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A REPRESENTATION OF MARTINGALE
DIFFERENCES AND ORTHONORMAL
SYSTEMS OF UNCONDITIONAL
CONVERGENCE ALMOST EVERYWHERE

Abstract

We establish a special representation of uniformly bounded martin-
gale differences and give some examples of its application. In particular,
we prove that any uniformly bounded ONS {fx} contains a subsystem
{fr,} (kn <2") of unconditional convergence with exponential estima-
tion of majorants.

1 Introduction

Let {Q, F, P} be a probability space and {F} } be a sequence of increasing sub-
o-algebras of F. In what follows, ¢, &k = 1,2, ... ,are martingale differences;
that is, ¢y, is Fi-measurable and E{p,|Fi} = 0 almost everywhere (a.e.) if
n > k. We may assume that Ep; = 0.

We say that random variables n,, 1 < k < n are independent on a set
Q C Q (P(Q > 0)) if for arbitrary sets Uy CR, 1 <k <n

k=1 k=1

p (Qﬁ (N {m € Uk}) = (P(@)"" H P({m eUk}NQ).

In other words, the restrictions of the random variables n;, 1 < k < n to the
set @ are independent on the probability space {Q,F , P } where F' is the

, P
restriction of F' to the set Q and P (%) = P((;)) In Section 2, we prove the

following.
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Theorem 1. Let ¢, k =1,2,... be martingale differences on a nonatomic
probability space {Q, F, P}, |or| < My, and each ¢y assume a finite number
of values. Then for an arbitrary natural number K there exist independent
random variables £, k = 1,2,. .., K with || = My and E&, = 0, a partition
of Q into N disjoint sets Qn, n =1,2,..., N, and random variables ny n, k =
1,2,..., K independent on @, and equal to zero outside Q,, such that

N
k=& + > Mhms k=12,... K. (1.1)

n=1

This representation lets one extend some results on convergence of uni-
formly bounded independent random variables to uniformly bounded martin-
gale differences. In this paper, we limit ourselves to the problem of uncondi-
tional convergence. Let ¢ = {¢,,(2)}52;be an orthonormal system of functions
(ONS) on a space X with a finite measure, say, uX =1 and a = {a,}52, be

o0
a number sequence, |la]® = 3. a2 < .

n=1

The series

> antn(x) (1.2)

is called unconditionally convergent a.e. if for every rearrangement of the
terms the resulting series converges a.e. The exceptional set of measure zero
where divergence is allowed may depend on the order of the terms.

If the series (1.2) converges unconditionally a.e. for every a, |lal| < oo, the
system ¢ is said to be a system of unconditional convergence (s.u.c.).

For a permutation o of the set of natural numbers, let s*(o) denote the

o0
majorant of the series ) anty(n); that is,
n=1

N

Z anwa(n) ((,C)

n=1

s*(o) = 8" (¢,0,a,x) SUP] < N <oo

where o (n) is the number corresponding n.

As the first application of the representation (1.1), we prove the following.

Theorem 2. Let ¢, k = 1,2,..., be martingale differences with |¢g| < My
o0

and M? = 5 M} < co. Then there exist absolute constants C, v =~ (M) >0
k=1

such that for any permutation o and for any number \ > 0 the majorant s* (o)
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o0
of the series ) @y (ry satisfies the inequality
k=1

P(s*(0) > \) < Ce ™. (1.3)

The next result is a simple consequence of the exponential estimate in
(1.3).

Corollary. . Let {¢r} be martingale differences, |pr] < M, 1 < k < oo.
Then {pr}52, is a system of unconditional convergence a.e., and for any

permutation o and for every a, |la|| < 1 the majorant s* (o) of the series
o0

Y. Ao (k) satisfies the inequality

B (ep(s*(a))Q) < oo for some p > 0. (1.4)

In section 3, we apply the representation (1.1) to establish one property
of uniformly bounded ONS. In the theory of orthogonal series the following
questions are known. (We put them here in general form.)

1 Given an ONS f = {fi} belonging to a certain class, is there a subsequence
¥ = {f, } of the ONS, which satisfies a certain property (A) ? (For example,
is 1 a system of convergence?)

2 Does there exist a number sequence {l,,} such that for any ONS in the class
one can find a subsequence ¢ = {fi, } with that property (A) and with
indices k, growing not faster than [,, 7

The first question goes back to the thirties, to classical works of Menshov
and Marcinkiewicz. The second appeared in the eighties. The history of the
problems and some results can be found in [1]-[4] .

