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ASYMPTOTIC STRUCTURE OF BANACH
SPACES AND RIEMANN INTEGRATION

Abstract

In this paper we focus on the Lebesgue property of Banach spaces.
A real Banach space X is said to have the Lebesgue property if any
Riemann integrable function from [0, 1] into X is continuous almost ev-
erywhere on [0,1]. We obtain a partial characterization of the Lebesgue
property, showing that it has connections with the asymptotic geometry
of the space involved.

1 Introduction.

This section will give some historical background. In 1972, R. Redjouani et
al. [15, 17] were the first to show that ¢! has the Lebesgue property (or is a
Lebesgue space, for short). On the other hand, it can easily be seen that the
so-called classical Banach spaces including ¢P for 1 < p < o0, ¢y, and LP for
1 < p < oo do not have the Lebesgue property. Moreover, all these spaces
except L' do not contain any subspace having the Lebesgue property.

In 1984, R. Haydon [8] proved that if a stable Banach space with uniformly
separable types has the Schur property, then it has the Lebesgue property.
Recall that a real Banach space X is said to have the Schur property (or
to be a Schur space, for short) if each weakly null sequence in X converges
in norm. The reader should refer to [10, 7] for an extensive study of stable
Banach spaces and types. In particular, it follows from this result that a Schur
subspace of L' has the Lebesgue property. We ought to observe at this point
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that the same immediately follows from the weak property of Lebesque of L'
[20]. In the same paper Haydon went on to prove that a stable Lebesgue
space is necessarily a Schur space. To this end he employed an unpublished
result attributable to A. Pelczyriski and G. C. da Rocha Filho which states
that each spreading model of a Lebesgue space is equivalent to the standard
unit vector basis of £*. We will present our proof of this important fact below.
In the remainder of his paper Haydon provided a rather lengthy construction
of a stable Schur space failing the Lebesgue property. We will give another
example of a Schur space which does not have the Lebesgue property that
is simpler than Haydon’s. Nevertheless, we make note of the fact that both
constructions are based on the dyadic tree.

In 1991, R. Gordon [6] published the first truly non-classical example of a
Lebesgue space; the Tsirelson space T. T, being close to ¢! in an asymptotic
sense, is reflexive and does not contain an isomorphic copy of either ¢P for
1 < p < oo or ¢g. We extend Gordon’s result to prove that an asymptotic £*
Banach space has the Lebesgue property.

2 Notation and Preliminaries.

In this section we set notation related to Banach spaces and the Riemann
integral and prove some preliminary facts.

2.1 Banach Spaces.

In what follows X denotes a real Banach space and X™* its dual. c¢yg denotes
the linear space of all real sequences that are finitely non-zero and {e;}$2, its
standard unit vector basis.

Let {u;} be a sequence in a Banach space. [u;] denotes the closed linear
span of {u;}. {u;} is said to be normalized if ||u;|| = 1 for each i.

{u;} is said to be a basis in X, if each x € X has a unique expansion of
the form ), a;u;. {u;} is called a basic sequence if it is a basis in [u;]. A
sequence of non-zero vectors {u;} is basic (C-basic) if and only if there exists
C > 1such that || >0 asus|| < C|| Yoi aug|| for all {a;}; C R and for all
m < n.

A basic sequence {u;} is said to be unconditional (C-unconditional) if
there exists a constant C' > 1 such that || Y1 gau|| < C || Y1, ajul for
all {a;}?; C R and any sequence of signs {¢; = £1}? ;. It is useful to note
that if {u;} is C-unconditional, then

I ho

< C max; |\ - Hzn A
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for all {a;}?; C R and for all {X\;}}.; C R (see [11, Proposition 1.c.7]). In
particular, a sequence of non-zero vectors {u;} is 1-unconditional if and only
if |20 eaiwi|| = || > aiw|| for all {a;}1; C R and for any sequence of
signs {e; = £1}1 ;.

