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INFINITELY MANY SOLUTIONS
FOR OPERATOR EQUATIONS
INVOLVING DUALITY MAPPINGS
ON ORLICZ-SOBOLEV SPACES

GEORGE DINCA — PAVEL MATEI

ABSTRACT. Let X be a real reflexive and separable Banach space having
the Kade¢—Klee property, compactly imbedded in the real Banach space V'
and let G:V — R be a differentiable functional.

By using “fountain theorem” and “dual fountain theorem” (Bartsch
[3] and Bartsch—Willem [4], respectively), we will study the multiplicity of
solutions for operator equation

J<Pu = G/(u)v
where J, is the duality mapping on X, corresponding to the gauge func-
tion ¢.
Equations having the above form with J, a duality mapping on Orlicz—
Sobolev spaces are considered as applications. As particular cases of the

latter results, some multiplicity results concerning duality mappings on
Sobolev spaces are derived.

1. Introduction
This paper is concerned with multiplicity results for equations of type
(1.1) Jou =G (u),
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where

(a) X is areal reflexive and separable Banach space having the Kadec—Klee
property, compactly imbedded in the real Banach space V;

(b) Jy: X — X* is a duality mapping corresponding to the gauge function
¢ (see Definition 2.2 below);

(¢) G":V — V* is the differential of the functional G:V — R.

As usual, X* (resp. V*) denotes the dual space of X (resp. V) and (-, - ) x x~
(vesp. (-, -)v,y~) denotes the duality pairing between X* and X (resp. V*
and V).

Often, we shall omit to indicate the spaces in duality and, simply, we shall
write (-, ).

Our approach is a variational one, the so called “fountain theorem” and
“dual fountain theorem” (Bartsch [3] and Bartsch-Willem [4] respectively, see
also Willem [19]) being the basic ingredients which are used.

Equations having the form (1.1) with J,, a duality mapping on Orlicz-Sobolev
spaces are considered as applications. As particular cases of these results, some
multiplicity results concerning duality mappings on Sobolev spaces are derived.

More particularly, these results apply to many differential operators which
are, in fact, duality mappings on some appropriate spaces of functions (for ex-
ample, if Ay, 1 < p < o0, is the so called p-Laplacian, then —A,, is the duality
mapping on Wol’p(Q) corresponding to the gauge function ¢(t) = tP~1 ¢t > 0).

2. The main result

Let X be a real reflexive and separable Banach space. It is well known that
there are E = {ey,... ,en,...} C X and F = {f1,..., fn,...} C X* such that
X =Sp(E), X* = Sp(F') and

ie 1 fori=yj,
iy€5) =
’ 0 fori#j.

For what follows, we shall note

k [SS)
(2.1) X;=5%({e;}),  Vi=EDX;, Z=PX;
j=1 =k

THEOREM 2.1. Let X be a real reflexive, smooth and separable Banach space
having the Kadec—Klee property and compactly imbedded in the real Banach
space V. Let H € CY(X,R) be an even functional having the form

(2.2) H=0-G,
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where

(a) at any u € X, ¥(u) = O(||ul|), with

t
(2.3) D(t) = / w(&)dg,  forallt >0,
0
©: Ry — Ry being a gauge function which satisfies
N to(t)
=sup —= < o%;
PR e

(b) G:V — R satisfies:
(b)1 G":V — V* is demicontinuous;
(b)a there is a constant 6 > p* such that, at anyy €V,

(G'(y),y)v.v- —0G(y) = C = const.
(c) for any u € X, with |lul|x > 1, one has
(2.4) H(u) = allullx = calli(u)lly, —d,

where i stands for the compact injection of X in V while g > p > 0,
c1 >0, co >0 and d are real constants;
(d) for any k € N* and u € Yy, with |Jul|x > 1, one has

H(u) < csllull’y — callullx +cs,

where s > 0, r < s, cqg >0, c3 and c5 are real constants.
(e) there exist p, > 1 and the positive constants c7, cs such that

(2.5) Gyl < erllyllv + esllylly

for any y € i(X).
Then, the functional H possesses a sequence of critical positive values which
converges to +0o and another one, of critical negative values converging to 0.

Before proceeding to the proof of Theorem 2.1, we list some results we need.

First, we recall that a real Banach space X is said to be smooth if it has
the following property: for any z € X, x # 0, there exists a unique u*(z) € X*
such that (u*(z),z) = ||z||x and ||u*(2)||x+ = 1. It is well known (see, for
instance, Diestel [8], Zeidler [20] ) that the smoothness of X is equivalent with
the Géateaux differentiability of the norm. Consequently, if (X, || -||x) is smooth,
then, for any z € X, x # 0, the only element u*(z) € X* with the properties
(w(@),x) = allx and [u(@)]x- = 1is w*(@) = | - [ (2) (where | - [ (@)
denotes the Gateaux gradient of the || - || x-norm at x).

A function ¢: Ry — R, is said to be a gauge function if ¢ is continuous,

strictly increasing, ¢(0) = 0 and ¢(t) — oo as t — oo.
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DEFINITION 2.2. If X is a real smooth Banach space and p: Ry — R, is a

gauge function, the duality mapping on X corresponding to ¢ is the mapping
Jo: X — X* defined by

J0=0, Jox=ep(lzlx)l-lx(), ifz#0.
The following metric properties are consequent:

[zl x+ = @(llzlx),
(Jox,z) = o(||lz||x) x| x, forallze X.

DEFINITION 2.3. A real Banach space has the Kade¢—Klee property if it is
strictly convex and

if x,, = z and ||z, || — ||z| then z, — «.

REMARK 2.4. Any locally uniformly convex Banach space (in particular,
any uniformly convex Banach space) has the Kade¢—Klee property. For proof,
we refer to Diestel [8].

DEFINITION 2.5. Let X be a real Banach space. The operator T: X — X*
is said to satisfy condition (S)y if and only if, as n — oo, the following holds:

zn, = x and limsup (Tx,, z, — z) < 0 implies z, — .
n—oo

PROPOSITION 2.6. If X is a real smooth Banach space having the Kadec—
Klee property, then, any duality mapping J,: X — X* satisfies condition (S)4
(see [9]).

PROPOSITION 2.7. Let X be a real reflexive and separable Banach space and
let Yy, be the subspaces of X given by (2.1). We assume the following:

(H)1 The operator S: X — X* is bounded and satisfies condition (S)4.
(H)2 The operator K: X — X* is compact.

Then, any bounded sequence (uy;) C X with u,; € Y,, and
(Stn, = Kutn Iy, vz, =0 as j — oo,
contains a convergent subsequence.

