pd)- r- '..0",.h(x, y)
r—o

where A h(x, y) is holomorphic in  D and  has an estimate

I tt lilgrh( • , j(g2 R) CN,„, ( 1 +1/2 1)- r ihi„.+ 5(F x R)i=o
f o r  Dc = {11 ; Re p> — co — c i + v} .

(ii) (p2 — ,A,)Û(y)h=0 in  Q .
(iii) 0(p)h — h(x, y)= (1 — y )  o n  F

where g h(x, y ) is holomorphic in D and has an estimate

N -5
E R)
i=o

(iv) Û(y)h e lini(S2) f or a l l  Re p >0.

f o r  Re p —  c o — c i  +E.

for

m>
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Let m(t) be a function in C(O, d/2) such that

m (t)_ O  and e- tm(t)dt= 2.

Set for k real

mk(t)=eikim(t).

Since thk(i()=rh(p.— ik), there exists ao  > 0 such that

(9.21) Imk (ik'+01>.1 for all Ik' —kl <aoa n d  1>C> — c o — ci.

Set i5k = ik'; 1> (> — c o — c l , — kl < ao }. For each k e R  define an operator
C7k(J1) from C '( )  into C'(52) with a parameter it e f ik  by

k (P )9  1ik 0 2 ) 17 (11) h

w here h(x, g(x)m k (t). Since Ihl„,(/' x R ) C k m ig im (F )  w e  have from (i) of
Lemma 9.3 for p e Dk , , = 13k n Do

(9.22) I1IIJICk(P)91.40R)i=o

+1PlYik'n+5191m+5(r)

Similarly we have from (iii) of Lemma 9.3 and (9.21)

N-5
(9.23) E

i=0

< CN,m,t11I - N - 1 1 9 1 0 ( F ) for / 2 E Dk,e.

Take N =24. It follow s from  (9.23) that

(1 + I / 1 1 )1 2 1 (7 1 , (1 t) 9  —g17(F)5 CEO_ — ne- 2 - 2 4 ig I o (F)

Then for

(9.24) Pe iP ; ((1 +111 1)11 - 1 c 2 P d 12 ) 1 2 c c} n Dk,E = 5 k,e

we have

Cjk(P) — 1
..r(c7(r),c7(n) 2 •

Set

Vk(P)— (0k(P) — n i .
j=0

Then we have

for g E C '(T )

(9.25) II Vk(i1 )112 (c7 (r),c7 (n ) 2
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and

(9.26) Clk(p)- I/ a 1 2 ) = 1  i n  C7( F )  for a ll p e

Set for p e

uk(p)g =CkG0 • KOIV f o r  g e C7(F).

Then it holds that

Uk (p)g =g on r .

From (9.25) and (9.22) we have Uk (p)g e C2(52) and

I [40 ,0912(0 R) .- CR,Ei k17 1917(r) f o r  # e 13
k,0 •

Evidently it holds that
(y 2 — P)U k (p)g =0 in Q .

From Lemma 9.3 and the definition of U k (y) we see that U k (p)g is holomorphic in
U B k  E  and Uk(1, )9 e H2 (0) for Re p >0. T h e uniqueness of solutions of the problemE>0 '

f (p 2 — P)u =0 in Q

1 u = g o n  r
in H 2 (Q) for Re p >0 implies

Uk0.0= Uk,(11 ) f o r  p e D k , e n Dk',E •

Set

13g= u B k . ,  :6 =  u  B.
k e R  ' E >0

and define U(p) for y e.g. by

U(,1)= Uk (p) f o r  ;I e

Set

j=0, ±1, +2,....

Then we have

.0
B e D g e ={ p; 1- Ite,u_._ —cc, —c1 +8} —  l.) lit; 11 2 - 11.4-<C( 1 +1.0 - 1 1 2 ).i=-00

for some C >0. Thus we have

Theorem 9 .4 .  For g e C7(F), U(p)g is C 2 ( )-valued holom orphic function in
g = u  g ,  satisfying

e> 0

(12 —  P)U(p)g =0 in 0

U(p)g =g on r .
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And it holds that

1[ 411)912W CR,E(1+ ig17(F) f o r  pe ,

U(p)g e H2 (Q) f o r  Re p > 0 .

R em ark . The regularity theorem for A derives from the above theorem that
for g  E C ( f )

U(g)g e C'(52)

and

IU(p)gl.(QR) CR,„,„ 1Plilglm+7-g ) for p e g .
j=0

§10. Existence of an infinite number of poles of U(p)

To prove Theorem 3 it suffices to show that for any E> 0 a region {p; Re p >
— co —e} contains an infinite number of poles of U (p ).  Suppose the contrary :

(A) There exists e0> 0 such that a  region D o = {it; Re p  >  c o — B,} contains
only a finite number of poles.

By exchanging 80  a  smaller one if necessary we may assume that there are no
poles o n  a  lin e  fp; Re p =  — co — eo l. Let b e  a sim p le  c losed  curve  in
Do n {Re p <0} containing all the poles of U(p) with Re p > —c0 -6 0 .