A basic sequence {u;} is said to be suppression-C-unconditional, if

n
H E a;U; S C H E a;U;
el i=1

for all {a;}? ; C R and for any I C {1,...,n}.

It is not hard to see that a suppression-C-unconditional sequence is 2C-
unconditional. Conversely, C-unconditional sequence is always suppression-
C-unconditional.

Basic sequences {u;} and {v;} are called C-equivalent for some C > 1, if

1 n n n
C HE oy Qi SHE iy Qi SCHE oy Qi

for all {a;}; C R. A basic sequence {u;} is C-subsymmetric, if {u;} is C-
equivalent to any its subsequence {u,}. Note that if {u;} is 1-subsymmetric,
then |laius + -+ + apuy|| = |larur, + -+ + apug, || for all ky < --- <k, and
for all {a;}; C R.

A non-zero vector z of the form Y a;u;, {a;}—,, C R, is called a block
vector (or a block, in short) with respect to a fixed sequence {u;}. Denote the
set of all integers ¢ for which a; # 0 by supp . We write < y for two blocks
z and y, if maxsuppz < minsuppy. Blocks z1,...,z, are called successive
provided z; < --- < z,. Note that successive blocks {x;} with respect to a
C-basic sequence form a C-basic sequence.

Let = be a vector of the form ) . a;u; and I, J be non-empty sets of
integers. In this case, we write Iz =Y ., a;u; and I < J, if max ] < min J.

i€l
2.2 Riemann Integration.

In this section we will sharpen Theorems 3 and 5 of [6]. To begin with, we
briefly recall the standard terminology related to the Riemann integral as
presented in [6]. A partition & of [a,b] is a finite set of points {a =ty < t; <
<o <ty = b}. A tagged partition T of |a,b] consists of a partition {t;}X,
of [a,b] and a finite set of tags {7}, that satisfy 7, € [t;_1,t;] for each
i. The points {t;}, are called the points of 7, the intervals {[t;_1,t;]} Y,
are called the intervals of 7, and the norm |.7| of 7 is defined by |.7| =
maxi<;<n(t; —ti—1). If f:]a,b] — X, then f() denotes the Riemann sum
ZlN:l f(m)(ti —ti—1). A tagged partition .7 of [a,b] refines a partition & of
[a, b] if each point of & is simultaneously a point of 7. Finally, we say that
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a tagged partition is an interior tagged partition if each tag of the tagged
partition lies in the interior of its interval.

Definition 1. Let f: [a,b] — X.

(i) f is Rs integrable (resp. R} integrable) on [a,b] if there exists a vector
z € X such that for each € > 0 there is § > 0 so that ||f(7) — z|| < €
whenever a tagged partition (resp. an interior tagged partition) .7 of
[a, b] satisfies |.7| < 0.

(ii) fis Ra integrable (resp. R% integrable) on [a,b] if there exists a vector
z € X such that for each € > 0 there is a partition 2, of [a,b] so that
I/ (7) — z|| < e whenever a tagged partition (resp. an interior tagged
partition) 7 of [a, b] refines ..

A standard argument shows that a function integrable on [a, b] in each of
the above four senses must be bounded on [a, b].

Theorem 1. A function f : [a,b] — X is Ra integrable (resp. R integrable)
on [a,b] if and only if it is Rs integrable (resp. R integrable) on [a,b].

PROOF. The proof of the theorem is completely analogous to that of Theorem
3 of [6] and is omitted. O

Lemma 1. Suppose that f : [a,b] — X and supcpq ) | f(D)|| = M < oo. If
positive numbers € and & satisfy 6 < e/4M, then for any tagged partition T
of [a,b] that satisfies |.T| < §/4 there exists an interior tagged partition T* of
[a,b] such that ||f(T) — f(T*)|| < € and |T*| < 4.

PROOF. Assume without loss of generality that 7 = {(7k, [tk—1,tk])} 1y,
‘9| <5/2,and71 < T << TK. Set Ky = {kE {27...,K—1}:Tk :tkfl}
and K :{k'E {2,...,K—1}:Tk:tk}.