As is known every ONS contains a subsequence ¢ that is s.u.c. (Kom-
los, [5]). The best estimation of s* (¢),0) one can expect in general case is
s* (¢, 0) € L? [2] , but, to our knowledge, it has not proved yet. If f = {f,} is
ONS and f, € L? for all k and some p > 2, then s* (¢,0) € L (see [6]). This
result is a consequence of two theorems. According to the first, Banach’s the-
orem (see [3]), every ONS f mentioned above contains an Sp,-system. (ONS

¥ = {¢y} is an S,- system if any polynomial T = > a,t, satisfies the
n=1

condition [T, < C'|la|| where |||, is the LP- norm and C is an absolute

constant.) According to the second theorem, proven by Erdés for the trigono-

metric system and by Stechkin (by analogous method) for arbitrary systems,
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all majorants s* (o) of an S,- system 1 belong to L? ([6], p. 322). Note also
the following result.

Every uniformly bounded ONS { fi (z)}32, contains a subsequence { fz, (z)}5%;
such that

7@ ¢ [ for ¥y > 0 (1.5)

where s (z) = io: n fr, (T).

n=1

This theorem was announced by Gaposhkin in [3]. The proof was commu-
nicated by Gaposhkin to Astashkin and published in [7] with his permission.

All the results mentioned above answer only the first question. As for the
second question, it is shown in [8] (for even numbers p) that an S,-system
{f,} can be chosen so that k, <n” , 8 = 3( p).

In Section 3, we consider the class of uniformly bounded ONS and property
(A) of unconditional convergence with exponential estimation of majorants
and give an affirmative answer to the second question.

Theorem 3. Let {fi (x)}32, be an orthogonal system of uniformly bounded

functions, |fr] < M, on a space X with a finite measure, say, pX = 1. Then

there exist a subsequence ¥ = {¢y (2)}521 = {f, ()}, with indices ky, <

2" and positive constants C and v (depending only on M) such that for any

permutation o, any number A > 0 and any a, ||a|]| < co the majorant s* (o) of
2

5% YA
the series Y anWq(n) (v) satisfies the inequality p ({s* (o) > A}) < Ce Tl
n=1

Remark. V. F. Gaposhkin communicated to the author that the “weak”
version of Theorem 3, without condition &k, < 2™ | can be also obtained by
combining the following results. The first, which he established and used
for the proof of (1.5), states that every uniformly bounded ONS contains a
subsequence for which ||s[|, < C\/p|la| for all p > 2 and a. The second,
an Erd6s -type result, states that the inequality [[s||, < Cp ||a|| implies [|s*[|,
< AC) ||a]| where A does not depends on p.

2 Representation of Martingale Differences

PRrOOF OF THEOREM 1. For given natural K, it follows from the assumptions
of Theorem 1 that there exists a partition of Q into sets Q,, ,1 < n < N, such
that each ¢ (1 < k < K) is a constant on each of them. Let ¢, denote the
value of ¢, on Q. Now, following [6] (chapter 8, the proof of Theorem 3), we
define random variables 7, (1 < k < K) independent on @Q,,, which satisfy
the conditions:
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1 [ ngnP (dw) = 0;
Qn

2 Nk,n assumes on @, only two values: —My, + cg,p, and My, + cg p;

3 N (w) =0 for w ¢ Q.
We set

N
G=¢r— Y mem (k=12 K). (2.1)
n=1

Conditions 2 and 3 yield || = My. Conditions 1 and 3 lead to E§; = 0. Let
us introduce the sets

le,n = {UJ € QTL | Nk,n (w) = —My; + Ck,n}

and
Q;n ={w e Qn|Mn (W) =Mg+crn}

Since Mg, (1 < k < K) are independent random variables on @,,, we have for

1<
any 1 << K

P(Qr,NQ5, N nQn) =P@) I P(er,) 22
k=1

The analogous identity holds for the sets an.

Next, choose one of the values of ¢y, and denote it by cg. Let Ty, = Ty, (ck)
denote the union of all those @, for which c¢;, = c;. By definition of the
random variables 7y, ,, , it follows that for any @, C Ty and @, C Tk

P(Qia) P (@in) P(Qf.) P (@)
P(@Q.)  P(Qm) P(@Qn)  P(Qm)

The ratios depend only on c.

