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GLOBAL EXISTENCE OF WAVE MAPS
IN 1 + 2 DIMENSIONS WITH FINITE ENERGY DATA
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Dedicated to Louis Nirenberg on the occasion of his 70th birthday

1. Main result

Let N be a smooth, compact, m-dimensional Riemannian manifold, isomet-
rically embedded in R?. A smooth map u : R x R? — N is called a wave map
if

(1) ug — Au L T, N.
Let
(2) e(t,z) == 3(lue|* + [Vul?)

denote the energy density. Smooth wave maps satisfy the energy identity
(3) E(t) := / e(t, z) de = const.
[t} xR2

In this note we show that the Cauchy problem for (1) admits a weak solution if
the initial data have finite energy. For notational convenience we suppose 0 € N.
We write H? for the Sobolev spaces H12(R?) or H2(R?;R?).
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246 S. MULLER M. STRUWE

THEOREM 1.1. Suppose that (ug,u1) € H' x L? and ug(z) € N, ui(x) €
Tuo(z)N a.e. Then there exists a global (forward) weak solution u : Ri xR? — N
of the Cauchy problem

uy — Au L T,N in Rt x R?,

w(0, +) =wug, u(0, ) =u.

Moreover, u satisfies
E(t) < E(0) Vt>0

and
(Vu(t, ), u(t, -)) — (Vug,u1) in L* x L?, ast — 0.

Here u is called a weak solution of (1) if u € HL _(RT x R?), u(t,z) € N
L3-a.e. in RT x R?, if

/ (ug, o) — (Vu, Voydedt =0

R+ xR2

for all ¢ € H'(RT x R?) with ¢(z) € Tu(z)N a.e. and compact support, and if
u(t7 ')A’U/Ou Ut(t, .)_\ul

in the sense of distributions (see Appendix A of [6] for the equivalence of various
notions of a weak solution).

Existence of weak solutions was first established by Shatah [14] if N = S*.
His result was recently generalized by Freire [5] and Yi Zhou [15] to homogeneous
spaces as targets. Short time existence and uniqueness for smooth data can be
proved classically by energy methods. For a slightly modified problem that
captures the essential difficulties of problem (1) Klainerman and Machedon [9],
[10] established short time existence, uniqueness and continuous dependence for
initial data in H't% x H® & > 0, through new Strichartz type estimates. This
exploits the fact that (1) may be written explicitly as a system of hyperbolic
differential equations with a particular null-form structure.

The key ingredient in our proof is a compactness result for wave maps under
weak convergence ([7], [6]). Given this result a serious technical problem is to
find suitable approximate problems for which existence is easy to prove. In this
note we follow Yi Zhou [15] and use the viscous approximation

(4) Ut — Au — €A’I,Lt L TuN

Alternatively, one can use finite-difference approximations of (1) (see [12]).

To explain the compactness theorem it is useful to rewrite (1) as a first order
system for du and the connection form of TN. We assume for the remainder of
this section that N is parallelizable. Let (€1,...,€,) be a smooth orthonormal
frame of TN. Then, for a map v : Rt x R? — N, the choice e; = €; ou yields an
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orthonormal frame (ey, . .., e,,) of the pullback bundle u T N. Let 0; := (du, ¢;)
and let w;; denote the connection form given by w;; := (de;, e;), where (,) is
the scalar product in R%. The Lorentzian codifferential 6 and the Lorentzian
contraction act on 1-forms ¢ = podt + prdr! + podr?® = padz®, v = Podx® by
0 = Orpo — 011 — G2, @ - = —otho + Y111 + p21)2. With this notation
equation (1) is equivalent to the system

(5) 5014—0)”9]:0, lgzgm

This is a straightforward calculation for smooth map; for the equivalence of weak
solutions see Appendix A of [6].

Other frames é; of u"'TN can be obtained by the gauge transformation
ei(z) = Rij(z)ej(x), R(x) = (Rij(x)) € SO(d).

This frame invariance can be exploited to (locally) choose a frame for which
deuclwij = Oawijo = 0. Using the identity dw;; = de; A dej, H' estimates for
Jacobians ([3]), H1-BMO duality ([4]), and concentration compactness ([11]) one
then obtains the following compactness result ([6], Theorem 3.7).

