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ON THE HAUSDORFF DIMENSION OF
AVERAGE TYPE SUMS OF RADEMACHER
FUNCTIONS

Abstract

We prove that for any a, ¢ € (0,1) and any b, d € R, the Hausdorff di-
mension of {z € [0,1] : n™* 3°7_, rj(z) — band n™° 37, r;(2)rja(z) —
d}, is equal to 1, where {7 (z)}n>1, are the Rademacher functions. We
give also an extension of this result.

1 Introduction

Let {r,(z)}n>1,2 € R, be the sequence of Rademacher function. Let a,c €
n

[0,1], b,d € R, Sp(x) = Zl rj(x) and S, (z) = Zl rj(x)rj41(x). We consider
i= j=
the sets

M(a,b) =<2 €[0,1] : lim n™%S,(x) = b} ,

n—oo

{
M'(c,d) = {m €[0,1] : lim n°S () = d},

n—oo

N(a,b,c,d) = M(a,b) N M'(c,d).
We will prove the following assertion.

Theorem 1. For anya,c € (0,1) and any b, d € R, we have dim N(a, b, c,d) =
1, where dim means the Hausdorff dimension.

This theorem is an extension of some previous results. We point out that
A. S. Besicovitch and H. G. Eggleston (see [1]) have computed the Hausdorff
dimension of the set M(1,b), b € [—1,1] and Jun Wu (see [11] Th. 2) has
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proved that for any a € (0,1) and any b € R, we have dim M(a,b) = 1.
Moreover, A. H. Fan and D. J. Feng (see [7], [8] Th. 1) have computed
the Hausdorff dimension of the set N(1,b,1,d), where b,d € [—1,1]. For
trigonometric functions, one can find related results in [6]. Finally, for sets
defined by digits in dyadic, triadic and other expansions see [2], [5], [3] and
8]

In this work we get lower bounds of the Hausdorff dimension of N(a, b, ¢, d)
by estimating the dimensions of some non-homogeneous Cantor measures. We
construct these measures on some subsets of Cantor type of our set. Finally
we discuss another proof of the theorem in the case a,c € (%, 1) and we give
an extension of Theorem 1.

2 The Hausdorff Dimension of N(a, b, c,d)

Lemma. (i) Let €1,...,e2511 € {£1}, J € N. Then the number of ordered
2J 2J

pairs (€1,...,e97) which satisfies the conditions > €; =0 and > €;6;41 =0,

i=1 i=1
is equal to 2cy, where cy = (i) (Lizl) if J is even and cy = (é) (‘]7;11) if J
2 2 2 2
is odd.
1
(ii) 98y
2Jlog 2

-1, J— 0.

PROOF OF (i). There exists 22/ ordered pairs of the form (e1,...,e27). If we

2J
have only the condition Z g; = 0, then the number of ordered pairs is (QIJ)

=1
and among the numbers €1,...,e2; the J’s are +1 and the other J’s are -1.

Since we desire to have the two conditions simultaneously, we must have J —1
or J changes of sign on the pair (1,...,e97). We suppose that e; = 1.

(a) If J = 2n, then the J numbers with sign + are decomposed into n groups
(eag = —1) or into n+1 groups (25 = 1). (In each group we have successively
numbers with sign +.) This can be possible with (27?:11) + (2”;1) = (25) ways.
The J numbers with sign - are placing in the remainder n positions and this
is done with (2:__11) ways. Repeating the above process for the case ¢y = —1
we get that the number of ordered pairs is

(G5 () 0%)

(b) If J = 2n + 1, then the J numbers with sign + are decomposed into n+1
groups. This is possible in (27?) ways. The J numbers with sign - take the
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remainder n positions (e27 = 4+1) or n + 1 positions (eo; = —1), and this is
done in (2:) + (nzfl) = (Z"HH) ways. Repeating the above process for the case
€1 = —1 we get that the number of ordered pairs is
2 2 1 —1
() =202 ()
n n /N7
PRrOOF OF (ii). Using Stirling’s formula the result follows. O

PROOF OF THEOREM 1. We observe that if 0 < a < @’ < 1, then M(a,b) C
M(a’,0) and if 0 < ¢ < ¢ < 1, then M'(c,d) C M’(c,0). So it is enough to
prove the theorem for b, d # 0 and which we now assume. For convenience we
shall denote by E,, j the interval [%, k;l), neN k=0,1,...,2" — 1. Let
J € N and

