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O . Introduction.

L e t  k  b e  a n  algebraically closed f ie ld  o f  a rb rtra ry  characteristic.
L e t G  b e  a  linear algebraic group a n d  le t  X  b e  a n  algebraic vairety
o n  w hich  the re  is  g iven  a  regular action, i. e. t h e r e  i s  a  morphism

: GxXD(g,x)—>o - (g ,x )=gx X  satisfying e x = x  (e  b e in g  th e  u n it
elem ent o f  G ) ,  (g 1g2 )x=g 1 (g 2 x )  f o r  every  p o in t  x  o f  X  a n d  any
elements g 1 , g 2 o f  G .  W e a re  assum ing that G, X  a n d  o-  a r e  defined
over k. I n  th is  paper, we shall show  t h e  following three results.

a) I f  G  is  a  connected linear algebraic group (resp . a  torus group)
a n d  if  X  i s  a  no rm al variety o n  w hich there is given a  regular action
o f  G , th en  X  h a s  a n  o p e n  covering which consists of G -stable quasi-
projective (resp. affine) open subsets o f X  (cf. Lemma 8  and  Corollary 2).
Furtherm ore, i f  X  i s  a norm al quasi-projective varie ty  o n  w hich  G
acts regularly, then w e m ay assume th a t the  ac tion  is linear, i.e. there
exist a projective embedding X—>P" a n d  a  p ro je c tiv e  representation
p: G—>PGL(n) su c h  th a t  yo(g x)= p(g)ço(x) fo r  every g  o f  G  a n d  every
x  o f  X  (cf. Theorem 1).

Therefore, combining these results, we see that every regular action
o f  connected linear algebraic group (resp . a  to rus group) on a norm al
variety is obtained by patching finitely m any linear actions on normal
quasi-projective (resp. affine) varieties.

b) L e t X  b e  a  variety o n  which connected linear algebraic group
G  ac ts  regu la rly . T hen  X  h a s  a n  equivarian t C how  cover, i.e. there
ex is t a quasi-projective varie ty  g  o n  w hich  G  ac ts  regu la rly , a  G-
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birational projective, surjective morphism X --* X  a n d  a  non-empty
G-stable open subse t U  o f  X  su c h  th a t ço so- '(U )=> U  i s  a n  isomor-
phism  (cf. Theorem 2).

c) M. Nagata proved in  [4 ]  that every algebraic variety X  is em-
bedded i n  a  com plete algebraic varitey X  a s  a n  o p e n  subset. W e
sha ll gene ra lize  th is  beau tifu l re su lt i n  t h e  follow ing w a y .  L e t  G
b e  a  linear algebraic group (not necessarily connected) a n d  le t X  b e  a
norm al variety o n  w h ich  the re  is  g iven  regu la r a c t io n  o f  G .  Then,
there exists a  complete variety X  o n  w hich a  regular a c tio n  o f  G  is
given such that X  is  embdded in  X  as an  open  subset and  the  regular
a c tio n  o f  G  o n  X  i s  an  ex tension  o f the  given regular a c tio n  o f  G
o n  X  (cf. Theorem 3). W e call such a  complete variety X  a  G-comple-
tion (o r  equivariant completion) o f  X.

Notations and conventions.
W e  sh a ll f ix  a  un iversa l dom ain  Q . F o r  every algebraic variety

X  a n d  every subfield K  o f  0 ,  th e  s e t  o f  a l l  K-rational p o in ts  o f  X
is denoted by X ( K ) . I f  X  is  a n  algebraic variety defined over k(c fl),
th e n  th e  f ie ld  o f  rational functions o f  X  defined over k  is denoted
b y  k (X ) . Furtherm ore, i f  X  i s  a f f in e , th e  r in g  o f  regular functions
o f  X  defined over k  is denoted  by  k [X ].

L et G be a  linear algebraic group and  le t X  be  a n  algebraic variety
o n  which there is given a  regular ac tion  o f G .  W e assume th a t G , X
and  the  ac tion  a re  defined over k. F o r  every f  o f  k (X ) a n d  every g
o f  G, w e shall define fg(x)---f(g - lx )  where x  i s  a  generic p o in t o f  X
over k (g ) . Then we have that 

P 1 g 2 = ( P 2 ) g 1
 fo r  every g ,  a n d  g ,  o f  G.

T h e  au tho r w ishes to  express h is sincere  thanks to  P rofessor M.
N agata, Professor T . O da, P rofessor M . M iyanishi a n d  Professor M.
Maruyama fo r  many valuable comments and discussions.

1. Invertible regular functions.

In  th is  section, we shall prepare some lemmas o n  invertible regular
functions.

Lemma 1. L e t  G  b e  a  connected linear algebraic group def ined
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ov er a n  algebraically  closed f ield k  an d  le t  K  b e  a n  extension f ield
o f  k. I f  f  i s  a n  inv ertible regular f unction def ined ov er K  on G ,
th e n  th e re  is  a n  elem ent c  o f  K  a n d  a  rational character A  def ined
ov er k  o f  G  such that f=cA.

P ro o f . See th e  proof o f  Theorem 3.4 o f  [7].

Lemma 2. L e t  X  b e  a  v ariety  def ined ov er k  o n  w hich G  acts
reg u larly  a n d  le t  f  b e  a n  inv ertible regular f unction def ined ov er
k  o f  X .  T h e n  th e re  i s  a  rational charac ter A  o f  G  su c h  th at fg
=A(g - ') f  f o r an y  e le m e n t g  o f  G.

P ro o f . L e t  x  b e  a  generic p o in t  o f  X  o v e r k  a n d  le t  c■- : GD g
-*g .x E X  b e  t h e  ope ra tion . P u t  f' = fo a- . T hen f '  i s  a n  invertible
regu la r func tion  de fined  over k (x )  o n  G .  B y  v ir tu e  o f  Lemma I,
w e have  an  element d  o f  k(x) a n d  a  rational character A  defined over
k  o n  G  s u c h  t h a t  f' = dA. H ence , (f )g(g') =f '(g -  d A ( g - ' g ' ) =
d2(g - 1 )A(g9= A(g -  1 )dA(g')= A(g -  ')f '(g ') f o r  a n y  e le m e n ts  g  and g ' .
I f  w e  p u t  g ' = e , th e n  w e  h av e  t h a t  (f')g(e)=A(g - ' ) f ' ( e )  a n d  that
f g(x) =f (g - 1  x)=f ' (g -  ')= (f  ') 9 (e) = 1(g -  1 )f ' (e) = A(g -  ' )f (x).

q.e.d.

Lemma 3 .  L e t  X  b e  a  v arie ty  de f ined  ov er k  a n d  l e t  K  be
an ex tension f ie ld  o f  k. I f  f  is  a n  invertible regular function def ined
ov er K  o n  X ,  th e n  th e re  is  a n  elem ent c  o f  K  a n d  a n  invertible
regular f unction f '  def ined ov er k  o n  X  such  that f =cf' .

P ro o f . W e m ay  assume th a t  X  i s  no rm al and  its com pletion X
i s  n o r m a l.  I f  w e  regard f  a s  a  ra tional function  o n  X ,  t h e n  the
components o f  ( f )  ( th e  d iv iso r  o f  f  o n  X )  is  con ta ined  i n  X - X .
Since X  -  X  is  k-closed, ( f ) = E  f o r  some k-rational divisor E .  Thus,
b y  v ir tu e  o f  Cor. 2 ([8] p. 265), th e re  is  a n  elem ent c  o f  K  a n d  a
rational function f '  defined over k  su ch  th a t f = c . f ' .  It is obvious
that f '  is  a n  invertible regular function. q. e. d.

The next lemma 4 is interesting, however we shall not use it below.
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Lemma 4. L e t  X  b e  a  v ariety  def ined ov er k . T here are  f initely
m any  inv ertible regular functions  f i '  , f r d e f in e d  o v e r k  o n  X  such
that ev ery  inv ertib le  regu lar f unc tion  f  o n  X  is  w ritten  un iquely  in

th e  f ollow ing form ; f = c f I f 7 i  w h e re  c  is a  n o n -z e ro  element of
i=1

k  a n d  ni (i=1, r )  a re  integers.

P ro o f . W e m ay assume that X  is  norm al and that its completion
X  i s  n o r m a l .  L e t  E i (i =I , s )  b e th e  irreducible components of
codim ension 1 of X  —  X . F o r  every invertible regular function f  on

X ,  ( f ) =  l i El . Put H = { 1 =(1,,..., l s) I (f )= E liE i ,  f  F(X ,
i= i =

(c ZEBs). H  i s  a  to r s io n  f r e e  Z -subm odule o f  ZE9 s. Therefore, there
a re  finitely many invertible regular functions {f i } o n  X  such that

( f ) =  E ni( f i)({n i}, K r  a r e  uniquely determined) f o r  every invertible
i=

regular function f  on X .  q .  e .  d .

2. Quasi-projective case.

L e t  G  b e a  connected linear algebraic group defined over k  and
le t  X  b e  a norm al quasi-projective algebraic variety defined over k
o n  which G  acts regularly. Under this circumstance, we shall prove
in  th is section that there is a  G-linearlizable ample line bundle o n  X
(cf. [ 3 ] )  i.e ., th ere  is  a projective embedding tP: X -41 '  a n d  a  group
representation p: G—> PGL(n) such that p(g).0(x)=11i(g•x) for every g  G
and x  X .

A t first, we shall prepare a  lemma which is a  key in  our proof.

Lemma 5. L e t  G  be a  connected linear algebraic group def ined
ov er k  an d  le t  X  be  a  variety  def ined over k  on  w hich G  acts regular-
l y  a n d  le t  Z  b e  a k -ratio n al c y c le  o n  X .  T h e n , f o r every element
g  o f  G , g  • Z  is rationally  equiv alent to Z .