For convenience we state this result in the periodic setting. The Campanato
space L*>!(T3) with norm

1
£l = sup sup & [ g
z€T3 0<R<1 B(z,R)

consists of all f € L?(T®) that satisfy ||f||2,1 < co. The semiarrow — denotes
weak convergence.

THEOREM 1.2. Let N be a parallelizable compact m-dimensional Riemann-
ian manifold and suppose that the maps v™ : T3 — N satisfy

v — v in HY(T3RY), || Dv"||21 < C.

Then there exist orthonormal frames (€7,...,e") of (v™) TN such that €7 —
¢ in HY (T3 R?), (¢1,...,€n) is an orthonormal frame of v"'TN and
(6) w%-@}’éwij-ﬁj—&—m

in the sense of distributions, where v; is a Radon measure that satisfies
(7) suppv; C {z € T : limsup limsup || x5z, g)0" || 2 > 0}
R—0 n— 00

We will see that in this form, the convergence result can be directly applied
to show weak convergence of solutions (u.) of the Cauchy problem for (4) to
(forward) weak solutions of (1), (2).
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2. Regularized wave maps

In this section we establish the global existence of solutions u : Rj x R? — N
to the Cauchy problem for the regularized equation

Ut — Au + €A'th L TuN
We do not assume that IV is parallelizable. Throughout this section we suppose
0<e<1.

We first derive an expression for the normal component of uy; — Au + eAw, for
an arbitrary (sufficiently smooth) map u : R x R? — N. Let 7 denote the
nearest neighbour projection of a neighbourhood of N to N and let P = V.
For u € N, the linear map P(u) is the orthogonal projection RY — T, N. Let
Q(u) = Id —P(u) denote the projection on the normal space. We have (with
summation over ¢ € {1,2})
P(U)Utt = (P(U)Ut)t — P(u)tut
= Ut — V27T(u)(ut, Ut),
P(u)Au = Au — V7 (u)(9;u, Oju),
P(u)Auy = (P(w)Au)y — (P(u))Au
= Auy — (V21 (u)(9u, Oju) s — V27 (us, Au),
and thus the normal component is given by
(8) Qu)(uw — Au—eAuy) = V27T(U)(3t% Opu) — Vz”(“)@iua diu)
— e(V2r(u)(O5u, Oyu)); — eV (u)(us, Au) =: T(u).
In particular, for maps « with values in N equation (4) is equivalent to
(9) upr — Au — eAuy = T(u).
We consider Cauchy initial data
(10) u(0, -) =wug, ut(0, ) =uy.

LEMMA 2.1. Suppose that (ug,u1) € H* x H', ug(x) € N, u1(x) € Tyy(s)N
a.e. Then the initial value problem (9), (10) has a unique global solution u :

Ry x R? — N in the class
X = Hioo([0,00); H*) N HyoZ ([0, 00); H') N Hi ([0, 00); L),

loc

Moreover, the energy identity
t
E(t) +5/ Vg |* dz dt = E(0)
0 JRr2

holds.
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PRrROOF. This result appears already in Yi Zhou [15]. Since the proof of
global existence may not be obvious to non-experts we sketch a proof of Lemma
2.1.

Local existence is established by the usual fixed point argument. For conve-

nience we scale
v(t,x) = u(et,ex)

to achieve ¢ = 1. To simplify the notation in the following we again write u
for v. Consider the spaces

Xtwguy o= {u€ HY0,t; H*) N HY(0,¢; HY) N H?(0,¢; L?) :
uw(0, +) = ug, ue(0, ) =wur},
Y; == L*(0,t; L?)

with norms

t
%, :=/0[|\u||§{2(s)+||ut||i,2(s)+||utt\|22(s)}ds

+ ess sup(||ul| 32 (s) + [luel| 3 ()],

se(0,
t
1712, = / 11122 (s) ds.

Here ||u||g=(s),. .. denote the spatial norms at fixed times and we will abbreviate
[lu|l2(s) := |lul|2(s), etc. and will suppress s when no confusion can occur.
For f € Y; the linear equation

(11) up — Au— Auy = f
has a unique solution in X;. Testing with Au; we obtain the estimate

d
(12) (Va3 + [1Aull3)(s) + [|Au5(s) < [IflI3(s)  for ae. s € (0,1).