Now we construct the interior tagged partition 7* = {(77, [t;_,,t;]) 1,
of [a,b] as follows. Choose 77 € (a,t1) and 7j € (tx—_1,b) freely. Let 7 be
equal to 7 for 1 < k < K. Next, if k € Ky, then choose t}_, € (7{_,,tk-1)
so that tx 1 —t;_, < /K. If k € K, then choose t € (t,7;,,) so that
t; —tr < 0/K. The remaining points of .7* are equal to the corresponding
points of 7. We have

d -14
IF(T) = T <aM S +2m 32 <

which is what we desired. O

Theorem 2. If a function f : [a,b] — X is R} integrable on [a,b], then f is
Rs integrable on [a,b].
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PROOF. Let z be the R integral of f over [a,b]. Fix € > 0 and set M =
SUPyeq,p) |f()]] < 00. There exists 0 < 0 < €/8M such that || f(T*)—z|| < €/2
whenever an interior tagged partition .7* of [a,b] satisfies |.T*| < . Let
be a tagged partition of [a, b] that satisfies |7 | < §/4. By Lemma 1 we have

* . € €

IF(7) =2l < WF(T7) =2l +IF(T) = F(T) < 5+ 5 = 0

Thus, the above four notions of the Riemann integrability are equivalent
and we make the following definition.

Definition 2. A function f : [a,b] — X is Riemann integrable on [a,b] if f is
either Rs or R} or Ra or R, integrable on [a, b].

Theorem 3. Let f : [a,b] — X. If for each € > 0 there exists a partition P,
of [a,b] such that ||f(71) — f(ZR)|| < € for all interior tagged partitions F;
and 5 of a,b] that have the same points as P, then f is Riemann integrable
on [a,b].

PROOF. Gordon’s proof of (4) = (3) in Theorem 5 of [6] can be adapted to
prove the theorem. O

3 Spreading Models of a Lebesgue Space.

The theory of spreading models is an important application of the Ramsey
theory to Banach spaces. A spreading model arises from a normalized basic
sequence and provides a way of studying the asymptotic nature of a Banach
space. Some facts about spreading models are gathered in [16]. It is a well-
known consequence of Rosenthal’s /! theorem [18] that each spreading model
of a Schur space is equivalent to the standard unit vector basis of ¢!. In
this section we demonstrate that the same property is fulfilled for a Lebesgue
space. It has been widely noted that the Schur property is closely related to
weak versions of the Riemann integral (see [6, 9, 21]).

We begin with two auxiliary facts concerning normalized 1-subsymmetric
sequences. The first, Lemma 2, is actually Lemma I.1 of [3].

Lemma 2. If {e;}32, is a normalized 1-subsymmetric sequence, then the se-
quence {€2i_1 — €9, }32, s suppression-1-unconditional.

The second, Lemma 3, is a compilation of Lemmas II1.2 and 11.3 of [3].
However, we present complete proof for the reader’s convenience.

Lemma 3. Let {e;}5°, be a normalized 1-subsymmetric sequence. If

llex —e2 + -+ + ean—1 — €2, > nd
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for some § > 0 and for all n € N, then {e;}2, is 40~ '-equivalent to the
standard unit vector basis of ¢".

PRrROOF. Fix a sequence of signs {e; = £1}7_ ;. It follows that
lerer + -+ enen| = [lerer + -+ enean_a]| = || — ere2 — -+ — €enean|.
By Lemma 2 we have

