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A NYSTROM METHOD FOR A CLASS OF INTEGRAL
EQUATIONS ON THE REAL LINE WITH APPLICA-
TIONS TO SCATTERING BY DIFFRACTION
GRATINGS AND ROUGH SURFACES

A. MEIER, T. ARENS, S.N. CHANDLER-WILDE AND A. KIRSCH

ABSTRACT. We propose a Nystrom/product integration
method for a class of second kind integral equations on the
real line which arise in problems of two-dimensional scalar and
elastic wave scattering by unbounded surfaces. Stability and
convergence of the method is established with convergence
rates dependent on the smoothness of components of the
kernel. The method is applied to the problem of acoustic
scattering by a sound soft one-dimensional surface which is
the graph of a function f, and superalgebraic convergence is
established in the case when f is infinitely smooth. Numerical
results are presented illustrating this behavior for the case
when f is periodic (the diffraction grating case). The Nystrom
method for this problem is stable and convergent uniformly
with respect to the period of the grating, in contrast to
standard integral equation methods for diffraction gratings
which fail at a countable set of grating periods.

1. Introduction. The most general form of a Fredholm integral
equation of the second kind on the real line is

+o0o
(1.1) z(s) = y(s) +/ k(s,t)x(t)dt, s€R,

—0o0

where the kernel k£ and the righthand side y are given and the unknown
function x is to be determined. In this paper we consider the case when
the kernel k(s,t) takes the form

(1.2) k(s,t) = a"(s,t)In|s —t| + b* (s, 1),
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where a*,b* € C"(R?) for some n € N, and a*(s,t), b*(s,t) decay
like |s — t|77 as |s — t| — oo for some ¢ > 1. We propose and
analyze a Nystrom or product integration method for equations of the
form (1.1), establishing its stability and proving convergence results
which guarantee superalgebraic convergence in the case when a*,b* €
C>(R?).

Our motivation is that kernels of the class (1.2) arise when one re-
formulates two-dimensional problems of time harmonic wave scattering
by unbounded obstacles as second kind boundary integral equations.
In particular, we have in mind problems, in scalar wave scattering and
elastodynamics, where one or more components of the boundary (or
one or more interfaces in transmission problems) are the graph of a
bounded smooth function f : R — R. We discuss the application of
the method to a simple problem of this type in Section 4. Specifically,
we consider the problem of scattering of time harmonic acoustic waves
by an infinite rough sound-soft surface; that is, we solve the Dirichlet
boundary value problem for the Helmholtz equation in a non-locally
perturbed half-plane.

Nystrom/product integration methods are long established for solving
Fredholm integral equations of the second kind (see [5], [19] and the
references cited therein). Indeed, the method we propose is based in
quite large part on a Nystrom method, described in [19], suitable for
second kind integral equations on finite intervals with logarithmically
singular periodic kernels. Such integral equations arise, for example,
from the boundary integral equation formulation of 2D problems in
potential theory if the boundary is a smooth closed curve. The
modification of the method and analysis in [19] to apply to the second
kind integral equation (1.1) on the whole real line requires some
subtlety, however. In particular, since the integral operator is no
longer necessarily compact, collectively compact operator theory is not
sufficient for a stability analysis. To prove stability we modify results
in this theory so that compactness is no longer required.

For descriptions and analyses of related Nystrom /product integration
methods for second kind integral equations on the half-line, in the
case when the integral operator is a convolution operator or a compact
perturbation of a convolution operator, see [4], [7], [2], [15].

We start in Section 2 by making more explicit the assumptions on
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the kernel function. The mapping properties of the integral operator K
that follow from these assumptions are established, and we use these
to derive regularity results for (1.1). In Section 3 we describe our
Nystrom method which uses equally spaced quadrature points on the
real line and reduces (1.1) to the solution of an infinite set of linear
equations. In the general case this infinite system requires truncation
prior to solution. We point out that a finite linear system is obtained
in the case of a periodic kernel and righthand side. In Section 3 we
also present our stability and convergence results, which show that the
method is superalgebraically convergent if the original equation is well
posed and a* and b* are smooth.

The application to rough surface scattering is carried out in Section 4.
By using the Green’s function for a half-plane with Dirichlet boundary
conditions and representing the scattered field as a combined single- and
double-layer potential, we obtain a novel integral equation equivalent to
the scattering problem. Our method is applicable to this equation and
is superalgebraically convergent if the scattering surface is smooth. In
the engineering literature integral equation methods are widely used for
rough surface scattering problems, with discretization based on colloca-
tion or Galerkin methods with piecewise polynomial approximation on
a uniform or quasiuniform mesh (e.g., [21], [26], [17]). These methods
achieve an algebraic convergence rate for smooth surfaces. We hope
that the simplicity of implementation and superalgebraic convergence
rate of the discretization scheme we propose will make it an attractive
alternative. In Section 5 we present numerical results, in the case when
the boundary is periodic, forming a diffraction grating, demonstrating
that the claimed convergence rates are achieved.

Throughout the paper we pay attention to obtaining stability and
error estimates which are uniform with respect to the kernel function k.
As a consequence, the final error estimates in Section 4, for scattering
by rough surfaces and diffraction gratings, depend on the maximum
surface amplitude and slope (and on bounds on higher derivatives)
but are otherwise independent of the surface shape. In particular,
for the diffraction grating problem, the numerical scheme we propose
is shown to be uniformly stable and convergent with respect to the
grating period. Such a result does not hold for conventional integral
equation formulations of diffraction grating problems; in fact, the
standard integral equation formulations (e.g., [6], [23], [18]), which
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use the free field Green’s function rather than the half-plane Dirichlet
Green’s function we propose, fail to hold for a countable set of values
of the grating period.

Throughout the paper we will use the following notations. Let K
denote the integral operator defined by

+oo
(1.3) Kiy(s) = / k(s,t)y(t)dt, seR.

—0o0

BC™(R™) is the Banach space of all functions whose derivatives up
to order n are bounded and continuous on R™. We abbreviate the
norm || - ||gen@m) on BC™(R™) by || - || in the case n = 0. For a €
BC'(R?), we denote by 9;a, j = 1,2, the partial derivatives 0;a(s,t) =
Oa(s,t)/ds, Oza(s,t) = da(s,t)/0t, respectively. By C™*(R) we denote
the usual Holder space of those functions ¢ € BO™(R) for which ¢(™
satisfies a uniform Holder condition of index «, a Banach space under
the norm

[$llonamy = ¢l Bon ) + ™ ]ar,
vhere (s) = ()|
§) —
[1/)]04;1?{ = Sup —a
ster |8 — 1

s#t

We define C¢ (R) := {¢p € BC"(R) : (s) = 0,|s|] > 7} and
C§r(R?) := {a € BC"(R?) : a(s,t) = 0, |s — t| > 7} and note that
C§ -(R) and Cf' (R?) are closed subspaces of BC™(R) and BC™(R?),
respectively. We introduce the further nonstandard notation

BCP(R) :={¢ € BC"(R) : [¢llpcym)

= Slip ||wp¢(’”) oo < 00},
,n

where wy,(t) = (1 + |¢|)P, and
BCI(R?) = {a € BC"(R?) : [|al| ey me)

= sup ||w,d05alle < oo}
7,k=0,... ,n
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Throughout, Ng will denote N U {0}, and X € C§°(R) will denote a
fixed ‘cut-off’ function, satisfying that 0 < x(s) <1, s € R, X(s) = 0,
[s|] > 7, X(s) =1, |s|] <1, X(—s) = X(s), s € R. In the numerical
examples in Section 5, we use the specific choice of X given by equation
(5.8) below.