Ay ={x €[0,1] : Say(x) = S),(x) =0} (1)
By the lemma we get that A; is the union of 2¢; intervals of the form Ea 41 k.
Since rj(x) = —r;(1—x), we have that there exist k1, ka2 € {0,1,...,22/F1 -1},
such that Eojyy1, C [O, %] and Ej41k, C [%, 1] and if z € Eoyy1k,, ¥ €
E2]+17k2, then

rog4+1(x) r2y41(y) = =1, Say(x) = Sas(y) =0,

2
Sh,(x) = Shy(y) # 0 and sign S (z) = signb

where signz = 1,0, —1 according to x > 0, x = 0, x < 0. Analogous, there
exist k7, ky € {0,1,...,22/71 — 1} (we assume J > 2), such that Eajyik, C
0,5], Eayq1ky C [5,1] and if 2 € Eyyy1 4, y € Eajy1 kg, then

rogi1(T) roga(y) = —1, SéJ(x) = SéJ(Z/) =0,

Sag(x) = S25(y) # 0 and sign Sey(x) = signd. ®)

Let Ay = Eogii U Boyit kg, Ag = EQ.]JFL]C/I U E2J+1,k/2. We construct the
following Cantor-type set. The first stage of this construction is to take the
intervals Fs j41 1 for those k, such that Fs 415 C A1 UAU A3 and to remove
the others. Each successive step of the construction is essentially the same.
Thus, at the second stage, we subdivide each of the remaining intervals Ey 11
into 47 equal intervals. We take the intervals Ey;115, A € {0,1,...,24/F1 —
1}, for which we have

4JE4J+17)\ mod 1 C A UAyU As

and remove the others. We proceed by induction. We also remark that by an
interval Eayi1,p C Ay, 41 = 1,2,3, we take at the second stage ¢ intervals of



142 ANTONIS BISBAS

the form Ey4 741 » with the property 4JE4]+1’)\ mod 1 C Ay, one with the prop-
erty 4JE4J+1’)\ mod 1 C As and one with the property 4JE4J+1,)\ mod 1 C As.

Let A;,;, be the union of the intervals Eyy41 x C A;, such that 4JE4J+1,>\ mod
1 C A;,. By induction we define the sets A;, .4, ., 15 i1,-- 59041 € {1,2,3},
n=1,2,.... For these sets we have that

Ai1~~inin+1 - Ai1~~~in7 4nJAi1~~~inin+1 mod 1 = Ain+1' (4)

We consider a sequence of Borel probability measures ., n € N, such that

1 n
pn(B2int1k) = prf) . -p( )

5 s Bogneie CAi i, (5)

i1, in €{1,2,3}, n € Nand c;p™ + pi + p{™ = 1. Let

2nJ 2nJ

Sna(x):= Y ril@), Sy = Y r@)ral), neN,

j=2(n—1)J+1 j=2(n—1)J+1

An,i = Uil.. Ai1 i1y ’L.l,. . .,Z'nfl,l. S {1,2,3}, n = 2,3,. ..

cin—1
and for convenience we write A; ; = A;, ¢ = 1,2,3. Using the relations (1) —
(4) we have that

if z € Ay 1, then S, j(z) =S}, ;(z) =0, (6)

if € Ay 2, zo € Ay, then S, j(x) =0, 5], ;(z) = S5;(z0)

and sign S5 ;(zg) = signb,

(7)

if z € An 3, ) € A3, then S;L’J(x) = 0,5, (x) = Say(xy), ®
)

and sign Sy (xp) = sign d.