It follows that

esssup(||Vue |13 + [[Aul3)(s) < [I£I3, + llusllFp + lluollz,
(13) s€(0,t)
1Au3, < IAI5, + lluallzn + [luollZ-

In view of the identity |luu|y = ||Au+ eAwu;, + f||y, the Sobolev estimates (for
s € (0,1)),

(14) Jue(s, ) —urlla < CE/2||ugelly,

(15) IVu(s, -) — Vuglla < Ctesssup ||[Vugl|2,
s€(0,t)

(16) [u(s, =) —uoll2 < Ctesssup [lut|2,

s€(0,t)
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and the identity ||V?ul|2 = |Aul|2 we deduce that, for ¢ € (0, 1),

(17) lullx, < CQ+E2)(1f 1y, + luollarz + lluallz)-

To proceed, we globally extend the map m7—and hence the operator T in (9) to
an arbitrary, sufficiently smooth map u : Rt x R? — R —as follows.
Let 2§ > 0 be the radius of a tubular neighbourhood Uss(NN) of N such that
the above projection 7 is smooth and uniquely defined as a map 7 : Uas(N) — N.
Let x € C*(R) denote a function such that x(s) = s for s < 6%, x(s) = 362
for s > 262, and x’(s) > 0 for all s. The map p given by

o(u) = X(‘W) for u € Uys(N)

then extends to a smooth map on R? with gradient
Vo(u) =u—7(u) forue Us(N).
Defining
7(u) =u— Vo(u), uecR?

we thus obtain the desired smooth extension of the nearest neighbour projection
7 to a map 7 : R — RZ. In the following, we again write 7 for 7. Observe that

m(u) =u for u & Uss(N);
hence
|VFEm(u)| < Cp = Cx(N) for all u € R, k> 1.

To establish short time existence of solutions of (9), (10) it suffices to show that
the map 7 : v — T'(u) has the following properties:

(18) 7 maps bounded subsets of X} ,, ., to bounded subsets of Y;
(19) |17 (w) = T (0)lly, < C(R)EV*|Ju—v]x, fort <1,

where R = max(||u||x,, ||v|x,)-
To show boundedness of 7 note that

(20)  |T(w)] < C(luel® + [Vul® + ue] - [Vul* + [Vul - [Vug| + [u] - |Aul).

By Ladyzhenskaya’s inequality and the identity |[V2ulls = ||Aull2 we have, at
fixed time,

21
22
23
24

[ufll3 < lluells < Clluel31IVuel3,
Va3 < IVulli < C|Vull3]|Aull3,
el - [Vul® + fueAul|3 < Clluel 3, (1 + [[Vull3) | Aul3,

(
(
(
( 1Vul - [Vuel 3 < [Vull3| Vel 5 < ClIVullal| Aullz]| Vae |2 ]| Aue |2,

)
)
)
)
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and hence
C
(25) HVul - [Vl 13 < S IVul3 Va3 Aullz + 0] A3
In view of the estimate (see (31) below for a refinement)
C
luellZe < Cllulla lJuellz < gIIUtllfm + 8| Auy |®
it follows (with the choice 6 =1 above and in (25)) that
(26) ITW)]3, < CA+lulk,) fort<l.
For future references we also note the finer estimate
(27) 1T (W)}, < COL+ [sup(lfull a2 + uell 1) (5)]°)
+ 6| A3, (1 + sup ||lul|py) for all t € RY.

The proof of the Lipschitz estimate (19) is similar with the following modi-
fications. First, instead of the quadratic and cubic expressions in (21)—(24) one
has to estimate similar expressions in v and w := v — u. Application of the

Sobolev estimates in time (14)—(16) to w yields the additional small factor of
t1/4 since wy = wy = 0. Second, an additional term that can be estimated by

Clwl(Jue® + [Vul? + |ue| - [Vul* + [Vl - V| + Jue] - |Aul),

plus a similar term with u replaced by v, arises.
In view of (20)—(24) and the estimate

(28) lwlloo(s) < CllAwlla(s) < #72 ]|

this term poses no additional difficulty.

