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A NOTE ON CERTAIN HYPERSURFACES
OF SASAKIAN MANIFOLDS

By TosHio TAKAHASHI

Introduction. Let A712"“(¢, &, , ) be a Sasakian manifold and M?" be a hyper-
surface of M?*.. It is known that M?® cannot be an invariant hypersurface
(Goldberg-Yano [1]). On the other hand, if AM?* is a non-invariant hypersurface
(or more generally, if & is never tangent to M?"), then M?" admits a natural
Kahlerian structure (/, 7). This is a special case of the result of Goldberg-Yano
[1]. Since the K#hlerian structure is quite natural, one may conjecture that if the
ambient Sasakian manifold is of constant ¢-holomorphic sectional curvature, then
M*(], ) is of constant holomorphic sectional curvature under some conditions.
The answer is affirmative if M?®" is totally geodesic in M ?**' (Theorem 3).

§1. Hypersurfaces of almost contact Riemannian manifolds.

Let M=M il & 7y, §) be an almost contact Riemannian manifold, and let
M=M*>* be a hypersurface of M. Throughout this paper, we assume that ¢ is
never tangent to M. Then we have

(1) pX=]X+a(X)e for Xex (M),

where X (M) is the set of all vector fields on M and JX is the tangential part
(with respect to &) of ¢X to M. We can see that /: X—J/X and a: X—a(X) are
tensor fields of type (1, 1) and (0, 1), respectively, on M. If a=0 on M, then M is
called a non-invariant hypersurface. If a=0 on M, then M is called an invariant
hypersurface.

Applying ¢ to the relation (1), we get

— X+9(X)e=T*X+a(JX)E,
which shows that
(2) J?=—identity,
(3) Ca=1y|M,

where Ca(X)=a(JX). Thus the tensor field Jis an almost complex structure on M.
Let 7 be the Levi-Civita connection of the Riemannian metric §. For X, Y
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€ X (M), we have
(4) VxY=FxY+h(X, Y,
(%) Vxé=—HX+o(X)E,

where VxY and —HX are the tangential parts (with respect to &) of FxY and Fx¢,
respectively, to M. We can see that V: (X, Y)—FxY is a symmetric connection
on M, h: (X, Y)-WX,Y) H: X—HX and o: X—w(X) are tensor fields of type
0, 2), (1, 1) and (0, 1), respectively, on M. 4 is symmetric and is called the second
fundamental form of M (with respect to &). If 2=0 on M, then M is called to be
totally geodesic.

Let ¢ be the induced metric: ¢g=¢|M. In general, the connection F is not the
Levi-Civita connection of ¢g. Using (3), (4) and (5), we get

Fxg)(Y, Z)=n(X, Y)Ca(Z)+M(X, Z)Ca(Y).

Hence 7 is the Levi-Civita connection of ¢ if and only if (X, Y)Ca(Z)+M X, Z)Ca(Y)
=0 for all vector fields X, Y and Z on M. In particular, if M is totally geodesic,
then V is the Levi-Civita connection of g. The converse is also true when M is
Sasakian, which will be shown later.

§2. Hypersurfaces of Sasakian manifolds.

In this section, we assume that M=M (g, & 5, §) is a Sasakian manifold ;
that is, the following holds good:

(6) FPup) V=o(V)U—g(U, V)&, U, Ve 2,

where _36’(1\71) is the set of all vector fields on M. It is known that (6) implies the
followings:

(7) Vyt=¢U,

(8) dn(U, V)=g(¢U, V).

1), (5) and (7) imply

(9) =—/ and o=a

Using (1), (4) and (6), we get

10) VxpY={Ca(Y)X+JV x Y} +{a(P xY)—g(X, Y}

On the other hand, using (1) and (7), we get
(11) VxpY=WxNY+VxY+a(Y)JX
HuX, JTY)+V xa)(Y)+axY)+a(X)a(Y)).
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Comparing (10) and (11), we obtain
(12) FxNY=a(JY)X—a(Y)]X,
13) Fxa)Y=—g(X, Y)—WX, JY)—a(X)a(Y).
Now, we can calculate the Nijenhuis tensor of J:
NX, Y)=UUH,JY1-JUUX, Y]-JIX, JY]-[X, Y]
=V sxNY—=W iy NX—TVxNY+TFr))X.
Substituting (12) in the above equation, we get
NX, V=a(U)JX+a(Y)X—a(JX)]Y—a(X)Y
—a(JY)JX=a(Y)X+a(JX)]Y+a(X)Y
=0.