Let us first prove that &, k = 1,2,..., K are martingale differences; that
is, for any integer j (2 < j < K) and any set S of the kind of {§; = &1 M7, & =
eaMs, ... 7§j—1 = €j_1Mj_1} where ¢, = +1,

oy, =a) (2.3)

/ &P (dw) = 0. (2.4)
S

We limit ourselves to the case S = {& = My, §o = Mo, ..., &—1 = M;_1}.
The remaining cases can be treated in the same manner. We set

TET(Cl,CQ,...,Cj_l):Tl NTyN---NTj_q
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Since S can be expressed as the union of the pairwise disjoint sets SNT’; namely,

S = U SNT, it suffices to prove that [ &P (dw) = 0. Let D,, =
{c1,sChyenscj—1} sNnT

SNTNQy. This set is either empty or equal to Q7 ,NQ5,,N---NQ;_; .. Using

Condition 1 and the fact that n;,, is independent of 7; ,, ¢ = 1,2,...,j—1, we

have [ 7;,P (dw) = 0. Denoting the value of ¢, on Q,, by ¢ and keeping
D

Condition 3, (2.2), and (2.3) in mind, we obtain for nonempty D,

[epa) = [ep@) =g [P
D,

D, D,,
=P (Q1,NQy, N NQj1,)

=& (P Q)7 [T P (Qrn)
k=1
j—1
=graray ..a; 4 (P Q) [ P(@Qn)
k=1

290?041_045~..a;_1/P(dw) =apay ..oy /spjp(dw),
Qn Qn

Therefore, since T’ belongs to the algebra F;_; and the random variables {¢y }
are martingale differences,

[or@= ¥ [er)= ¥ aver . [er)

SAT n:QnCTDn n:QnCT

n

=ajay ..oy [ @;P (dw) = 0.
T
Thus (2.4) is true, and & (1 < k < K) are martingale differences. From this,
under the conditions E¢, = 0 and |§| = My, it easily follows by induction
that they are independent random variables. Indeed, assume that &, 1 <
k < s (where s < K) are independent; that is, for any set D of the kind of
{&k, = e1My,, &k, = eaMpy, .. &k = .My } (1 < r < s), its probability
P (D) =27". Taking [ &11P (dw) = 0 into account, we get
D

1
P(DN {1 =es41Mop1}) = §P(D) =2 "1

This means that &, 1 < k < s+ 1 are independent. O
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Remark. V. F. Gaposkin communicated to the author a sketch of another
proof of the representation. The functions {¢;}¢ are a weakly multiplicative
system; i.e., E (& ...&) = 0. Any weakly multiplicative system {&} where
& = £ My, with probability of % is a system of independent random variables.
Indeed from the estimates it follows that

E=E (gil ...ggs) = Bel . Bels = MI . M if all I; are even;
E = 0 if at least one [; is odd.
These estimates in turn imply E exp <i)\ > §k> = J[ Eexp (iX&) for all
k=1

k=1
m, A. Therefore, ;,1 < k < K are independent.

PROOF OF THEOREM 2. We write s* (p,0) instead of s*(¢) in order to show
that the majorant is related to the series with respect to a system ¢ = {pp}.

For any natural K, let s} (¢,0) = sup1<i<K‘ > @U(k)‘. Let A > 0 be an
- k=1
arbitrary number. One can find a natural number K such that the following
inequality holds
P(s* (,0) > ) < 2P (s (.0) > A) (25)

Suppose first €2 to be nonatomic and ¢y, (1 < k < K) to assume a finite number
of values. Applying formula (1.1) and letting & = {&} 1, nn = {Men iy,
we obtain

N
sk (9,0) < sk (6,0) + Y sk (1, 0) -
n=1

Therefore, since the supports of the systems 7, (1 <n < N) are disjoint,

AN, A
P (sk (¢,0) > ) < P(S*K (& 0)> 5) + ZP(S*K (M, 0) > 5) (2.6)

n=1

It is known that the exponential estimation of the majorants for the sum
of uniformly bounded independent random variables holds. (See, for example,
[6], chapter 2, Theorem 5 and inequality (56).) Namely, there are absolute
constants C and v = v (M) > 0 (not depending on £, K, and o) such that

PG%@mo>%)SCf”3 (2.7)
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(From now on absolute constants C' and -y can be different in different inequal-
ities.) Since |nkn| < 2My, k = 1,2,..., K the following inequality holds for
independent on @, random variables.

A 2
i <K (s 0) > 2) <Ce™MP(Q)) (n=12....N)  (28)
(C and v do not depend on 7, K, o) Therefore, we obtain from (2.6)-(2.8)
P (sk (p,0) > ) < Ce™ (2.9)

The assertion of the theorem follows from (2.5). O

Now we get rid of the assumptions. The martingale differences ¢y ,
k=1,2,..., K can be approximated by martingale differences ¢ assuming

K

only a finite number of values so that > |<pkf @k.| < 1 a.e. This inequal-
k=1

ity implies (2.9) if the corresponding inequality holds for {sbk}. If © is not

nonatomic, we denote the sets of constancy of {@k} by Qn,n=1,...,N and

consider a probability space {Q)', F’, P’} with continuous measure P’, martin-

gale diﬂerences{@k}, and sets Q,, n =1,..., N such that P'(Q)) = P(Qn);

95; (W) =¢k (w) for V' € @, Vw e Q, (1<k<K,1<n<N).