Hence (18) and (19) hold, and (9), (10) has a solution u : [0,7) x R? — R?
up to a time t = #(up, u;) > 0. To see that u takes values in N observe that for
short times u is uniformly close to N in view of the embedding H'(0,t; H?) —
C°(0,t; C°). Hence the projection v := 7 o u takes values in N. Moreover,

= Vr(u)uy,
Vit — Vﬂ(u)utt + V27r(u)(ut, Ut),
Av = Vr(u)Au + V27 (u)(9;u, ;u),
Av; = Vr(u)Aug + V2 (u) (ug, Au) + (V23 (u) (9w, O5u));.

Using (9) we deduce that w = v — u satisfies

wy — Aw — eAwy = (Vo u)T (u)
= [(Vrou) = (Vrow)|T(u)
+ (Vr00)(T(u) — T(v)) + (V0 0)T(v).
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Since v takes values in N it follows from (8) that (Vm o v)T(v) = 0. Now
wo = wy = 0 and thus by (17), (19) and (26),

Jwllx, < C‘[(Su%O [wllo)IT (W)lly, + 117 (w) = T (v)]v.]

s

< C(R)(tY? + tV/)|w||x, fort <1,

where R = max(||ul|x,, [|v]|x,) < C|lul|x,. Hence w = 0 on (0,%) for sufficiently
small 7. Thus for each ug, u; as in Lemma 2.1 there exists a solution w : (O,tA) X
R? — N for some tA(uo7 u1) > 0. By the usual continuation argument this solution
can be extended to a maximal time interval (0,t*) and we will see that t* = oo
unless

(29) lim/sup llw|| g2 (t) + ||we]| g1 (2) = o0.
t

Indeed, if ||u|| g2 (t) + ||we]| g2 (£) remains bounded by Cp as t ' t* then (13), (27)
(with 6 = 1/(2(1 4+ C3))) and (17) imply that ||Au,|ly, and ||ul/x, also remain
bounded ast ' t*. Hence u(t,-) — %o in H? and w4 (t, - ) — @y in L? (and weakly
in H') as t /" t* and thus g takes values in N and u; € Ty, N. Therefore one
can solve locally with initial data wp,u; and thus extend the solution beyond
(0,t%).

To establish global existence we use a Gronwall type estimate to show that
(29) cannot hold for t* < oco.

Testing (9) with u; € T,,N we obtain the energy identity

1 t
(30) gl + VulB)e) + [ 1Vl =
We now return to the estimates (20)—(23) and use the Brezis—Waigner inequality
for wu;:
(31) el < Clluell i [1 n lnl/2(1 1 el )]
[l || o

In view of the estimate ab < e®+blnb (for b > 0) we deduce that (for 0 < § < 1)

el
32) oul 18l < Ol |1+ (14 {202 ) |

el
< s | (1+ 24122 ) + sl A

< Clluellz + Clluel (el e + [[Aue]2)
+ Clluel| | Aul3 n || A3

C
< (Ml + Sy ) + el |l A

If we let
h(t) := 5(IVuell5 + [[Aull3),  g(t) = [[ V3,
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take § = 1/4 in (32) as well as in (25) and denote by C constants that only
depend on Ey we deduce from (20)—(25), (30), (32), (12) and (9) that

B < C(g+C)(h(InT h+1)+C).

Since [, m = oo and fot ) gdt < Ey it follows that h(t) remains bounded
as t /' t*. This contradicts (29). Thus ¢* = oo, proving global existence. 0

To characterize the singular set supp v; in Theorem 1.2 we will use the local
energy inequality in Lemma 2.2 below. Due to the regularizing term we cannot
expect finite speed of propagation but we show that the influence of points
outside the backward light cone becomes exponentially small as € — 0.

Let '

() = { exp(s) ?f 5 <0,
2 —exp(—s) ifs>0,
and for t < tg let

et x) = ¥([(1 + VE)(to — 1) — |z — 2ol /VE).

