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Abstract

The purpose of this work is to ascertain when arithmetic operations
with periodic functions whose domains may not coincide with the whole
real line preserve periodicity.

1 Introduction and Preliminaries.

The problem under research is when the arithmetic operations with periodic
functions of one real variable whose domains may not coincide with the real
line will give periodic functions. The answer is well known in the case when
two nonconstant periodic functions are defined and continuous on the whole
real line and the operation is addition. In this case the sum is periodic if and
only if the periods of summands are commensurable. But it may be false if
the domains of summands are proper subsets of reals.

In the following, the function f defined on the set D C R is called periodic
(or T-periodic) if D+T = D and f(z+7T) = f(x) for all € D hold for some
real number T # 0. In this case D is called T-invariant (or T-periodic), and
T is called a period of f and D. The periods will be always assumed to be
positive unless otherwise stated. The smallest positive period of f and D (if
such exists) is called fundamental.
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If D is T-invariant and f(z +T) = f(x) for a.e. © € D only, we say that
f is a.e. periodic (with period T).

The function f with domain D(f) is called not a.e. constant if for every
¢ the set {zx € D(f)|f(x) # ¢} has a positive Lebesgue measure. N, Z, Q,
and R stand for sets of natural numbers, integers, rational numbers, and reals
respectively, p stands for Lebesgue measure on R. Below we require that all
functions considered have nonempty domains.

For our purposes the question on the commensurability of periods of peri-
odic function is important. The following example shows that the answer to
this question may be negative.

Example 1.1. Let D :=7Z + V27 + /3Z. The function on D defined by the
equality

flk+1V2+mV3) = (-1)™

is bounded and has two incommensurable periods 1 and V2.
At the same time, the next statement is well known (see, e.g., [3]).

Theorem 1.1. If a periodic function f is continuous and nonconstant on
D(f), then f has fundamental period. In particular, every two periods off are
commensurable.

We mention two other conditions, which are sufficient for commensurability
of the periods of periodic function.

Theorem 1.2. Consider a set D # R, intD # (. If D is periodic then it has
the fundamental period. In particular, if a periodic function f is defined on
D, then f has the fundamental period, too. Thus every two periods of f are
commensurable.

PROOF. The set G of all periods of D is an additive subgroup of R (we consider
negative periods and zero as a period of D, too). Suppose that G is not
discrete. Then it is dense in R (see, e.g., [1]). Choose a ¢ D. The set
—intD + a intersects GG, so —d + a = t for some d in D and t in G; i.e.
a=d+t € D, a contradiction. Therefore G = TyZ for some Ty € R, Ty # 0
(see ibid). This completes the proof. O

Theorem 1.3. If an a.e. periodic function f is defined, measurable, and not
a.e. constant on a set D of positive measure, then every two periods of f are
commensurable.
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PRrOOF. Let T1, Ty be two periods of f, S = R(modTy); i.e. S is a circle with
radius r = T71/2w. The set Dy = D(modTy) is the subset of S of positive
measure. One can assume that f is defined on D;. The rotation R of S with
the angle a = Ty /r = (T/T1)27, which maps D; on itself, corresponds to
the shift  — 2 4+ T of the real line. If 77 and 75 are incommensurable, R
is an ergodic transformation of D; by virtue of the equation a/27 = T»/T)
(see, e.g., [7], Section II. 5). Since the function f on D; is R%-invariant
(that is f(Ryz) = f(x) for a.e. © € Dy), it is an a.e. constant ([7], ibid), a
contradiction. O

Note that Burtin’s Theorem [2], [4] could be used to prove Theorem 1.3,
too.

2 Sums of Several Periodic Functions with the Common
Domain.

It is well known that the sum of two continuous periodic functions on R is
periodic if and only if their periods are commensurable. In this section, we
study the periodicity of sums of several periodic functions f;(: = 1,...,n) in
the case where D(f1) = ... = D(f,) may not coincide with R. The following
example shows that the situation in this case is more complicated.