2. Regularity results. The integral equation (1.1) can be written
in operator notation as

(2.1) z=y+ Kuz.

In this section we consider mapping properties of the operator K from
which we obtain results on the regularity of the solution of (2.1) needed
in the later convergence analysis.

It is well known (e.g., [16]) that, if the kernel k satisfies the following
two properties A and B, then K maps BC(R) to BC(R) and is
bounded with norm [|K|| = sup,cg [0 |k(s, t)| dt.

A. sup,cr fjooj |k(s,t)| dt < 0.

B. For allsER:fjj\k;(s,t)—k(s’,t)|dt—>0 as s’ — s.

Throughout we will assume, motivated as indicated in the introduction
by applications to scattering by rough surfaces and diffraction gratings,
that k takes the form specified in one of the following three conditions
Cy, C,, and CJ.. We will show shortly that these three conditions are
equivalent and that they imply A and B and thus imply that K is
bounded as an operator on BC(R) (though not necessarily compact).

We will use all three conditions and their equivalence extensively
throughout the paper. It is simplest, in specific applications (see
Section 4) to show that C,, is satisfied. The form C, for the kernel will
be needed to implement the Nystrém method. The representation C,
will prove particularly convenient in this section for deducing regularity
properties. The proof of equivalence, in particular that C, = C.., is
constructive, and we will use this construction when implementing the
Nystréom method in Section 4.
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Chp.
k(s,t) =a*(s,t)In]s —t| +b"(s,t), s,t€R, s#t,

where a*,b* € C"(R?), and constants C' > 0 and p > 1 exist such that,
for all j, I € Ny, with 7 +1 < n, we have

(2.2)
OItla* (s, t)
W’ <G steR |s—il<m,
(2.3)
I Fb*(s,t)
| <G steR i <
and
(2.4)
07t k(s,t)
.—7 < — -p _ > .
95 Ot! ’ <CA+1s—t))7?, steR,|[s—t|>n
C..

k(s,t) =a(s,t)In|s —t| +b(s,t), s,teR, s#t,
where a € Cf'(R?) and b € BCJ(R?), for some p > 1.

C.
1 .o fs5—1
k(s,t) = —A(s,t)In | 4sin® [ —— | ) + B(s, 1),
2m 2
s,t € R, s #t,
where A € Cf . (R?) and B € BC}'(R?) for some p > 1.

Theorem 2.1. For n € Ny, C,, C, and C! are equivalent.
Moreover, there exists a constant ¢ > 1 depending only on n and p
such that, if k satisfies Cy, then the functions a,b in C, and A, B in
C!. can be chosen to satisfy

C < c(llall penw2) + bl By m2))

(2.5) 0 3
< c([[Allpenme) + 1Bllponwe)) < ¢°C.
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Proof. C, = Cy. Set a* := a, b* := b and C := ||a| pen(m2) +
[bll pcn (r2)- Then (2.2) and (2.3) follow immediately; for (2.4), observe
that a* and all its derivatives vanish for [s —t[ > m and b* € BC(R).

Cn = C/. Set

(2.6)
A(s,t) := ma*(s,t)X(s—1)
and
B(s,t) :=a"(s,t) [ln ls—t|(1 —x(s—t))
(2.7) —X(s—t)In (W)] + 0" (s, t).

An easy calculation yields the representation of k in CJ. As a* €
C"(R?) and X € Cg%(R), A € Cj.(R?) follows. Furthermore,
In(sint/t) € C®°(—m,m) and 0 ¢ supp{In(t)(1 — x(¢))}, so (2.2),
(2.3) and (2.4) imply B € BCJ'(R?). Moreover, by straightforward
calculations, we obtain the estimate

[AllBen@®2) + 1 Bllsopme) < aC,

where c¢; is a constant only depending on n, p and the cut-off function
X.

C! = C.. Set

and 1
t) = —A(s,t
als, 1) i= —A(s,1),

b(s,t) == %’y(

Again, the representation of k as in C/, is obvious; so is the fact that
a € Cy (R?). From A € Cf(R?), B € BC}(R?) and the definition

s—t

)A(s,t) + B(s, t).
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of v, we also conclude that b € BC} (R?). Again, by straightforward
calculations, we obtain the estimate

lallpen ey + 1blBon®r2) < c2(|Allpenme) + [|Bllper ®2)),

where ¢y is a constant dependent only on n and p. a

By applications of the dominated convergence theorem to show B,
we easily establish the following result.

Theorem 2.2. If k satisfies Cj, then k also satisfies A and B.
Consequently, K is bounded as an operator from BC(R) to BC(R).
In fact,

K| < C(lall semz) + bl seome)),
where C' > 0 is a constant only dependent on p.

Let

+oo
w(h) :=sup {/ |k(s1,t) — k(s2,t)|dt : s1,82 € R, |s1—52] < h},

—00

and note that assumption B is certainly satisfied if w(h) — 0 as h — 0.
The following sharper bound on the behavior of w(h) as h — 0 is the
basis of the regularity results in this section.

Theorem 2.3. If k satisfies C}, then
w(h) < C(llalserwrz) + [l Berwr2))h(1+ [Inh]), 0<h <1,

where C' > 0 is a constant only dependent on p.
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Proof. Let s1,80 € R, h =|s1 — s2| <1, § = (s1 + s2)/2. Note that
—+oo
| ks = Ksa. ]

“+oo
g/ 1b(s1,t) — blsa, 1) dt

5+m+(1/2)
+/ la(s1,t) — a(sa,t)||In|s; — t|| dt
s—m—(1/2)

s+m+(1/2)
—|—/ la(sa,t)||1In|s1 — t| — In|se — t|| dt.
s—m—(1/2)

By the mean value theorem, there holds

+oo
(2.8) / 1b(s1,1) — b(sa, £)| dt < Chllbll o

— 00

and

s+m+(1/2)
/ la(s1,t) — a(se, t)||In]sy — t]| dt
s—m—(1/2)
s+m+(1/2)
< hHaHBCI(Rz)/ |In|s; —t|| dt
5 (1/2)

S—mT—

(2.9)

< Chllallpor (r2)-
Finally, there holds

Sm+(1/2)
/ |a(sa,t)||In]sy — t| — In|se — ¢|| dt
s—m—(1/2)
s+m+(1/2)
< HaHBC(Rz)/ Il =t sl

5—m—(1/2

< llallpc®m2)Ch(1 + [InAl).
This bound, combined with (2.8) and (2.9), yields the assertion. O

To derive further mapping properties for the integral operator K, we
introduce for b € BCy(R?), the operator M b defined by

—+oo

MP(s) = / b(s,)6(t) dt, s € R,

— 00
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and, for a € Cf (R?), the operator L* defined by
—+oo
Le¢(s) :== / a(s,t)In|s —t|p(t)dt, se€R.

We will proceed by establishing certain mapping properties of these
operators which are stated in the following theorem.

Theorem 2.4. Forn € N,

(a) If b € BCJ(R?), then M° maps BC(R) to BC™(R) and is
bounded with
M) < Clbl| pen (R?),

where the constant C' > 0 only depends on n and p.
(b) If a € C§.(R?), then L* maps BC"'(R) to C"""*(R), a €
(0,1), and is bounded with
L] < Cllal pen(r2)s
where the constant C' > 0 only depends on n and «.
(c) Ifa € Cf .(R?), then L* maps C"~1*(R) to BC™"(R), a € (0,1),
and is bounded with
L] < Cllall Benwr2),

where the constant C' > 0 only depends on n and «.