P ro o f . W e m ay  assum e th a t Z  i s  a  p r im e  c y c le . L e t  g  b e  a
generic p o in t  o f  G  over k  a n d  le t  z  b e  a  generic p o in t  o f  Z  over
k ( g ) .  L et W be the  closure of (g, g • z) in  G x X .  I t  is enough to prove
th a t g0 .Z  is rationally equivalent to  Z  f o r  a n y  k-ra tional p o in t  g ,
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o f  G .  Since k (g )  and  k (z )  is linearly disjoint over k ,  if  z o  i s  a  speciali-
zation o f  z  over k ,  th e n  (go , z o )  i s  a  specialization o f  ( g ,  z )  over k.
Furthermore, (go , g o •z o )  i s  a  specialization o f  (g , g •z )  o v e r  k. Hence,
go x g o Z  is contained i n  (g 0 x X) n W . O n  th e  o th e r  h a n d ,  i f  (go , z ')
i s  a  specialization of ( g ,  g z )  over k ,  th e n  z ' =g o • z "  f o r  some element
z "  o f  Z , because z =g - 1 ( g z ) .  Thus, go x go Z  i s  th e  on ly  o n e  compo-
n e n t  o f  (g o x X) n W . N e x t  w e  s h a ll  p ro v e  th a t  t h e  multiplicity is
e q u a l  to  o n e , i.e. (go x X ). W=g 0 x g o Z .  I n  o rd e r  to  p ro v e  th is , w e
m a y  a ssu m e  th a t  g o = u n it  e le m e n t  o f  G .  L e t  ço : G x X  3 (g ,  x)—>

g - 1  ..x E X  b e  th e  operation m ap a n d  le t  p , : G x X — >G , p 2 : GxX — >X
b e  th e  p ro je c tio n s . P u t  ç a * : k (X ) -+ k (G x X )  (respectively pT : k(G)—>
k(G x X ), pl : k(X )— > k(G x X ))  be  th e  map induced from  ço (respectively
p i a n d  p 2 ). Furthermore, l e t  n  b e  the  m axim al idea l o f  0 , , ,  and
le t  n i  b e  the  m axim al idea l o f  0 , G .  T hen, (e x X) n Spec (0 ,  z,G xx)
is  d e f in e d  b y  par(m)0e . z, G x x  a n d  (e x n  S p ec (0 , z ,G x x ) is defined
by ( P i( m ) 0 e x z ,G .x )+ (PI(n )O e x z ,G x x ) . L et I ( W )  b e  t h e  defining ideal
o f  W n Spec (0  e x  Z,GxX)• T h e n  1 ( W )+(PT (m ) 0 ex z ,G x x )=() * (n) 0 exz ,axx)
+(Pi(n 2 )0 e x z ,G x x )•  I n  f a c t ,  i f  f  E n ,  th e n  ço*(f )(g , g •z )=f (z )= 0  for
a n y  zE Z .  Let f  b e  a n  element o f  I ( W ) . f ( g ,  x ) =f ( e ,  g - 1 .x )+( f (g , x )
— f(e, g - 1  • x)) a n d  f (e , g - 1  x )E W *(n)O e x  z,G x f  (g, x) —  f (e , g - 1  • x )E

P t ( M ) ° e x Z , G x X ,  t h u s  /( W )+(Pi"(m )Oexz ,Gxx )= (40 * (n) 0 ex z ,ax x )+( W m )
Oexz,G.x)• L e t  f  b e  a n  e lem ent o f  n. T hen , (w *(f )—  pI(f ))(g, x )
=f (g - 1 ,  x )— f (x )  a n d  therefore so*(f)— p s

2 ( f ) E p t ( m ) 0 e x z ,G xx . Hence
(sD* (n) 0 exz ,Gxx) - E (Pi(m )O ex z ,G x x )=(PT (m )O ex z ,G x x )+(Pi(n )0 e x z ,G .x ).
Therefore, (ex  X ).W =e x  Z .  Since G  i s  a  rational variety, g Z  is  ratio
nally equivalent to Z. q. e. d.

N ow  w e shall prove the  m ain  theorem o f  th is  section.

Theorem 1. L e t  G  b e  a  connected  linear algebraic  group and
le t X  be  a norm al quasi-projectiv e v ariety  o n  w hich G  acts regularly .
T hen there is a projectiv e em bedding tfr: X — >Pn an d  a group represen-
tatio n  p: G— >PGL (n) s u c h  th at  p(g)111(x)=ili(gx) f o r  ev ery  g  E G  and
X e X.

P ro o f . L e t  D  b e  a  very  ample effective divisor o n  X  such that
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X — D i s  an affine open subset o f X  and let g  b e  a  generic point of

G  o v e r  k. B y  v ir tu e  o f  Lemma 5 ,  g D  is  linea rly  equ iva len t to  D,

h e n c e  f o r  a  ra tional function  çøg  d e f in e c  o v e r  k (G ), w e  have that
gD=D+(q) g ). S ince  so, is r e g u la r  o n  X — D , w e  m a y  assume that
W g h a s  the fo llow ing form : W g =  2  ai(g )x ,, w h ere  ai (g ) (1=1, n )

i=
are elements o f k [G ],  and x i ( i  =1, n ) are elements o f  k[X— D]

and are linearly in d e p e n d e n t  o v e r  k. L e t  U — {geGla i ( g ) # 0  for

som e i} . T h e n  U  i s  a  non-empty k -o p en  subset o f  G  a n d  fo r any
element g  o f  U ,  w e  have t h a t  gD=D+(sp g ). I n  particular, for any
independent generic points g, g ' o f G  over k,

gg'D—g(D+(sog,))=gD+(sogg,)=D+(yog•so:,).

Therefore, there is an invertible regular function 6(g, g ' )  on X  defined
o v e r  k (G x G ) s u c h  th a t  Wgg. —6(g, g')s000ge . B y v irtue  o f  Lemma 3,

the re  ex ist an elem ent c (g , g ') o f  k (G x G ) a n d  an invertible regular
function  (5 o n  X  defined  over k  s u c h  th a t  6 (g , g9 =c(g , g9 6 . By
taking 4 g  in s tead  o f  çog  and b y  v ir tu e  o f  Lemma 2 ,  w e m ay assume

th a t  b (g , g ') i s  an elem ent o f  k (G xG ) ( (5(g ,  g ')  is d e f in e d  a t  g , g '

whenever g, g ' and g g '  are contained in  U). Let {D =D o , D 1 ,..., Du i }
be very ample divisors which are linearly equivalent to D  and such that

embedding so : X —43 "'. Then, there exist rational
k  s u c h  th a t  Di = D +(ço i ) and so : X 3  x--+

an embedding o f  X. P u t V =  E  gWI

eG
Q  ( I f  g i$U , th e n  çog  = 0 ) .  W e sh a ll p ro v e  th a t V  i s  a  finite dimen-
siona l vec to r space  ove r Q . In fact, let g  b e  a  generic point of G

o v e r  k. T h e n  w e  have th a t  gD i = g D + (4 )= D + (s o g say). Since sog sol

i s  r e g u la r  o n  X —D, spool. = E oci j ov u  f o r  so m e  oci i ( g ) (  k (G ) )  and

y i i ( k [X — D ]) .  Therefore, V  is a  vector subspace of the vectorspace

generated by y i l s  over Q , hence V is  a finite dimensional vector space
o v e r  Q . I t  is  e a sy  to  se e  th a t w e  c a n  ta k e  0 0  =v ,

g o yolg, •••>
(g ,e  U (k )) as a  basis o f  V. L e t g  b e  a  generic p o in t o f G  over
k. T h e n  w e  have that 1= çog - i(so g k sofi9 g  1 =  g- 14 : 4  g k  =
6(g - 1 , g k ) - 1 S0g -I g k O k

- i gk. Since sa g - i g k çalk
- i gk is contained in V, sog -

ocik (g)çGi for some ocu ,(g)( E k (G )).  Furthermore, for any independent
,=0

they give a projective
functions çoi defined
(s00 (x );...;  ço„,(X)) E Pm

over
gives
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generic points g ,  g '  o f  G  over k,

(eg') - 1 0 1 "' )  = 1g- IOC =

g -  1) wg ' , - 1  g-1)çog,_ 09_,0z -l)g— 1

=-6(g' -  ,  g - 1 )ç -  I( ik(g)ilf =6 (g '-1 , g -  1 )  É7 ot ik (g)ç 9g — LOY'
t=o

(5(gf - 15 g -  1) O t ik (g ) E  j i (O t i i
i = 0

= 6 ( g t- 1 g - 1) E  0  i k (g )o f  i i (g
, ))0 j .

i=o 1=0

B y th e  above fa c t, if  we shall define p(g) = the  c lass o f  th e  transposed
matrix o f  (a ik (g)) in  PG L (n), then  p(gg ')=p(g )p (g ')  fo r any independent
generic points g ,  g '  o f  G  over k. Hence p (g )  i s  a n  everywhere defined
rational representation o f  G. M oreover, 0 : X 3 X —> (0 0 (X) ; ;  1„(x))

E P n g iv e s  a n  em bedding o f  X , because V  contains çogg l

(g U ( k ) ) .  These p  and l i  a r e  desired  ones. In  fact, le t g  be  a generic
p o in t  o f  G  o v e r  k  a n d  le t  x  b e  a  generic p o in t  o f  X  over k(G).

(g x) = ag x );... ; „(g  x ))  = (ço  9 -  O t -  (x) ; ;  -  1 1 1 4 -  1 (x)) = p(g)(tli o (x);
...; tf r„(x ))= p(g)0(x ). Therefore, f o r  every element g  o f  G  a n d  x  of
X , w e have th a t  k gx )= p(g)tli(x ), because p  a n d  f i  a r e  both regular.

q. e. d.

Remark 1.* )  I f  X  is  no t normal, Theorem 1 is not necessarily true.

3. Equivariant Chow lemma.

L et G  be  a  connected linear algebraic group and  le t X  be  a  variety
o n  which G  ac ts regu larly . I n  th is  section, w e shall prove that there
are  a  quasi-pro jective  varie ty  g  o n  w hich  G  ac ts  regu la rly  a n d  a
G-birational projective surjective morphism f: a n d  a  non-empty
G-stable open subset U  o f X  such that f U  is  an isomorphism.
This is  a  generalization o f  Chow's lemma.

T he following Lemma 7  is well-known.

* ) This Remark I was pointed out to the author by Professor T. Oda,
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L em m a 7. L e t X  b e  a  norm al v ariety  an d  le t  D  b e  an effective
div isor o f  X  such that,

1) T here  a r e  a  f in ite  n u m b e r o f  e f f ec tiv e  d iv isors D =D o , D„
D ,  w hich a re  linearly  equiv alent to  D.