PROOF. There exists a subsequence also denoted (u,,); and v € X such
that u,; — u as j — oo. We deduce that (Su,,); is bounded and (passing to a
subsequence) we can suppose that Ku,, — f* € X* as j — oo.

We will show that

(2.6) (Stun; — Ktin,, tupn, —u) — 0 asj— oo.
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One can choose Up,; € Yy, such that v,;, — u as j — co. But
<Sun.7‘ — Kun,, up; — u) = <Sun.7‘ — Kup,, up, — Un_,~> + (Sun]. — Kup,,vn, — u)
Since up; — vpn; € Yy, we have

(Stn; — Ktn;,Un, —Vn;) = (Stn; — Kuy,) \ynj (Un; —Vn;)

< (Stn, = Kun,) Iy, v ltn, = vn, | =0 as j = o.

On the other hand, the sequences (Suy,); and (Ku,,); are bounded. Taking
into account that v,; — u as j — oo, it follows that

(Stupn; — Ktn,,vn, —u) — 0 asj— oo,

therefore (2.6) holds.

Now, since Ku,,. — f* as j — oo and u,, — u as j — oo, one has
J J
(KU, ,un; —u) — 0 as j— oo,

therefore
(StUn;,un; —u) — 0 as j — oo.

The operator S satisfying condition (S)4, it follows that wu,, — u as j — oo
and proposition is proved. a

In order to state the next results, we recall that if X is a real Banach space,
H € CYX,R) and ¢ € R, we say that H satisfies the (PS)-condition (with
respect to (Y3,)n), if any sequence (uy;); C X for which

(27)  wn, €Y, lim H(us,) =c and lim ||(H]y,,) (us,)llv;, =0,

contains a subsequence converging to a critical point of H. Also, we say that
H satisfies the Palai-s-Smale condition at level ¢ on X ((PS).-condition, for
short), if any sequence (u,) C X for which H(u,) — ¢ and H'(u,) — 0 as
n — 00, possesses a convergent subsequence. The (PS)*-condition implies the
(PS).-condition (Willem [19, Remark 3.19, a)]).

In what follows, a sequence (u,,;) C X satisfying (2.7), will be called a (PS)-
sequence for H.

One has

COROLLARY 2.8. Let X be a real reflexive and separable Banach space (X =
Sp(E)), compactly imbedded in the real Banach space V and H € C*(X,R) be
such that H'(u) = Su — Nu, where S: X — X* is bounded, satisfies condition

(S)+ and N:V — V* is demicontinuous. Let Yy be the subspaces of X given
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by (2.1). If c € R, assume that any (PS)?-sequence for H is bounded. Then, H
satisfies the (PS)%-condition for any c € R.

PROOF. Since H' has the form H'(u) = Su—Ku with K = i*oNoi: X — X*
compact, it follows by Proposition 2.7 that, if (u,;); C X is a bounded (PS)}-
sequence for H, then (u,, ); contains a convergent subsequence (also denoted
(tn,);. Therefore u,;, — u as j — oo.

We shall show that H'(u) = 0. Since Sp(E) = X, it is sufficient to show that
(H'(u),w) =0, for any w € Sp(E).

Indeed, if w € Sp(E), there exists p € N such that w € Y, therefore w € Y,
q > p. From (2.7), it follows that for any € > 0, there exists n. such that

(Hly,,, ) ()

vy <E, for all j > n..

J

But w € Yy, for any j > max(p, n.). Consequently,
(2.8) lim ((Hly, )'(n,), w) = 0.
j—o0 J
Since
(H'(u),w) = (H'(u) — H'(uy,), w) + (H' (un, ), w),

taking into account H € C'(X,R) and (2.8), we obtain (H'(u),w) = 0, for any
w € Sp(FE), therefore H'(u) = 0. O

COROLLARY 2.9. Let X be a real, reflexive and smooth Banach space having
the Kadec—Klee property and compactly imbedded in the real Banach space V.
Let H € CY(X,R) be a functional having the form H = ¥ — G, where:

(a) at any u € X, ¥(u) = ®(JJul|) with

t
O(t) = / w(s)ds, forallt>0
0
and p:Ry — Ry being a gauge function which satisfies

to(t
20 _ o o

(b) G:V — R satisfies:
(b); G":V — V* is demicontinuous;
(b)a there is a constant 6 > p* such that

(2.9) (G'"(y),y)v,v- —0G(y) > C = const. for ally € V.

Then, the functional H satisfies the (PS)%-condition, for any ¢ € R.

PRrROOF. It suffices to prove that the hypotheses of Corollary 2.8 are fulfilled
with § = J, and N = G’. Indeed, according to Asplund’s Theorem ([2]) ¥’ =
Js, J, is bounded and, by Proposition 2.6, J, satisfies condition (S);. The
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demicontinuity of G’ is assumed by (b);. It remains to be proved that any
(PS)%-sequence for H is bounded.

Let (un;); C X be a (PS);-sequence for H. By putting ¢, = ||H’(unj)||y;j
and taking into account the boundedness of H(u,,) one has:

Er

1 .
) é] Hun7 ||X; M = const.

6
On the other hand, since, at any u € X, H(u) = ¥(u) — G(i(u)), one has

(2.10)  Hi(un,)

<Hl(un_7))unj>X,X* S M+

H'(u) =¥ (u) — (i* o G' 0 i) (u) = Jou — (i* 0 G' 0i)(u),

where, as usual, ¢ stands for the injection of X in V and ¢* is its adjoint. Con-

sequently,
1
H(Un]) - 5<H/(unj)’ unj>X,X*
1
=®(Jlun, ) = G(i(un,)) = =5 {Jptin, = (i" 0 G" o) (un, ), tn, ) x, x+

0
1
= | ®lun, 1) = 5@ llun; D lun, |

1 . . .
+ UG (i(un, )5 iun, ) vy = 0G(i(un,))]-
From p* definition, (|, ) un, | < p*® (s, ) such that, taking into ac-
count (2.9), one obtains

(2.11) H(up,) — $<H/(Unj)7unj>X,X* > (1 — p;><I>(||unJ )+ %

Comparing (2.10) and (2.11), we infer that

* En, C

(1= )@, I < 21+ S . 21 =2 .
Since ®(t)/t — 0o as t — oo and &,, — 0 as n — oo, this inequality implies the
boundedness of (u,). O

Next we state the basic result we need for proving Theorem 2.1.

