ON A THEOREM OF FEJER

Fu CHENG HSIANG

1. Let
T: (z.,) (n=0,1,2,++;v=0,1,2, )
be an infinite Toeplitz matrix satisfying the conditions
(i) limz,, =0

for every fixed v,

(ii) lim S 7,, =1
v=0
and
(iii) Slewl <K,
v=0

K being an absolute constant independent of n.
Given a sequence (S,) if

lim 7,8, = S,
v=0

then we say that the sequence (S,) or the series with partial sums S, is
summable (7T') to the sum S.

2. Suppose that f(x) is integrable in the Lebesgue sense and periodic
with period 27. Let

flx) ~ -é—ao + i(a,, cos ne + b, sin nx) .
n=1

Let

8

n(d, cos nx — a, sin nx) = >, B,(x)

n

[

be the derived series of the Fourier series of f(r). Fixing x, we write

Y (t) = fle +t) — flw — ).
Fejér [1] has proved the following
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THEOREM A. If f(x) is of bounded variation in (0, 27), then {B.(x)}
18 summable (C, r) to the jump Uz) = {f(x + 0) — f(x — 0)}/x for every
r > 0 at each point x.

Recently, Siddiqi [3] extended Fejér’s result and established the
following

THEOREM B. Let A:(\,,) be a triangular Toeplitz matriz, i.e.,
My =0 for v > mn. If it satisfies, in addition, the condition
(iv) P | A\, | = 0(1)
as n— oo, then {B,(x)} is summable (1) to l(x).

It is known [2] that a series which is summable by the harmonic
means is also summable (C, r) for every r > 0 but not conversely. We
take, for the (C, r) means, \,, = A."}/AT,

Ar=T(n+r+1)/I(n+ DIr +1),

and for the harmonic means, »,, = 1/(n — v + 1). Both satisfy (iv).
Thus, we infer that Siddigi’s theorem contains Fejér’s as a special case.

In this note, we develop Siddigi’s theorem into the following general
form for the summability (T') of {B,.(x)} at a given point.

THEOREM. If . (t) s of bounded variation in the neighborhood of
t =0 and absolutely continuous in (1), @) for any 0<n <, then {B,(x)}
1s summable (T') to the jump I(x) at .

3. Let us consider

7,(@) = 3 T, B(®)

15 T,,,S”«pz(t)u sin vtdt
T 0

o~

() i Ty T % i T,,,,Ycos vtdor.(t)

v=0

=um+oarw%gmm.

We are going to prove that 37, I, = 0(1) as n — oo. Since ¥r,(¢) is of
bounded variation in the neighborhood of ¢ = 0, for a given ¢ > 0, we
can choose 8 > 0 such that

[1anoi<e.
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Write
8§ T
I = GO 4+ L) cos vidir,(t)
=1+ 11,
say. Then
) oo 8
DI E= %I Ty ISD | dyr(?) |
< 5 2} l Tnv I
< Ke.

Remembering that +,(t) is absolutely continuous in (3, ), we have
S:cos Vtdn(t) = S:cos Lty (t)dt .
For the given ¢ > 0, we can find v, such that
[ S:cos utm}r;(t)dt‘ <e
for v <y, by Riemann-Lebesgue’s theorem. Fixing v,, we can take a

positive integer %, making |7, | <¢&/(v, +1) 0 = v <y, n < m. If we
write

Sl = (zo; 4 i)r S’cos vty (t)dt
=0 V=0 votl 5
= Il + I2 ’
say, then
Yo T
PAESAESINRZOIE.

< M(v, + 1)/(», + 1)
= Me .

for n > n,, where
= |1y de

II2|=

rmycos Vi (£)dt
)

V=V0+1

<e S Tl

v=vp+l
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A

e | Twl
y=0
Ke

A

by (iii). From the above analysis, it follows that

< (M + 2K)e

2. Tw 1y
y=0

for m > m,. Since ¢ is an arbitrary quantity, we obtain S t.I, = 0(1) as
n — oo, This proves the theorem.
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