Consider a mixed problem

(10.1)

w = 0

w(x, t) = m(x, t)

supp w r2 x [0, co)

in

on

52 x R

r x R

for a boundary data m(x, t)e C,T(I• x (0, d12)). Then the solution w(x, t) of (10.1)
is represented as

(10.2) w(x, t) = e(a+ i or(U (a + ik)n1( • , a + ik))(x)dk

where a is a positive constant and

p )=  ci"m(x, t)dt .

Note that the integral of the right hand side of (10.2) is independent of a> O. B y
using an estimate of U(p) in Theorem 9.4 we can obtain from the assumption of the
finiteness of poles

(10.3) I uGIV12(g2 R) cR,e(1+ I/41)7 1g 17(r)
for all ipi sufficiently large and Re p> —c o —ci +e.

Since
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(10.4) 1/h(• P)ip(r)S Cp,i1m1p+i(F x R)(1+
l e — R e l " 1 /  2

holds for p, 1=0, 1, 2,..., we can change the path of integration of (10.2) as

w(x, t) = -30 e(-(c04c0)±i"U(— co — co + , — co — co + ik)dk

e"U(p)41(• , p)dy

= w ,(x, t)+w 2 (x , t).

With the aid of (10.3) and (10.4) we have

Lemma 1 0 .1 .  It holds that

Iw112(QR, co+ vo) f imi 1 6 (F  x  R ).

Let w(x, t; k ) be a solution of (10.1) for a boundary data

(10.5) m(x, t; k)
= e i k ( v . ( x )

-
t ) f ( x ) p ( t )

where fe  C 0 0 (F ) and p(t) E  Q°(0, d/2). Then

rkx , ft; k )=  e ik 0.(x)f (x )pCt i

Since

IP02)1 c , (1 + ly1)' forai! R e p >  —co —e l

we have

max 113(y— ik)I C ,„ k - N f o r  k> 1.
;Leis'

Taking account o f  c {Re pt< 0} we have

1w2(. ; 012(OR CR,Nk N f o r  a l l  t > 0 .

Thus combining this estimate with Lemma 10.1 we have

Lemma 1 0 .2 . A ssume that (A ) holds. For an  oscillatory  data m(x, t ;  k ) of
(10.5) a solution w(x, t; k) of (10.1) satisfies

(10.6) lw(• ; 012(g2R, t) CR e
- cco+sotk16 -1- c R ,N k- rt

f or all t> 0 , where C R  and C R ,N depend on f (x )  and p(t), R  and N , but independent
of k.

Let f a  C (S 1 ( 6  2)) such that

(10.7) f ( a 1)=i

and let p (t)e  C (O, d/2) such that

(10.8) p(d14)=1.
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Construct an asymptotic solution u(x , t; k ) for m(x, t; k ) of (10.5) with (10.7) and
(10.8) following the procedure in the previous sections. In this case uq , fi g in Pro-
position 7.2 are of the form

= e ik(v .(x)+2q d-t) ‘1'1"t; k ) v ( x  01C- r

r=0

q (X , t; k )=e i k ( 0 - ( x) + 2 0 - 0

Remark that

supp vo ,q(a o ,  )  It; (2q +1/2)d. t (2q +1)d}

supp i50,q(ao, ) {t• (2q + 3/2)d (2q + 2)d} .

and

vo,,(az, (2q + 5/4)d)= A(1+1; 4

where a ( ) denotes the middle point of a l  and a2 . Then we have

vo ,q(a o , (2q +3/4)d)>vo ,q(a 2 , (2q +5/4)d)=Aq+ 1 .1J.q

vojao, (2q+3/4)d)=0 sOq

bo,s(ao, (2q +3/4)d)=0 for all s.

Thus u(x , t; k ) in Proposition 7.2 satisfies

(10.9) lu(ao, (2q +3/4)d; k)l ( ) ) q + 1 — C(.11)q k - rqr
r=1

(10.10) pu=0 i n  S2x R

(10.11) I u( • ; 10 —  n2(. ;101.(r, t) c,,,k - Nt 2 Ne- cot.

Denote by z (x , t; k ) a solution of

E z=0 i n  52x R{

z= — (u(x, t; k)—  m(x, t; k)) o n  F x R

su p p zcrlx  {t0 }.

Then from (10.11) we have

(10.12) lz(ao, t; 01 < CN k —Nt2 N for all t > 0 .

Evidently we have w(x, t; k )=u(x , t; k )+z (x , t; k ). From (10.9) and (10.12) it
follows that for all q and k

I w(ao, (2q +3/4)d; k)l — CN k - r q r ) -  CN k - Nq2 N
r=1
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Combining this estimate with (10.6) we have

C R e
— (co+e0)(2q+3/4)d

K
 16
 C R , N 1C—N

(JU )
1(1—  C N k— r q") —  CN k - N q2 N

r=1

Recall that c 2 cod--.. . Choose k as

k 1 6  e 0(2q+3/ 4)d/2.

And take N  = [ 2 co led +  3. T hen  (1  —CN k - rqr)__ 1/2 holds fo r large q. Thus
r=1

we have

C R e — cco+e0/2)(2q+3/4)d

> e—co(2q+3/4)d ,
.1`-'

2N,—(c0-1-e0/2)(2q+3/4)d
2 1■1 •

Letting q — cx:) we have a contradiction. Thus our assertion is proved.
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