THEOREM 2.10. Let X be a real reflexive and separable Banach space and
let Xi, Yi, Zi be the subspaces of X given by (2.1). Let H € C*(X,R) be an
even functional satisfying the following hypotheses:

(H)1 H satisfies the (PS)%-condition, for any c € R;

(H)2 For any k € N* there exists pr, > rr, > 0 such that
(2.12) ar = max H(u) <0

u€eYy
llullx=pk
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and

(2.13) by = inf H(u)—> oo ask— oo;
P
U|| X =Tk

(H)3 There exists ko € N* such that for any k > ko there exist pp > i > 0

such that
. i >
(2.13) ulensz H(u) >0,
llullx =k
(2.14) by, = max H(u) <0
uEYy, |lull x =rg
and
(2.15) dp= inf H(u)—0 ask— oo.
[SYAR
llullx <@

Then, H possesses a sequence of critical positive values which converges to 400
and another one, of critical negative values converging to 0.

Theorem 2.10 is obtained as a direct consequence of both “fountain theo-
rem” (Bartsch [3]) and “dual fountain theorem” (Bartsch-Willem [4]) as fol-
lows: the hypothesis “H satisfies the (PS)*-condition for every ¢ € [dg,,0)”
in the statement of the “dual fountain theorem” is replaced by “H satisfies
the (PS)Z-condition for every ¢ € R”, the fact that (PS)*-condition implies the
(PS)-condition is taken into account and then by union of the such modified
hypotheses of the two above quoted theorems.

PrOOF OF THEOREM 2.1. We shall prove that the hypotheses of Theo-
rem 2.10 are satisfied and then will follow by this theorem that the functional H
possesses a sequence of critical positive values which converges to co and another
one, of critical negative values converging to 0.

Indeed, according to Corollary 2.9, H satisfies the (PS)%-condition for any
¢ € R. Thus hypothesis (H); of Theorem 2.10 is satisfied.

We split in two steps the proof of the fact that hypothesis (H)s of Theo-
rem 2.10 is also satisfied.

Step 1. Define

(2.16) o = sup{[|i(u)||v | u € Zy, |[ullx =1}, k€N,

and show that
(a) 0 < a1 < ay, for all k € N* and oy, — 0 as k — oo;
(b)

(2.17) lli(w)|lv < agllu||lx, forallu e Zy, k € N*,

where 7 stands for the compact injection of X in V.
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Indeed, let C' = const. > 0 be such that
litw)|lv < Cllullx, forall ue X.

Since for any uw € Zj, with ||u]|x = 1 one has [|i(u)|ly < C, we derive that
ar < C. Since Zp41 C Zy one derives that ag41 < ap. Since i(u) # ¢(0) = 0 for
any v € X, u # 0, one derives that ||i(u)|y > 0 for any u € Zj, with |jul|x = 1.
Consequently, oy > 0.

By «y definition, there is ug € Zi, with |Jug||x = 1 such that

1
(2.18) 0 <o — |lilug)llv < e k € N*.

We shall prove that up — 0 (in X). Since X is reflexive and (uy) is bounded,
it suffices to show that zero is the unique weakly cluster point of (uy).

Consider a subsequence of (uy) (still denoted by (ux)) and an element u € X
such that ug — u. We shall prove that u = 0. Let p € N* be fixed (but arbitrary
chosen). One has f,(ur) — fp(u) as k — co. But, for any k > p, fp(ur) =0
(that’s because uy € Z), = @2, X;, X; = Sp({e;}) and fy(e;) = 0 for any
j>h).

Consequently, f,(u) = 0. Since X* = Sp({f1,--- fn,-.-}), we derive, by
density, that f(u) = 0, for all f € X*, thus v = 0. Since u — 0 (in X), the
compactness of ¢ implies i(ux) — 0in Y and then, from (2.18), a — 0. Clearly,
(b) directly follows by the definition of cy.

Step 2. Define i, = (c1/2c20)Y@~P) and py, = max(rg + 1, %), to > 0 being
such that h(t) = cgt”™ — eqt® + ¢5 < 0 for t > ¢ (since h(t) — —o0 as t — oo,
such a tg exists). Clearly, one has pr > rp > 0. Moreover, we shall show that
(2.12) and (2.13) hold.

Let u € Yj, with ||ul|x = pg. Since py > 1, it follows from (d) that H(u) <
c3py, — capy +cs = h(pr) and, since py, > to, it follows that h(py) < 0, thus (2.12)
holds.

Let ko be such that r; > 1 for any k > k¢ (since r, — 0o as k — oo, such a

ko exists). Since ||i(u)|ly < ag|lullx, for any u € Zj (see (2.17)), we derive from
(2.4) that, for k > ko and u € Zj, satisfying ||u||x = 7,
C1

H(u) > ci|lull% — c2ad|jul|% —d = arrl — caafr] —d = Erfg —d.

Consequently, for k > kg
ulensz H(u) > %rﬁ—dﬁ oo as k — oo.
llull x=rs

Consequently, (2.13) holds as well, therefore (H), is satisfied.
Now, we shall prove that the hypothesis (H)3 of Theorem 2.10 is also satisfied.
Let us consider tg > 1 such that h(t) = cst” — cat® + ¢5 < —1 for t > to (Since
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h(t) — —oo as t — oo, such a ty exists). Define r, = to, for all k € N*.
Let w € Yy, with |Ju||x = rg. Since r, > 1, it follows from (d) that H(u) <
c3ry, — cary + ¢s = h(ry) and, since ry = to, it follows that h(ry) < —1, thus
(2.14) holds. Now, we will show that there exists kg € N* such that for any
k > ko there exists g > r, > 0 such that (2.13) holds.

Define v, = (c1/(2c2af))/@=P) whith (aj), given by (2.16).

Since limy_, o, ap = 0, it follows that limg_, 7 = 00, therefore there exists
k1 € N* such that, for any k > k1, one has v, > tg.

We derive from (2.4) that, for k > k1 and u € Zj, satisfying ||u||x = Yk,

H(w) = erllullk = esafully — d = 1} = eaafnf —d = Sof

Since limy o0 ((c1/2)7; — d) = oo, there exists kg € N*, kg > ki such that,

for any k > ko,

C1

Define ¢, = v, > to = r,. Consequently, for k > kg and u € Zg, ||ullx = ¢x,
H(u) > 0, therefore (2.13) holds as well.
Now, since ¥(u) > 0, for all u € X, we derive from (2.2) and (2.5) that
H(u) 2 ~G(w) > —crlli@llv — csliu)lly, for all u e X.

