PACIFIC JOURNAL OF MATHEMATICS
Vol. 33, No. 2, 1970

LINEAR EIGENVALUES AND A NONLINEAR
BOUNDARY VALUE PROBLEM

E. M. LANDESMAN AND A. C. LAZER

In this paper a nonlinear boundary value problem for
elliptic partial differential equations is considered. The princi-
pal result generalizes a previous result on a two point bound-
ary value problem for a nonlinear second order ordinary
differential equation. The solvability condition obtained for the
nonlinear problem is related to the eigenvalues of an associated
linear problem,

In [5] the second author and D. E. Leach considered the two point
boundary value problem

u” + p(x, u, wu = h(x, u, u)
1.1)
uw(0) =a, u(r) =0b.

It was shown that, if for some integer N there exist numbers v,
and vy, such that

N <y = p@, s 1) = Yy <N + 1),

if p(x, s, ) and k(z, s, r) are continuous on [0, 7] X (— oo, o) X (— o0, ),
and & is bounded, then the problem (1.1) has at least one solution.

In this paper we consider the n-dimensional analogue of the
problem (1.1) which is

1.2) Au + p(x, U, a—u, . ou >u = h(OC, U, ai@i, sy ou > ,

%y
ox, oz, @, o,

w(x) = g(x) on oD ,

where D is a domain in R* and 4 is the w-dimensional Laplacian.
The corresponding result is that if D is a Dirichlet domain, if there
exist numbers v, and 7., such that

Ay < Ty S D@ Ty 81y =0 vy 80) = Vs < Uyiy
for (x, ¢, s, +++, s,) €D x R"** where
S0 S o S0 S0y = 00,
are the eigenvalues of the problem
(1.3) du + au = 0, % =0 on oD,
if p(x, t, 8, =-+, 8,), b(x, t, 8, -++, s,) are continuous and A bounded on
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312 E. M. LANDESMAN AND A. C. LAZER

D x R, then for any continuous g¢g(x) there exists a function v con-
tinuously differentiable on D with »(x) = g(x) on 0D which satisfies
(1.2) in the distribution sense.

With the exception of the Schauder fixed point theorem the
methods used in [5] were very elementary. The methods in this paper
are similar to those of [5] but rely strongly on the spectral theory of
symmetric completely continuous operators and variational properties
of eigenvalues.

In the second section we consider the linear homogeneous problem

(1.4) Lu + px)u = h(x), % =0 on 0D

where L is a strongly elliptic self adjoint operator and D C R™ is an
arbitrary domain. Under suitable conditions on p and % we obtain
an a priori bound for solutions of (1.4).

Using this result and Schauder’s method we obtain an existence
theorem for the problem

(1.5) Lu—i—p(x, U, w7 )u_h<a,, U, oo on, )
u =0 on oD .

The aforementioned result follows quickly from this theorem.

A special case of our principal result follows in a straight-forward
way from a result on Hammerstein integral equations due to C. L.
Dolph [4]. Namely, if F(x, t) is continuously differentiable in ¢ and
x and continuous for (z, t) € D x R, if k(%) is continuously differentiable
on D, and

ay < Ty = %—f(% £) = Yy < Qyyy
then the problem
(1.6) du + F(z, w) = h(x), % =g on 0D,

g continuous, has a wunique solution in the classical sense.
To see that this problem is included in the problem (1.2) we note
that the differential equation can be written

du + p(@, wyu = h(x), where
_(roF ~
(@, u) = 5 (o, su)ds, fiw) = b(@) — F@,0).
0

Clearly vy < p(x, ) < Vytie

2. Preliminaries. In this section we recall briefly results con-
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cerning elliptic differential equations, completely continuous operators,
and variational properties of eigenvalues in forms applicable to our
problem. We also give an auxiliary lemma which is applied in the
next section.

Let D be a bounded domain in R*. In the following L will denote
a second-order, self adjoint, strongly elliptic differential operator in-
volving only principal part. That is, a formal expression

where for 4,7 =1, ---, n, " = a’* is a real valued function bounded
and measurable on D and there exists a constant ¢ > 0 such that for
all xe D

(2.1) Z{ Zl. ai(@)&é; = ¢ Z,l &
for arbitrary real numbers &, ---, &,.

Let H, denote real L*D) and if f, g€ H, let

{fy 900 = Sngdw .

More generally if p is a real measurable function defined on D
such that there are numbers 6 > 0 and 4 with

2.2) 0<o=px)<4
for all xe D, let
<f: g>0,p = SDpfgdx .