Example 2.1. Let D :=7Z + V27 + /37 as in Example 1.1. Two functions
on D defined by the equalities

1 1
filk+1V24+mV3) = TESEETIESE
folk + V2 +mV3) = ! + !

k|41 m|+1

are bounded and periodic, their periods are incommensurable, but the sum
f1+ fo is periodic.

If the periods T; of several periodic functions f; (i = 1,...,n) are commen-
surable, it is easy to prove that the sum f1 +-- -+ f,, is periodic. The converse
is false, in general. If, say, f1 + fo = const, the sum fi + fo + f3 is periodic for
incommensurable T} and 73. So for converse we should assume that all the
sums of f;’s where the number of summands is less than n are nonconstant.

Theorem 2.1. Let f1, fa,..., fn be continuous periodic functions, which are
nonconstant on their common domain D. If all the sums of f;’s where the
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number of summands is less than n are nonconstant, then the sum f1+...+ fn
is periodic if and only if the periods of the summands are commensurable.

PrOOF. We shall prove this theorem by induction with the following addi-
tional statement: in the case when the sum is nonconstant the periods of the
summands are commensurable with the period of the sum. First we shall
prove the conclusion of the theorem for n = 2.

Suppose that 771,75, and T are periods of fi, fs, and f; + fo respectively.
Then we have for all x € D

fil+T)+ folz +T) = fi(z) + fa(z),

or

Nz +T) = fi(z) = foz) — fa(z +T). (1)

a) Suppose that both sides in (1) are nonconstant. Since the left-hand side
and the right-hand one in (1) have periods 77 and T» respectively, Theorem
1.1 implies that these periods are commensurable. Further since 77 and 75 are
commensurable, the sum f;+ f5 has certain period T which is commensurable
with T} and T5. If fi + f2 is nonconstant, then T" and T are commensurable
by Theorem 1.1, too.

b) Assume that both sides in (1) equal to a nonzero constant c. The
iteration of the equation

filz+T) = fi(z) =c (2)

implies f1(x +nT +mT1) = f1(x) + nc for all m,n € Z. We can find integers
ng, and my, with np — oo such that z + ngT 4+ miT7 — x and we have a
contradiction with the continuity of f if ¢ # 0.

c¢) If both sides of (1) are zero, then f;(z + T) = f;(z), and T; and T are
commensurable by Theorem 1.1 (i = 1,2).

Now, let the conclusion of the theorem be true for all integers between 2
and n. We shall prove it for n + 1. Two cases are possible:

1) The sum f1 +---+ fn41 is constant. Then fi(x)+- -+ fry1(x) = c and
fi(@)+ -+ fulx) = ¢ — fry1(x). Because the left-hand side is nonconstant,
the inductive hypothesis implies that the periods of fi,..., f, and T,4; are
pairwise commensurable.

2) This sum is nonconstant and T-periodic. If g;(z) := fi(z + T) — fi(x),
then
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g1(z) + -+ gnt1(x) = 0. (3)

If some g; is a constant, then it equals 0 by b).

2.1) Let g;’s be nonconstant for i = 1, ..., n.

d) If the sum g1 + -+ 4+ gn(= —gn+1) has not proper subsums which are
constant, the periods T1,...,T, are commensurable by inductive hypothesis.
Then the first summand of the sum (f1+- - -+ f5,) + fn+1 has period of the form
mT7, and again by inductive hypothesis 731,7,,+1, and T" are commensurable.

e) If the sum g1+ - -+ ¢ (= —gn+1) has proper subsums which are constant,
let us choose a minimal one, say, g1 + -+ + gr = const (k > 1). Then
by inductive hypothesis, T1,...,T; are commensurable. Like in d) the first
summand of the sum (f; + -+ + fx) + (fe41 + -+ + foy1) has the period
of the form mTi, and by inductive hypothesis 71, Tk41,...,Tn+1 and T are
commensurable.