Consequently, for k > ko and u € Z, satisfying |lul|x < ¢k, one has

H(u) > —crappr — csaf" o,

therefore dj, > —cragyr, — %aﬁ*vzg, for all k > kg. Then limy_.oo di, > 0.
On the other hand, since Zy NYy # 0 and r, < @y, it follows that

dp < b <0, forallk> kg,

therefore —crayi, — 08a£*'y,’;;‘ <dp < b, <0, for all k > k.
Since o — 0 as k — oo, it follows that (2.15) is satisfied. Thus hypothesis
(H)s3 of Theorem 2.10 is satisfied. The proof is complete. O

3. Applications to Orlicz—Sobolev spaces

Throughout this section 2 denotes a bounded open subset of RN, N > 2. Let
a:R — R be a strictly increasing odd continuous function with lim;_, . a(t) = oco.
For m € N*, let us denote by W[ E4(Q2) the Orlicz—Sobolev space generated by
the N-function A, given by

(3.1) A(t):/o a(s)ds.

We shall always suppose that

A
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replacing, if necessary, A by another N-function equivalent to A near infinity
(which determines the same Orlicz space).

Suppose also that

(3.3) i [ A

o . 77—(N+1)/N d’]’: Q.

With (3.3) satisfied, we define the Sobolev conjugate A, of A by setting

' AT
1 _

The existence and multiplicity of weak solutions for the boundary value prob-

lem

(3.4) Jou = Z (-1 DYy (2, DY) in Q,
|a|<m

(3.5) D% =0 ondf, |a]<m-1,

is studied, in this section, in the following functional framework:

e T[u,v] is a nonnegative symmetric bilinear form on the Orlicz-Sobolev
space W E 4(£2), involving the only generalized derivatives of order m of the
functions u,v € Wi E4(Q), satisfying

c1 Z (D*u)? < Tlu,u] < co Z (D%u)?,  for all u € WL A(Q),
laf=m la|=m

with ¢, co be positive constants;

o [[ullm,a = |[\/T[u,ul 4y is a norm on W§"E4(Q), | - || ) designating the
Luxemburg norm on the Orlicz space L4(€2);

o Jut (W Ea(Q), |- lna) = (W Ea(S), ||+ [1n.4)* is the duality mapping
on (WFE4(Q), || - |lm,a) subordinated to the gauge function q;

® g, xR — R, |a| < m, are Carathéodory functions satisfying hypotheses:

(H); there exist the N-functions M,, |a| < m, which increase essentially
more slowly than A, near infinity and satisfy the As-condition, such
that

(3.6) 190(, 8)| < ca(z) + dodl, (Ma(s)), z€Q, s€R, |a| <m,

where M, are the complementary N-functions to M, ca € Kﬂa (the
Orlicz class generated by the N-function M,) and d,, are positive con-
stants;
(H), for any a with |a| <m, there exist s, >0 and 0, > p* =sup, ¢ ta(t)/A(t)
such that
0 < 0,Gol(z,s) < sgal(m,s),
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for almost every = € Q and all s with |s| > s,, where
(3.7) Ga(z,s) z/ Jo(,T) dT.
0

Assume also that

(H)3 the function a(t)/t is nondecreasing on (0,00), (3.2) and (3.3) being
fulfilled as well (see the beginning of this section).

By (weak) solution of the problem (3.4)-(3.5), we understand a solution of
the equation

(3.8) Jou = G'(u),

in the following functional framework:

(i) X = WJ"E4(Q) endowed with the | - ||, 4-norm;
V= ﬂw<m WmflLMB (©2) endowed with the norm

lally = 3 Tl @
|B]<m

(ii) J, = the duality mapping on (W E4(Q), || |lm,4) corresponding to the
gauge function a;
(iii) G":V — V* is the differential of the functional G: V' — R,

G(u) = Z /QGa(x,Dau(x))dx.

laf<m
According to [10, Proposition 6.2], X is compactly imbedded in V.

PROPOSITION 3.1. Let A:R — Ry be the N-function given by (3.1). Fur-
thermore, we assume that A satisfies (3.2) and (3.3), the As-condition being also
satisfied by A and A. Let go:Q x R — R, |a| < m be Carathéodory functions
satisfying condition (H)1. Then, the functional H: W"E4(2) — R defined by

(3.9) H(u) = U(u) - G(u),

with

U(w) = Afullms),  Glu)= 3 /Q Go(z, Dulz)) dr,

|aj<m

for all uw € WEA(Q), is well-defined and C* on WIE4(2), with
0 0

H'(u) = Jou— Y (=11 D (z, D*u).

laj<m

PROOF. Clearly, the well-definedness of H on WJ"E4 () reduces to that
of G. At its turn, the well-definedness of G on WJ*E4 () is proved in [10,
Proposition 7.5].
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We shall prove more: G is well-defined on V. Fix o with |a] < m — 1. If
u € Y, then u € WmflLMB(Q), for all 8 with |f] < m — 1. In particular,
u € WLy (Q), therefore Du € Ly, (Q) = En, (Q).

Taking into account [10, Proposition 7.5 and (7.15)], one has

|Ga(, )| < cals| + 2da My (|s]).
Therefore
/ Go(z, D%u(x))dr < ca/ |DYu(zx)| dx + 2da/ M, (|D%u(x)]) de.
Q Q Q
Since, D*u € Ey, (Q) — L'(), it follows that [, [D*u(x)|dz makes sense.

Also, [, M (|D%u(x)|) dx makes sense. Consequently,

/ Go(z, Du(x)) dx < co.
Q
In order to prove that H € C!, it is sufficient to prove that ¥ € C' and
G € C'. Indeed, one has ([10, Proposition 7.5]):
V' (u) = Jou, forall u € W["E(),

where
ifu=0,

0
Jou = { , )
a(lfllm,a)ll - Iz, 4 (u) - if w # 0,

and

[ T[u,um)) T, hi(r)
0 [[ullim, T'u, uj(z)
T] T]
/ <\/ u, ul( )\/ uu](:cdx
Q [[t]|m, A l[ullm, 4
for all u € WJ"E4(Q), u# 0, for all h € W["E4(Q).
The continuity of the map u — || - ||}, 4(u) at any u # 0 is proved in [10, The-

(Il a (), h) =

orem 3.6] and for the continuity of ¥’ at u = 0, see the proof of Proposition 7.5
n [10]. Thus ¥ € C.