To prove this theorem, the following three technical results concerning
the operator L® are needed.

Lemma 2.5. If a € Cj (R?), then L* maps BC(R) to C**(R),
a € (0,1), and is bounded with

(2.10) L] < Cllall porr2),

for some constant C > 0 depending only on «.
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Proof. Setting k(s,t) := a(s,t)In|s — t| and applying Theorem 2.3
yields that, for |s; — so| < 1,
[IL*¢(s1) — L@ (s2)| < [[¢]locw(ls1—s52])
1
< Cls1=sallallacs o 1+ )l
For a € (0,1) and |s1—s2| < 1, |s1—s2| In(1/]s1—s2]) < (1/(1—))|s1—s2|*
holds and we have

In ——
|s1—52]

(2.11) IL*¢(s1) = L*@(s2)| < Cl|9llllall pormrz)ls1 — 52|

Now, by Theorem 2.2, |L?¢|loc < Cl|lallpo®2)l|Pllco- Together with
(2.11), this yields that L% € C%*(R) and the bound (2.10). O

Lemma 2.6. Ifa € C(])Y,T(R2) for some N € N, then, for n =
1,2,...,N and ¢ € BC™"(R), there holds L*¢ € BC™(R). Moreover,

there exist functions af} € Cé\,[;rj*”(RQ), j=0,...,n, satisfying
" ra e )
ds"(L ¢(8)):Z(L 1¢)(s), s€ER,
j=0

for all ¢ € BC™(R). Moreover, for some constant C > 0 depending
only on N,

(2.12) la}|pci+n—n@m2) < Cllall ey w2y, J=0,...,n.

Proof. We prove this lemma by induction. In the case n = 1, we have
for s € R and any h € (—1,1) \ {0}, that

(L9(s+h) — L6(5))

s+m+1 1
:/ —(a(s+h,1) — als,t)) In[s—tl6(t) dt
s—m—1

s+m+1
+ / E(a(s +h,t+h)p(t+h) —a(s+ h,t)o(t)) In|s—t| dt.

—m—1
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Letting h — 0, we conclude by the dominated convergence theorem
that

(213) & (L%(s) = L0(5) + L6/ (s),

where a := 01a + Oqa and a} := a satisfy (2.12) with n = 1.

Assume now that 1 <n < N, ¢ € BC"*1(R) and that the assertion
of the lemma holds for n. Then there exist a? € C’Nﬂ "(R?),
7 =0,...,n, such that

d" - )
(l
dsn Z L J ¢ J
7=0
Now set .
an J=n+1,
a?Jrl = 810,;-1 + 8204;-1 + a?,1 1<j<n
O1ay + 0208 Jj=0.

Then a;-”rl € Cé\f:j_"_l(RQ) and, by the same argument as for the
case n = 1, notably by (2.13), there holds

n+1 n+1 it 4
jnJrl( “o(s)) = Z(Laj ¢\9)(s).
7=0

The estimate (2.12) for n replaced by n + 1 follows from the definition

of the functions a}”‘l and the inductive assumption. o

Lemma 2.7. If a € Cj (R?), then L* maps C**(R) to BC'(R),
a € (0,1), and is bounded with

(2.14) 1L < Cllall e (r2),

for some constant C > 0 depending only on a.

Proof. Choose ¢ > 27 and set J := [—q, ¢]. Further, let X* € C>*°(R)
with suppX* C J and X* = 1 on [1 — ¢,¢ — n]. Defining a(s,t) =
X*(t)a(s,t) and (s) := 1, we have L%) € BC'(R) by Lemma 2.6 and
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hence, by Lemma 1 (iii) in [25], we obtain L% € C'(J). However, as
Le¢(s) = Le¢(s) for |s| < ¢ — 27 and, since ¢ was chosen arbitrarily,
there also holds L% € C'(R). From Lemma 1 in [25], we also obtain
the representation

d ra
T (L70)(s)
+ooa d a
:/ 55 {als, ) In[s—t[}(o(t) — 6(s)) dt + 6 (5) =L 0(s).

Since a € C§ (R?) and ¢ € C**(R) we easily obtain that L%¢ €
BC'(R) and the bound (2.14) by applications of Theorem 2.2,
Lemma 2.6 and elementary estimates. i

Proof of Theorem 2.4. With regard to the operator M?, we may
interchange differentiation and integration so that, for ¢ € BC(R) and
m=20,...,n, we obtain

am
d sm

“+o0 m
M) = [ S 00 dr

oo Os™

By applying Theorem 2.2, we conclude the proof of (a).
Lemma 2.5 and Lemma 2.6 immediately imply (b).

For the case n = 1, (c) is the assertion of Lemma 2.7. For n > 1, by
Lemma 2.6 we have

dn—1 no! n—1 .
_ a1 ()
1) ) = W ), seR
where, for j =0,...,n—1,a7"" € C’gjrl(R2) with [|a} || poi r2) <

Cllal|pcn(r2)- Applying Lemma 2.7 to the righthand side of (2.15), it

follows that
dn —1

dsn—l

(L%¢(s)) € BC(R),
with
I(L®) ™ Pl perwy < Cllalper @) ll¢llcn-1aw)-

Thus L°¢ € BC"(R) and the bound |L%|| < C|lal|pcn(r2) follows.
O
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Corollary 2.8. If k satisfies C,, for some n € N, then for all
a € (0,1) and m = 0,...,n — 1, the operator K maps BC™(R) to
C™*(R) and C"™*(R) to BC™TY(R), respectively. Further, each of
these mappings is bounded and the operator norms satisfy

K| < C(llallsenrz) + (bl sen r2)

where the constant C' > 0 depends only on o, n and p.

To complete this section we apply the above mapping properties to
establish the regularity of the solution of (2.1) when K satisfies C,, and
y is sufficiently smooth.

Theorem 2.9. If k satisfies Cl, for some n € N and x € BC(R)
satisfies the integral equation (2.1) andy € BC™(R), then x € BC™(R)
and, for some constant C' > 0 dependent only on n and p,

el sonm) < Cllyllsen®) + (lalBon@mz) + bl oy m2)[%]loo)-

Proof. This follows easily by induction using Corollary 2.8 and
equation (2.1). O

3. The Nystrom method. We first describe the Nystrém/product
integration method we propose and then analyze its stability and
convergence.

For s € R, define the periodic extension operator Es : BC(R) —
Lo (R) implicitly by
Ep(t) = ¢(t), s—m<t<s+m,
and

E.p(t+2m) = E,p(t), teR.

Throughout this section we continue to assume that (as a minimum)
assumption Cj holds, so that K = K4 4+ K2, where

1 [t

KA4(s) :== 5 A(s,t)In (4 sin? (ST_t) ) o(t) dt

— 00

- % Ozﬂ In (4 sin? (8 5 t))Es(A(s, )9 () dt
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and

+oo
KB¢(s) ::/ B(s,t)p(t) dt.
Note that Cf implies that A € C§ (R?), so that A(s, ) = 0, |s—t| > .
We will use this fact extensively in this section.