PROOF OF THE COROLLARY. The exponential estimation (1.3) implies that

s*(p,0) < oo a.e. Therefore, the series kio: (k) converges a.e. Inequality
=1

(1.3) also implies (1.4). This proves the Co?ollary. O

3 Subsystems of Unconditional Convergence

It suffices to prove Theorem 3 for the number sequences a with |ja|]| < 1. Let
us first reduce Theorem 3 to the case of finite orthogonal systems {fx}<
(Proposition 3, below). Let o, denote a permutation of the first r natural
numbers.

Proposition 1. Let there exist a sequence k, < 2", n=1,2,... and absolute
constants C, v = v(M) > 0 such that for any integer K > 0 the subsequence
{fe Yoy = (W}, = oL (L = L(K) = max{n|k, < K}), extracted from
the system { fx}5_,, satisfies

(A)
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for any or, and o/ = {al,}E_, with ||d’|| <1,
sy (WF,op,a’) > \) < Ce™™ (3.1)
Then the assertion of Theorem 3 is true (for ¢ = {n} = {fr, }o21)

PRrROOF. Indeed, for given o and «, |jal| <1, one can choose a number N such
that

plsi (6,0,) > A} > Suls” (1,0,0) > A} (3.2)

Let K be a number such that L > maxi<,<n0o (n). Define o1. Let o (n) =
o(n)forl1 <n < N.Forn=N+1,...,L we subsequently set o, (n) equal to a
value in the set {1,2,..., L}, which is different from the values determined be-
fore. We also set a,, = a, (n=1,2,...,N), a, =0 (N <n < L) and denote
{a;l} by a . Inequality (3.1) holds for s} (wL,UL,a’) . Since s}, (wL,UL,a’) =
sy (¥,0,a), inequality (3.2) completes the proof of Theorem 3. O

Proposition 2. Suppose that for every K there exists a subsequence * =
{f Yo (kp = kn(K) < 2", n=1,2,...,L = L(K), k, < K, 21 > K)
of the system {fi}< | such that condition (A) holds. Then the assertion of
Theorem 3 is true.

Proor. We will show that a sequence k, < 2™, n = 1,2,... can be chosen
independent of K, and, therefore, the assumptions of Proposition 1 will be
satisfied. We use a diagonal process. Choose one of the numbers (1 or 2)
that occurs in the sequence ki (K), K = 1,2,... infinitely many times and
denote it by k1. Let Ty = {K | k1 (K) = k1}. Suppose ks and T have already
defined. Then we set ks41 equal to a number that occurs in the subsequence
{kst1 (K)}ker, infinitely many times and put Ts41 = {K € Ty| kst1 (K) =
ks+1}. The sequence k,,, n = 1,2,... is the desired one because if K’ < K and
the subsequence { fkn}lL(K) satisfies the assumption of Proposition 2 , then the

(%)

Thus it is enough to prove the following.

L
subsequence {fx, }, also satisfies the assumption. O

Proposition 3. Let {fy}5_, be an orthogonal system of functions, |fx| < M.
Then there exists a subsequence v = {fx, }e | = {wntl_; (k, <27, n =
1,2,...,L, kp < K, 251 > K) such that for any a = {a,}E_,, |la]| < 1, and
an arbitrary permutation o = o, p{sy (Y,0,a) > A} < CeN.

PROOF. We may suppose that the functions f; (1 < k < K) assume a finite
number of values. Indeed, let f, be a function of this kind sufficiently close to
fx- The Schmidt orthogonalization of { f k} yields an orthogonal system {f;}
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K
with > |fix (x) — fi(z)| < 1 a.e. This implies the assertion of Proposition 3
k=1

if it is true for {f}}.

Also, it suffices to prove Proposition 3 for k, < 8", n =1,2,..., L (8+! >
K). Indeed, if Proposition 3 holds for such {k,}, we can subsequently extract
a subsequence 1! from {fx}& |, a subsequence 9?2 from {fx}< |\ ¥!, and ¢*
from {fx}r;\ (¢! U?) so that each of them satisfies the assertion of the
proposition with &, < 8". Uniting the functions from ¢!, 2, and 9 in one
sequence and adding (if needed) f1, fo,..., f¢ to it , we obtain a subsequence
1 that satisfies Proposition 3 with k, < 2". We may assume M = las well.