As far as the C'-regularity of G is concerned, for a later use, we shall prove
more: G is C' on V and

(3.10) =y /ga z, D%u(x))D*h(x) dz, u,h € V.

|| <m

Indeed, let u,h € V. One has
|G(u+h) = G(u) = (G'(u), h)]

Z/ (z, D*u(z) + D“h(x))

|a]<m

— Go(z, D%u(x)) — go(x, D*u(x)) D" h(z)] dx
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Z /Q[ga(vaau(-T) + Opap(x) - D h(x))Dh(x)

lal<m

= go(z, D%u(z))D*h(x)] dx

<2 Y llgale, D*u(@) + Opay, - D*h(z))

|a|<m
= ga(@, D%u(2))ll 37, 1D Pl (a1,
<2l[hllv Y llgalz, D*u(x) + 6pan - D*A(x)) = galz, D*u(x))| 37,

|a|<m

where 0 < Opap(x) < 1 ([13, Lemma 18.1]) and Holder’s type inequality was
used ([13, p. 80]). Consequently,

G(u+h) = G(u) = (G'(u), h)]
12]lv
<2 ) lgale, D*u(x) +bOpay - D*h(z)) = ga(z, D*u(x)) | 37,).

laj<m

Suppose ||h]ly — 0. Tt follows that
Hh||WV,,L71LMa(Q) — 0, therefore ||D“h||(ar,) — 0,

for any o with || < m. Taking into account the continuity of Nemytskij oper-
ators (see [13, Theorem 17.6]), it follows that G is Fréchet differentiable on V
and G’ is given by (3.10).

Moreover, the operator G': V. — V* given by (3.10) is continuous (see [10,
Proposition 6.3]).

Now, since X is continuously imbedded in V and G is C' on V, it follows
that G is C! on X. O

The main result is the following.

THEOREM 3.2. Let A:R — Ry be the N-function given by (3.1), fulfill-
ing (3.2), (3.3) and hypothesis (H)s, and let go:Q2 x R — R, |a] < m, be
Carathéodory functions satisfying (H)1, (H)2 and being odd in the second ar-
gument: go(x,—8) = —ga(r,8). Suppose that the N-functions A, A and M,,
|a] < m, satisfy the Asg-condition. With

_Loptalt) ta(t)
(3.11) po = fnb 20

~

we further assume:

(H)4 po<7v= maX|o|<m Yo, Yo = SUP¢>q tM&(t)/MOt(t)
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Then, the functional (3.9) possesses a sequence of critical positive values which
converges to oo and another one, of critical negative values converging to 0.

PROOF. Theorem 2.1 applies. Indeed, since a(t)/t is nondecreasing on (0, 0o),
Wi E4(2) is uniformly convex ([10, Theorem 3.14]). Consequently, W E 4 ()
is reflexive and has the Kadec—Klee property. The same space is smooth ([10,
Theorem 3.6]), separable ([1, Theorem 8.28]) and compactly imbedded in V =
Nisj<m W™ Loty (), endowed with the norm

(3.12) [ully = Z llullwm—11,. )
|B]<m

([10, Proposition 6.2]). The functional H € C'(X,R) (Proposition 3.1), is even
(since g, are odd in the second argument) and satisfies the hypotheses (a)—(d)
of Theorem 2.1.

Since (3.11) holds, the hypothesis (a) is obviously satisfied with ¢ = a. Since
G':V — V* is continuous ( [10, Proposition 6.3]), (b); is obviously satisfied.

Taking into account [10, Lemma 7.7]), we infer that there exists a positive
constant C such that

(313) > /QBga(x,paun(x))paun(x)—Ga(x,Daun(x)) dz > —C,

laj<m

where 6 = min|y|<p, 0. We remark that (3.13) can be rewrited as

<G/(un)’uﬂ> - G(u) > _Ca

S

therefore (b)s in Theorem 2.1 is fulfilled.
We will prove that hypothesis (c) of Theorem 2.1 is fulfilled. For the first
term in (3.9), according to [10, Lemma 6.5 a)], we have

(3.14) Al[ullm,a) = AD)|Jull7; 4,

for all u € W§"E4(Q) with ||ulm,4 > 1.

We shall now handle the estimations for the second term in (3.9). As in [10,
Proposition 7.5, (7.15)], from (H)s we deduce that for any a with |a| < m one
has

(3.15) |Ga(z, 9)| < |ea(z)||s] + 2daMa(]s]), x€8, s€R.
Consequently,

(3.16) Golz, D%u(x))dr < | |co(z)||D%u(x)| dz
Q Q

+92d, / M. (|Du(z)|) dx,
Q
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for all u € WJ"E4(Q). From Hélder’s type inequality, we derive

/ co(2)| D*u(z)| dz

Q

(3.17)

< 2|leall @z 10" ull (ar0),

therefore
< 2||Ca||(ﬁa)a

‘ / co(@)| D u(2)| dz
Q
if |D%ul|(ar,) <1 and

< lcall gz, ID%ul}y -

’ /Q ()| D*u(z)| dz

if [|[D%ul|(ar,) > 1. Consequently,

(3.18) < ko(|lully + 1), forall u e Wi"Ea(Q),

/ co ()| D%u(x)| dz
Q

where ko = 2|call7,)-
On the other hand, if || D%ul|(az,) < 1, then

/ Mo (D%u(zx))dx < 1.
Q

If | D*ul|(ar,) > 1, then from [10, Lemma 6.5, b)]

(3.19) [ Ma(D* (ule)) o < 1D @)1, <l
therefore
(3.20) /QMQ(|Dau(x)\) de <|jul|y +1, forallue W"EA(Q).

Taking into account (3.16), (3.18) and (3.20), it follows that
[ ol D¥u(a)) dz < (ko + Dl + (ko + 1),
Q
for all u € W"E4(Q), |a] < m. Consequently, summing by «, we have

(3.21) Z /QGa(a:,Do‘u(x)) dr < col|ul]y + c2,

laj<m
where ¢2 = 37|, (ko + 1). Then, from (3.14) and (3.21), one obtains
Fu) = A)lulliy 4 — e2llully — c2,

if u e WEA(Q), ||uflm,a > 1, therefore, the hypothesis (c) of Theorem 2.1 is
fulfilled.

Now, we will prove that the hypothesis (d) of Theorem 2.1 is fulfilled. Let
Y% be a finite dimensional subspace of W E 4 (). According to [10, Lemma 7.6,
(7.46)], it is shown that for any a with |a| < m, one has

Go(z,8) > va(x)]s|%, for ae. z € Qand |s| > sq,
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where 7, € L™(Q).
For o with |a| < m and v € WJ*E4(Q2), we define

Q2 ={z€Q|[D%(=)] > sa}, Q% =0Q)\02.
Then

/ Go(z, D%(z)) dx >/ Yol)| D0 (x)|% dx + Go(z, D% (x)) da.