In the case when f € BCJ(R) for some p > 1 and n € Ny, we can
approximate

+o00
If ::/_ f@)dt

by the trapezoidal rule approximation

Lf:==hY_ f(jh),

JEZ

and we will see later that this approximation is very rapidly convergent
as h — 0 if n is large. It makes sense therefore to approximate KZ¢
using the trapezoidal rule, by K ﬁgb, where the operator K ﬁ is defined
by

KRo(s) = Loyw(Bls,)8) = 57 >_ Bls,1;)6(t;), s€R.
JEZ

where t; = jn/N, j € Z. We choose h = w/N for compatibility with
our approximation of the operator K4.

We turn now to the approximation of the operator K. Define the
integral operator @ : BC(R) — BC(R) by

2m
Qo(s) == %/o In (4sin2 <ST_t>)¢(t) dt, seR.

For N € N, let Qn¢ = Q¢n, where ¢ is the unique trigonometric
polynomial of the form ¢y (t) = ij:o o cos jt + Z;V:_ll B; sin jt which
interpolates ¢ at t;, j =0,... ,2N —1. Then (see [19, p. 177]) we have

that
2N-1

Qno(t) = Qon(t) = > RM(D)e(t;), teR,
j=0
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where

) 11 1

N o —_ - J— . —_— J— .
(3.1) R;V(t):= N{mzlmcosm(t tj)+2NcosN(t tj)}.
We note from this formula that

RNy =R"N), jket,

j—k?
where
(3.2)
N7
R ::R(.N)(O):—i lecosmt-—l—icosNt- jeZ.
J J N = m 79N T

Remark 3.1. Note that Qx¢ = Q¢ for any trigonometric polynomial
¢ of order N. For if ¢(t) = Zj'v:o a; cos jt + Zjv;ll b; sin jt, there
holds ¢y = ¢, s0 Qp = Qdny = Qn¢. Also, ¢(t) = sin(Nt) implies
Qo =Qng =0.

We will approximate K “¢(s) which we may write as Q(E,(A(s, )¢))(s)
by K#¢(s) where, for s € R,

Ki(s) = Qn(Bs(A(s, )9))(s)
= 3" RN (s)(Ey(Als, )9)) (1)
=0

=" RN (s)A(s,1;)0(t;)-

JEZ

Finally then, our Nystrém method is to approximate K = K4 + KB
by Ky = K + K&, and we have that

Eno(s) =Y o™ (s)s(t;), seR,

JEZ

where



A NYSTROM METHOD 297

The Nystrom method approximation, zy € BC(R), is defined by the
equation

(33) rxny =y + Knyan,
or, explicitly,

(3.4) an(s) =y(s)+ Y ol (s)an(ty), seR.
JEZ

To obtain x?v = an(tj), j € Z, we set s =t} to obtain the infinite
set of linear equations

(3.5) o =y"+ > apaly, ke,
JEZ
where
y* = y(ty),
(3.6)

™ .
ar; = oM (ty) = RY) Aty t;) + N Bt). G keZ.

In general the solution of the infinite linear system (3.5) cannot be
computed exactly. We will analyze the stability and convergence of
truncating (3.5) to a finite linear system in a future publication; see
[8] for this analysis carried out for a related class of integral equations
on the real line. But in certain cases (3.5) reduces to a finite linear
system. One such case is when the following additional assumption
on k is satisfied and y € CL(R), the space of L-periodic continuous
functions on R.

D. There exists L > 0 such that

k(s+ L,t+ L) = k(s,t), s,t€R.

If Assumptions A, B and D hold, then K is a compact operator on
Cr(R) but, in general, not on BC(R). (Consider, for example, the
case when k(s,t) = k(s —t) with k € L;(R), i.e.,, K is a convolution



298 MEIER, ARENS, CHANDLER-WILDE AND KIRSCH

operator on the real line.) However, the solvability of (1.1) in BC(R)
has been addressed in Theorem 2.10 in [10]. As a corollary of this

theorem and of the compactness of K on Cr(R), the following result
holds.

Theorem 3.2. Suppose that assumptions A, B and D are satisfied
and the homogeneous integral equation ¥ = Kax has no nontrivial
solution in BC(R). Then the integral equation (1.1) has exactly one
solution © € BC(R) for every y € BC(R) and, for some constant
C > 0 independent of y,

(3.7) [#]loc < Cllylloo-

If also y € CL(R), then x € CL(R).

Now suppose that assumptions Cy and D are satisfied, that z = Kz
has no nontrivial solution, and that y € C,(R). Then, by Theorems 2.2
and 3.2, z € CL(R). If also L = (Mn/N) for some M € N, then
x_}\—;—]\/f = 2, yitM
finite linear system

=y, ak+m j+m = aj. Then (3.6) reduces to the

M
(3.8) o=y ) agaly, k=1,...,M,
j=1
where
ap; = Z Ak, j+nM-

nez

3.1. Stability analysis. We turn next to establishing stability of
the Nystrom method we have proposed. Our stability analysis depends
crucially on the following error estimates which establish convergence
of Kny¢ to K¢, uniformly on bounded and uniformly equicontinuous
sets.

Theorem 3.3. If k satisfies assumption C{ and ¢ € BC(R) is
uniformly continuous, then

K¢ — Kndllc — 0
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as N — oo. Further, if S C BC(R) is bounded and uniformly
equicontinuous on R, then, for every € > 0 and B > 0, there exists
Ny € N dependent only on €, and S such that

(3.9) [K¢— Knolloo <ce,

for allN>Ny, p€S and k€T := {k : k satisfies C{ with ||Al| o1 (r2)+
1Bllpcy(r2) < B}-

Proof. Clearly it is sufficient to prove that for every ¢ > 0, § > 0,
there exists Ny € N such that the estimate (3.9) holds for all N > No,
¢ € S and kK € T. Throughout, let C' denote a generic constant
dependent only on p and fix 8 > 0. For § > 0, let

Q) :==sup{|f(s) — f(t)|: f €S, s,t eR, |s—t| <},

and note that, since S is uniformly equicontinuous, 2(6) — 0 as § — 0.
Similarly, let

M :=sup || f]loo-
fes

For k € T, we have K = K44+ K? with A € C§ (R?), B € BC}(R?)
and || Al|pcrmz) + [|Bll ey r2) < -

a) First of all, consider KB¢ — KE¢. For ¢ € C(R) and N € N, let
Pn ¢ denote the piecewise constant approximation to ¢ given by

Peots)=oh). (i-3)n<s<(i+3)n iez

where h = (7/N). Then, provided ;. ¢(jh) exists, I;/n(¢) =
I(Py¢) and, for ¢,¢ € C(R), there holds Pn(¢) = Pyv¢dPnt. Thus
= [I(B(s,")¢ — Pn(B(s, ")) Pno)|
<|IB(s,)lill¢ — Prnéllos
+ 1PN olloollB(s, ) = Pn(B(s, )],
where || f|l1 := fjo(f |f(t)] dt. Now

IB(s,)[lx < Cl|Bllpcrrz) < CB,
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and

™

6 - Prolle < 0 5

) 1PNdlloo < [|9]loo < M.