2)|erer + - + enenll

Y

ller(er —e2) + -+ en(ean—1 — €2

1 no
5’||€1*€2+"'+62n—1*62n|| > 5

Y

Now fix {p;}7-; C N. Let v1 = eapoea+-- -+ €,pne, and wi = eapaep, 41+
et EnPrpn b tpn 141 We have [leger + 2 = [lere; + 23 for j = 1,..., py.
Summing up these equalities, we obtain |le1pre1+uv1]| > |ler(e1+- - +ep, )+wil.
Let vo = €1(e1+---+ep,) +espzes+-- - +enppe, and we = €r(e1+---+ep, )+
€3P3€p, +po+1 T+ €nPnp,4otp, 1 +1. We have [lezer + 22| = [lezep, 5+ 32|
for j = 1,...,p2. Summing up these equalities, we obtain ||eapoe; + va|| >
llea(ep, 41 + -+ + €p,4p,) + w2||. Continuing this process for n steps, we get

lerprer + -+ enpnenll > [ler(er + -+ +ep,) + €2(ep 11+ + €prip,)

é
+eee At en(ep1+~“+;0nfl+1 +ooee €P1+“'+pn)” > (pl + e +pn) : Z

from which it follows that {e;}5°; is 46~ l-equivalent to the standard unit
vector basis of £!. O

Definition 3. Let {¢;}3, be a normalized basic sequence. A basic sequence

{s:}32, is said to be a spreading model of {e;}2, if for some sequence of

positive numbers €, | 0 and for all {a;}?_; C [-1,1] we have

n n
A;CL. || — a;S;
H‘Zizl ik Hzizl v

whenever n < k1 < --- < k,.

< €

A spreading model is necessarily 1-subsymmetric. It is well known that
each normalized basic sequence has a subsequence with a spreading model. If
{e;} is weakly null, then {s;} is suppression-1-unconditional. For the proofs
of these results see, for example, [16, Theorem 2.2] and either [16, Proposition
2.3] or [3, Lemma I1.2], respectively.

Let D = {dkj = Zg%l}k:u, =12kt be the set of dyadic rational
numbers in (0,1). Given n € N, there is a unique pair (k,j) such that k € N,
je{l,....,28 1 and n = 28=1 4+ j — 1. Let d, = di;. Then we have
D ={dy,ds,...}.
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Theorem 4. Let {e;}5°, be a normalized C-basic sequence in X with a spread-
ing model {s;}52,. Then the following three are equivalent:

(i) The function f : [0,1] — X such that f(d;) = u; = e — es;41 and
f(t) =0 fort & D is not Riemann integrable on [0, 1].

(i) lm |s1 —sg 4 -+ — s2n||/2" > 0.
(iii) ||s1 — S2 + - + Sap—1 — Son|| = nd for some § > 0 and for all n € N.

PROOF. (i) = (ii). Suppose that ||s; —sg2 + -+ — san
e > 0. Choose N € N so that

/2" — 0 as n — oo. Fix

S1— 89+ - — Son € €
H oN | < g md e <56
Fix 7; € (271\,%11,2]\,]7,1) for j=1,...,2Y~1 Then

{F(m)eos Flrav )N A0} = {ugy, oo ug,

for some k; < -+ < k,. We have n < 2V71 < k) < -+ <k, < kpy1 =

kp+1<- <kono1 =k, +2¥"1 —n. Hence

[f(m1) + -+ flrov=2) || =lluk, + -+ uk, | < Clluk, + - + g, |
<Clls1 — 82+ = son || + OllJug, + -+ iy, ||

€
—||51—52+--.—52N|||<C-E.2N+c.ew

€ _ € _
<§~2N 1+§§e.2N 1

and, by Theorem 3, f is Riemann integrable on [0, 1].
(ii) = (i). Suppose that lim, . ||S1 — S2 + -+ — s2x]| /2™ > 0. It follows
that there exist 6 > 0 and a sequence of positive integers Ny " oo such that

§1 — S22+ -+ — Sony,
H N > § for all k.
Choose tags 7j = dn, ; = 2t € (ghitr, gwi=r) for j = 1,...,2M 1 and
K € N so that e;ng < 0/2. Then
*Nk 7Nk
270 f () - f(romi=n) || 2277 [s1 — s2 4 -+ — sowg ||
— 27N |ls1 — sy 4+ — som |