2.2) If there exist constants among g;’s (which are equal to 0), then let us re-
index the functions such that g1,...,9x # 0 and gx+1 = ... = g1 = 0 where
k < n+1. Since for ¢ between k+ 1 and n+ 1 the difference f;(z+T) — fi(x)
equals 0, then by Theorem 1.1 the numbers T; and T are commensurable. In
addition we have fi(x +T) 4+ -+ fu(z + T) = fi(z) + -+ + fru(x) where
k < n+ 1. By the hypothesis of the theorem this sum is nonconstant, so by

the inductive hypothesis the periods T7i,...,T; are commensurable with T'.
Moreover, as we have shown numbers Tx1,...,T,+1 are commensurable with
T, too. O

We will employ the following lemma to prove Theorem 2.2. (As was men-
tioned by the referee, one can prove Theorem 2.2 using the Proposition 1
in [5] (see also [6]); we give an independent proof which seems to be more
elementary).

Lemma 2.1. Let the function ¥ be measurable on the segment I. There is a
sequence & | 0 such that for every sequence Oy, o € (0, &)

Tim (a +6) = ¥(x) (4)

for a.e. x € 1.
For the proof see, e.g., [8], proof of Theorem 1.4, especially formula (1.18).

Theorem 2.2. Let a.e. T;-periodic functions f; (i = 1,...,n) be defined,
measurable, and not a.e. constant on the measurable set D of positive measure.
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Suppose that all the sums of f;’s where the number of summands is less than
n are not a.e. constant. The sum f1 + -+ f is a.e. periodic if and only if
the periods of the summands are commensurable.

PROOF. As in proof of Theorem 2.1 we shall prove this theorem by induction
with the following additional statement: in the case when the sum is not a.e.
constant the periods of the summands are commensurable with the period of
the sum. First we shall prove the conclusion of the theorem for n = 2.

Suppose that 77,75, and T are periods of f1, fo and f; + fo respectively.
Then (1) holds for a.e. x € D.

a) Suppose that both sides in (1) are not a.e. constant. Since the left-hand
side and the right-hand one in (1) have periods 77 and T, respectively, Theo-
rem 1.3 implies that these periods are commensurable. Further the sum f; + fo
is defined on the set of positive measure. Since T} and T, are commensurable,
the sum has certain period T which is commensurable with 77 and T5. If
f1+ fo is not a.e. constant, then 7" and 7™ are commensurable by Theorem
1.3, too.

b) Suppose that both sides in (1) equal a constant c¢ a.e., so that (2) holds
for a.e. @ € D (T is the period of f; + f3). Then D is T-invariant and T-
invariant. Let ¢(x) = fi(z) for x € D and ¢(z) = 0 for x € R\ D. We have
w(DNI) > 0 for some segment I C R. Let & | 0,&, < T3 be as in Lemma 2.1.
If T and T} are incommensurable one can choose sequences my,ni € Z with
the property & := niT + miT1 € (0,&k). Then ny # 0. Choose € D which
satisfies the following three conditions: (4) holds, (2) holds for y = x+:T+ ;T
instead of x for arbitrary integers 7, j, and f1(y + T1) = f1(y) for the same y.
Then x + 0 € D and the equation (4) implies that

klin;o filx + ngT 4+ mipTy) = f1(z). (5)
On the other hand, (2) implies that for all k

fl(m +ni T + ka1) = f1($) + ngc.

It follows that ¢ = 0 and therefore fi(z + T) = fi(x) for a.e. © € D. Now
Theorem 1.3 implies that 7" and 7T} are commensurable, a contradiction. The
same is true for T5.

Now, let the conclusion of the theorem be true for all integers between 2
and n. We shall prove it for n + 1. Two cases are possible:

1) The sum fi +---+ fp41 is a.e. constant. Then fi(z)+- -+ fnr1(z) =¢
and fi(z)+-- -+ fu(x) = ¢ — fni1(x) a.e. So, by the inductive hypothesis the
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periods of fi,..., f, and the period T}, 41 of their sum are pairwise commen-
surable (their sum is not a.e. constant by the hypothesis of the theorem).
2) This sum is not a.e. constant. Let g;(z) := fi(x +T) — fi(z). Then

g1(x) + -+ gnyp1(z) = 0.