Qg

/a%(x)m%(x)\% dacz/ﬂ’ya(x)\Dav(xﬂe” da:—/Q Yal@)| D0 () da.

o
<

Since
| @D @) do < st vol(@),
Qg
we have
/ Go(z, D%(z)) dx > / Yolx)| D ()| dx + Go(z, D%(z)) do — kq,
Q Q Q2
where ko = || Valloos?v0l(£2). On the other hand, it follows from (3.15) that
- Gaolz, D*(x))dr < ||calp1(0)Sa + 2da Mo (5a)v0l(£2),
<
therefore

/ Go(z, D%(z)) dx > / Yalz)| DY (2)|% dz — K.,
Q Q

where Ko = ko + [|call£1(0)Sa + 2da Mo (54)v0l(§2). Consequently,
FO) < Allola) = 3 [ aa@ID* (@) do + K.
laj<m

where K is a positive constant and 6, are given by (H),. Taking into account
the definition of p*, for ||v|/;,,4 > 1, one obtains

F0) < AV = 3 [ sa(@ID"0(a)™ do+ K.

laj<m

Now, the functional || - ||,: Wi E4(Q) — R defined by

ol = 3 ([ ratlomuto dw)%

lal<m

is a norm on WJ"E4 (). Denoting by

1/64
1D ull, = ( [ @Dt dx) |
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one has
lully = > [1D%ulle,.
|a]<m
Let a be a multiindex satisfying

[ D%ullg, = max D%,
- || <m

Then [Jully < No[D*ulle, , where No =}, ,,, 1. Therefore

(&3 « « ea 1 ea
> [ ra@IDvu(@) ™ do > [ @Dt dz = D2l = 5l
lal<m Q Q - 0

Since || - ||m,a-norm and || - ||,-norm are equivalent on the finite dimensional
subspace Yy, there is a constant 6 = §(Yy) > 0 such that

llwllm,a < 6ffufly-
Therefore
1

0o
N()éeg ||U||77;A + K7

F(v) < Aol 4 —

if v e Yy, [[v]lm,a > 1.
Finally, we will prove that the hypothesis (e) of Theorem 2.1 is fulfilled.
Indeed, taking into account (3.17) and (3.12), we derive that

> /Qlca(w)llDQU(w)ldzS2|IUIIV > leallz,y:

|a|<m |a|<m

Also, from (3.19) it follows that

2 Y do | Ma(D* (@) do < 2ully + [ull7) 3 do

la|<m |a]<m

therefore, taking into account (3.16), one has

Gw)= 3 [ GalwDute) o < el + el

lal<m

where
cr =2 Z Hca”(ﬁa) +2 Z deo, cg=2 Z de,
lee|<m lee|<m loo|<m

that is (2.5). Taking into account Theorem 2.1 , it follows that the functional F’
possesses a sequence of critical positive values which converges to oo and another
one, of critical negative values converging to 0. By Proposition 3.1, equation (3.8)
possesses two sequences of solutions in W E 4 () or, equivalently, the problem
(3.4)—(3.5) possesses two sequences of weak solutions in W E4 (). O
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4. Examples

EXAMPLE 4.1. Consider the problem (3.4)—(3.5), under the following hy-
potheses:

(a) the function a:R — R is defined by

a(t) = Z a;lt

where a; > 0,1 <i<n,piy1 >p; 22, 1<i<n-1,p, <N,
(b) the Carathéodory functions ¢g,: Q2 x R — R, |a| < m, are odd in the

second argument:

Pi*2t7

9o (T, —8) = —ga(z, 9);
(c) there exist ¢, P1 < ¢ < Npn/(N — pn), |a| < m, such that
4.1 o(2,8)] < agq +bals|?™t, z€Q, sER, an,bq positive constants;
( g p

(d) if Gq, |a| < m, are given by (3.7), then, there exist s, > 0 and 6, > p,,
such that

(4.2)  0<0,Gu(z,8) < 8galz,s), forae. zcand all s with |s| > s,.

Under these conditions, the problem (3.4)—(3.5) has two sequences of weak
solutions.

PROOF. The idea of the proof is as follows: the preceding assumptions entail
that the hypotheses of Theorem 3.2 are fulfilled.
First, we prove that hypothesis (H)s is satisfied. Since

alt) ¢
= > ait"? forall t >0,
=1

it follows that a(t)/t is nondecreasing on (0,00). In order to prove that (3.2)
and (3.3) are satisfied, the following result is needed. (see [10, Lemma 8.1(ii)]).

LEMMA 4.2. Let A:R — Ry, A(t) = Olt‘ a(s)ds, be an N-function. Assume
that

ta(t)
f=sup —2< < N
S T0)

and there are constants 0 <y < N and § > 0 such that

(4.3) A(t) > O, for allt € (0, A71(6)).
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Then, (3.2) and (3.3) are satisfied (consequently, the Sobolev conjugate A, of A,
can be defined).

In our case, p* = p, and p, < N (by (a)). Since

n
A =Y %w > D forall t >0,
i1 Pi h1
it follows that (4.3) is satisfied with C = a1 /p1, v = p1 and any ¢ > 0.
Secondly, we prove that hypothesis (H); is satisfied. By setting

|[ae
Mu(s)=——, |a|<m, s€R,

e}

(4.1) rewrites as
R
190 (2, 5)| < @ + balge = 1)V M, (Ma(s)), z€Q, s€R, |a] <m,
showing that (3.6) is satisfied.

What it remains to be proved is that M,, |a|] < m, satisfy the As-condition
and increase essentially more slowly than A, near infinity. It is easy to check
(by definition) that M,, |a| < m, satisfy the As-condition.

By using ’'Hospital rule, we also have
A7) L A7) S

(“44) Jim MoT(t) A o et /N = S Ca T e N

= 07
c, = q((yqafl)/qa7

since, from (c), the degree of denominator is p,(1/¢s + 1/N) > 1. Thus, M,,
|| < m, increase essentially more slowly than A,.

The hypothesis (H)s is covered by (d) (with g, odd functions in the second
argument, according to (b)).

In order to prove that A and A satisfy the Ay-condition, the following result
is needed (see [10, Lemma 8.1(i)]):

_ rl

LEMMA 4.3. Let A:R — Ry, A(%) a(s)ds, be an N-function and A be

= Jo
the complementary N -function to A. Assume that
ta(t) . . ta(t)
* = — < d = inf >1
Pr=itbae =0 M TS A

Then, both A and A satisfy the Ao-condition.

