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PERIODIC SOLUTIONS OF A KIND OF LIENARD EQUATIONS
WITH TWO DEVIATING ARGUMENTS

TIANTIAN MA

ABSTRACT. In this paper, we deal with the existence of periodic solutions
of a kind of Liénard equations with two deviating arguments

o’ + [t a(t — o(t)2' (t) + g(t, x(t — 7(t))) = p(t).

Some new results on the existence of periodic solutions of the given equa-
tions are proved by using the continuation theorem.

1. Introduction

In recent years, the periodic problem of Liénard equations with deviating
arguments has been widely studied because of its background in applied sciences
(see [2], 5], [7], [9]-[13] and the references cited therein). In [7], Huang and
Xiang studied the periodic solutions of Duffing equations with a single constant
deviating argument

(1.1) 2+ gzt —71)) = p(t).
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When ¢ satisfies one sign condition xzg(z) > 0, || > M and a one-sided bound-
edness condition, the authors proved the existence of periodic solutions of equa-
tion (1.1). In [9], Liu and Huang studied the periodic solutions of Liénard equa-
tions with one deviating argument

(1.2) 2+ fx(t)a'(t) + g(t, x(t — 7(1))) = p(t).

When f, g are Lipschitz continuous, f is bounded and g satisfies one sign condi-
tion z(g(t,xz) —p(t)) > 0 (or < 0) for ¢ € R, |x| > d, they obtained the existence
and uniqueness of periodic solution of equation (1.2).

In [11], Lu and Ge discussed the existence of periodic solutions of Liénard

equations with two deviating arguments
(1.3) 2+ f(ta(t — o (1) () + Bt)g(x(t — 7(t))) = p(t),

where f: R2 — R is continuous and 27 periodic with respect to the first variable,
g: R — R is continuous and o, 3, 7,p: R — R are continuous and 27 periodic.
Assume that the following conditions are satisfied:

(1.4) lim sgn(z)g(x) = +o0,
|z|—+o0
(1.5) lim sup ‘M‘ <r
|z|]—+oo | L
Moreover,
1. = i t) < = t).
(1.6) 0< Bo ten[%l,gﬂﬂ( ) < B te%‘cg;]ﬁ( )

When the conditions (1.4), (1.5) and (1.6) hold, it was proved in [11] that, if
|f(t,x)| < o (o is a positive constant) for (¢,z) € R?, then equation (1.3) has at
least one 27 periodic solution provided that the inequality 27(o + 27r31) < 1
holds and if |f(¢,x)| > o for (t,x) € R?, then equation (1.3) has at least one 27
periodic solution provided that the inequality 27751 < o holds.

In this paper, we deal with the existence of periodic solutions of a kind of
Liénard equations with two deviating arguments

(L.7) 2+ [t a(t — o()a'(t) + g(t, x(t — 7(1)) = p(t),

where f,g: R?> — R are continuous and 27 periodic with respect to the first
variable, o,7,p: R — R are continuous and 27 periodic. By taking a new es-
timating method, we give some new conditions to guarantee the existence of
periodic solutions of equation (1.7). Main results of this paper are the following
theorems.

THEOREM 1.1. Assume that there exist constants o > 0, d > 0, r > 0 and
¢ > 0 such that the following conditions hold:

(f1) |f(t,2)] < o for (t,z) € R?;
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(g1) sgn(z)g(t,z) > 1 fort € R, |x| > d, where | = max{|p(t)|: t € [0,27]};
(g2) g(t,z) <rx+c forteR, |z| >d.
Then equation (1.7) has at least one 2w periodic solution provided that the in-
equality 2w (o + mr) < 1 holds.

THEOREM 1.2. Assume that there exist constants o > 0, d > 0, r > 0 and
¢ > 0 such that the following conditions hold:

(f1) [f(t,x)] < o for (t,x) € R?;

(g1) sgn(x)g(t,x) > 1 fort € R, |z| > d, where | = max{|p(t)| : ¢t € [0, 27]};

(g3) lg(t,x)| < rlz|+c fort € R, |z| > d.
Then equation (1.7) has at least one 2w periodic solution provided that the in-
equality o + mr < 1 holds.