=)+ -+ Flmame-)l| > 6/2

whenever k > K. This contradicts the Riemann integrability of f on [0, 1].
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(ii) = (iii). Fix n € N and k¥ € N for which 2n - 27V < §/2. Let
2Nk = o9mmn + r, where m € N and 0 < r < 2n. We have

§- 2Nk <lsp — sg 4+ — Som ||
§||51 — S2 + = 32mnH + ||S2mn+1 + = S2mn+rH~
Hence
0 0 N
§o2mn§ §~2 P lst —saF = Samnl] Sm st — sa 40 — San|-
(iii) = (ii). The proof is clear. O

Theorem 5. If X has the Lebesgue property, then each spreading model of X
is equivalent to the standard unit vector basis of £*.

PROOF. Let {e}$2; be a normalized C-basic sequence in X with spreading
model {s;}52,. Consider the sequence {u; = eg; — e2;41}152,. We have

1= |leai]| < Clleai — eaiv1l| = Cllul|.

It follows that 2 > [Ju;]| > C~! and the function f from item (i) of Theorem 4
is bounded and discontinuous everywhere on [0, 1]. Since X has the Lebesgue
property, f is not Riemann integrable on [0,1]. Thus {s;}{2, satisfies the
estimate of item (iii) of Theorem 4. Finally, it follows from Lemma 3 that
{s;}22, is equivalent to the standard unit vector basis of /1. O

Remark. An application of Rosenthal’s ¢! theorem [18] together with some
standard arguments show that a Banach space that satisfies the conclusion
of Theorem 5 is necessarily ¢1-convez (see [14]). The converse is not true.
For example, the Lorentz sequence space d(w, 1) (see [11, Definition 4.e.1])is
£'-convex and its standard unit vector basis is 1-subsymmetric and, clearly,
not equivalent to that of ¢!.

The remainder of this section will give a construction of a Schur space F
failing the Lebesgue property. The construction of the space E is borrowed
from Talagrand’s paper [19]. However, our notation is slightly different from
that in [19].

Consider the set T = {J;" Tn, T, = {0,1}". Given s = (sp,...,8p—1) €
T,andt = (to, .. tm—1) € Trn. Let sat = (S0, -+, Sn—1,t05 - - s tm—1) € Trtm-
We write s < ¢, if t = s. ¢ for some ¢ € T. Then (T, <) is the usual dyadic
tree. For each t € T' there exists a unique [t| > 0 such that ¢t € T}. If Ais a
finite non-empty subset of T, then the stem s(A) of A is the maximal s € T
that satisfies s < ¢ for all ¢t € A and |A| = max{|t| : t € A}.
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Let R(T) denote the set of real functions g on T' that have finite support
supp g and let {e;}sc7 be the standard unit vector basis in R("). Let s(g) =
s(suppg), [g| = [suppgl, and (g, h) = > ,cp g¢ - by for g,h € R,

We start with Hy = {e; }ser and write Hy = |, , H}", where

o= {4 3 e Is(A)] = st b)) = [l

teA={t1,...,tp}

Next, write Hy = ;- HY', where
P .
H} = {g =471 E _, 9i9i € Hf",|gi| < kiyq for some ky =n < ...
i=

< i ls(9)] = ls(gisn + -+ gp)| = il -

We continue this process by induction. For each ¢ € H,, we have ¢ =
47m % ca€:. Moreover, if B C A, then 4™ %, e € Hp. Let H
be the set of finite sums of the form ) ., gm where g, € Hy,. Finally,
H=H,JHUH.

Denote, by E, the completion of R(") with respect to the norm || - || =
sup,ep [(g, -)|. Clearly, we have |le;]| = 1. In spite of the fact that F is a
Schur space [19], E actually contains “very few” sequences which are equiva-
lent to the standard unit vector basis of ¢! and does not have the Lebesgue
property.