2.1) Let g;’s be not a.e. constant for ¢ =1,...,n + 1.

¢) If the sum g1 +- - - + gn (= —@gn+1) has not proper subsums which are a.e.
constant, the periods 71, . .., T, +1 are commensurable by inductive hypothesis.
Then the sum f1+- - -+ f,+1 has period of the form mT}, and again by inductive
hypothesis T;, and T are commensurable.

d) If the sum g1 + - -+ + gn(= —¢gn+1) has proper subsums which are a.e.
constant, let us choose a minimal one, say, g1 + --- + gr = const a.e. (k >
1). Then by inductive hypothesis, T1,...,T} are commensurable. The first
summand of the sum (f; + -+ + fx) + (fi41 + -+ + fny1) has the period
of the form mTi, and by inductive hypothesis 71, Tk11,...,Tn+1 and T are
commensurable.

2.2) If there exist a.e. constants among g;’s for i = 1,...,n+ 1, say g1 = ¢
a.e., like in b) it follows that ¢ = 0 and 7) is commensurable with 7" by
Theorem 1.3. So mT; = {T. Since the sum

n+1

f2+"'+fn+1:Zfi_f1
i=1

is [T-periodic and not a.e. constant by inductive hypothesis, T5,...,Th11 ,
and T are commensurable by inductive hypothesis, too. O

3 The Product of Two Periodic Functions with Possibly
Different Domains.

In this section, we assume, as usual, that the product (and the sum) of several
functions with possibly different domains is defined on the intersection of the
domains. First consider the following

Example 3.1. Let Dy := Z+/2Z 432457, Dy := Z+/27+/3Z+\/TZ.
The function g; on D; defined by the equality
g1(k+1V2 + mvV3 + nV5) = (Jk| + 1)(jm| + 1)

has periods av/2 + bv/5 (a,b € Z), and the function gy on Dy defined by the
equality
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g2(k +1V2 +mvV3+nV7) = (I +1)/(Im| + 1)

has periods a 4 by/7 (a,b € Z). But the product g;g» is defined on the set
D1N Dy =7+ 27 + /37 and has period V3.
At the same time for D; with nonempty interior there is a positive result.

Theorem 3.1. Let g; be continuous T;-periodic functions, and the restrictions
gilintD(g;) # const (i = 1,2). The product g1g2 is periodic if and only if the
periods T1 and Ty are commensurable.

We need several lemmas to prove the theorem.

Lemma 3.1. Let f; be T;-periodic continuous function (i = 1,...,n), D C
Ny D(fi), Soiy fi # const. If the restriction Y., fi|D is T-periodic, then
the numbers Tfl, Tl and T~ are linearly dependent over Q.

’ n

PROOF. Assume on the contrary that numbers T, *,...,T;!, and T~! are

stn o

linearly independent over Q. Since T'/T3y,...,T/T, and 1 are linearly inde-
pendent over Q, too, Kronecker Theorem (see e.g. [1], Chapter 7, section 1,
Corollary 2 of Proposition 7) implies, that for z in D , for every y in NI, D(f;)
and k in N there exist such numbers g; and p;; in Z, that

laxT/T; = pir — (y — 2)/Ti| <1/(kmaxT;) (i=1,..,n)
and so
larT — pirTi — (y — )| <1/k  (i=1,...,n).
Therefore
kILH;O(QkT —puwTi) =y—=z (i=1,..n).

Because for x in D
file+ @ = puTh) + -+ folz + T — puiTn) = fi(@) + - + fu(z)
and f;’s are continuous, it follows that
fiy)+ -+ fuly) = (@) + -+ fal2)

and so Y., fi = const, a contradiction. O

Corollary 3.1. Let f be nonconstant continuous 7Tj-periodic function on
D(f). If its restriction to a subset D of D(f) is T-periodic, then T and T} are
commensurable.
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Lemma 3.2. If the set Dy # R is Ty -invariant and its subset D,intD # (), is
T-invariant, then T and T are commensurable.