THEOREM 1.3. Assume that there exist constants ¢ > 0, d > 0, r > 0 and
¢ > 0 such that the following conditions hold:

(f2) |f(t,2)] = o for (t,x) € R?;

(g1) sgn(z)g(t,z) >1 fort € R, |x| > d, where | = max{|p(t)|: t € [0,27]};

(g3) |g(t,x)| < rlx|+c fort € R, |z| > d.
Then equation (1.7) has at least one 21 periodic solution provided that the in-
equality mr < o holds.

REMARK 1.4. The main Theorems 1.1-1.3 improve and complement the re-
sults in [11]. In fact, if we take g(t,x) = S(t)g(x), then we have

g(t,x)‘ < Bir
X

lim sup
|z]—+o00

provided that the conditions (1.5) and (1.6) hold. When the conditions (1.4)—
(1.6) hold, we know from Theorem 1.2 that, if |f(¢,z)] < o (0 is a positive
constant) for (t,z) € R?, then equation (1.3) has at least one 27 periodic solu-
tion provided that the inequality ¢ + 7nrf3; < 1 holds and we know from The-
orem 2.3 that, if |f(t,z)| > o for (t,x) € R?, then equation (1.3) has at least
one 27 periodic solution provided that the inequality 775, < o holds. Therefore,

Theorems 1.2 and 1.3 improve the results in [11].

Throughout this paper, for any continuous 27 periodic function z(t), we
always use notations as follows,

lolle = e o), Nl = ([ a0 )

telo,2m

1/2

2. Preliminary lemmas

As is well known that continuation theorems play an important role in study-
ing the existence of periodic solutions of the second order differential equations.
We now introduce a continuation theorem given by Gaines and Mawhin ([4]).
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LEMMA 2.1. Let X andY be two Banach spaces. Suppose that L: DC X =Y
is a Fredholm operator with index zero and N: X — Y is L-compact on 2, where
Q is an open bounded subset of X. Moreover, assume that all the following
conditions are satisfied:

(a) Lx # ANz, for allz € 0QN D(L), X € (0,1);

(b) Nz ¢ImL, for all x € 0Q NKer L;

(¢) The Brower degree deg{QN,Q NKer L,0} # 0.

Then equation Lz = Nx has at least one solution in Q.
Next, we shall give two lemmas which will be used in getting the prior bounds.

LEMMA 2.2. Let z(t) be a continuously differentiable 21 periodic function.
Then, for any t € [0, 27],

2]l < fa(B)] + l|2[|o-

PROOF. Let ¢ € [t,t + 27| be such that |z(¢)| = ||2||cc. Then we have

l2(D)] = z<t>+—J{ 2/(s) ds z;|axt>|+—J{ 1/ (s)] ds.

On the other hand, we have

t—2m t
mm:Minm:xm+[ z%ﬂsgmm+éamwww

Therefore,

(2.) lell < la(®l +5 [ 10Ol

which implies
|2]loo < 2()] + 7|2 |oo- O

LEMMA 2.3. Let x(t) be a twice continuously differentiable 2w periodic func-

2 2w
/ |2’ (t)] dt < / |lz” (t)|? dt.
0 0

PRrROOF. The proof follows directly from the Wirtinger inequality ([6]). O

tion. Then

3. Main theorems

In this section, we shall use the continuation theorem introduced in Section 2
to prove the existence of periodic solutions of equation (1.7). To this end, we
first quote some notations and definitions.

Let X and Y be two Banach spaces defined by

X ={z € CY(R,R) : z(t + 27) = 2(t), for all t € R},
Y ={y e C(R,R) : y(t + 2m) = y(t), for all t € R}
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with the norms
2]l x = max{||z[loc, [[2[lc},  llylly = [1¢]loo-
Define a linear operator
L:D(L)c X =Y, Lzx=2",
where D(L) = {x € X : 2” € C(R,R)}, and a nonlinear operator
N:X =Y, (No)t) =—f(tz(t—o)a'(t) —g(t,z(t — (1)) + p(t).

It is easy to see that
27
KerL=R and ImL = {y €Y : / y(t)dt = 0}.
0

It follows that L is a Fredholm mapping of index zero.
Let us define two continuous projectors P: X — KerL and Q: Y — Y by
setting

2m
Pz = z(0), Qy = %/0 y(t) dt.