2) X — Di (i =0, n) i s  affine and (X — Di)=  X  Then, X  is
t= o

quasi-projective.

L em m a 8. L e t  G  b e  a  connected linear algebraic group and let
X  b e  a  norm al v arie ty  o n  w hich G  ac ts  re g u larly . T hen , f o r any
point x  o f  X , th e re  is  a G -stable  quasi-projective open neighbourhood
o f  x.

P ro o f . L e t  D  b e  an effective d ivisor o f  X  s u c h  th a t  X — D is
an  a ffine  open  neighbourhood o f  x .  P u t  Y =  n  g D  a n d  U =X —  Y.

gEG(k)
T h e n  U  i s  a  G -stab le  open  neighbourhood o f  x .  I f  Y = D , i.e . D  is
G-stable, th e n  U  i s  a  G -stab le  a ffine  open  neighbourhood o f  x .  I f
Y * D , th e n  w e  p u t  D' =D— Y. D ' i s  an effective divisor o f  U  and
U = ( U  —  g  D ' ) .  Furtherm ore, f o r  every elem ent g  o f  G(k), gD'

g e G (k )

is linearly  equivalen t to  D ' ,  b y  v ir tu e  o f  Lem m a 5 a n d  U — gD' is
affine. B y  v ir tu e  o f  Lemma 7, U  is quasi-projective. q.e.d.

Corollary 1. L e t  G  b e  a  connected linear algebraic  group and
le t  X  b e  a  G-hom ogeneous v ariety . T hen X  is quasi-projective.

Corollary 2.* )  L e t  T  b e  a  to rus g roup  an d  le t  X  b e  a norm al
v arie ty  o n  w h ich  T  ac t s  regu lary . T h e n , f o r an y  p o in t  x  o f  X ,
th e re  is  a G -stable  affine open neighbourhood o f  x.

P ro o f . W e m ay assume th a t  x  is  a  k -ra tiona l po in t. Furthermore,
by  v irtue  o f  Theorem 1 and  Lem m a 8, w e m ay assume th a t  X  i s  T-
stable locally closed subvariety P "  o n  w hich T  acts linearly. L et X
be the closure o f  X  in  P "  and let x 0 . . . . .  x }  b e  a T-semi invariant,

* )  T h is  Corollary 2  was pointed ou t t o  th e  author by Professor T . O da and the
author heard from Professor M . Maruyama that Professor D. Mumford conjectured
this Corollary 2,
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homogeneous coordinate of P .  I f  X  =X , then Corollary 2  is obvious.
L e t  Y=X— X  a n d  le t  I  b e  th e  hom ogeneous ideal defined by Yr e ,
a n d  le t  m  b e  th e  hom ogeneous ideal defined by th e  p o in t  x .  Then
I  i s  T(k)-stable a n d  m V .  T ake  a  homogeneous polynomial f  which
is contained in  I  a n d  is  no t con ta ined  i n  in. P u t  V =  E  P k ,  J =

te T (k )
m t a n d  W= v n J .  T h e n  V  a n d  W  a r e  T(k)-stable a n d  finite

te T (k )
dimensional vector spaces. Since every representation o f  T  is completely
reduc ib le , the re  is  a  T(k)-stable vector subspace Z  o f  V  such that
V= W C)Z. T herefo re , the re  is  a  T-semi invariant homogeneous poly-
nomial F(=0) which is contained in  Z .  Let S  be th e  T-stable hypersur-
face  o f  P "  defined by F  a n d  le t  U =X  — S. T h e n  U  i s  th e  derired
T-stable affine o p e n  neighbourhood o f  x .  I n  f a c t ,  w e  h a v e  only to
p rove  tha t x çt S. I f  x  is contained in  S ,  th en  F  is conta ined  in W.
This i s  a contradiction. q. e. d.

Corollary 3. L e t  T  b e  a  to ru s  g ro u p  a n d  l e t  X  b e  a norm al
v ariety  o n  w h ich  T  ac ts  reg u larly . I f  th e  action is closed, i.e. ev ery
orb it is  c lo sed  in  X ,  then  there  ex ists a  univ ersal geom etric quotient
Y  o f  X  an d  Y  i s  a  n o rm al pre-v ariety . Furtherm ore, if  the action
is separated (cf . [3 ]) , th e n  Y  is  a n o rm al variety.

P ro o f .  U s e  Corollary 2  a n d  s e e  Amplication 1.3 a n d  Lemma 0.6
in [3]. q .  e .  d .

R em ark 2. L e t  G  b e  a  connected linear algebraic group (resp.
a  to ru s  g ro u p ) . T h e n , Theorem 1 a n d  Lemma 8  (re sp . Corollary 2)
show that every regular action on a norm al algebraic variety is obtained
by patching linear actions of G  on normal quasi-projective (resp. affine)
varieties.

Theorem 2. (Equivariant Chow lemma) L e t  X  b e  a n  algebraic
v ariety  o n  w hich a  connected linear algebraic group G  acts regularly .
Then, there ex ist a  quasi-projective variety  .g on  w hich G  acts regular-
ly  such that.

1) T here is a G-birational projective surjective m orphism  f: g— OC,
2) T here  is  a  non-em pty  G-stable open subse t U  o f  X  such that
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f l f - 1 (U )L ;U  i s  an isom orphism .

P r o o f .  W e m ay assume th a t X  is  no rm al. T he  alm ost part of the
p ro o f o f  Theorem  2  is  n o th in g  b u t  th e  o n e  o f  Theorem 5.6.1. [1].
However, f o r  th e  completeness o f  th e  proof, w e shall p rove it here .
By virtue o f  Lemma 8 , there is a G-stable quasi-projective open covering
11 = (Uk)1SkSn o f  X .  B y  v ir tu e  o f  Theorem 1 , f o r  e a c h  k(1 . 1< n),
th e re  a re  a  p ro jec tive  variety P k  o n  w hich G  acts regularly and  an
open immersion SDI,: Uk - *P k  such  tha t spk (gx)= gy,

k (x )  fo r  every element

x  o f  U k  a n d  g  o f  G. P u t  U =  Uk. T h e n  U  is  a G-stable open
k=1

subset o f  X. L et ço: X -> (y9 ço„(x))e P, x • • • x Pn =P (sD being
a  G -o p e n  im m e rs io n )  a n d  le t  1// = 0 , 0 :  U - > X x P  where j  is the
inclusion m a p  o f  U .  0  i s  a  G -im m ersion . P u t X' = 0 ( U ) .  Then X '
i s  a  G -stab le  closed subset a n d  tif is fac tored  through X ',

0:U  g" >.X' -*X x P

where : X ' is a G-open immersion and h: x P is  a  G-closed
im m ersion . L e t ch: X x P-4 X b e  th e  first p ro jec tion  and  le t q2: X  X

P - * P  b e  th e  se c o n d  p ro je c tio n  a n d  le t f=q ,oh ;
Then X ', f  a n d  U  a re  th e  desired  ones. F irst o f  a ll ,  we shall prove
th a t  f  i s  a G -projective surjective morphism a n d  th a t  f  f -  U
i s  an  isom orph ism . S ince  q 1 i s  a  projecitve morphism, f  i s  a  G-
projective m orphism . Furthermore, f ( X ' )  contains U ,  because f .0' =
g t o h o0 ' = j. Hence f  i s  surjective. W e  sh a ll p u t  U' =f - 1 (U). Then
U' =(g i o h)-  '(U )= X' n gT 1 ( U )  a n d  U '  is a  c losure  o f  r,p ( F ,  being
a  g ra p h  o f  0  i n  g V (U ) .  H ow ever, since ço i s  a  morphism from
U  t o  U xP =gT 1 (U ), F ,p i s  a  closed subset o f  U x P .  H ence, U '=
r n,= 0 '(U ) a n d  f l U '  U  is  an  isom orphism . Next we shall prove that
X ' i s  quasi-projective. For the  p u rp o se  it  is  e n o u g h  to  p ro v e  th a t
g: X ' -Li X x P  i s  an  im m ersion . For each  k(1 < k < n), we shall
p u t  Vk  =çok (U k ) (G -open  subse t o f  P k), V Vk - r n  'W O  (G -open subsetk

o f  P  w here pk : P -*P k  i s  th e  k-th projection), U;, = f -  i(U k )  (G-stable
open subset o f  X ')  a n d  UZ =g - '(W k ) (G-stable open subset o f  X').

T h en , 11' is a  G -open  covering o f  X ' .  F o r  e a c h  k(1
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k < n ),  w e sha ll p rove  tha t U/,', contains U .  T h e r e f o r e ,  /V —(UZ),iSk5n
is  a G -open covering o f  X , t o o .  F o r  th e  purpose, we shall prove that
th e  following diagram is commutative.

11;,

S ince  a ll m aps a r e  m orphism s, i t  is  e n o u g h  to  p ro v e  th a t  pk .g IU '=
spk o f l I P .  H ow ever, th is equality  is true  by  th e  defin ition . T hus, W=

( Wk)1Sk5n i s  a  G -stab le  o p en  covering o f  g ( X ' ) .  I n  o rder to  p rove
th e  Theorem 2 ,  we have on ly  to  p rove  tha t g :  LIZ—>Wk ( 1 < k n )  i s  an
im m ersion . F or a n y  k (1 < k < n ) w e shall put

(PL. '
:  Wk Vk

uk  i s  a  G -m orphism . T he restric tion  of q 2  o n  T '  is  a  graph
o f  uk  i s  a  G -isom orphism . L et vk : UZC—OC X Wk b e  a  canonical injec-
t io n  a n d  le t  wk q 2 .vk . W e  have o n ly  to  p ro v e  th a t  vk = F u k  w,(1
k < n ) .  Since all m aps a re  m orphism s, it  is  e n o u g h  to  p ro v e  th a t the
e q u a lity  is  t ru e  o n  U ' .  W e  sh a ll c o n s id e r  a ll th in g s  th ro u g h  the
isomorphism u  L P . W e sha ll p rove  tha t g i ock =u k og2 ouk ,  because
the  second  components o f  vk  a n d  T u k  w k a r e  equal. However, since
vk . U =  U ,  i t  is  e n o u g h  to  p ro v e  th a t  g 1 00=u k og 2 . 0 .  Moreover,
since j= g 1 .0, y9=g 2 0 0 ,  it  is  e n o u g h  to  p ro v e  th a t j =u k oço, . T his  is
obvious.

q. e.d.