PROOF. Let us suppose the contrary. Then the set G = T1Z~+T7Z is dense in R
by Dirichlet Theorem. Note that every shift by the element of G maps D into
D;. Choose a ¢ D;. Since the open set a — intD intersects G, a — d = t,where
d € D,t € G. Then a = d+t belongs to D1, a contradiction. O

The following lemma is of intrinsic interest.

Lemma 3.3. Let f; be T;-periodic nonconstant continuous functions with open
domains D; (i =1,2). The sum f1+ fa is periodic if and only if the periods
of fi’s are commensurable.

PROOF. In view of Theorem 2.1 and Lemma 3.2 it remains to consider the
case D1 # R, Dy = R. Let T be the period of the sum f; 4+ f2, and suppose
that T and T5 are incommensurable. By Lemma 3.2, mT = kT for some m, k
from Z. Replacing mT by kTj in the first summand of the left-hand side of
the equality

file + mT) + fo(x + mT) = fi(x) + fa(z),x € Dy
we have
fa(x +mT) = fo(x),x € D;.

It follows from Corollary 3.1 that 75 and T are commensurable, a contradic-
tion. O

PROOF OF THEOREM 3.1. First note that the restrictions g;|intD(g;) are T;-
periodic, too. So we can assume that D(g;) are open. Then the sets

Di == {a € D(g)lgi(x) 0} (i=1,2)

are open and T;-invariant. Several cases are possible.
1) D1 N Dy # (. Since g1g2 is periodic, the function on Dy N Dy

log |g192| = log |g1| + log |g2|

is periodic, too.

1.1). Let both functions |g;| be nonconstant. Then their periods are com-
mensurable by Lemma 3.3.

1.2). Let both functions |g;| be constants. Then D; # R for ¢ = 1,2 and
one can use Lemma 3.2.
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1.3). Let |g1] is nonconstant, and |gs| is constant (and so ga(z) = +c # 0).
It was noted above that Dy # R. In view of Lemma 3.2 we may assume that
D; = R; i.e. g1(z) has a fixed sign. Let T be the period of g1gs2, so that for
all  in D(g2) we have

g1(z +T)g2(x +T) = g1(z)ga (7). (6)

Thus the numbers go(x + T') and go(x) have the same sign, too, and therefore
coincides. Now T and T are commensurable by Theorem 1.2. Then the
equality (6) implies g1(z +T') = g1(x) for all z in D(g2), and the numbers T}
and T are commensurable by Corollary 3.1.

2) D1 N Dy = (. Suppose that T; and T are incommensurable. Then
for dy € D5 one can find two integers m,n such that mT} + nTy € D1 — ds.
Therefore do + nTy = dy + (—m)T; for some d; € D;. This is impossible
because the left-hand side of the last equality belongs to Do, but the right-
hand one belongs to Dy. This completes the proof. O

Corollary 3.2. Let g; be continuous T;-periodic functions, and the restric-
tions g;|intD(g;) # const (i = 1,2). The quotient g1 /go is periodic if and only
if the periods 77 and T, are commensurable.

Remark 1. Let f; be periodic functions defined on the open subsets D; C
R, Dy # R and E; the range of f; (i = 1,...,n). If the function F(y1,...,y,) on
Eq x...x E, “really depends” on each y;, the composition F(f1(x),..., fn(z))
is periodic if and only if the periods of f;’s are commensurable. It follows
from Lemma 3.2 immediately. In general the problem on the periodicity of
the composition seems to be open.

Remark 2. The problems of generalization of Theorem 3.1 for n > 2 mul-
tipliers, for discontinuous multipliers and for general D(g;) seem to be open,
too.

Acknowledgment. The authors wish to thank the referees for their con-
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