Also, for (7 — (1/2))h <t < (j+ (1/2))h, j € Z and some p; between
t and t; = jm/N,

|B(s,t) = Pn(B(s,1))| = [B(s,t) — B(s, ;)|

0B
< |t =t E(S,Pj)
™ —
< onIBlzormay (L + s = ps )77
Thus, for N € N,
(3+(1/2))h
B(s,-) = Pn(B(s,-))|l1 = Z/ |B(s,t) = Pn(B(s,t))| dt

jez/ (G—1/2)h

s e _
N > on 1Bllzormay (L + s — o )77
JEZ

C
< —0.
< Nﬁ
Thus we have

B B ™ M
520~ Kol < o055 ) + )

so that for all € > 0, there exists Ny € N such that ||[KP¢p—KE¢[lo < e
forall N> Ny, o€ S, keT.

b) Now consider | K4 6K ¢|lsc <sup,ep [[(Q-Qn) (Es(A(s, )9))l| -
We show first that E = {E;(A(s,")¢) : ¢ € S,s € R, A €
C&J(RQ), |Allpcr(r2y < B} is bounded and uniformly equicontinuous
on R. For ¢ € S,

[Es(A(s,)9) oo < MA(s,)lloc < M.

Thus E is bounded.
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Further, after some calculation, we see that for all s,t1,t2 € R,

|Es(A(s,)p)(t1) — Es(A(s,-)0)(t2)|
<28(M|t1 — to| + Q(|t1 — t2l)),

so that E is also uniformly equicontinuous. Thus {FEs(A(s,-)9)l[0,2x]
¢ € S,s € Rk € T} is a bounded and equicontinuous subset of
C0, 27], and thus a compact subset by the Arzéla-Ascoli theorem. It is
shown in [19, Theorem 12.13] that the set {Qn} is collectively compact
and pointwise convergent to Q. It follows that {Qn} is uniformly
convergent on the compact set E (see [19, Corollary 10.4]). Therefore,

<sup [[(Q = QnN)flleec — 0
fekE

as N — oo, so that for all & > 0, there exists Ny € N such that
KA — Kitd|low < e forall N > Ny, ¢S, keT. o

Theorem 3.4. Suppose that S C BC(R) is bounded and that 3 > 0,
and let T := {k : k satisfies C{ with [|A| pc1(r2) + HBHBC;(R?) < fB}.
Then {Kn¢ : N € N, ¢p € S,k € T} is bounded and uniformly

equicontinuous.

Proof. Let N € N. With Py defined as in the previous proof, we
have that

Kno(s) = Kyo(s) + KNo(s)
= QN(ES(A(S’ )¢)) + IPN(B(‘S; )¢)

Moreover, since {Qn} is collectively compact [19, Theorem 12.13], we
conclude by the Arzéla-Ascoli theorem that for any bounded set U C
BC(R) the set Uyen®@nU is bounded and uniformly equicontinuous
on [0, 27| and hence on R, as Qn¢ is 2m-periodic for all ¢ € BC(R),
N € N. By an argument similar to that employed in the proof of
Theorem 3.3, we see that {Es;(A(s,)¢) : ¢ € S,s € R,k € T} is
bounded. Thus we have that {QnEs(A(s,)¢):p € S, s € R, ke T}
is bounded and uniformly equicontinuous and, consequently, the same
statement applies to {Ka¢: N € N, ¢ € S, k € T}.
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Since S is bounded with M := sup;cg ||f|l and since k € T, we

have
[ 1PN (B(s,)¢)lloc = [[1(PN(B(s,))Pno)llc
< CMPp.

For 0 < 55 —s1 < 1 and some p; € [s1, 2], j € Z, we have

|K1€¢(51) - Kﬁ¢($2)| =

% > " B(s1.t))e(t;) — B(sa, t;)e(t))

JEZ

s
< ylélleo > IB(s1,t;) — B(sa, 1;))|
JEZ

T _

< ylelleo > st — sl B(L+ |pj — t5)) 77
JEZ

§0M5|81 —82‘.

Therefore also {KE¢ : N € N, ¢ € S, k € T} is bounded and uniformly
equicontinuous. a

Theorem 3.5. If k satisfies CY, then
[(K = KN)EnN|oc — 0
and
(K- KN)K|loo — 0 as N — oo.

Moreover, for every 8 > 0, this convergence is uniform in k for
k€T :={k:k satisfies C{ with ||Allpcr(r2) + || Bl pcr, 2y < B}

Proof. Define the set
S:={Kn¢p: NeN, ¢ € BC(R), ||¢)lec =1, k€ T}.
By Theorem 3.4, S is bounded and uniformly equicontinuous. Thus we
know from Theorem 3.3 that there exists Ny = Ny(g, 3) such that for
¢ € BC(R) with ||¢|lcc =1 and k € T,

(K — Kn)KEndllo <&, N = No.
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This proves the assertion for (K — Ky )Ky. Next consider S:={K¢:
¢ € BCR), |4l = 1,k € T}. By Corollary 2.8, S is a bounded
subset of C%%*(R) and hence is bounded and equicontinuous in BC(R).

The same argument above can be repeated to prove the assertion for
(K- Kn)K. o

To make use of the above results we state in the following theorem
and corollary two general results on operator approximation in Banach
spaces. These results, of some interest in their own right, are modifi-
cations of results usually seen as part of collectively compact operator
theory [3], [19]. In particular, Theorem 3.6 up to (3.11) is well known,
see [3, Theorem 1.10] or [19, Theorem 10.8]. If £ in Theorem 3.6 is
compact, in particular if £ is of finite rank, then the remaining part of
Theorem 3.6 is superfluous, for I — £ injective implies (I — £)(X) = X.
But our interest is in cases where the operators involved are bounded
but not compact. Theorem 3.6 and Corollary 3.7 are results which can
be applied in this case.

Theorem 3.6. Let X be a Banach space and B(X) the set of bounded
linear operators on X . Suppose that K, L, (I — K)~! € B(X) and that

(3.10) A= ||I-K)"HL-K)L| < 1.

Then I — L is injective so that there exists (I — L)™' as an operator on
(I -L)(X) and

(3.11) I =)~ < @+ I =)7L —a)~
Moreover, if also
(3.12) (L —-K)I-K)'L)<1

then (I — L)(X) = X so that (I — L)™' € B(X).

Proof. That I —L is injective and (3.11) holds follows exactly as in the
proof of [19, Theorem 10.8]. In the case where £ is compact, it follows
automatically that also (I — £)(X) = X. In the general case, if (3.12)
holds, we find that (I+ (I —K) L) (I—(L—-K)(I-K)"1L)~! is a right
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inverse for I — £ and hence (I — £)(X) = X and (I — £)~! € B(X).
]

We remark that (I — )™t =1+ K(I —K)™?, so that

(3.13) [I(£ = K)(I = K)T LI < (£~ K)L]|
+(L = K)KINT = L)L

Bearing in mind this observation, we obtain the following corollary of
Theorem 3.6.

Corollary 3.7. Let X be an arbitrary Banach space and suppose
that K, (I — K)~' € B(X), Ky € B(X), N =1,2,..., and that
Kl =0(1),
(3.14) I0Cn — K)ol — 0, ¢ as N — ox.
[(Kn = K)K|| — 0,

Then for all N sufficiently large such that

(1 = K)~H Ky = K)Kn| < 1
and

I(Ky = K)I = K)" 'Kl <1,

it holds that
(I -Ky)™' € B(X)

with )
L+ (I = K) KN

= I = K)~H Ky = KK

I~ Ka) <
To apply these results to our integral equation, we will need the
following assumption of well-posedness:

E. For every y € BC(R), the integral equation (1.1) has exactly one
solution € BC(R).
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Assumption C; (see Theorem 2.2) implies that I — K : BC(R) —
BC(R) and is bounded. If also assumption E is satisfied, then I — K :
BC(R) — BC(R) is also bijective and so (I — K)™! : BC(R) —
BC(R) exists and, by the Banach theorem, is bounded. Thus, by
Theorem 2.1, Theorem 3.5, and Corollary 3.7, and bearing in mind
(3.13), we have the following result.