4. G-twisted valuation rings.

L e t G  b e  a  connected algebraic group (not necessarly linear) and
le t X  b e  a  variety o n  which G  acts regulary a n d  le t  v  be  a  valuation
rin g  o f  k (X ) .  W e shall define th e  G-twisted valuation ring  1.3 o f  v  and
study properties o f  F). T h e  n o t io n  o f  G-twisted valuation r in g  plays
an  im portan t ro ll in  a  proof of the existence theorem o f  G-completion.
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L em m a 9. L e t  K ,  a n d  K 2  b e  ex tension f ie ld s  o f  k  such that
1) K ,  a n d  K 2  a re  lin early  d isjo in t ov er k .
2) K ,  is a  re g u lar ex tension of  k .

L e t  v  b e  a  v aluation rin g  o f  K 2  an d  le t  m y  b e  i t s  m ax im al ideal.
Then (K,C)v) K i o k . , ,  i s  a  valuation ring of  the quotient f ield Q ( K 1 0 K 2 )

of  K ,C)K 2 .

P ro o f . It is ovbious.
q.e.d.

Rem ark 3. (K I C)v)K i o ,„  is  an  ex tension  o f u  i n  Q(K 1 C)K 2 ).

D efinition 1. L e t  X  b e  a  v ariety  o n  w hich a  connected algebraic
group  G  ac ts  regu larly  and let a: G x  X  D(g, x )—> g x E X  be its opera-
tion. T h e n  a  induces the injective hom om orphism  a*: k(X )-4k(Gx X ).
Fo r any  v aluation ring  v  o f  k (X ), w e  shall call the  induced valuation
rin g  o - * - 1 ( ( k ( G ) C ) v ) k ( G ) O k i n , )  in  k ( X )  th e  G -tw isted v aluation ring  o f
  an d  sim p ly  deno te  it by  e.

Lem m a 10. L e t  X  b e  a  v ariety  on  w hich a  connected algebraic
g ro u p  G  ac ts  re g u larly . L e t  v  b e  a  v aluation rin g  o f  k (X )  domi-
n atin g  a  p o in t  x  o f  X ,  i.e . y  dom inating O x ,,, T h e n  th e  G-twisted
v aluation  ring 1 5  s at is f ie s  th e  follow ing properties.

1) 15 is G(k)-stable.
2) f ) dom inates )7 w here i s  a  generic p o in t o f  th e  orbit G(x )

o f  x  over k .
3) F o r ev ery  e lem en t f  o f  T  (resp . m -6) ,  th e re  is  a  non-empty

open  s u b s e t  U  o f  G (k )  su c h  th at fg be longs to  v  (resp . m e)  for
ev ery  elem ent g  o f  U . C onv ersely , i f  f  i s  a n  elem ent o f  k (X ) and
i f  th e re  is  a  non-em pty  open su b se t U  o f  G (k ) such  that f g - 1  i s  an
elem ent of y  ( re s p .  m )  f o r  ev ery  elem ent g  o f  U ,  th e n  f  i s  an  ele-
m ent of  f ) (resp.

4) n  vagDg J  v g ,  n  mg„cmv c
geG(k) geG(k) geG(k) 9 G(k)



Equivariant completion 13

P ro o f .  1 ) an d  3). Let f  be a n  element of D  and  let g  and  x
be independent generic po in ts o f G  and  X  over k. Then we have

E a a (g )b a ( x )  th at cr*(f)(g, x)= fg - '(x)— where {aŒ , c fi } a re  elementsE cfi (g)d p (x )
o f k(G ) and { b Œ , d fl } a r e  elements o f y  an d  Ec f l Od f l k ( G ) ® m . Fur-
thermore if f  is  a n  element o f nh, then E ac,C)b„ E k(G)C)m v . At any
case, there is a  non-empty open subset U  o f  G(k) such that fg - 1  i s
an  element o f y  o r  mv . If f  is  an  element o f k (X ) and if f  satisfies
the last condition of 3), then it is easily seen that f  is contained in  D
o r mr,  by the same method. Let g ' be an  element o f  G(k). o -*(fg . )
( g ,  x ) =  f g ,( g ,  x ) = ( f " ) 9 _i ( x ) = ( f ,--1,. ) ( x ) _Eag • (g)b OE(x ) O n the otherE  (g)d fi (x)•
hand, k (G )® m 0 i s  stab le  under th e  r in g  isomorphism induced by
the morphism Lg . ;  Gx X B(g, x ) E G  x X .  Therefore, D is
G(k)-stable.
4 ) follows immediately from 3). L et f  b e  a n  element of 0 . X
Ï  i s  a  generic point of the orbit G (x ) o f x  over k  an d  le t g  be a
generic p o in t o f  G  over k(x). Since 

f 1
 is  d e f in e d  a t  x, f g - ' =

Ecza (g)b OE where {bŒ, d fi l  a re  elements o f  Ox ,, a n d  Ec(g)® dEcpg)
k (g )® m . Since y  dominates x , i .e . y O x ,x  a n d  mv n 0„,x  = mx , o- * (f )
_ a Œ (I) b„

E(k(G)C)v)k(G)®.•
E Hence f  is a n  element of D  andE cp Od p

c o n ta in s  O . L e t f  b e  a n  elements o f  my , x . T hen o- * ( f ) =
EaOE® b " ,  where la g ,  cfi l  are elements o f  k(G ) an d  {boo d fi } are  ele-

ments o f  Ox ,x  a n d  w here E ao,ob c, k(G)®m x , E cf l Od f l k (G )® m .
Since rn, n Ox ,x  m x , c r * (f )  is contained in  (k(G) m v) k(o)om,• Hence

n = q. e. d.

The G-twisted valuation ring D of y is characterized by the proper-
ty  3) of Lemma 10.

L em m a 11. U n d e r th e  s i tu a t io n  o f  D ef in ition  1, let y' b e  a
v aluation rin g  o f  k (X ) satisf y ing th e  property  3 ) o f  L em m a 10, i.e.
f o r every element f  of  y' (resp. m y .) , th e re  is  a  non-em pty  open  subset
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U  o f  G (k ) s u c h  th a t  f g ' i s  a n  e le m e n t  o f  v  ( re s p .  m )  f o r  every
elem ent g  o f  U .  T hen , D=v'.

P ro o f . L et f  b e  a n  elem ent o f  5. T h e n  th e re  is  a  non-empty
open  subset U  o f  G(k ), such  that fg - I i s  a n  element o f  y  f o r  every
elem ent g  o f  U .  I f  f  y ',  then m e .  T h e r e f o r e ,  t h e r e  i s  a
non-empty open subset V  o f  G (k ) su c h  th a t  ( f - l)g - ' is a n  element
o f  mv f o r  every elem ent g  o f  V. Since G  is connected, U n V* 4).
T his  i s  a  con trad ic tion . Hence, 5 c y ' .  The inverse inclusion relation
is proved similarly. q.e. d.

Corollary 4. L e t  G  b e  a  connected algebraic  group a n d  le t  X
b e  a  G-hom ogeneous v ariety . I f  v  i s  a  v aluation rin g  o f  k (X ) which
dom inates a  p o in t  o f  X .  T h e n  w e  h av e  that t j  v g = k ( X )  and

g€G(k) 
m=(0). 

g e G (k )

P ro o f . S in ce  F)=k (X ), m7,=  (0 ), Corollary 4  is e a s i ly  s e e n  b y
Lem m a 10. 4). q.e.d.

Corollary 5. L e t X  b e  a  v ariety  on w hich G  ac ts regu larly  and
le t  R  b e  a  G(k )-stable lo c a l  rin g  in  k ( X ) .  T h e n  th e re  is  a  G(k) -

stab le  v aluation rin g  v  o f  k (X ) w hich dom inates R.

P ro o f . L e t  y ' b e  a  valuation r in g  o f  k (X )  w hich dom inates R
and let v = 5 ' b e  th e  G-twisted valuation r in g  o f  y'. T h e n  y  i s  the
desired o n e .  I n  f a c t ,  R c  n  g  Œ i y  - v  b y  v i r t u e  o f  Lemma 10.

g e G (k )

Furthermore, mR
 (the maximal idea l o f  R )= n  14 =  n n R) 9

g e G (k ) geG (k )

= (m7,, nR) = r  i n . )  f l  R  /n u n R  b y  v i r t u e  o f  L em m a 10.
g e G (k ) g e G )k )

Hence, mR  =m v n R. q.e.d.

Lemma 12. L e t X  b e  a  v ariety  o n  w hich a  connected algebraic
g ro u p  G  ac ts  regu larly  an d  le t  v  b e  a  v aluation rin g  o f  k (X ) and
let 13 be the  G-tw isted valuation rin g  o f  v. T h e n  v  d o m in ate s  a point
o f  X  i f  a n d  o n ly  if  15 d o m in ate s  a  p o in t  o f  X .
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P ro o f . I t  is  e n o u g h  to  p ro v e  th a t i f  f  dominates a  p o in t  o f  X ,
th e n  v  dom inates a  p o in t  o f  X .  I t  is  e a s ily  s e e n  th a t  a  valuation
ring  v  dominates a  p o in t  o f  X  if  a n d  only i f  y contains a  coordinate
ring of an affine open subset o f  X .  Therefore, there is a n  affine open
subset U  o f X  such  tha t DD_A =k [f i ,..., fn ]  where A  is  th e  coordinate
r in g  o f  U .  B y v irtue  o f  L em m a 10, f o r  every  i  (I < i <n ), there is
a n  o p e n  subse t U1 o f  G (k )  su c h  th a t f  I -  1  i s  a n  elem ent o f  v  for
every element g  of U .  S in c e  G  is connected, U, n • • •  n u „*¢ ) . There-
fo re , Ag - i = k [fT - ' , . . . , f% - l ]  is  con ta ined  i n  v  f o r  every elem ent g
o f  U, n • • •  n Un . H ence v  dominates a  p o in t  o f  X.

cl.e.d.