Set Lp = L|p(z)nker p — Im L. Then Lp is an algebraic isomorphism and we
define Kp: Im L — D(L) by

Kp =Ly
Clearly, we have that, for any y € Im L,
t 27 t
(Kep)0) =5 [ (= 9is)ds+ [ (¢ )l)ds
™ Jo 0

For any open bounded set 2 C X, we can prove by standard arguments that
Kp(I — Q)N and QN are relatively compact on the closure Q. Therefore, N is
L-compact on Q.

Tt is noted that equation (1.7) is equivalent to the operator equation

Lz = Nzx.

To use Lemma 2.1, we embed this operator equation into an equation family
with a parameter A € (0,1),
Lxr = ANz,

which is equivalent to the equation as follows,
(3.1) 2"+ Af(t,x(t— o) () + Ag(t,z(t — 7(t)) = Ap(t), A€ (0,1).

In the following, we shall prove some new theorems on the existence of periodic
solutions of equation (1.7) by using the continuation theorem. By standard
arguments [4], it suffices to prove that there exist positive constants M; and M,
such that, for any 27 periodic solution z(t) of equation (3.1),

lzfloo < My, |2||oe < M.
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THEOREM 3.1. Assume that there exist constants 0 > 0, d > 0, 7 > 0 and
¢ > 0 such that the following conditions hold:

(f1) [f(t,2)| < o for (t,x) € R

(g1) sgn(x)g(t,x) > 1 fort € R, |z| > d, where | = max{|p(t)| : ¢t € [0, 27]};

(82) g(t,z) <rz+c forteR, z>d.
Then equation (1.7) has at least one 27 periodic solution provided that the in-
equality 2m(o + 7r) < 1 holds.

PRrROOF. We shall prove that all conditions of Lemma 2.1 are satisfied. Con-
sider the auxiliary equation (3.1). Let x(t) be any 27 periodic solution of equa-~
tion (3.1). Then there exist t,,t* € [0, 27| such that

t,) = mi 1), t*) = t).
o(t) ter{(l){gw]w() z(t*) té{@gﬂw()

It follows that a'(t.) = 0, 2 (t.) > 0; 2’ (t*) = 0, " (¢*) < 0. Therefore,
gt x(ty —7(t) <1, g(t*,z(t* —7(t*))) > —L.
According to (g1), we get
x(te — 7(ts)) < d, z(t* —7(t")) > —d.

Consequently, there exists ¢ € [0, 2] such that |x(t — 7(¢))| < d. Since x(t) and
7(t) are 2m periodic, there exists ¢ € [0, 2n] such that

(3.2) lz(t)] < d.
From Lemma 2.2 and (3.2) we have
(3-3) |2]loe < d + 7l|2”]] oo

Write S1 = {t € [0,27] : z(t — 7(¢)) > d}, So = {t € [0,27] : x(t — 7(t)) < —d},
Sz ={t €10,2n] : |z(t — 7(¢))| < d}. Since
2m

27 27
F(tx(t — o(t)a!(t) dt + / ot x(t — 7(1))) dt = / p(t) dt,

0
we get

2T

— /S g(t,x(t —7(t)))dt = f(t,x(t —o(t)))z'(t) dt

0
+ (/S +/S3)g(t,x(t7(t)))dt /O%p(t) dt.
Furthermore,

(3.4) /S lg(t,2(t —7(t)))] dt = */S g(t,x(t —7(t))) dt

< / I f (- o(t)e (1) de
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# (4 [ Vitesate—ropians [ ol

From (2.1) and (3.4) we have

ol < [ e @lde < [ st - o) o] d

1

27 2
3 [ lateate=roDlat+ g [ )l

< [ It — o) 0]

0
. (/Sl+/sa)'g“’x(t”“”)'dt +/ (0)

Furthermore, from (f;), (g2) and (3.3) that
[|7'|oo < 207|127 ||00 + 277||2||00 + 27(c + My + 1)
<207|2! || oo + 2rm(d + 7|2 || o) + 27 (c + My + 1)
=27(0 + rm)||2'||0o + 2m(rd + My + c + 1),
where My = max{|g(z)| : |z| < d}.
Since 2m(p+7r7) < 1, there exists a constant M7 > 0 such that ||2/||.c < M.
According to (3.3), we obtain ||z||cc < d+ 7M. O

Similarly, we have the following result.