In our case, as already one has seen, p* = p,, < N and py = p1 > 1 (according
to (a)). Since
— s|e 1 1

M,(s) = , —+—=1, |a]<m, seR,
ch qw Q(,y

it is easy to check (by definition) that M,, |a| < m, satisfy the As-condition.
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Finally, hypothesis (H),4 is satisfied. Indeed, since

tM(t)
o = Su = (4o,
T =0 ML) !

la] < m,

it follows that pp = p1 < ¢a, |a| < m. The result follows by Theorem 3.2. O

EXAMPLE 4.4. Consider the problem (3.4)—(3.5), under the following hy-
potheses:

(a) the function a:R — R is defined by
a(t) = [tP2/t2 +1, 2<p< N —1;

(b) the Carathéodory functions ¢g,: Q2 x R — R, |a] < m, are odd in the

second argument:

ga(x, _3) = _ga($7 3);

(c) there exist qo, p < g < N(p+1)/(N —p —1), |a] < m, such that the
growth conditions (4.1) hold;
(d) there exist so > 0 and 6, > p + 1 such that the conditions (4.2) hold.

Under these conditions, the problem (3.4)—(3.5) has two sequences of weak solu-

tions.

PROOF. The idea of the proof is the same with that used for Example 4.1,
namely, we shall show that the preceding assumptions entail the fulfillment of
those of Theorem 3.2.

First, we prove that hypothesis (H)3 is satisfied. Since

t
? =tP72\/12+1 forallt >0,
it follows that a(t)/t is nondecreasing on (0,00). In order to prove that (3.2)
and (3.3) are satisfied, we shall use Lemma 4.2. In our case, p* = p + 1 ([10,
Example 8.6]) and p+ 1 < N (by (a)). Since a(t) > t*~1, ¢ > 0, one has

1
A(t) > —tP, forallt >0,
p

therefore (4.3) is satisfied with C' =1/p, v =p < N and any § > 0.

Secondly, the hypothesis (H); in Theorem 3.2 is satisfied with M,(s) =
[s]9 /qq, || < m, which, obviously, satisfy the As-condition. Also, My, |a| < m,
increase essentially more slowly than A, near infinity. Indeed, as in (4.4)

i A7) i s
e Mg (t) = 0 Ca (A(s))/aat1/N"

It suffices to show that

lim ———>——_ —0.

e (A(s))aa I/
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Since a(t) > tP, for all t > 0, it follows that A(t) > tP™1/(p + 1), for all ¢ > 0.
Consequently,

. S . S o
L CA) et TN < M T e N - aa NG

0,

since, from (c), the degree of denominator is (p + 1)(1/go + 1/N) > 1.

The hypothesis (H)s is covered by (d) (with g, odd functions in the second
argument, according to (b)).

In order to prove that A and A satisfy the As-condition, we shall use Lem-
ma 4.3.

In our case, as already one has seen, p* = p+1 < N and pg = p > 1
(according to (a)). Also, the functions

M,(s) = ‘S‘qa, i—|—i:1, la] <m, s €R,

/

qa QOZ QQ

satisfy the As-condition.
Finally, the hypothesis (H), is satisfied. Indeed, since

tM/(t) o] <
o« = Su =qa, |a<m,
TR M)
it follows that pg = p < ¢a, |a] < m. The result follows by Theorem 3.2. |

ExXAMPLE 4.5. Consider the problem (3.4)—(3.5), under the following hy-
potheses:

(a) the function a:R — R is defined by
a(t) = [tP2tIn(1+t]), 2<p< N -1,

(b) the Carathéodory functions ¢g,: 2 x R — R, |a] < m, are odd in the
second argument:

Jo(T, —8) = —ga(w, s);

(c) there exist qo, p < go < Np/(N —p), |a] < m, such that the growth
conditions (4.1) hold;
(d) there exist s, > 0 and 6, > p + 1 such that the conditions (4.2) hold.

Under these conditions, the problem (3.4)—(3.5) has a sequence of weak solutions.

PROOF. The idea of the proof is the same with that used for Example 4.1,
namely, we shall show that the preceding assumptions entail the fulfillment of
those of Theorem 3.2.

First, we prove that hypothesis (H)3 is satisfied. Since a(t)/t = tP~2In(1+1)
for all ¢ > 0, it follows that a(t)/t is nondecreasing on (0,00). In order to prove
that (3.2) and (3.3) are satisfied, we shall use Lemma 4.2.
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In our case, p* = p+ 1 ([10, Example 8.8]) and p+ 1 < N (by (a)). Since
(see [10, Example 8.8, (8.17)])

2
A(t) Z ﬁtp+17 for all ¢ S (0, é = A_l(é))7

it follows that (4.3) is satisfied with C = 2/(p+1), v = p+1 < N and any
6> 0.

Secondly, hypothesis (H); in Theorem 3.2 is satisfied with M, (s) = |s|9*/¢q,
|| < m, which, obviously, satisfy the As-condition. Also, M, |a| < m, increase
essentially more slowly than A, near infinity. As in the preceding two examples,
this turns out to show that

s

A sy arw = O

This last equality is true since A(t) > A(1)tP, for all ¢ > 1 ([10, Lemma 6.5a)]),
therefore

) s . S
Sllpgo W < ghjgo (A(1))/aat1/N . g(1/aa+1/N)p -

0,

since, from (c), the degree of denominator is p(1/qs + 1/N) > 1.

The arguments needed for proving that hypothesis (H)s of Theorem 3.2 is
satisfied are those used in the preceding two examples.

In order to prove that A and A satisfy the As-condition, we shall use Lem-
ma 4.3. In our case, as already one has seen, p* =p+1 < N and py =p > 1
(according to (a)). Also, the functions My(s) = |s|% /¢, 1/qa + 1/¢, = 1,
|a| < m, s € R, satisfy the As-condition.

Finally, hypothesis (H), is satisfied, since

=su =qa, |al <m,
Vo t>g Ma(t) do | |
and, by (¢), po = p < ¢a, |a| < m. The result follows by Theorem 3.2. |

EXAMPLE 4.6. Consider the problem (3.4)—(3.5), under the following hy-
potheses:
(a) the function a: R — R is defined by a(t) = |t[P2tIn(1+c+]t]), 2 <p <
N — 1, ¢ = const. > 0;
(b) the Carathéodory functions g,:Q x R — R, |a| < m, are odd in the

second argument:

9o, —8) = —ga(w, s);

(c) there exist qo, P < go < Np/(N —p), |a] < m, such that the growth
conditions (4.1) hold;
(d) there exist s, > 0 and 6, > p + 1 such that the conditions (4.2) hold.
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Under these conditions, the problem (3.4)-(3.5) has a sequence of weak solutions.

PROOF. The idea of the proof is that used for Example 4.1, namely, we
shall show that the preceding assumptions entail the fulfillment of those of The-
orem 3.2.