W e sha ll nex t study  th e  ra tiona l rank , rank  and dim ension of v.

Lemma 1 3 .  L e t  K  a n d  L (K D  L ) b e  ex tension f ie ld s  o f  k  and
le t  v  b e  a  v aluation rin g  o f  K  an d  le t  y ' =v n  L  b e  the restriction
o f  y  o n  L . T h e n  w e  hav e that

1) ratio n al ran k  y ' < rational rank  v , ran k  r' <  ran k  v.
2) dim y' < dim v.
3 )  I f  K  a n d  L  a r e  algebraic  f unc tion  f ie lds ov er k ,  then

ratio n al ran k  v' +dim y '+ tr ,,K >  ratio n al ran k  v+dim v.

P ro o f . W e can prove easily Lem m a 13 by elementary calculations.
S e e  a ls o  t h e  appendix 2  o f  [9]. q.e.d.

Lemma 1 4 .  L e t X  b e  a  v ariety  o n  w hich G  ac ts  reg u larly  and
le t  v  b e  a  v aluation rin g  o f  k (X ) and  le t  f  b e  th e  G-twisted valu-
at io n  rin g  o f  v. T h e n  w e  h av e  that

1) rational rank  f )< rational rank  v , ran k  b <  ran k  v.
2) dim v <dim Dr v+ dim G.
3 )  rat io n al ran k  i5+dim D > ratio n al ran k  v+dim v.

P ro o f . L e t  y ' b e  th e  valuation r in g  (k(G)0v) k ( G ) 0 , „  o f  Q(k(G)
® k (X ) . T h e n  y' i s  a n  e x te n s io n  o f  v  i n  Q(k(G)C)k(X )) a n d  f)-=
6* -  ( 0 ) .  Therefore rational rank y' = rational rank v, rank  y' = rank v
a n d  dim v' =dim G+ dim  v . H ence  1) a n d  3 ) a r e  obvious a n d  dim 0<



16 Hideyasu Sum ihiro

dim v + dim G  b y  v ir tu e  o f  L em m a 13. Furtherm ore, dim  I. —  dim v >
rational rank y—  rational rank 6> 0 by 1) and 3). Hence, dim i5>dim v.

q. e. d.

Remark 4. L et X  b e  a  variety o n  w hich a  connected algebraic
g ro u p  G  acts regularly  an d  le t Z R (X ) b e  th e Zariski-Riemann space
of X , i.e . ZR (X )=10  valuation ring v  of k (X ) which dominates a point
o f  X l .  T hen  it is  w e ll-know n  tha t Z R (X ) i s  a quasi-compact topo-
logical space. L em m a 11 im plies that a  valuation ring  v  o f  k (X ) is
an  element of Z R (X ) if  an d  only if  th e  G-twisted valuation ring i 5 o f
v  is  an  element of Z R (X ) . Lem m a 10 im plies that i f  v  is  an element
of Z R (X ), then i3 is G(k)-stable and is contained in  the closure of the
o rb it G(k)(v) of v  in  Z R (X ) and th a t  i f  v i  a n d  v2  a r e  valuation rings
o f  k (X )  such that v , =vg2  f o r  a n  elem ent g  o f  G (k ), th e n  6 i ="62 .

Conversely, i f  171 =152  f o r  tw o elem ents v 1 , v 2 o f  Z R (X ), what can
w e say about v ,  and v2 ? Finally we shall make the following remark.

L e t  ço : G(k) x ZR(X ) D  (g, v)--4 vg e  Z R ( X )  b e  t h e  operation. I s
t h i s  ga co n tin u o u s u n d e r th e  p ro d u c t to p o lo g y  o n  G(k)xZR (X )?
The answ er is  n o .  T h e re  is  a  following easy counter example.

{
 /  a i 1 a 1 2  a 1 3

Exam ple. L e t  G= a 2 1  a 2 2  a 2 3b e  a  parabolic subgroup of
\ 0  0  a 3 ,

)

GL (3, k ) an d  le t X  b e  P 2 (projective space o f 2-dimension) o n  which
X  Z  G  acts canonically . Let v =kr

L
in  k  z

X   ,  zY   )=k (P 2 ).z  Y I k [ f ,
T h e n  v  is  an  element of Z R ( X ) .  W e shall assume that ça is continu-
o u s  a t  (e, v ) where e  i s  the unit element o f G (k ) . Therefore, fo r any
open neighbourhood V  of v , the re  is  an open subset U  on  G(k ) such
tha t vg  is  con ta ined  i n  V  fo r every element g  o f  U .  However, this
contradicts w ith th e  following.

XLet f = a n d  l e t  V = {v E Z R (X )Iv  3  f }. T h e n  f g ' =

a 1 1 .Y+a 1 2 1 + a 1 3 Z a "  X   ±  (11 2  Y  
a3 3 Z a33 Z  a 3 3  Z  a 3 3

where g =
a12 a13

a21 a 2 2  a 2 3  •
0 0  a 3 3

Hence f g "  is contained in  v  if  a n d  only i f  a 1 2  = 0 .  This contradicts
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our assumption.

5. Main Theorem.

L et X  b e  a  n o rm a l algebraic variety o n  w hich  a  linear algraic
g ro u p  G  (not necessarily  connected) acts regularly . I n  t h i s  section,
w e sha ll p rove  tha t the re  is  a  G-completion (o r eqivariant completion)
X  o f X , i.e . X  is em beded as a G-stable open subset o f  a  complete
variety X  o n  w hich G  ac ts  regu la rly . I n  [4 , 5 ] N aga ta  proved that
th e r e  is  a  com ple tion  X  o f  X  fo r  an y  v a rie ty  X .  H is m ethod is
effective in  o u r  c a se , to o . T h e re fo re , w ith  a b o v e  p re p a ra tio n s  on
G-twisted valuation rings, we shall follow it in order to  prove our main
th eo rem . W e  note h e re  th a t crucial algebraic sets w hich show u p  in
th e  process o f  th e  p ro o f  a r e  G(k)-stable.

At first, we shall recall several notations which were used in  [4, 5].
Notations.
1) Let f: X  — >X ' b e  a  birational m ap . T hen the set of points of

X  a t w h ich  f  is  reg u la r  is  d en o ted  b y  Dx ,x , and the set of points
a t w h ich  f  is  b ireg u la r  is  d en o ted  b y  X  n X '.

2) L et X  b e  a  variety and  le t /*I : X 1 -4 X i (i =2 ,..., n ) b e  a  bira-
tional m ap over X , i.e . for every  X i(i =1, n), there  is  a  canonical
m orphism  pi : X 1— >X  which satisfies p i =p i f i . T h en  w e  sh a ll d en o te
t h e  closure o f  {(x, f 2 (x),...,f„(x))1x E X , n  X 2  n  • • •n x „ }  in X , x X 2

x ••• x X „ b y  J x (X ,, X 2 ,..., X „) and w e sh a ll c a ll it  the jo in  o f  {X 1 ,

X 2 , ..., X „} over X .  I f  X  i s  a po in t, then w e shall sim ply denote it
b y  J(X ,, X 2 ,..., X „) and w e  sh a ll c a ll it  the jo in  o f  { X „ X 2 ,..., X „} .

3 )  L et X  an d  X '  be birational varieties a n d  le t  x  an d  x '  be
points of X  and  X '  respectively. I f  (x , x ')  is  con ta ined  in  th e  join
J(X , X ')  o f {X, X ' } ,  th e n  w e  sh a ll sa y  th a t x  a n d  x '  correspond to
each  o th e r an d  w e  sh a ll d e n o te  it  b y  x — x '. I t  is  e a s ily  s e e n  th a t
x  and x '  correspond to  each  o ther if and  only if  th e re  is  a  valuation
rin g  y  o f k (X ) such  tha t y  dom inates x  and x ',  i.e. an d  y>

• L et f  b e  th e  birational m ap  be tw een  X  a n d  X ' .  I f  f  is
regular a t every  point x  o f X  which corresponds t o  a  p o in t o f X',
w e  sh a ll s a y  th a t  X  i s  quasi-dominant o v e r  X'.
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4 )  L e t X  a n d  X ' be birational varieties a n d  l e t  Y ' b e  a  subset
o f  X '.  W e sha ll deno te  th e  s e t  o f  a l l  p o in t s  x  o f  X  su ch  th a t x
corresponds t o  a  p o in t  o f  Y ' b y  T x , x ( Y').

F ro m  n o w  o n ,  we shall frequently consider varieties o n  which a
connected linear algebraic group G  acts regularly . H ence, fo r  simpli-
city, w e shall call such varieties G -varieties.

Lem m a 15. L e t  G  b e  a  connected  linear algebraic  group  and
le t  X  a n d  X ' be G -birational G -v arieties a n d  le t  v  b e  a n  element
o f  Z R (J(X , X ')) . T h e n  th e re  is  a  G-v ariety  X "  such  that

1) X "  is G -pro jec tiv e  and  G -b irational ov er X .
2) xnx ,  g r .
3 )  I f  x ' and  x "  are  p o in ts  o f  X ' an d  X "  w hich are  dominated

b y  v ,  t h e n  x "  d o m in ate s  x ',  i .e . 0 x- Ox',x , •

P ro o f . L et f: X  —>X' b e  the G -birational m a p  and  le t L  b e  the
G-twisted valuation r i n g  o f  v  a n d  l e t  (x, x ')  a n d  b e  the
p o in ts  o f  J(X , X ')  w hich  a r e  d o m in a te d  b y  v  a n d  f )  respectively.
I f  L e m m a  1 5  is  tru e  fo r  f ) , th e n  L e m m a  1 5  is  a lso  tru e  fo r  v. In
fac t, le t X "  b e  th e  G-variety which satisfies the conditions 1), 2) and
3 )  fo r  D. Let f : X "— >X  b e  the G-projective and G-birational m ap and
l e t  r  b e  th e  p o in t  o f  X "  w h ic h  is  d o m in a te d  b y  f) . T hen , by 3)