THEOREM 3.1’. Assume that there exist constants 0 > 0, d > 0, r > 0 and
¢ > 0 such that the following conditions hold:

(f1) [f(t,2)| < o for (t,x) € R?;

(g1) sgn(x)g(t,x) > 1 fort € R, |z| > d, where | = max{|p(t)| : ¢t € [0, 27]};

(g5) g(t,x) >rz—c fort e R, z < —d.
Then equation (1.7) has at least one 2w periodic solution provided that the in-
equality 2w (o + mr) < 1 holds.

REMARK 3.2. The conclusion of Theorem 3.1 (or Theorem 3.1’) still holds if
the condition (g;) is replaced by the condition:
(g}) sgn(x)g(t,x) < —I for ¢t € [0,2n], |z| > d, where | = max{[p(t)| : ¢ €
[0, 27},
whereas condition (gz) (or (g})) is replaced by the condition:
(g5) gt,x) > —ra —cfort € R, & > d, (or g(t,z) < —rz +c for t € R,
x < —d).
COROLLARY 3.3. Assume that conditions (f1) and (g1) hold. Moreover, g

satisfies the sublinear condition as follows:

(3.5) lim M:0 or  lim

T—400 x T——00 X
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uniformly fort € [0,2n]. Then equation (1.7) has at least one 27 periodic solution
provided that the inequality 2mp < 1 holds.

PROOF. Since 2mp < 1, there exists a constant £ > 0 such that 27 (p+e7) < 1.
From (3.5) we know that there exists a constant d. > 0 such that

(3.6) g(t,x) <ex fortel0,2n], z>d.
or
(3.7) g(t,z) > ex fortel0,2n], v < —d..

If (3.6) holds, then we know from Theorem 3.1 that equation (1.7) has at least
one 2w periodic solution. If (3.7) holds, then we know from Theorem 3.1" that
equation (1.7) has at least one 27 periodic solution. O

In the following, we shall deal with the existence of periodic solutions of
equation (1.7) when the condition (gz2) (or (g5)) is replaced by one double sided
condition.

THEOREM 3.4. Assume that there exist constants ¢ > 0, d > 0, r > 0 and
¢ > 0 such that the following conditions hold:

(f1) [f(t,2)] < o for (t,x) € R
(g1) sgn(z)g(t,z) > 1 fort € R, |z| > d, where | = max{|p(t)| : t € [0,27]};
(g3) lg(t,2)| < rlz|+c fort €R, |z| > d.
Then equation (1.7) has at least one 2w periodic solution provided that the in-
equality o + mr < 1 holds.

PRrROOF. Consider the auxiliary equation (3.1). Let z(¢) be any 27 periodic
solution of equation (3.1). Multiplying both sides of (3.1) by 2 () and integra-
ting on the interval [0, 27], we have

2m

27
/O ()2 dt = — X ) ft,x(t —o(t))x' (t)x" (t) dt
—/\/0 ot 2t — ()" (1) dt+/\/0 p(t)a” (¢) dt
< [ 1ttt o) 0" (0] d
0
27 27
+/O lg(t,z(t — 7()))x (t)\dt+/0 Ip(t)=" (t)] dt.

According to the conditions (f;) and (gs), we get
27 2
/ 2" (t)% dt §g/ |z’ ()" (t)| dt
0 0

+r/0 |1:(t—7'(t))x”(ﬁ)|dt+(c—&—l)/o 12 (8)] dt
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<o ( /O% o' (t)? dt) v < /0% z"(t)? dt) v

27 27
—|—7‘Hx||oo/ |x”(t)|dt+(c+l)/ 12 (8)] dt.

0 0
From (2.1), (3.2) and Lemma 2.3, we have

2m 2m
/ z"(t)? dt gg/ z"(t)? dt
0 0
1 2 27 27
+r<d+2/ |x’(t)dt)/ |a:”(t)|dt+(c+l)/ |z ()] dt
0 0 0

27 2r 1/2 o 1/2
<o / m”(t)th—i—rﬂ'( / x’(t)th> ( / a;”(t)th)
0 0 0

2
+(rd+c+ l)/ |z (t)| dt
0

1/2

<(o+rm) /0% 2’ ()% dt + (rd + ¢ + 1)\/%(/0% " (t)? dt)

Since p + rm < 1, there exists a constant M; > 0 such that ||z”]]2 < M.
Furthermore, we have

I V2 M
(3.9) 2| < f/ W)t < Y2 g,
2 J, 2
From (3.8) and Lemma 2.2 we get ||Z]|oo < d+ ||7||c0 < d+ Ms. O

COROLLARY 3.5. Assume that conditions (f1) and (g1) hold. Moreover, g
satisfies the sublinear condition as follows:

(3.9) m 402

|| —+o0 x

=0

uniformly fort € [0,2r]. Then equation (1.7) has at least one 27 periodic solution
provided that the inequality o < 1 holds.