LEMMA 2.2. Let u be the solution of (9), (10) in Lemma 2.1. Then, for
0<s<t<ty,

(33) / weedr < / peedr.
{t} xR2 {s}xR2
Moreover, for all balls B(zo,7) C B(z0, R) C RT x R?,
1 C R
(34) 7/ edzg—/ edz+CeXp<>E0.
" JB(z0,r) R JB(z,R) 2\

PROOF. We have, for a.e. t, in the sense of distributions in R?,

er = (ug — Au,ug) + div(Vu, ug)
= (eAuyg, up) + div(Vu, ug)
= —¢|Vue|? + div(e(Vaug, ug) + (Vu, ug))

and thus, abbreviating ¢ = ¢,

d
%/ gpez/ (per + epy) dr
R? R?
< /2(—€|Vut|2</7+€|VUt| el - Vol + [Vul - Jug| - [Vl + epr) d
R

, £3/2 , el
< [ (= elvule+ S TuliTol + SodiTel + eVl +90) ) do
RQ

< /Rz [elVu (VEIVel = @) +e((1+vE) Vi + ¢1)] d

<0 for a.e.t.
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Since ¢t — [g. e is absolutely continuous (in fact in H} (¢,%0)) this proves the
first inequality. To establish the second estimate, note that we may assume
r < R/16 and that at the expense of increasing the constants we may replace
balls by cylinders C(zg,7) = [to — r,to + 7] X B(zg,r). It follows from (33) that,
for s € [t +r — R/4,1],

/ edz S/ e([(1+VE)E — 8) + 7 — |o — aoll/VE) de
{t}x B(zo.r) (s} xR2

R
< 2e dx + exp| — —= |edx
{s}xB(z0,R) {5} % (R2\ B(wo,R)) 2\/e

< / Qed:v—l—exp(—R)Eo.
{s}xB(z0,R) 2\/€

Integration over t € [tg — 7, to + 7] and over s € [to — %R, to — 1—16}20] yields the
desired estimate for cylinders. O

3. Existence of wave maps

PRrROOF OF THEOREM 1.1. By a construction of Schoen and Uhlenbeck ([13],
Section 4) there exist ug. € C§°(R?, N) and 1. € C§°(R?, R?) such that

(35) uge —u in H', W, —wup in L2
Then P(upe) — P(u) boundedly a.e. and thus
(36) u1e = P(uge)U1e — uy  in L2
By Lemma 2.1 there exists a global solution u. : R x R? — N of the Cauchy
problem
(37) Uett — Aue —eAug L T, N,
u5(07 ) = UQe, uat(oa ) = Ule-

In view of the energy identity (30) there exists a sequence &, — 0 such that

n

u™ = u,, satisfies

(38) u —u o in L (RY;R?),
(39) Du™ = Du in L®(R{; L?),
(40) eVuy — 0  in L*(R{ x R).

We claim that u is a weak wave map in RT x R2. It suffices to check the
assertion for every cube Q' = Q(zo,7) = 2o + (—7,7) and we may assume
Q(20,2r) C RT x R%. Fix such a cube. We assume for convenience that r = 1/4,
the general case follows by scaling. By reflection across the planes z*—z§ = +1/4
and periodic extension we obtain maps v" : T2 — N that satisfy
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vigr =", 1DV L2y xr2) < 201Du" L2 ({6} Qo,1/4)) < C-

The last estimate implies that Dv" is bounded in L2 (T3).

To proceed, we first make the additional assumption that N is paralleliz-
able. Let (e7,...,€") be the frames of (v*)~'TN whose existence is asserted
in Theorem 1.2 and let 0" = (dv",e7'),wf; = (de},e}). Testing (22) with ne}
for n € C§°(Q’) we obtain (cf. Section 1)

(41) 807" + wi - 07 = div(eVuey, €}') — (eVue, Vel')

in the sense of distributions in @’. It follows from (38)—(40) and Theorem 1.2
that

(42) 00; +wij - 0; = vy,
in the sense of distributions in @Q’, where
suppy; C S :={z € Q" : limsuplimsup ||xp(z,g) Du"|| 21 > 0}.
R—0 n—oo
To finish the argument we show that S has vanishing H? capacity and thus

v; = 0 since the left hand side of (42) is in H~1 + L' (cf. [6] for further details).
Indeed, passing to a further subsequence we may assume that

(43) DU S in M(Q).
Since €, — 0 it then follows from the “monotonicity formula” (34) that
limsup || xp(z,m)yDu" || 20 < CR™' u(B(2,2R))

and hence that

1
S Clz€eQ :limsup =u(B(z,R)) > 0¢;
R—0 R

see [6] for the details.
Now the set on the right hand side is a countable union of sets of finite one-

dimensional Hausdorff measure and hence has vanishing H' capacity. Therefore

as distributions in @’ and thus u is a weak wave map in Rt x R2.