OR", x  ̂>  r • Therefore ,  f o f  i s  a G-birational m a p  f ro m  X "  t o  X '
a n d  is r e g u la r  a t  i l " .  B y  v i r t u e  o f  Lemma 10, i s  a  generic
p o in t  o f  th e  o r b i t  G (x " )  o f  x " ,  hence = g  x "  w h e re  g  i s  a
generic po in t o f G  over k (x " ) . Since J . . f  is G-birational, f  f  is regular
a t  x "  a n d  x "  dom ina tes  x'. T herefore , X "  is a  desired  one.
Since f) is G(k)-stable, we may assume that v is G (k)-stable. W e shall
prove L em m a 15 by induction o n  r a n k  v .  I f  rank v =  0, i.e . v =k(X )
o r  x  dom inate  x ', then w e m ay take X" = X .  H ence w e m ay assume
th a t ra n k  v >  1  a n d  x  does not dom inate  x '. S ince  v  is G (k)-stab le ,
every prim e id e a l o f  v  is  a lso  G (k )-stab le . L et m v b e  the maximal
ideal o f  v  a n d  le t  p  b e  the prim e ideal o f  v  w hich is th e  next prime
id e a l o f  in t,  w ith  respect t o  inclusion. B y  the  induc tion  hypothesis,
w e  m a y  assum e that 0 ,,, >  O y ., x , w h e r e  y  a n d  y '  a r e  p o i n t s  o f
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X  and  X ' which are  dominated by vp . L et U  be  an affine open neigh-
bourhood  o f  x '  i n  X '  a n d  l e t  B =k [b ,,..., bn ]  b e  t h e  coordinate
r in g  o f  U .  Since O p., x , is a  q u o tie n t  r in g  o f  B  and
ev e ry  b p is conta ined  in  03,,x . I f  e v e ry  bi (l _ i < n )  is con-
ta in e d  in Ox .x , th e n  Ox .,, x , < Ox , x . T herefo re , bi o  O x ,x  f o r  some
10  a n d  th e re  is  a n  element s  o f  mx  s u c h  th a t  s p n 0 x  a n d  s  bi E

< r1). P u t  ax =  E  (sgv n ox ,x ). T h e n  a is a G(k)-
g o(k)

stab le  id e a l, b e c a u se  y  a n d  Ox ,x  a r e  G(k)-stable. Furthermore,
i s  mx-primary id e a l .  L e t  i: Spec (0, x )-+ X  b e  th e  embedding and
0: O -* i(0 ) b e  t h e  can o n ica l sh ea f  homomorphism. Put 1 0 - 1

(i * (ax )). T h en  /  i s  a  G(k)-stable quasi-coherent ideal o f  Ox  a n d  th e
closed  subset o f  X  defined  by  I  is  con ta ined  i n  x —(x n x, ). Let
X "  b e  th e  blow ing up o f  X  w ith  center I. T h e n  X "  is  a  G-projec-
tive, G-birational o v e r  X ,  a n d  X "  is a  desired  one. I n  f a c t ,  l e t
{a 1 , a2 ,..., a r }  (a, = s )  b e  a  genera to r o f  (se n 0,,x ) a s  Ox ,x -module.
T hen, for every element g  o f  G(k), argl is  a  generator o f  sgv n

Ox,x• S in c e  Ox ,x  i s  noetherian, t h e r e  a r e  finitely m any elem ents
{g g „}(g G (k )) such  tha t (1 I ffi) is a  generator
o f  ax  a s  O x -m o d u le . W ith o u t lo ss  o f  g en e ra lity , w e  m ay  assume

t h a t  v(sg , ) =  m in {v(sgi)}. P u t  t =s 9 1 a n d  C =0 x.,x  1(1

1 j  m ). T hen C  is contained in  v. I f  w e shall p u t  q —cn m„, then
v> Cq > Ox ,x . Since  the  coord inate  r in g  k , b771  o f  U g  which
i s  a n  affine o p e n  neighbourhood o f  x' 9 ,  i s  c o n t a in e d  i n  Cq ,  Cc, >
Of 9,, = , r  • O n  t h e  o th e r  h a n d , Cqq . e . d .

Lemma 16 . L e t  X  a n d  X ' b e  G-birational G-varieties. T h e n
th e re  is  a  G-v ariety  X "  such that

1) X "  is G-projectiv e and  G -bi ratio n al o v er X .
2) X nx' ç Xg
3 )  X "  i s  quasi-dom inant ov er X '.

P ro o f . F o r  every element y o f  Z R (J(X , X ')), th e re  is  a  G-variety
X ,  w hich satisfies the  conditions 1), 2) a n d  3 ) o f  Lem m a 15. Let

b e  th e  r e s t r ic t io n  o n  J(X „, X ' )  o f  t h e  f i r s t  projection

let
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m ap (X v x X')—> X„. T hen  f J ( X „ , X ' ) , X „  is a  G-birational morphism
between J(X „, X ' )  a n d  X „ .  P u t  LT, = {v' Z R  (J(X , X '))1vr dominates
a  p o in t  o f  f J ( . „ , X ' ) , X „ ( D X , , X ' ) } *  Then U ,  i s  a n  o p e n  neighbourhood
o f  v  i n  Z R (J(X , X ') ) . Since Z R (J(X , X ')) is quasi-compact, there
a r e  finitely many elements { v1 ,..., vv } o f  Z R (J(X , X ')) such that ZR
(J(X , U .  H e re , w e sh a ll p u t  X" =Jx(X vi,•••9 X ) .

X "  is  a  G-variety which is G-projective and G-birational over X  and

n  c  X " .  X "  is  a  desired o n e .  I n  f a c t ,  l e t  (x" , x ') b e  a point
o f  J(X ", X ' )  a n d  le t  v  be a n  element o f  Z R (J(X ", X '))  such that
v  dominates (x", x'). I f  x  is  th e  p o in t  o f  X  which is the im age of
x "  by the G-projective morphism from X "  to  X ,  then v  0.„,x  a n d
v  is contained i n  Z R (J(X , X ')) . Therefore there is some open  subset
U contains v. I f  we shall denote th e  p o in t  by x i which is
dominated by v  i n  x„„ then 0„,, x v i x ,  . O n  t h e  other hand,

0„ i , x v  ‘. Hence 0„, r q. e. d.
T he  next Lemma 17 is  o n e  o f  key lemmas to prove the existence

o f  G-completion.

L em m a 17. Let X  b e  a normal G-v ariety  and let v  b e  a  valu-
at io n  r in g  o f k ( X ) .  T h e n  th e re  is  a  G-v ariety  X '  such that

1) X  is a G-stable open subse t o f  X '.
2) v  dom inates a  p o in t o f X '.

P ro o f . Let i3  b e  t h e  G-twisted valuation r in g  o f  v. I f  Lemma
17 is true fo r  15, then Lemma 17 is true fo r  v by virtue o f Lemma 11.
Hence we may assume that v  i s  G(k)-stable. We shall prove Lemma
17 by induction on ran k  v . I f  rank y =0 o r  v  dominates a  p o in t o f
X ,  then we may take X ' = X .  Therefore, we may assum e that rank
v > 1 a n d  that v  does not dominate any p o in t  o f  X .  L e t  p  be the
next prim e ideal o f  m, with respect to  inc lusion . B y the induction
hypothesis, we may assum e that vp  dominates a  p o in t  x  o f  X .  By
virtue o f  Lemma 8, there is a G-stable quasi-projective open neighbour-
hood U  o f  x  a n d  by virtue o f  Theorem 1, there is a  G-completion
U  o f  U .  Applying Lemma 16 t o  U  a n d  X ,  w e h a v e  a  complete
G-variety X *  such that X *  is  G-birational to  X ,  ri n xcx. a n d  X*
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is  quasi-dominant over X .  Since X *  is complete, y  dominates a point
x *  o f  X * .  L e t  p: J(X, X*)—*X* b e  the  second  p ro jec tion  and  le t
Z* =p(J(X, X*))— X n X *  a n d  le t  Z *  b e  t h e  closure o f  Z *  in X .
T h e n  Z *  is  a  G -stab le  closed subset o f  X*.

Case 1. x *  a * .  X *  — Z* is  a G -stable open subset o f  X *  which
containes X n X *  a n d  X* — x * .  L e t X ' b e  th e  G  pre-variety which
is  ob ta ined  by  pa tch ing  X  a n d  X* —  Z* along X n X * .  T h en  X ' is
a  desired o n e .  I t  is  e n o u g h  to  p ro v e  th a t  X ' is separated. Let y'
b e  a  valuation r in g  o f  k (X ) such  tha t y ' dom inates points y  a n d  y*
o f  X  a n d  X* —  Z * respec tive ly . W e sha ll p rove  tha t 0 y , x ,
S ince  y— y* a n d  y *  X* — Z *, y *  is c o n ta in e d  i n  x n x * . Hence
0 " ,  = 0 " .  b e c a u s e  X n X *  is separated.