Theorem 3.8. If assumptions C{ and E are satisfied, then there

erist N € N and C > 0 such that, for all N > N, there holds
(I - Kny)~!' € B(BC(R)) and

(3.15) I(1 = Kn) Yoo < C.
For all N > N equation (3.3) has a unique solution, xy, and

lzn oo < Cllylloo-

Further, given any B > 0, the constants N and C can be chosen inde-
pendently of k, fork € T:={k : k satisfies C{ and E with ||A| pc1(m2)+
IBllpeyme) < B, (I - K)~H| < B}

3.2. Convergence analysis. The first element in our convergence
analysis is the following error estimate for the trapezoidal rule.

Lemma 3.9. Let m, N € N, g € C™[a,b] with g9 (a) = g\ (b) =0,

j = 0,1,...,m — 1, and define h :== (b —a)/N, s; := a + jh,
7=0,1,... ,N. Then

N—1

en = ’/abg(S) ds—h >  g(s;)

J=1

< Cligllemianh™,

where the constant C' > 0 depends only on a, b and m.

Proof. For m = 1,2, this is a standard result. If m > 3 is an odd
integer, the result follows from the standard Euler-Maclaurin expansion
[13, p. 108] which gives, under the assumptions of the lemma, that

b —
(3.16) ey = ‘hm/ Pm(s ha)g(m)(s) ds
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with P, € C(R) given by

o0

(3.17) Pu(s) =Y %

n=1

Integrating (3.16) by parts we see that if ¢ € C™[a,b] and m is even,
then (3.16) holds with P, given by (3.17) but with the sin replaced by
COS. O

Lemma 3.10. If, for somep > 1 and m € N, f € BC]'(R), then
‘If - Ihf‘ < C”fHBC;"(R)hma h > Oa

where the constant C' > 0 depends only on m and p.

Proof. Let ¢ € C°°(R) be such that ¢(s) = —(1/2), s < —(1/2),
o(s) = (1/2), s > (1/2). Let 9g(s) := &(s) — ¢(s — 1) and let
Yi(s) == o(s — j), 7 € Z. Then ¢; € C{°(R), with suppy; =
(=(1/2) +,(3/2) + j] and

Zd)j(s) =1, seR,
JEZ
so that we have a partition of unity. Let, for h > 0, j € Z,
ej(h) = I(’l/J]f) — Ih('l/}]f) Then
If — Ihf = Zej(h)
JEZ
and, by Lemma 3.9,

i(h)] < Ch™ m a
lej(h)] < Cnh™| fllBem ) el (1A

T+ 1),

where C,, depends only on m and on |[¢;llcm—(1/2)4j,(3/2)45] =

[Yollcm—(1/2),(3/2))- Thus,
\Lf = Inf|
< e;(h) <C,, mmy" max 14+ [t))~P
jez; S| < Cullfllzep ) Z e (L)

< ClflBey@mh™,
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where C' > 0 depends only on m and p. a

Lemma 3.11. If k satisfies assumption Ci, for some m € N and
¢ € BC™(R), then

(3.18) 1£7¢ — K§oll < OBl peg ®a) 6l pommyN ™,
for some constant C > 0 dependent only on p and m.
Proof.
1KP¢ — Kioll = sup [(B(s,")¢) = Inr/n(B(s,-)¢|
< C<%>m|3(3a )0l e ®)
by Lemma 3.10. Thus the bound (3.18) holds. o

Lemma 3.12. If k satisfies assumption Cl. for some m € N and
¢ € BC™(R), then

IK2¢ — Kjoll < Cll Al sem@may ¢l sem@myN ™™,

for some constant C > 0 dependent only on m.
Proof. We have

(K29 — Kyo)(s) = (Q — Qn)((Es(A(s,)9))(s).

Let p be the trigonometric polynomial of order N which is the best
approximation to F(A(s, )¢) with respect to the norm || - ||s. Then,
see Remark 3.1, Qp = Qnp. Thus,

(K ¢(s) — Kno(s)| < (Q — Qn)(Bs(A(s,-)) = p)lo
QI+ RN IDIEs(A(s, )d) = Plloo

<
<
< CN’HES(A(Sa )(b) - pHoo’
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where C > 0 is a constant independent of N, since @ is bounded
and Qn is bounded uniformly in N [19, Theorem 12.13]. Now A €
Cg’fﬁ(RQ), ¢ € BC™(R), so that Fs(A(s,)¢) € BC™(R) with

[ Es(A(s, )0) | semr) < CllAlBem®a)lldll somr)-

It follows from Theorem 13.6 in [28] that

IK4¢ — K§ol < CllAllgem@ma) ¢l pem@N~™. o

Combining the numerical quadrature estimate in Lemmas 3.11 and
3.12 with the stability result of Theorem 3.8, we obtain the following
main convergence result.

Theorem 3.13. If assumptions Cy and E are satisfied, then there
erist N € N and C1,Cy > 0 such that, for N > N, a uniquely
determined numerical solution xy exists and satisfies

2 = 2N oo < CLl[(K = Kn)2|oo-

If also assumption C, is satisfied for some m € N and y € BC™(R),
then

|z — 2N |lo < CaN""|lyllBem®)
Gy
k
-

i

for N > N. Moreover, giwen any B > 0, the constants V,
and Cy can be chosen independently of k for k € T := {
k satisfies Clt, and E with ||A||ch(R2)—|—||BHBC;n(R2) <G, |I(I-K
<A}

Proof. That, for some N € N, (I — Ky)~! € BC(R) and is bounded
by (3.15), follows from Theorem 3.8. Further,

TN —KNZ'N =Yy <IN = (I—KN)_ly.
Thus z exists and is unique for N > N. Also for N > N,

r—an=(—-Ky) (K- Ky)z,
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so that, by (3.15),
[z —2nloc < C1l[(K — Kn)z|oo-

From Theorem 2.9 we have that x € BC™(R) since y € BC™(R).
Applying Lemmas 3.11 and 3.12,

1Kz — Knzlloo < [K%e — Kjalloo + [ K72 — Kjz|o
< C(Allsem®z) + 1Bl ser @)zl pom @) N ™.

Since [|z||pcm (r) can be bounded in terms of [|y|| pcmw) and ||z by
Theorem 2.9, and ||z < [|[(I — K)7!||ly]|oo, We obtain the required
result. mi

4. Application to scattering by rough surfaces. In this section
we will consider the application of the Nystrom method to a problem
of the scattering of time-harmonic waves by unbounded rough surfaces.
The propagation of time-harmonic acoustic waves with wave number s
in a domain Q is governed by the reduced wave equation or Helmholtz
equation,

Au+r*u=0 inQ.

We will consider here domains of the form Q := {x € R? : 25 > f(71)}
where we assume f € BC"2(R) for some n € Ny, and the existence
of constants c1,ce with 0 < ¢; < f(s) < ¢g for all s € R. Set I' := 9.