If N is not parallelizable we use the fact that by [2] or [8], N is a totally
geodesic submanifold of a compact parallelizable Riemannian manifold N , which
in turn we may assume to be isometrically embedded in R%. Let U C ]Rg x R2 be
open. Since the second fundamental forms of N and N agree on TN x T'N, we
have, for all v € HY(U; N) and all ¥ € H'(U; v TN) with (v(z)) L Ty N,

(45) (00, 0:0) = 0,  (Byv, 3)) = 0.
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(It suffices to approximate ;v by (P ov)(g. *d;v), the projection to T}, N of

the standard mollification.) Let II(p) denote the orthogonal projection T,N —
T,N and extend II(p) as the identity on (7,N)+. Then

(46) 10: /(o v)¢lll2 < Clliglls + IVell2), Vo € (H' NL¥)(UsRY).

Now let v : T — N < N as above and apply Theorem 1.2 with N replaced by
N. Let (e},...,e7,) be the corresponding frame of N and let 6 = (dv™,€7),

»~m/!

wy = (de},e’). As above we obtain, for n € C5°(Q’),

(007 + iy 03m) = [ (o do),
and application of (45) and (46) with ¢™ = ne} and II" =II o v™ yields
/ (do™, dgy = / (do™, (T} = / (o — A, T ")

- / (en Ao, TT") < [len Vol 2|V (IT6™) 2
< CEHHVU?H2 —0

as n — oo. Hence

807 +wiy - 07 —0
in the sense of distributions, and as before we conclude that v is a weak wave
map (with values in N ). Since v™ — v in L the limit v is a weak wave map
with values in V.

While (44) was derived through the use of special frames the equation is
frame-invariant (see [6], Appendix A for the weak setting) and hence holds in
particular if 6 and w are defined with respect to the frame given by e; = €; « u,
where (€;) is a fixed frame of N. From now on we will work in this frame.

It remains to show that u attains the correct initial values. We know that
u" is bounded in LS (RS H'),
uf is bounded in L>(R7; L?).
Thus
(47) [u”(t, ) —uglla < Ct
and, by (39) and the Aubin—Lions lemma,
u™(t,-) —wu(t,-) in H' forallt>0.

Letting n — oo and ¢t — 0 in (47) and taking into account (38), (39) and (35)
we deduce

u(t, ) —uy in L% u(t,-)—uy in H'.
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To establish convergence of u; recall that the normal component of u}, is given
by
(Id — P(u™))ugy = (V1) (u")(uf', up).

To estimate the tangential components note that by (45),

<u7751t7 6?> - <UZ,H“6?> = at<u?7 6? - H67> = Oa

(Au", ey — (Au™, II"e]) = 0,
and thus
(ugy, ey = div(Vu™ 4+ eVug, II"e}) — (Vu™ + eVuy, V(II"e])).
In combination with (39) and (40) it follows that

uf is bounded in L (R ; L?),
uf is bounded in (L* + L®)(RF; (L™ N HY)*).

Thus
(48) g (2, ) = (s, )2 < Clls =tV + s — t])
and by (38) and the Aubin-Lions lemma

ul(t, ) — ug(t, -) in L2, for all t > 0.

Letting n — oo and t — 0 in (48) and taking into account (36) we obtain
u(t, -) — uy in (L N HY)f . and therefore uy(t, -) — up in L2, as t — 0. Thus

loc
(49) Du(t, -) — (Vug,u1) in L? ast — 0,
and, for every ¢ > 0,
(50) Du™(t,-) — Du(t,-) in L? asn — oo.
The energy identity (30) yields
(G 2B(1) = |Duft, )|} < liminf [ Du"(t, )3
< tisup (V)| = | (T, 1) = 2(0).