We first consider the case |fx| = 1 (1 <k < K) and define the required
subsequence by induction. Suppose that functions v, = fi,, k, < 8" (1 <
n < s, 8%+ < K) have already been chosen and the following conditions hold.

1 There exist martingale differences ,,, 1 < n < s such that
f(|n —pnl >278) <275, n=1,2,...,5
2 |90n| <2

3 Forn=12...,slet QF,...,Q" (r=r(n)) be the sets of the maximal
measure, on which every function v, (1 <v <n) is constant. Then the
function ¢,, is constant on each Q7,, 1 <v <.

Since every function 1, (1 <mn <s) assumes only 2 values, r = r(s) < 2°.

We now choose 9;41. Denote the characteristic function of the set @), = Q%
by x, and apply Bessel’s inequality to it. We have
K g+t
M(QV)ZZ(XU?]EIC)QZ Z (XV?fk‘)27 l/:1,2,...,7’,
k=1 k=841
whence it follows that at least for one number k, 854+ 1 < k < 851,
(X f1)° < ng for all v < r. (3.3)

We denote this number by k,;1 and set 1541 = fi,,,. Let 1/_)V be the average
value of the function 15,1 on the set Q. Let @’ be the union of those Q, for
which

pQ, >27° (3.4)

We define 441 by

Ps+1 (x) _ {ws+1 (-T) - wu for z € Qu C Q/ (35)

0 forze@, € Q'
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It follows from (3.5) that Assumptions 2 and 3 hold for n = s + 1 and the
average value of psy1 () on each @, equals zero. In view of Condition 3, @y
(1 < k < s+1) are martingale differences. Taking (3.3) and (3.4) into account,
we have for each set Q, C Q’

s+1

271 <278 (3.6)

MV‘ _ |(Xu’¢s+1)| < - <
NQV ARVITIAN

Therefore, the inequality |41 (2) — ws11 (2)] > 2~“% can be true only for
z € X\ Q' For the set Q, ¢ @', the inequality opposite to (3.4) holds. Hence

S 27 Sﬁl

ol

p(X\ Q) <2 3% <2735 =2~

Thus, by induction, we can define functions ¢, (x), n=1,2,..., L (k, < 8,
8L+1 > K) for which Conditions 1-3 holds.
Fix an arbitrary A > 0, 0 = o7, and a sequence a = {a,}%_,, |la| < 1.

. . . . 2
Denoting the permutation inverse to ¢ by 7, we have for [ = min [%] , L

i !
Z anPo(n) ()] < Z |ar(ny | [¥on ()]
n=1 n=1

SuPy<i<r
: (3.7)
+supi<i<r Z ‘Wntomy ()| =11 + Iz
n=1
where the symbol “ ‘” means that the items with o(n) € {1,2,....l} are

omitted. Applying Cauchy’s inequality to Iy (for I = 0,I; = 0), we obtain

A
L <Vi< oL (3.8)

Ifl=1L,then I =0.Forl < L

Z ‘anspa(n) (‘T)

n=1

I (x) < supy<;<p,

L
+ Z ‘ |an| ‘Soa(n) (‘T) - wo(n) (:IZ)| . (39)
n=1

Applying Cauchy’s inequality to the second sum and taking Condition 1 into
consideration, we convince ourselves that it does not exceed 20 for all x except,
perhaps,

L
reTl = U {x\ |1/Jn—<pn\>2*%};
n:ﬂ—l
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p(m) < Y 27% <10-275 < CeY (3.10)
n=Il+1

> ‘angog(n)(m)‘ > % — 20}

n=

According to Theorem 2, for Th = {x\suplSiSL

we have

1 (Ty) < Ce™ ™. (3.11)
It follows from (3.7)-(3.11) that

M{SuplﬁiSL‘ > anto(m) (90)) Z /\} < p(Ty) + p(Tz) < Ce™ ™
n=1

Thus the theorem is proved for the special case. The general case can be

reduced to the special case. Namely, we represent the functions fr, k =
N

1,2,...,K in the form fr =&+ > mkn, k=1,2,..., K, as it was done in

n=1
the proof of Theorem 1, with only one difference: now &, k =1,2,..., K are

orthogonal functions. The theorem has been proved for them. For the inde-
pendent functions g, (k = k1, ke, ..., k) estimate (2.8) holds. This leads to
(3.1) and completes the proof. O

In conclusion, the author thanks Professors A. M. Olevskii and B. F.
Gaposhkin for useful discussions.
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