Hence J is a complex structure on M.
We put

(14) r=g—Ca®Ca.

Then, since & is not tangent to M at each point, 7 is a Riemannian metric on M.
Since we have

(X, JY)=9(JX, JY)—a(J?X)a(J?Y)
=g¢(X, Y)—9p(X)n(Y)
=X, Y),

(/, ) is a Hermitian structure on M.
We put

o(U, V)=ipU, V), U, Ve (),
AX, V)=1(JX, Y), X, Yex(M).

Then we get 2(X, Y)=0(X, Y) for any vector fields X and Y on M. Hence,
since @=dy is closed, 2 is closed. Consequently, M=M?"(],y) is a Kiahlerian
manifold. In particular, we have

(15) 77=0,
where 7 is the Levi-Civita connection of 7.

TueoreMm 1 (Goldberg-Yano [11). A Aypersurface M** of a Sasakian manifold
Mg, &, v, §) admits the Kéhlerian structure (J, y) under the assumption that & is
not tangent to M*®* gt each point,
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§3. The Levi-Civita connection of the Kihlerian metric 7.

In this section, we assume that A =A712"+1(¢, & 7, §) is a Sasakian manifold and
the induced connection F is the Levi-Civita connection of the induced metric g.

We want to calculate the Levi-Civita connection 7 of the Kihlerian metric 7
on M. Let A be the vector field on M defined by

a(X)=7(4, X), Xe X (M).
According to the definition of the Levi-Civita connection, we get
(16) 1Y, Z)=29F x Y, Z)—(¥),
where

M =XAa(JY)a(JZ}+ Y {(JX)a(JZ)} = Z - {a(JX)a(J Y )}
+a(JIX, YDa(JZ)+a(J1Z, XDa(JY)+a(J[Z, YDa(J X).
Using (12) and (13), we get
XAa(J Y)a(J 2} ={r(X, Y)—9(X, JY)—a(JX)(Y)+a(JVxY)}a(JZ)
HAX, 2)—9(X, J2)—a(JX)(Z)+a(JV x2)}a(JY).
On the other hand, (14) implies
an 9(X, JY)+a(JX)a(Y)=1(X, JY).
Hence we get
XAa(U)a(JZR =X, Y)—1r(X, JY)+a(JVxY)}(JZ)
HAX, 2)— (X, JZ)+e(JVxZ)}a(JY).
Thus (*¥) becomes
F)=2{n(X, Y)a(JZ)+a(JVxY)a(JZ)+1(JX, Z2)a(JY)+71(JY, Z)a(JX)}.
Consequently, (16) becomes
1VxY, Z)=y(VxY, Z)+a(JVxY)a(JZ)— WX, Y)a(JZ)
—a(JVxY)a(JZ)—1(JX, Z)a(JY)—1(JY, Z)a(JX)
=1VxY, 2)+n(X, Y)Wy (JA, 2)—a(JY ) (JX, Z)—a(JX)(JY, Z).
Thus we get
18) VxY=VxY+WX, YV)JA—a(JY)]X—a(JX)]Y).
Since (12) implies
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V] Y=a(JY)X—a(Y)JX+JV x Y,
(18) implies
19 V] Y=a(JY)X+JVxY+h(X, JY)JA+a(JX)Y.
On the other hand, (15) and (18) imply
(20) Ve]Y=]VxY—hX, Y)A+a(JY)X+a(JX)Y.
Comparing (19) and (20), we get
21 WX, JY)JA=—h(X, Y)A.

THEOREM 2. A mnon-invariant hypersurface M®™ of a Sasakian wmanifold
M““(q’), &, n, §) is totally geodesic if and only if the induced connmection V given by
(4) is the Levi-Civita connection of the induced metric g under the assumption that
& is never tangent to M?*".

Proof. Since the hypersurface is non-invariant, the vector fields A and JA are
linearly independent at each point. Hence (21) implies thatN X, Y)=0 for all
vector fields X and Y, showing M?" to be totally geodesic in M+, QE.D.

§4. Hypersurfaces of Sasakian manifolds of constant g-holomorphic sectional
curvature.

In this section, we assume that M=M (g, &, 7, 0) is a Sasakian manifold and
that M=M*" is a totally geodesic hypersurface of M. The purpose of this section
is to show that if M is of constant ¢-holomorphic sectional curvature &, then M is
of constant holomorphic sectional curvature £2+3.