Dyadic rational numbers can in a natural way be indexed by 7. Each
d € D has a unique expression of the form

1 n—lsk_l

_ = 2

d_2+z Qk+1
k=0

for some n > 0. So, to a fixed d € D assign ¢(d) = (sg,...,8n-1) € Tp,. Let
J:[0,1] — E be a function such that f(d) = e,(q) for d € D and f(t) = 0 for
t ¢ D. Evidently, f is discontinuous everywhere on [0, 1].

Lemma 4. Suppose that n € N and 1; € (Jz;nl, 2%) forj=1,....2". Then

0< (g, f(r)+--+ f(ran)) <1 forallg € H.

ProoF. Let {f(71),..., f(72n)} \ {0} = {es,,... e, }. Note that |t;| > n for
i=1,...,pand |s({t;,t;})| < n for j # i. Fix g € H. If g € Hp, then the
inequality is obvious. If g € Hy, then it follows from the definition of H; that
the set A = suppg N {t1,...,%,} has at most two elements and, hence, the
inequality is valid. By induction we obtain that A has at most two elements
for g € H,, when m > 2. Thus for g € H' we have

(g, [(m) +-+ [(mn)) <20 47 =1/6
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and our lemma is proved. O

Now it follows from the definition of the norm that || f(71)+- -+ f(72n )] <
1. And, by Theorem 3, the function f is Riemann integrable on [0, 1]. This in
turn means that E does not have the Lebesgue property.

4 Asymptotic /! Banach Spaces.

The Tsirelson space T" has the Lebesgue property. The proof of this fact was
first published in [6]. We will refine this argument to prove that an asymptotic
£! space has the Lebesgue property.

First of all, recall Tsirelson’s definition [4] of a norm on cgy. For a fixed
0 < 6 < 1 there is a unique norm on cgg that satisfies the equation

n
Jollr, = max{|jelloc, 050 >"" [ Fialr, },

where I, ..., I, run over finite sets of integers for whichn < I < --- < I,,. Ty
(T' /2 is the original Tsirelson space T') is the completion of cop with respect
to || - ||lz,- T has normalized l-unconditional basis {e;}$2; and its norm

is asymptotically close to the norm of ¢'. However, it does not contain an
isomorphic copy of either /P for 1 < p < oo or ¢.

At the beginning of the 90s, asymptotic ¢! spaces were introduced by Ba-
nach space theorists [13, 12] to obtain a generalization of Tsirelson’s spaces.
In this paper we are concerned with Banach spaces which are asymptotic ¢
with respect to a basis, exclusively. So, we make the following definition.

Definition 4 ([5]). A Banach space is said to be asymptotic ¢* space (C-
asymptotic ' space) with respect to its normalized basis {e;}, if there is
C' > 1 such that for each n € N there exists a function F,, : Ng — N (with
F, (k) > k for all k) so that

-1 n < n
Zi:l ‘a2| - HZiZI @iTi

for all normalized successive blocks {z;}?_; with respect to {e;} that satisfy
F,(0) < suppz; and F,,(maxsuppz;) < minsuppz;+1, ¢ = 1,...,n — 1, and
for all {a;}? ; C R. In other words, {x;}!_, is C-equivalent to the unit vector
basis of ¢7. If it is possible to choose F, (k) = k for all n,k € N, then X is
called stabilized asymptotic ¢! space with respect to {e;}.

Let E,, be an arbitrary finite dimensional normed space. Then the direct
£-sum (22021 &) En) , gives a trivial example of a 1-asymptotic 0 space with
respect to its natural unit vector basis. Such a sum is not always isomorphic
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to £1. It follows from the definition that the Tsirelson space T} is a stabilized
6~ l-asymptotic ¢! space with respect to {e;}5,. Many other examples of
asymptotic £! spaces have been constructed in connection with various prob-
lems in Banach space geometry [1, 2]. These examples show that asymptotic
0! spaces form a large class. As an illustration, an asymptotic ¢! space can
contain no unconditional basic sequence [1].

Theorem 6. Let X be C-asymptotic {1 space with respect to its normalized
basis {e;}. Then X has the Lebesgue property.