PROOF. Since p < 1, there exists a constant ¢ > 0 such that o+ em < 1.
If (3.9) holds, then there exists a constant d. > 0 such that |g(¢,x)| < ¢|z| for
t € [0,2x], || > d.. According to Theorem 3.4, equation (1.7) has at least one
27 periodic solution. O

In the case when f is unbounded, we can obtain the following result.

THEOREM 3.6. Assume that there exist constants o > 0, d > 0, 7 > 0 and
¢ > 0 such that the following conditions hold:

(f2) |f(tax)| >0 fOT’ (tvx) € RQ;

(g1) sgn(z)g(t,z) > 1 fort € R, |x| > d, where | = max{|p(t)|: t € [0, 27]};

(g3) lg(t,2)| < rlz|+c fort €R, |z| > d.
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Then equation (1.7) has at least one 2w periodic solution provided that the in-
equality mr < o holds.

PROOF. We only deal with the case f(t,z) > o for (t,z) € R% Another case
f(t,z) < —p for (t,z) € R? can be handled similarly. Consider the auxiliary
equation (3.1). Let z(t) be any 27 periodic solution of equation (3.1). Mul-
tiplying both sides of (3.1) by 2’(¢) and integrating on the interval [0, 27], we
get

o7

27 27
ft,z(t — o(t))a'(t)%dt + /O g(t,x(t —7(t)))2'(t) dt = /O p(t)z'(t) dt.

0
According to (fz), we have

2m

Q/ Towrar< [ Falt— o) ()2 dt
0

0
_ _/ Fg(t,x(t—T(t)))x'(t)dt—i—/ " () () dt.
0 0

Hence,
2

2T 2m
9/0 '(t) dtS/O lg(t, x(t —7(1)))]« (t)|dt+/0 ()] (£)] dt.

From condition (g3) we obtain

27 27 27
g/ 202 dt gr\|x||oo/ |x’(t)|dt+(l+c)/ @ (1)) dt,
0 0 0

which, together with (2.1) and (3.2), implies

g/o% o' ()% dt gr(d+;/02ﬂx’(t)|dt> /027r |2’ (t)| dt + (I + ¢) /:Tr |2 (¢)] dt

2 27 1/2
Srw/ o' (t)2dt + (rd+l+c)\/27r(/ 2’ (t)? dt)
0 0
Since rm < p, there exists a constant M; > 0 such that

Furthermore, we get

1 2 2 27 1/2 2
||x\|w§d+§/ |x’(t)|dt§d+v27r</ x’(t)Zdt> <d+ Y20, = .
0 0

On the other hand, we have
1 2m 1 2m
1) Il < [ olde< ([ 15t - ool o
0 0

2m 1 2
+ [ttt i) + 5 [ o ar
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Set
(3.12) 1 = max{|f(t,z)| : 0 <t < 2m,|z| < M},
(3.13) co = max{|g(t,z)| : 0 <t <27, |z| < Ma}.

From (3.10)—(3.13) we obtain

Ver

1 2m
[E= 561/ |2 (t)]dt + (c2 + D) < el My + (ca + D). O
0
REMARK 3.7. The conclusion of Theorem 3.4 (or Theorem 3.6) still holds if
the condition (g;) is replaced by the condition (gj).

COROLLARY 3.8. Assume that the conditions (f2) and (g1) hold. Moreover,
g satisfies the sublinear condition (3.9). Then equation (1.7) has at least one 2w
periodic solution.

PROOF. Since ¢ > 0, there exists a constant ¢ > 0 such that er < p. If
(3.9) holds, then there exists a constant d. > 0 such that |g(¢,z)| < ||, for
t € [0,27] and |z| > d.. According to Theorem 3.6, equation (1.7) has at least
one 27 periodic solution. O

From Corollary 3.8 we can derive the following result.

COROLLARY 3.9. Assume that the conditions (f2), (g1) hold and g is bounded
on R. Then equation (1.7) has at least one 2w periodic solution.
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