As stated at the end of §1, 2=0 implies that the induced connection F is the
Levi-Civita connection of the induced metric, and hence we may use some results
of §3. (4) and (18) imply

VyZ=VyZ+a(JZ)JY+a(JY)]Z.
Hence we get
HTxa)JZ)+a(JVxZY JY T x2)(JY )+ (JVx Y NI Z
+a(JZ{JV x Y —a(Y)JX—a(JX)Y}+a(JY NIV xZ—a(Z) JX—a(JX)Z}.
Thus we get the following:
RX, V)Z=R(X, Y)Z+F xa)(JZ)JY—Pya)JZ)JX
HT xa)(JY)—Fya)(JX)]Z
+a(JZ—a(Y)JX—a(JX)Y+a(X)]Y+a(JY )X}

—a(JY)(Z)JX+a(JX)a(Z)]Y,
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where R and R are curvature tensors of § and 7, respectively. Using (12) and (13),
we get

X-a(JZ)=F xa)(JZ)+a((Vx])Z2)+a(JV xZ)
=—a(X)a(J2)—9(X, JZ)+a(X)a(JZ)—a(JX)a(Z)
+a(J P xZ+a(JZ)JX+a(JX)]Z})
—1(X, JZ)+a(JVx2)~a(X)a(JZ)—a(JX)a(Z).

On the other hand, we have
X-a(JZ)=F xa)(JZ)+a(JV xZ).

Hence we get
Cxa)(JZ)=—1(X, JZ)—a(X)a(JZ)—a(JX)a(Z),
and hence
Fxa)(JY)—Fra)(JX)=2r(JX, Y).
Consequently, we obtain
(22) R(X, Y)Z=R(X, Y)Z+y(JX, 2)JY—1(JY, Z)]X+2/(JX, Y)]Z
+a(JZ2){a(JY)X—a(JX)Y).
Now, suppose M is of constant ¢-holomorphic sectional curvature £ (Ogiue [2]):
AR(X, Y)Z=(k+3)0(Y, Z)X—0(X, Z)Y}
+E—D(Xm(2) Y —9(Y)(2) X+3(X, Z)n(Y)§
—0(Y, Z2(X)e+3(9Y, Z)pX+0)¢Z, X)pY—25(p X, Y)pZ}.
Then, since we have
JPY, 2)gX=g(JY+a(Y)§, Z)(JX+a(X)E)
=1(JY, Z)(JX+a(X)f),
we get
23) 4RX, VIZ=(k+3)(Y, 2)X—9(X, 2)Y)
+k—D{a(JX)a(JZ)Y—a(JY)a(JZ)X
+r(JY, 2)JX+r(JZ, X)JY—2¢(JX, Y)JZ}
+k—o(X, 2)a(JY)—9(Y, Z)a(JX)
+7(JY, 2)a(X)+1(JZ, X)e( ¥ )—21(JX, Y)a(Z)}.
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Comparing (22) and (23), we get

(k—D{o(X, Z)a(JY)—9(Y, Z)a(JX)
(24)
+r(JY, Z2)x(X)+1(JZ, X)(Y)=2r(JX, Y)a(Z)}=0
and
ARX, V)Z=4y(JY, 2)JX—1UX, Z)JY—2r(JX, Y)JZ

+a(J2O)a(JX)Y—a(JY)XT}

(25) +k+)o(Y, 2)X—o(X, Z)Y}
+*k—D{a(JX)a(J2)Y—a(JY)a(JZ)X
+r(JY, 2)JX—y(JX, 2)JY—-2r(JX, Y)J]Z}.

(25) becomes

4R(X, Y)Z=(k+3)r(JY, 2)JX—1UX, Z)]Y-2;(JX, Y)]Z
+1(Y, 2)X—1(X, 2)Y}
=(;+INXANY+HIXANTY-2r(JX, Y)]}Z,

where XA Y denotes the endomorphism Z—y(Y, Z)X—y¢(X, Z)Y. Hence M*(], 7)
is of constant holomorphic sectional curvature 243.

THEOREM 3. Let M?* be a hypersurface of a Sasakian manifold ]\7[2"“(¢, &7 9
of constant ¢-holomorphic sectional curvature k. Suppose & is not tangent to M*™
at each point and M?" is totally geodesic in M. Then the Kihlerian manifold
M (], v) is of constant holomorphic sectional curvature k+3.
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