In the following, let ® denote the free field Green’s function for the
Helmholtz equation,

7

1
TH(slx—y)), xyeR% x#y,

O(x,y) =

where H(gl) denotes the Hankel function of the first kind of order zero.
Use shall also be made of the notations Uy, := {x € R? : 23 > h} and
I :={xeR?: 2y =h}.

We suppose that a field «’ is incident on the boundary I' and that
is a bounded solution to the Helmholtz equation in a neighborhood of
I" and seek to find the scattered field u® as the solution to the following
scattering problem. We consider the sound soft case where the total
field v = u® + u® vanishes on T'.
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Problem 4.1. Given the incident field u?, find the scattered field
u® € C%(Q)NC(Q) that satisfies

1. Au® + Kk2u® =0 in Q,
2. u® =—u’ onT,

3. the upwards propagating radiation condition [11] in Q that, for
some h > sup f and some ¢ € L>°(Ty,),

0P (x,
u®(x) = 2/ %qﬁ(y) ds(y), x € Up,
Ty Y2
holds,
4. for every a > 0, u® is bounded in the horizontal strip Q\ U,.

Remark 4.2. Uniqueness of solution for Problem 4.1 was shown in
[12] and existence of solution in [12], [9], [24].

In reformulating Problem 4.1 as a boundary integral equation, we will
make use of Green’s function for the Helmholtz equation in a half-plane
with Dirichlet boundary conditions. This function is given by

G(x,y) = 0(x,y) — ®(x,¥), x,ye€Uy x#y,

where y' := (y1, —y2) . We will make the following Brakhage-Werner
type ansatz for the scattered field:

f(x) = 9G(x,y) -4 x s x
u (X)_/r( an(y) nG( >Y)>¢(Y)d (y), xeq,

with some density ¢ € BC(T"), where n > 0 is a fixed constant and
n(y) denotes the unit normal to I' at y directed into .

A scattered field of this type is a solution to Problem 4.1 if and only
if the density 1 satisfies the boundary integral equation

(4.1) ¥+ D —inSp = —2u' onT,

where D,S : BC(I') — BC(T') are the boundary integral operators
given by

Dip(x) := 2 F%&y)w(y) ds(y), x €T,
Sth(x) = / G(x,y)b(y)ds(y), xeT.
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Using a parameterization of I' as {(s, f(s))" : s € R} and setting
#(s) := (s, f(s)) and g(s) :== —2u'(s, f(s)), s € R, we find (4.1) to be
equivalent to

(4.2) ¢-K¢=y,

where

and
, oG (x,y R ITv]
kﬁ(S,t) = 2(Z UG(XaY) - W))) x=(s,f(s)) 1+ f/(t)2>
y y=(t,f(t))
s, teR, s#t.

Now define, for ¢, M > 0,

Bey v o= {f € BC"P2(R) s ey < inf f, || fllpon+em) < M}

Theorem 4.3. For f € BC""(R), n € Ny, k satisfies condition
Cn. Moreover, given any c1, M > 0, condition C,, is satisfied with the
same constant C for all f € Be, .

Proof. Using the notation x := (s, f(s))" and y := (¢, f(t)) T, we set

o (5.1) = 1Qn%mm—yn

- k(e = y) 2O T
and

b*(s,t) := k(s,t) —a*(s,t) In(|s — t|)

for s,t € R, s # t, where J; denotes the Bessel function of the
first kind of order j, 5 = 0,1. As f € BC"*2(R), there holds
(n(y) - (x —y)/|x — y|*) € BC"(R?) [5, Section 7.1.3], and the norm
of this function is uniformly bounded for all f with || f||gcn+2@m) < M.
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Thus, from H,(ll) = J, + 1Y, and using ascending series expansions of
Bessel functions (see [1, Equations 9.1.10 and 9.1.11]) and the regularity
of f, we conclude that a*,b* € BC™(R?). Further, for some constant
C > 0 dependent on M and ¢y,

i+
(4.3) ‘ 0

for all j +1 < n and all s, € R, |s —t| < 7, and the same estimate
holds for a* (s, t).

The kernel function k can also be written as

k(s,t) :=2inG(x,y)v/1+ f'(t)? + 2grad, G(x,y) - n(y).
In [24] it is shown that for |[x —y| > ¢ > 0, there holds

(14 z2)(1 4+ yo)

|G(XaY)| SC |X_y|3/2

and from regularity estimates for solutions to elliptic partial differential
equations [14, Theorem 3.9], it can be seen that such estimates in
fact hold for partial derivatives of G(x,y) of any order. On the
other hand, as f € BC""2(R) with ||f|gcn+2@m) < M, we have
that /1 + f2,n((,, f(.))T) € BC*(R) and are bounded in norm by

a constant only dependent on M. Combining these bounds we thus
conclude that

’ oIt C

m’“sﬁ\ S JHIET

for s,t € R, |s — t| > &, where C' is a constant dependent on M. ]

Theorem 4.4. The kernel function k satisfies assumptions A, B
and E. Further, given any c¢1, M > 0, there exists B > 0 such that
(I —K)~ < B for all f € Beym-

Proof. That A and B are satisfied follows from Theorem 4.3 and
Remark 2.2. That assumption E is satisfied and the uniform bound on
(I — K)~!is the content of Theorem 3.2 in [27]. o
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By the two previous theorems, we can apply the theoretical Nystrom
method to the integral equation (4.2) and, by Theorems 2.1, 3.8 and
3.13, the following result is proved:

_Theorem 4.5. Suppose n € No and ¢1, M > 0. Then there exists
N € N such that, provided N > N and f € Bg, m, the equation

(4.4) (I-Kn)pn =g

has a unique solution ¢ . Further, there exists a constant C > 0 such
that, provided f € B, u, it holds that g € BC™(R) and

(4.5) 1 — énlloo < Cliglpen@N™", N >N.

Remark 4.6. In the next section we consider the case when the
incident wave is a plane wave. Then

(4.6) wi(x) = etxf,

where 6 := (cosf,—sinf)T is the direction of the plane wave and

0 € (0, m) specifies its angle of incidence. In this case there exists a
constant ¢ > 0, depending only on s and n, such that

l9llsenm®) < cllfllBon®)-
As a consequence, (4.5) simplifies to
I = ¢nlloc <CNT", N =N,

where the value of C' > 0 depends only on k, n, ¢; and M.

Remark 4.7. In the case when f € C*°(R), Theorem 4.5 predicts
that ¢y is superalgebraically convergent, i.e., that

¢ — dnlloo = 0(N™™) as N — o

for every n € N.
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5. Scattering by periodic surfaces. In general ¢ cannot be
computed exactly; to obtain an approximation to ¢y the infinite system
of equations (4.4) has to be truncated. As was pointed out in Section 3,
exact computation of ¢y is however possible if the kernel function and
the righthand side of equation (4.2) show some periodicity. For the
scattering problem 4.1 this is the case if we assume f to be L-periodic
and the incident wave to be a plane wave, so that u’ is given by (4.6).
By multiplying (4.2) by e~#*<s¢ and setting

Bs) 1= €m0 (s),

oo

Ris)i= [ e ti(s,03(e) dr,

—0o0

g(s) = e—imscosOQ(S) _ _2e—mscos0ui(8, f(S)),
the modified integral equation

(5.7) (I-K)d=3

is obtained, which satisfies the periodicity assumption D of Section 3.