Thus

lim sup || Du(t, -)]
t—0

5 < [(Vug,un)13

and hence strong convergence holds in (49). The proof of Theorem 1.1 is finished.
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4. Concluding remarks

A major open problem is the uniqueness of wave maps with finite energy in
1+ 2 dimensions. Uniqueness in the class of all weak solutions would imply the
energy identity E(t) = E(0) for all ¢ > 0, since otherwise time reversal would
yield a weak solution for which the energy increases and which would thus be
different from the solution constructed above. From the energy identity and (50),
(51) one easily deduces that Du" — Du in L? for the above approximations
(this implies the local energy inequality for u) as well as continuity of the map
R(J{ — L? given by t +— Du(t, - ). In particular, concentration of energy would
be impossible. It is, however, widely believed that such a phenomenon may
occur, as it does, for instance, for the harmonic heat flow u; — Au L T, N in
1+ 2 dimensions (see [1]). Hence, uniqueness is only expected to hold in a more
restricted class, defined by conditions such as monotonicity of the energy or local
energy inequalitites.

Existence of solutions that enjoy such additional properties remains an open
problem. On the other hand, the solutions constructed here still enjoy the com-
pactness property originally established only for smooth solutions ([7], [6]). The
main point is that in view of (34) the solutions constructed above satisfy, for
B(z0,7) C B(20, R) C R x R?,

1 C -
[ D < CuBGe ),
B(zo,r)

r

where p is the Radon measure in (43). If {u'} is a sequence of such solutions
2 (RT x R?) then, after passage

with uniformly bounded energy and u! — u in L2

* o~
to a subsequence, we may assume u! — [ and

. C_—
limsup x5 zo,n D' | 20 < ZA(B(z0,3R)).

l—o0

It now follows from Theorem 1.2 as above that u is a weak wave map.

REFERENCES
[1] K. C. CHaNg, W. Y. DiNag AND R. G. YE, Finite-time blow-up of the heat flow of
harmonic maps from surfaces, J. Differential Geom. 36 (1992), 507-515.

[2] D. CHRISTODOULOU AND A. S. TAHVILDAR-ZADEH, On the regularity of spherically
symmetric wave maps, Comm. Pure Appl. Math. 46 (1993), 1041-1091.

[3] R. CorrFMaN, P.-L. LIONs, Y. MEYER AND S. SEMMES, Compensated compactness and
Hardy spaces, J. Math. Pures Appl. 72 (1993), 247-286.

[4] C. FEFFERMAN AND E. M. STEIN, HP spaces of several variables, Acta Math. 129
(1972), 137-193.

[5] A. FREIRE, Global weak solutions to the wave map system to compact homogeneous
spaces, preprint.



6]
7
8]
9]

[10]

[11]

(12]
(13]

14]

(15]

GLOBAL EXISTENCE OF WAVE MAPS 259

A. FREIRE, S. MULLER AND M. STRUWE, Weak compactness of wave maps and har-
monic maps, Ann. Inst. H. Poincaré Anal. Non Linéaire (to appear).

, Weak convergence of wave maps from (1 + 2)-dimensional Minkowski space to
Riemannian manifolds, Invent. Math. (to appear).

F. HELEIN, Régularité des applications faiblement harmoniques entre une surface et une
variété riemannienne, C. R. Acad. Sci. Paris Sér. I Math. 312 (1991), 591-596.

S. KLAINERMAN AND M. MACHEDON, Space-time estimates for null forms and the local
existence theorem, Comm. Pure Appl. Math. 46 (1993), 1221-1268.

, Smoothing estimates for null forms and applications, Internat. Math. Res.
Notes 4 (1994), 383-389.

P.-L. LioNs, The concentration compactness principle in the calculus of variations, the
limit case, part II, Rev. Mat. Iberoamericana 12 (1985), 45-121.

S. MULLER, M. STRUWE AND V. SVERAK, in preparation.

R. ScHOEN AND K. UHLENBECK, Boundary regularity and the Dirichlet problem for
harmonic maps, J. Differential Geom. 18 (1983), 253-268.

J. SHATAH, Weak solutions and development of singularities in the SU(2)o-model,
Comm. Pure Appl. Math. 41 (1988), 459-469.

Y. ZHou, Global weak solutions for 1 4+ 2 dimensional wave maps into homogeneous
spaces, preprint, 1995.

Manuscript received June 5, 1996

S. MULLER AND M. STRUWE
Department of Mathematics

ETH Ziirich

Ramistr. 101

CH-8092 Ziirich, SWITZERLAND

E-mail address: sm@mis.mpg.de, struwe@math.ethz.ch

TMNA : VOLUME 7 — 1996 — N° 2