First, we prove that hypothesis (H)s is satisfied. Since a(t)/t = t*?=21In(1 +
c+t) for all t > 0, it follows that a(t)/¢ is nondecreasing on (0, 00). In order to
prove that (3.2) and (3.3) are satisfied, we shall use Lemma 4.2. In our case, p* <
p+Co < p+1, where Cy = 1/(1 4+ In(1 + ¢+ o)) and tg— (14c) In(14+c+1tg) =0
([10, Example 8.10]) and p+1 < N (by (a)). Since (see [10, Example 8.10, (8.23)])

In(1+¢)

(4.5) A(t) > ’

tP, forallt>0,
it follows that (4.3) is satisfied with C' =1In(1 +¢)/p, v = p < N and any § > 0.
Secondly, the hypothesis (H); in Theorem 3.2 is satisfied with M,(s) =

|s]9 /qq, || < m, which, obviously, satisfy the As-condition. Also, My, |a| < m,

increase essentially more slowly than A, near infinity. As in the preceding three
examples, this comes to showing that

. S
Jn sy arw = O

This last equality is true since (4.5) holds, therefore

lim ———>—— < lim i =0

§—00 1/ga+1/N — s 1/qa+1/N
(A(s)) a1/ <m<1+a)) Jt N gt/

)

p

since, from (c), the degree of denominator is p(1/qs +1/N) > 1.

The necessary arguments in order to prove that hypothesis (H)s of Theo-
rem 3.2 is satisfied are that used in the preceding three examples.

In order to prove that A and A satisfy the A,-condition, we shall use Lem-
ma 4.3. In our case, as already one has seen, p* <p+Cy < N and pg =p > 1
(according to (a)). Also, the functions My(s) = |s|% /g, 1/qa + 1/, = 1,
lal < m, s € R, satisfy the Ag-condition.

Finally, hypothesis (H), is satisfied, since

=su Mo (t) la] <m
’YOL t>13 Ma (t) qOé) )
and, by (¢), po = p < ¢a, |a| < m. The result follows by Theorem 3.2. |

REMARK 4.7. The function a in Example 4.1 appears, in a different context,
in [11] (see [11, Example 3.1]) while that in Examples 4.5 and 4.6 appears in [6]
(see [6, Examples 1 and 2], respectively).
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5. Particular cases

In this section we shall prove that some already known multiplicity results
for the p-Laplacian may be obtained as particular cases of Theorem 3.2.

THEOREM 5.1. Assume the following:

(a) a(t)=|tP7%t, teR,2<p< N;

(b) the Carathéodory functions go:d X R — R, |a] < m, are odd in the
second argument:

9o(®,=5) = =ga(z, );
(c) there exist go, p < qo < Np/(N —p), |a| < m, such that
|9 (2, 8)] < @ +bals|®7, 2 €Q, s ER, an,by positive constants;

(d) if Gq, |a| < m, are given by (3.7), then there exist so > 0 and 0, > p
such that

0 < 0,Go(x,8) < sgalx,s), forae x€Q and all s with |s| > sq4.

Under these conditions, the functional H: (W5 ? (), - ||m,a) — R,

1

H(u) = — / (VTTw,u])? do — > / Golz, DYu(z)) dz,
P Ja || <m 2

possesses a sequence of critical positive values which converges to oo and another

one, of critical negative values converging to 0.

PROOF. The idea of the proof is as follows: the preceding assumptions entail
that the hypotheses of Theorem 3.2 are fulfilled.

First, we prove that hypothesis (H)3 is satisfied. Since a(t)/t = tP~2 for all
t > 0, it follows that a(t)/t is nondecreasing on (0,00). In order to prove that
(3.2) and (3.3) are satisfied, we will use Lemma 4.2.

In our case, p* = p and p < N (by (a)). Since

1
A(t) = —tP, forallt >0,
p

it follows that (4.3) is satisfied for C' = 1/p, v = p and any § > 0.
Secondly, we prove that hypothesis (H); is satisfied. By setting
|8|¢Ia
M,(s) = ,  |al <m, seR,

[

(4.1) may be rewritten as
1902, 9)] < @a +ba(ge = VD, (Ma(s), 2€9, sER, |a] <m,

thus proving that (3.6) is satisfied.
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What remains to be proven is that M, |a| < m, satisfy the As-condition and
increase essentially more slowly than A, near infinity, where A, (t) = CtN?/(N=p)
with C' = ((N — p)/Np®+D/P)Np/(N=p) Tt is easy to check (by definition) that
M,, |a| < m, satisfy the As-condition. Also, from (c), M, |a| < m, increase
essentially more slowly than A, near infinity.

The hypothesis (H)s is covered by (d) (with g, odd functions in the second
argument, according to (b)).

In order to prove that A and A satisfy the As-condition, we will use Lem-
ma 4.3. In our case, as one has already seen, p* = p < N and pg =p > 1
(according to (a)). Since My(s) = |s|% /g, 1/qa +1/d, =1, |a| <m, s € R, it
is easy to check (by definition) that M, |a| < m, satisfy the Ap-condition.

Finally, hypothesis (H), is satisfied. Indeed, since

tM! (t) o] <
=su =qa, |a|<m,
’YOt t>g Ma (t) Qa
it follows that pp = p < ¢, || < m. The result follows by Theorem 3.2. O

REMARK 5.2. Since (see Proposition 3.1)
H'(u) = Jyu — Z (=Dl Deg, (2, D),
lorf<m
we deduce that the problem

Jou = Z (-1 DYy (2, DY) in Q,

|a]<m
D% =0 ondQ, |a|<m-—1,
has two sequences of weak solutions in (W3 (Q), ] - |lm,4)-

REMARK 5.3. If, under the hypotheses of Theorem 5.1, the quadratic form
T is given by T[u,u] = |Vu|?, the corresponding results given by Theorem 5.1
and Remark 5.2 are:

(a) the functional H: (Wo’p(Q) |- 1l1,4) = R,

/Wu|pdx—/Gxu

possesses a sequence of critical positive values which converges to oo
and another one, of critical negative values converging to 0;
(b) the problem
Jou = g(z,u) in
u =0 on 01,

A)-

has two sequences of weak solutions in (W, (%), || -
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REMARK 5.4. It is well-known that the duality mapping

Ta: Wo (), || - hp) — Wy P (), | -]

[[ul

1,17)*’

1p = [IVulllzr (),

is given by
0 Ju
L=—A,, Aju=—/||vulP2—).
R (Y
Since |jull1a = p~YP||ul|1,, for all u € W, P(Q), one has J, = (1/p)T, =
—(1/p)A,. Consequently, under the hypotheses (a)—(d), with m =1, g, = ¢
and T[u,u] = |Vu|?, the problem

—Apu =pg in Q,
u =0 on 09,

has two sequences of weak solutions in (W, ?(Q), | - [|l1.p)-
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