Case 2. x *  Z * .  S in c e  x  is  c o n ta in e d  in  X n X *, Z *  does not
c o n ta in  x . T h e re fo re , th e re  is  a n  e lem ent s o f O x *,x * such  tha t
x  p n Ox „,x * a n d  s  is  co n ta in ed  i n  t h e  ideal defined by Z* n Spec
(0x *,x * )  in Spec(Ox " ..) . P u t  a x *  =  E  ( s g v n o x *, x .) .  Then ct x * i s  a

9 € G (k )

G(k)-stable id e a l a n d  a n  m , . - p r i m a r y  i d e a l .  Let j: Spec (0x *,x *)—
X *  b e  the injection m a p  and  le t  O: O x *—>i* (0x *, x . )  b e  the  canonical
sheaf hom om orphism . Put =  1 (i * (ctx .)). T h e n  I  i s  a G(k)-stable
quasi-coherent ideal o f  Os *. L e t  X * *  b e  t h e  b lo w in g  u p  o f  X*
w i t h  c e n t e r  / .  X * *  is a  G -v a rie ty  w h ich  is  G -projective and G-
b ira tiona l o v e r  X*. L e t  t x * 1  b e  t h e  c lo su re  o f  x *  in X*.
Then Z* n { x * }  = .  I n  f a c t ,  i f  y *  i s  a n  elem ent o f Z *  n  fx*I, then
there  a re  a  p o in t  y  o f  X  a n d  a  valuation r in g  v ' o f  k (X ) such that

0y ,x  a n d  y '  O y *, x *. S in ce  X *  is quasi-dom inant o v e r  X,
Oy *,x * dom inates 0 y ,x . L e t  q  b e  th e  p r im e  ideal defined  by  tx*1
i n  Spec (0,*, x .) a n d  l e t  r= q  n Oy ,x . T h e n  w e  h a v e  th a t O x x * =

(0y ,x ), = Ox ,, x  w h e r e  x '  i s  a  p o in t  o f  X .  Since  y  dom i-
nates O x *,x *, y  d o m in a t e s  O f  x . T h is  co n trad ic ts  w ith  o u r f irs t
a ssu m p tio n  th a t y  d o es  n o t d o m in a te  an y  p o in t  o f  X .  Thus, Z* n
tx*1 T h e r e f o r e ,  t h e  b low ing  up  o f  X *  w ith  c e n te r  /  d o e s  n o t
have any effect upon Z* and  xnx*=xnx**. Let Z** b e  the  subset
o f  X **  w hich  is ob ta ined  by  th e  sam e m ethod as the construction of
Z * .  T h en  Z *  = Z **  because X *  is quasi-dom inant over X .  L et x**
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b e  the poin t o f X * *  w h ic h  is  d o m in a te d  b y  y. T h e n  x * *  is n o t
contained in  Z * * .  I n  fact, if x** is contained in  Z**, then is there
a  generalization z** o f x** in Z * * . I f  z *  is  the image of z **, then
z*  is  a  generalization o f x * .  Let q  b e  the ideal defined by Z* n Spec
(0x .,x .) a n d  le t  ta 1 =s, a 2 ,..., a r l be a  g e n e ra to r  o f  su n
S ince  Ox ., x * i s  noetherian, there  are fin ite  num ber o f  elem ents 1g 1 ,

gm l(g i EG(k )) su ch  th a t a J ( 1 . I . r ,  I _.<_j n t )  is  a generator o f  ax ..
W ithout loss o f  generality, we may assume t h a t  v(al.) = min {v(agr i)}

We shall put t =ag, . Then t is contained in q, because q isG ( k ) -

stable.
ce,go

Since
which

ax . is an m".-primary
is not contained

ideal,
in q. On the
aqj

there
other

is some element
hand, Ox .., x ..=

where w n ni(  I r, 1 in). Therefore,
t t

'

for every i  and j, 4111 E x .  g O z . , x . =  (0x ., x .),. In particular,

a7go / t --=c/u fo r som e  u q  and ce 0,., x .. ua1g0 = te g iv e s  a contra

diction, because ualgo is  no t con ta ined  in  q  a n d  t c  is contained in q.
Therefore, the situation  is reduced  to  case  I.  q . e .  d .

Let X  be  a  G -varie ty  and let X *  b e  a G-projective variety and

let f : X  --Ott* b e  a generically surjective G-rational map from X  t o  X .

W e assume th a t  the action of G  on X *  is  linea r, i.e . i f  B = k[t o ,

t„] i s  the homogeneous coordinate rin g  o f X *, t h e n  V =  t i f l  i s  a
i=o

rational projective G-module. For every point x  o f X , we shall define

the id e a l ax o f  Ox ,x  in  th e  following w ay . L e t A x b e  the subset of

a ll e lem en ts f  o f  k ( X )  s u c h  th a t  fo r  s o m e  i(0 < i < n) and every

j ( 0  j  f .  t i /t i is  c o n ta in e d  in  Ox ,x  and  let ax  b e  the ideal o f Ox ,x
w hich is generated  by f. ti /t i (0 < v j <n, "f  EA ).  W e  s h a l l  d e f in e  a =

(ax)xex•

L em m a 18 . a  is G(k)-stable.

P ro o f .  Let f  b e  an element o f  A x ,  i.e . fo r som e i(0< i <n) and

every j ( 0 < j<n ) , f t i lt i is  c o n ta in e d  in  Ox ,x . W e  have only to prove
t h a t  f o r  every  e lem en t g  o f  G(k), p • tl R I is c o n ta in e d  in ag x .

B y  the assumption, p .tlity(o n ) is c o n ta in e d  in  Og x ,x . Let a

T h e n  a  is a  quasi-coherent ideal of O .
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and #  b e  a n y  in te g e r  (O < Œ  n, 0 n). T h e n  fg • t t„=f g  •  L a p ),
Y

tg t g(g )q ,1  E a(g )q , = fg ap y (g) • / a ( g )  •   Y   where (ao (g)) (0 _<cc
to;

tgn , 0 <y  <n )  i s  a  regular m atrix. Therefore, ( E  an (g )fg  •  Y   tfiltOE is  con -

tained i n  Og x . Pu t fix = a ccy(g) j • q,/t7 fo r  every x(0< n). Then
Y

h „ i s  an element o f  ag x . Since ( a ( g ) )  (0 n, 0 n )  is  a regular
matrix, fg • /7 ,4 7 (0  v y  n )  is contained in ag x . q. e.d.

Let Y b e  the closed subset o f X  defined by a and let X '  b e  the
blow ing  up  o f X  w ith  c e n te r  a . I t  is  e a s ily  s e e n  th a t  Y  i s  the G-
stable set o f a ll  p o in ts  x  o f  X  a t w h ic h  X  does not dom inate any
point of X *  and th a t ev e ry  point of X '  dominates a  po in t o f X*.

The next com plica ted  L em m a 19  is another on e  o f key lemmas
to  p ro v e  the existence of G-completion.

Lemma 19. Let X 1 a n d  X 2  b e  G -v arieties su c h  th at X 1 i s  G-
b irat io n al t o  X 2  and  le t X  = X  I n X 2 .  Assume that X ,—  X  is con-
tained  as a G-stable subv arie ty  (not necessarily  closed) in  a  G-pro-
je c tiv e  v arie ty  X *  w h ic h  is  G -b iratio n al to  X 1 a n d  t h a t  the action
o f  G  o n  X *  is  l in e ar. T h e n  th e re  is  a  G -v arie ty  X 3  such that

1) X 3  con tains X  as G-stable open subset
2) ZR(X 3 ) =Z R (X 1) U Z R(X 2 ).

P ro o f . W e  m a y  assume th a t  X 2  is quasi-dom inant over X ,  by
virtue o f L em m a 1 6 . Let Y= X —(x* n X ) and let Y* = X* — (X* n x i ).
T h en  Y and Y* are G-stable closed subset in  X  and X *  respectively.

a )  Y= Tx ., x ( Y*). I n  fact, l e t  x  b e  a  p o in t  o f  Tx .,,(Y *).
T h en  th e re  is  a point x *  o f  Y *  s u c h  t h a t  x  x * .  I f  x  is contained
in  X* n X ,  th e n  Ox , x * = 0 ,, x * b e c a u se  x  and x *  are points of X*.
Since Y* n (x  n x*)= 0 , t h i s  d o e s  n o t  occur. H e n c e  Tx * , x ( Y*) c y.
Conversely, let x  b e  a point of Y. S in c e  X *  is com plete , there  is a
point x *  o f X *  s u c h  th a t  x  x * .  I f  x *  is contained in X * n X 1 , then

Ox, x  = Ox*, x , • T h is  is a contradiction b e c a u se  Yn (X * n x ,)=
H ence Yg_ Tx. x(Y*).
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b) If we shall define Z =X 2 -  Tx 1 ,x 2 (X 1), i.e. the set of all points
o f X 2  w h ic h  d o e s  n o t correspond to  a n y  point of X , .  Then Z u Y=
Tx ., x 2 (Y*). B y a )  Y  Tx *,x 2 (Y*). L et x  b e  a po in t o f Z. S in c e
X *  is com plete , there  is a point x *  o f X *  s u c h  th a t  x  x * .  B y  the
defin ition  o f  Z ,  x *  is c o n t a in e d  in Y*• H e n c e  Z  Tx ., x ,(Y *).
Therefore, Z  U Y c T x " , ( Y * ) .  Conversely, let x  b e  a point of Tx .,x 2

(Y*) and let x *  be  the point of Y* s u c h  th a t  x  x * .  If x  is contained
in X , th e n  x  is  a point of Y  b y  a). Therefore we assume th a t x  is
not contained in X .  If x  is  no t con ta ined  in Z , then there  is a point
x ,  o f X ,  such  tha t x  -x i . S in c e  X 2  is  quasi-dominant over X,, x , -
x*. H e n c e  O x ,, x .=0 x *,x . because X , -  X c  X * .  Th is is a  contra-
diction because Y *n x, =4). Therefore Tx ., x ,( Y*)=Z u Y.

c) Let p,: J(X*, X 2 ) - X *  b e  the first projection and let p2 : J(X*,
X 2 )-4 X 2  b e  the second projection. T h e n  Tx ., x 2 ( Y*) =P2(p1 1 0 7 '9)
and i t  i s  a  closed subset o f  X 2  because p 2 i s  a  proper morphism.
Hence Z U Y  is  a G-stable closed subset o f X 2 .  Let Y 2  b e  the closure
o f Y  in  X 2 .  T h e n  Y 2  is  a G-stable closed subset o f X 2  and we have
tha t (+ )Y 2 -  Y g Z .

d )  L e t  W2 -= Tx *,x 2 (X, - X )  and let W1 = Tx , ( W2 ), i.e. the set
o f a ll  points x  of X 1 s u c h  t h a t  x  corresponds t o  a  p o in t o f X2

and x  does not dom inate the point. N o w  w e  change the situation.