Let o be the weak™ limit of the sequence of measures p,, n € N. Then, we
deduce that

/’[’(An,l) = CJpgn):H(An,i) = p(”),z = 2a 37 n € N. (9)

3

An easy computation shows that the sequences of functions Sy, ; and th g ME
N, are sequences of independent random variables with respect to p. We denote
by E(f) and by V(f) the expectation and the variance of the function f with
respect to p respectively. From (6) — (9) it follows that

E(Sn,s) = Sas(xh)ps", E(S,, ;) = Sy (xo)py”.,
V(Sna) = S2,(x)ps (1 — p§™), V(SL. ;) = S (x0)ps” (1 — p3).
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Let p(n), p(n) be such that (for sufficient large n
3

(n) — (2‘])6|d‘ nt — (n 1)¢ (2J)C|d| c
2 =15, ) (o oy e
m _ @), ay  2D)b] a
n®—(n-—1
R | AR M O Foy Py
Using the above relations we take that
— V(Sn.s) — V(S 5)
2 < oo and Z 2 <
n=1 n=1

Hence, by the strong law of large numbers (see [9] p. 364), we conclude that

n

L 1 .
nlgroloﬁzsk”}( = (2J)% and lim —ZSkJ = (2J)%d, u— a.e.

n— 00
k=1

and so p(N(a,b,c,d)) = 1, as is easy to check. We denote by E,(z) the
interval E, ; which contains z. By (5) we have that

log p(E2n+1(2)) = 10g pin (E2yn+1(x)) = log l H pz(fzw ]

—log2 + Z |:XAI«,1 ) Ingl g + XAk 2( )Ing( ) + XAk,S (x) logpék)} )
k=1

where i) € {1,2,3} and Xa, ,(z) is the characteristic function of the set
Ap ;. It is a simple matter to see that for ¢ = 1,2, 3 the sequence of functions

Xa, . ()logp™, = €[0,1], n €N,

is a sequence of independent random variables with respect to the measure
. Since p("), pé") — 0, n — 400, the strong law of large numbers and (9)

implies that

S k) (k) k) (k) (k)
csp 10g i) + pi log pi + p log p3 }
log p(Easn1(z) . Z::1 Gl ' ’ ° °

=1
noo —(2Jn+ 1)log2 | nesoo —(2Jn+1)log2

_ logey
~ 2Jlog?2’ .
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and consequently

liy 108 A(En(z)) _ logey

n—oo  —nlog?2 72J10g2,,u7a.e..

Since p(N(a,b,c,d)) = 1, by the well know mass distribution principle, (see
1

[] p. 141), we obtain that dim N(a,b, ¢, d) > 2;’?0‘;

that dim N(a, b, c,d) = 1, as we desired. O

. By the lemma we get

The theorem implies the following.
Corollary. For any c € (0,1) and any d € R, we have dim M'(c,d) = 1.

Remark. (i) Ifa € (1/2,1), then we can find dim M (a, b) using the measure

o0
dp = 1] (1 + aprn(x))dz, where a, = (n® — (n — 1)%)b, also see [6].

n=1

(ii) If a,c € (1/2,1), then it is possible to take the result of the theorem
using the measure

7 1 1
du = H [(1+ 3 signbry, (z))(1 4+ 3 signd rp,, (2)rm, +1(x))] dx,
n=1

where the sequences k,, and m,, satisfies the following conditions:

(1) {kn, n e N}N{m,, ne N} N {m, +1, n e N} =0,
(a2) 3

One can see that u(N(a,b,c,d)) = 1. Also see [4] about the Hausdorff dimen-
sion of p.

A g = Lo lim g = 1d.

Next we give an extension of our theorem 1 and theorem 3 of [12].

Theorem 2. Let (yp)n>0 and (8,)n>0 be two increasing and unbounded se-
quences of positive numbers such that lim, oo (Yn+1 — Yn) = limy— 00 (01 —
0n) = 0. Then for any b,d € R, the Hausdorff dimension of the set

{fﬂ €[0,1]: lim iSn(x) =b and lim %sg(x) = d}7

n—oo ’}/n n—0o0 n

is equal to 1.
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PROOF. The proof is similar to the proof of Theorem 1. For the convenience
of the reader we mention that we choose

)y _ __ld|

(my _ [0l
P2 =5y (o

Oogn — 02 7(n— d n— ne1))-
)|(2J 2J( 1))an D3 |S§J( )|(72J Y2J( 1))

In order to apply the strong law of large numbers we make use of the fact that

: Y n— O
the series Y o | et >omey M=z*=t converges, (see [10], Theorem 2.41,
n n

p. 57). Finally, we obtain

lim
N0 Y20

ZSkJ )=band lim — ZSkJ =d, p—a.e..

We can now proceed analogously to the proof of Theorem 1. We point out
that in [12] (Th. 3) the author estimates the Hausdorff dimension of the set
{ze0,1]: hm —S =b}.
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