The implementation of the numerical scheme also relies on a repre-
sentation of k as in assumption CJ.. Recalling the proof of Theorem 2.1,
we find that

t

k(s,t) = %A(s,t) In (4sin2 <%>) + B(s,1),

where A and B are given by (2.6) and (2.7), respectively. We choose
the cut-off function X in these equations to be

1 it <1,

(5.8)  X(t) = <1+exp<”‘1 1‘”))1 L< ] <

T
0 ™ < [t].

Now, setting

k(s,t):= (%A(s,t) In (4 sin? (ST_t>> + B(s,t))em(ts) cos

s
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so that K¢(s) = s k(s,t)é(t) dt, Theorems 4.3, 4.4 and 4.5 also hold

with k replaced by k and, by Remark 4.6, we deduce that the Nystrom
method approximation, ¢y, satisfies that

(5.9) |6 — dnlloe <CN™™, N >N,

where the constants C' > 0 and N € N depend on &, ¢1, M and n, but
not on ¢ or on the particular choice of f € B¢, », and hence not on
the period of the diffraction grating, L.

By choosing the unit of length measurement appropriately, we can
ensure that L is a multiple of 7/N. Then, recalling that t; := kr/N
and setting 2%, = én(tx), y* = g(tr), we have to solve the linear
system (3.8) with M = LN/w. The entries of the matrix are given by

(5.10) apj = Z Ak j+nM
nez

and7 Iecalling (32)7
a — li A Ik 1 —|—_B t t ik(t;—ty) cos @

Noting that ay; = wk(ty,t;)/N for [k —j| > N, to compute dy; we
have to evaluate sums of the form

K™ (s,t) = > k(s,t+dL) fort—s>m,
d=0
0 ~

k3™ (s,t) = Z k(s,t —dL) for s —t <.
d=0

Each of these was rewritten as a Laplace-type integral (cf. [20, Equation
2.36]), via integral representations of Hankel functions ([22, formulae
2.13.52 and 2.13.60]). Then each integrand was expressed as the sum
of a simple term containing the simple pole singularity nearest the
positive real axis, evaluated exactly in terms of the complementary
error function, and a complex but smooth remainder. The integral
corresponding to this latter part of the integrand was evaluated by a
40 point GauB-Laguerre rule.
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5.1. Results for a flat surface. In the case of a flat surface, the
integral equation (5.7) is a convolution equation on the real line, and
its solution can be computed exactly. Setting f(s) = h for some h > 0,
there follows

g(s) _ Qe—ins cos Oem(s cosf—hsin0) _ _Qe—mhsiHQ

)

and

ki(s, t) = R(S — t)e_m(s—t) cosa7
where

A(z) = 2 (HO (/22 + 402) = B (s]2)))

2

(k22 + (h+y2)?)

y2=h
It follows that ¢ is a constant, in fact

g
1— ffooo ,‘%(u)eimucose du

(5.11) b=¢=

and, computing the Fourier transform of %, we find that

[eS)
E(u)ezr{ucose du = — 77 (1 _ 621/{hsm0> _ eQu@hsmé’.
K sin 6

In Table 1 results are presented showing the differences between the
exact solution given by (5.11) and the approximations obtained by the
Nystrom method, solving (3.8) for various values of IV, with ay; given
by (5.10) and taking L = 27. The error tabulated is

eN 1= max 6(t;) — o (L)l

and the estimated order of convergence (EOC) is defined as

ln(eN/egN)

(5.12) EOC := ——7

The error, ey, satisfies the bound (5.9), and the superalgebraic con-
vergence rate predicted in Remark 4.7 can clearly be observed until
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TABLE 1. Error and estimated order of convergence
against N for (a) n=rk=+/2, h=1, 0=m/2
and (b) n=rk=22, h=5/2, 0=n/6.

N enN EOC N en EOC
2 1.329¢-2 2 3.510e-1

4.71 3.47
4 5.072e-4 4 3.177e-2

5.18 9.72
8 1.398e-5 8 3.779¢-5

6.72 6.00
16  1.326e-7 16  5.909e-7

6.58 9.34
32 1.385e-9 32 9.103e-10

9.61 9.08
64 1.769e-12 64 1.679e-12

4.73 2.72
128 6.664e-14 128  2.549e-13

(a) (b)

rounding errors and the errors inherent in the Gauf-Laguerre rule

become significant.

5.2. Results for a sinusoidal surface. We next consider a
configuration treated previously by other authors (see [6] and references
contained therein). We assume the surface to be sinusoidal, given by

f(s) = h + esin(s),
with h > e. For this application we will assume that x = 1.25/0.546 and
L = 27. These values correspond to the physical problem of scattering
of a plane wave of wavelength 0.546 pum by a sinusoidal diffraction
grating with period 1.25 pm and height (1.25¢/7)pm.

For x5 > max f, we can write the scattered field as a Rayleigh series,

US(X) — § unemnmﬂﬁnzz’
neZ

where «,, := n + kcosf and B, := /k? — a2 with Im3, > 0 and
u, € C, n € Z. Only a finite number of terms in this expansion
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TABLE 2. Comparison of results for n=+/2, h=3 and §=7/2.

€ Rayleigh our results v. d. Berg’s
coefficients N=8 N=16 results
|ug |? 0.42284 0.42285 0.42229

0375  lu_12=1|w|?> 001294 001294  0.01282
|u o2 =ugl? 056909 0.56907  0.56988
By S22, Balunl? 1.00000 1.00000  1.00002

|ug|? 0.33677 0.33678 0.3352

0.500 lu_1]? = |u1|? 0.18897 0.18896 0.1888
|u 2|? = |ugl? 0.33214 0.33213 0.3311

Byt 2, Balual? 1.00002 1.00000 0.9971

g |2 0.34570 0.34573  0.3443

0700 lu_1l*=1|w|*>  0.10551 0.10556  0.1049
|u o2 =|us? 047715 047709 04772

B 2, Bulunl? 099994 1.00000  0.9975

represent plane waves propagating away from the diffraction grating.
For these there holds (see [6])

Z 671‘”71‘2 = /60

2 2
a? <k

Using the Rayleigh series expansion [20] for the sums of Hankel func-
tions appearing in the kernel k,

Z eianQWHél)(ﬁlx —y - np| Z 3 eton(@1—y1)+ibn|v2— yzl
nez T orez Pn

where p = (27,0) ", we obtain the formula

2
un:/ (l—f’ —+— L+ f/(t )m”ﬁnﬂt)&(t)dt
0

+/02”(1+ff<%—5—n T e om0 0)
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TABLE 3. Estimated error and estimated order of convergence against
N for n=+/2, h=3,e=0.7 and (a) #=n/2 and (b) O=7/6.

N €én EOC N eN EOC
2 1.933e+0 2 8.038e-1

1.45 0.11
4 7.098e-1 4 7.429e-1

6.43 6.18
8  8.213e-3 8 1.028e-2

10.07 11.07
16 7.646e-6 16 4.773e-6

10.33 9.64
32 5.958e-9 32 5.974e-9

9.39 9.91
64 8.887e-12 64 6.191e-12

5.67 4.89
128  1.420e-13 128 2.095e-13

(a) (b)

for the Rayleigh coeflicients u,. Table 2 compares results obtained
with the Nystrom method to those obtained in [6] and shows that
good accuracy is reached for even modest values of N. Table 3 lists the

estimated error

eN = IJI_leaZX |Q~S512(tj) - JSN(tj)\,

and the estimated order of convergence given by (5.12). Again the
claimed superalgebraic convergence rate is clearly demonstrated.
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