W e m ay  assume th a t  X 1 is  quasi-dom inan t ove r X 2 .  In fact, let J
b e  a  G(k)-stable quasi-coherent ideal o f  Ox , w hose support is con-
tained in the closure  W , o f  W1 in  X 1 and let J* =0 - 1 (i * (J1X, n X*))
where (i, 8): X, n X *->X * i s  the injection. T h e n  J *  is a  G(k)-stable

quasi-coherent ideal o f  Ox *. Let X ', (resp. X * ')  b e  th e  b lo w in g  u p
o f  X , (resp. X * )  w ith  the center J (resp. J * ) and l e t  i t  (resp. n*) be
the cannoical projective m orphism  f ro m  X ',  to  X , ( re sp . f ro m  X*'
t o  X * ) .  I f  we shall define similarly X ', Y ', Y * ' and Z '  w ith  respect

t o  X ,  X 2  and X *  as X , Y, Y *  and Z ,  th e n  X ' X ,  Tx *.,,,(Y*')=
Y' = Y, Z' = Z  and the relation ( + )  is h e ld . F u r th e rm o re ,  X'
is em bedded in  X * ' as a G-stable subvariety and the action on X*'
o f  G  is  linear. T herefore , ite ra ting  the above blow ing up, we may
assume that X 1 is quasi-dom inant over X 2  by Lemma 15 and Lemma
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16. N e x t w e  m a y  assum e th a t  X *  i s  quasi-dominant o v e r  X 2 .  In
fac t, le t J  b e  a G(k)-stable quasi-coherent ideal of O x . whose support
is contained in  Y* n (x*—(x*n x 2 )) and  le t X *  b e  the  blow ing up of
X *  w ith  th e  center J. If  w e  sh a ll d e fin e  X ', Y ',  Y * ' a n d  Z ' with
respect t o  X 1 ,  X 2  a n d  X * ' sim ilarly , then  X' = X, Z' = Z  Y ' c Y  and
Y' — Y' c Z because Y '  is  c lo se d  i n  X , i. e. th e  re la tio n  (  +  )  is held.
Therefore, w e m ay assume th a t  X *  i s  quasi-dominant over X 2 .

e )  L e t  W 2 be th e  closure o f  W2 in  X 2 .  T hen  Y2 n W2 Z  b e c a u se
Y n Wy = 4) a n d  th e  relation ( +  ). H ence Y2  a n d  W2 d o  n o t  have the
same irreducible components.

I f  Y2 n w2 0 ,  th e n  w e  s h a ll  d e n o te  t h e  id e a ls  d e f in e d  b y  Y2
a n d  W 2  b y  I  a n d  I '  respectively. T h e n , I  a n d  I '  are G(k)-stable
ideals of O x 2 . L e t  X '2 b e  th e  blowing up o f  X y  w ith  th e  center / + /'
and let çp : X—> X 2  b e  th e  canonical projective m orphism . T h e n  the
proper transform  o f  Y2, ça - 1 (Y2 —  Y2 n w2 )  a n d  t h e  proper transform

of W2, g; , 1  ( W2 — Y2 n w2 ) d o  n o t m e e t w ith  e a c h  o th e r . T h e re fo re ,
w e  m a y  assum e t h a t  Y 2 n  W 2 = 0 . L e t  a  b e  t h e  idea l de fined  in
Lemma 18 f o r  X 2  a n d  X *  a n d  le t  P  b e  the  G -stab le  closed subset
d e fin ed  b y  a. F o r  e v e r y  p o in t  x  o f  X 2 ,  let ctx =q, n • • • n q,„ be
the irredundant decomposition o f  a x  b y  p r im a ry  id e a ls  a n d  le t  tq i ,}
(1 < k < s )  b e  a l l  th o s e  o f  prim ary  ideals qi(I < i< t n )  su c h  th a t the
c lo sed  subse t V(q i )( c Spec (0, x 2 ) )  is  c o n ta in e d  i n  Z—Z n Y2 — Z n W2.
T h e n  w e  s h a ll d e f in e  b x  b y  b x  =q i i  n • • • n qi.  and b = (bx)x.x

2 . b
is  a G(k)-stable quasi-coherent ideal of O x 2  b e c a u s e  a  a n d  Z — Z n  Y2

— Zn W 2 are  G (k)-stab le . b  h a s  th e  following properties ;

I )  T h e  closed subset Q  defined  b  is  G -stable and is contained in
Z.

2) bx  =a x  f o r  every point x of Z — Z n Y2 — Z n

3) Q=P n (z—z n Y2 Z n W2).

f )  L e t  X I  b e  th e  b low ing up o f  X y  w ith  th e  c e n te r  b  and let
f : X --> X y  be  the  canonical G-projective morphism. Let X3 =X1 U

— U (X 42' — W I) where Y  = f  ( Y2 )  a n d  WI =f -  '( W2 ). T h e n  X3
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is  a  desired o n e .  Since X 3  is  a G-prevariety satisfying the condition 1)
o f  L e m m a  1 9 , it  is  e n o u g h  to  p ro v e  th a t ZR(X 3 ) =Z R (X 1)U ZR(X 2 ).
In  order to prove this, it is sufficient to show that every y  in  Z R (X ,)u
ZR(X 2 )  h a s  o n e  a n d  on ly  one  cen ter o n  X 3 .  Let x,, x*, x 3 a n d  x 2

b e  th e  centers o f  y  o n  X 1 ,  J(XI— Y 4
2̀ , X*), W t  a n d  X 2  res-

pectively i f  they exist.
Case L  W hen x 1 e x is t s .  I f  x ,  i s  c o n t a in e d  i n  X ,  th e n  x ,  is

contained in X -  I I I  a n d  therefore 0 .„,. x 3  = 0 .,,2 ,x 3 = 0 x3 ,x 3
 s in c e  X'2'

is separated. I f  x *  e x i s t s ,  t h e n  x 2  i s  n o t  c o n ta in e d  i n  Y. H e n c e ,

Oxi ,x 3
- 0 x.,x 3 = 0 .,,,x 3 . I f  x ,  is  con ta ined  i n  X , — X ,  then  x 3 d o e s

n o t ex is t in  th is  c a s e .  I f  x *  exists, then x 2  is  c o n ta in e d  i n  W2 - Y2.

Since  W2 n Q = 0  a n d  X *  is quasi-dominant o v e r X2, O x i ,x 3 =O x . , x 3 .

Case 2. W h e n  x 1 d o e s  n o t  exist. I n  th is  case, x 2  e x is ts  and  x 2

is c o n ta in e d  i n  Z. S in c e  PI n = 0 ,  =  u  W 9.
Therefore, either x* o r  x 3  ex is ts . T h u s is  it  su ff ic ien t to  p ro v e  th a t

Qx*,X3 = °x3,X3 if  b o th  x *  and x 3 exist. Since x 2  is  con ta ined  in X 2 -

(Y2 U W 2), X3 dom inates a  p o i n t  o f  X * .  Hence x 3 EJ(X1— Y , X*)
a n d  O x * ,X 3 = Q C 3 ,X 3 •  q.e.d.

T heo rem  3 . L e t X  b e  a norm al v arie ty  o n  w hich a  linear al-
g e b raic  g ro u p  G  (no t necessarily  connected) ac ts regu larly . T hen
th e re  e x is ts  a  G-com pletion ( o r  eguiv arian t com pletion) X  o f  X .

P ro o f . A t  f irs t , w e  sh a ll assum e t h a t  G  is  co n n ec ted . L e t  X*
b e  a projective model o f  X .  F or every y in  ZR(X*), there is a normal
G-variety X , s u c h  th a t  X  i s  a  G -stable open subset o f  X ,  a n d  y  has
a  center x„ in X .  L e t [Iv b e  th e  G-stable quasi-projective open neigh-
bourhood o f  x „ .  T hen  X  U U , i s  a  G-variety a n d  plays th e  same roll
as X .  H e n c e , c o n s id e r in g  X  U U ,  in s tead  o f  X ,  i f  necessary, we
m ay  assume th a t  X„— X  is contained in a quasi-projective variety on
w hich  G  ac ts  linearly . S ince  ZR(X,„) i s  o p e n  in  ZR (X *), th e re  are
finitely many G-varieties {X 1 ,..., X } such that

1) ZR(X*) = 1\5 ZR(X i)

2 )  F o r  every i(1 X  i s  a  G -stab le  open  subset o f  X i a n d



Eguivariant completion 27

X i — X  is a  G -s u b v a r ie ty  o f  a  quasi-projective variety o n  w hich  G
acts linearly.

W e  p rove  th e  T heorem  3  by  induc tion  on  n. I f  n = 1 ,  then we
have n o th in g  to  p r o v e .  I f  n> 1, then, applying Lemma 19 to {X„_ 1 ,

w e  se e  th a t th e re  is  a  G-variety X_ 1 su c h  th a t X ,t_ 1 X „ _ 1 n
X„ D. X  a n d  ZR(X 1 ) =ZR(X„_ 1 ) U  ZR (X„). Therefore  w e com plete
th e  p r o o f  b y  o u r  induction assum ption . W e sha ll now  consider the
general c a s e . L e t  Go b e  th e  connected component o f  G  which con-
ta in s  t h e  u n i t  e lem ent e  o f  G  a n d  l e t  G =o- i Go +o - 2 G0 + ••• +o - „Go

w here a. , =e, cr,EG(k)(1 . n). B y  th e  above a rgum en t in  the  con-
nected case, th e re  is  a  Go -completion o f  X  a n d  w e shall denote it by
X ' .  Let X  be the  closure of the set a.„(x)lx X I  i n  X ' x ••• x
X '.  T hen  X  i s  a  desired G-completion o f  X .  In  fa c t , le t  so: X
(a,x,..., o - „x)E X .  T h e n  s o  i s  a n  o p e n  im m e rs io n  f r o m  X  t o  X.
H ere  w e  sha ll de fine  a n  a c t io n  o f  G  o n  X  i n  following w ay. L et
o- i o- j =o - i u m g( i ,j )  (1 j where /(i, j) is  a n  integer (1 1(i, j)._n) and
g (i, j) i s  a n  elem ent o f  Go (k). T h e n , fo r  every  poin t (y ,,..., y„) of
X , every cr(1 _ j . n )  a n d  every element g  o f  Go ,  we define,

a.g(Y i ..• Y ) = (zi,.•. ,  zn)j n

w here  z1 =c1,(1 ,i ) g(1 ,j ) go- ,(1 ,i ) - 'y w ,J )  ( I W e  c a n  se e  e a s ily  th a t
th is  is  a  regular ac tio n  o f  G  o n  X  a n d  99 (a-  ig x)=  i gçp(x) f o r  every
c i  (1 g (e G o ) and x(E X ) .  Therefore, X  i s  a  G-completion of
X . q. e. d.

Problem. Is T heorem  3  tru e , w ithout assum ing X  is  n o t  normal?
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