PROOF. Suppose on the contrary that there exits a Riemann integrable func-
tion f : [0,1] — X which is not continuous almost everywhere on [0, 1]. Then,
writing p for Lebesgue measure and w(f)(t) for the oscillation of f at a point
t, there are positive numbers o and 3 such that H = {t € [0,1] : w(f)(¢) >
B} and p(H) = a.

Consider the functions f;(t) = e;(f)(t), where {e;} C X* are the coeffi-
cient functionals of {e;}. Denote, by G;, the set of discontinuities of f; on
[0,1] and note that x(G;) = 0. If G = J;2, G, then u(G) = 0 and each f; is
continuous on [0,1]\ G. Clearly, f(t) = 372, f;(t)e; for all t € [0,1].

Fix 6 > 0 and N € N such that N=! < §. Set Zn = {k/N}_,. List all
the intervals {[c;, d;]}!_; of Px for which u(H N [¢;,d;]) > 0 in the increasing
order. Then it is evident that p/N > a.

Let F), be the function as in Definition 4. Choose € = a3/16C. Construct
by induction the following sets: {w;}Y_,, u; € (H \ G) N (¢;,d;), {vi}t_,,
v; € (Ci,di)7 {ni}fzo, Fp(O) =ng < nq, max(Fp(ni,l + 1), . ,Fp(nl)) < M1
fori=1,...,p—1 so that

oo .
1
zi =f(ui) — f(vi) = E .y %56 = Wi + 2 + i,
MNi—1 i ng i (o] i
w; = a;e;,r; = a;e; — a;€e;
! Zj=1 At Zj=m71+1 i€ Yi Zj=ni+1 7

lzill 26/2, llwill < €27, |lys]l < e27".

B

Note that
B i B B a B
ill = Mzl = fwill = llyill = 5 —2¢-27" > 5 — =*<1—f>2*.
laall > laall = hwll =l = 5 =2 2712 S —e= D1 ) > 2
Choose ng = F,(0) and u; € (H \ G) N (c1,d1) so that w(f)(ui) > B. Since
f;j is continuous at u; for j = 1,...,ng, there exists v1 € (c1,d1) such that

1f(ur) = foo)ll = B/2 and 372, [ f(ua) — fi(v1)] < €271 Let 21 = f(u1) —
flvr) = X252  ajej. Then || 357 aje;|| < 3772 Jaj| < €27'. Now choose
ny > ng and ug € (H \ G) N (c2,d2) so that || 3772, ) aje;|| < €27' and
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w(f)(uz) > . Since f; is continuous at us for j =1,...,nq, there exists vy €
(c2,d3) such that || f(uz) — f(v2)|\ > B/2 and 3701, | f(uz) — fi(v2)| < €272
Let 2 = f(uz) — f(v2) = Y00, ae,. Then | X7, a2e; | < 32, [a?] < e2-2
Next choose ny > max(F),(no + 1) , F, (nl)) so that || Zj nat1 @3€5] <
€272, We continue this process for p steps and obtain the desired sets.

By Definition 4 we have

1 ) e
sz—:f“ i

Consequently,

1>
z
i=1""

1 P
> = .
Ery

=1

i=1

1 P p
252 il = Clwall + llwal)
1 p

2237l = (14 2) 320 (el + sl

p B 1 P p B 1
> 0 —)- Z.Z_ —).
—C 2 2<1+C) Zz‘:12 >C 2 2( C)

Let 71 and % be tagged partitions of [0, 1] that have the same intervals as

Py, where (u;, [¢;,d;]) € T and (vy, [¢5,d;]) € T for i = 1,...,p. The tags
of 71 and % in the remaining intervals are the same. Thus we obtain

_ S P B2 1
IF(7) = F(Z)] sz 1IN “i N ‘2 N (1+ C)
S8y 0P
20 4C
that contradicts the Riemann integrability of f on [0, 1]. O

Acknowledgement. I would like to thank the anonymous referee for careful
reading of the manuscript and useful suggestions for changes.
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