Clearly < >, defines an inner product on H, which induces the
same topqlogy on H, ag {, D

Let C, denote the inner product space of real continuously dif-
ferentiable functions defined on R™ and having compact support con-
tained in D with real inner product given by

o= o+ 2 (F) (G Joe

for u, ve C’l. Let B be the symmetric bilinear form defined on C"1 by

B = [, 55 0222 o

i ox; /\ ox;

1=1 j=1

The boundedness of the a'/, the strong ellipticity condition (2.1), and
Poincare’s inequality [1, p. 73] imply the existence of positive constants
K, K,, and K, such that for all weC,
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(2.3) K.{u, up, < B(u, u) ,

(2.4) Ku, up, < B(u, w) £ Klu, 4,

Let I:OI1 denote the real Hilbert space obtained by completing C, with
respect to <, >,.. It is known that the underlying space of IOL may
be assumed to be a subset of H, ([1, p. 2]). The quadratic form B
may be extended by continuity to I%l and as a consequence of (2.4)
defines an inner product on I:cfl which induces the same topology on
H, as <y o

The following definition connects the operator L and the quadratic
form B: Let fe H,, A weak solution of the boundary value problem

(2.5) Lu = —f, % =0 on oD
is a member v of I1°T1 such that
(2.6) B(p, v) = <@, [

for all gveﬁl. _ This definition is motivated by multiplying (2.5) by a
member ¢ of C, and formally integrating by parts. The additional
condition v = 0 on 0D “in a weak sense,” is 1nterpreted simply to
mean ve H,. Since the linear functional L, defined on H by Li(p) =
{p, f>, is continuous, by (2.3), it follows by the Riesz-Frechét theorem
that there exists a unique veIOL such that B(p, v) = L(p) = <o, o
for all gveﬁl. Hence there exists a unique weak solution of (2.5).

More generally if p is a function which satisfies a condition of
the form (2.2) and fe ﬁl then the linear functional L, ; defined on IOL
by L, A(p) = <@, D, is continuous so there exists a unique T,f € H,
such that

(2.7 B(p, Tof) = Ly, (@) = LPs [ Do

for all pe I:OL. This defines a linear map 7T,: H, -—»I;)Il but since I;TchO
we may consider T, as a linear map from H, into H,. As a conse-
quence of (2.2) and (2.3) it follows that 7, is continuous and maps
bounded subsets of H, into bounded subsets of Ii. Thus, by Rellich’s
selection principle [1, p. 30], T,: H,— H, is completely continuous.
Moreover T, is symmetric and positive with respect to the <, >,
inner product. Indeed, if f, g € H, then by taking ¢ to be T,f and
T,9 in (2.7) we obtain

Ty 90,0 = B(Tyf, Tyg) = B(T,g, T,f)
= <Tpg’ f>0 » <f’ pg>0 D

If for some fe H, T,f = 0 then <{p, />,, =0 for all pe C, and since
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C, is dense in H,, f=0. Thus if fe H, it follows from (2.7) by tak-
ing @ = T,fe H, that {T,f, /., = B(T,f, T,f) so
(2.8) LTofy [0 >0 0f f#0.

Applying the results of §93 and §94 of [7] to T,, we infer the
existence of a sequence of real numbers {\.} and a sequence {p;} in
H, such that:

(2.9) @i = M. Tppy
(2.10) <¢k’ ¢j>0’p — Bkj - {0; k=3
Lik=y
(2.11) T.f = kg’; <y Z:k%,p -
- I3

for all fe H, and if ¢ = ), forall k = 1, 2... the mapping [I— u«T,]:
H,— H, is bijective and has a continuous inverse defined by

(2.12) [I — #T?]—lg =g + ‘ui <g’ ¢k>o,zz P -
k=1 x'k - ﬂ

Moreover, the sequence {\,} has no finite cluster point so we may
assume by (2.8) that

(2.13) O MENSE SN ENp S e
Using (2.7) and (2.9) we obtain
B, 1) = <¢9, 7\%5Pk>o,p = <l9, 7%27@1&0

for all @ eﬁl Hence, for each £ =1,2, .--, ¢, is a nontrivial weak
solution of the boundary value problem

Lu + Mp(2)u = 0, % =10on oD.

We therefore call A, a weak eigenvalue corresponding to p.

In the following we will want to consider different functions
which satisfy a condition of the form (2.2) so henceforth we write
N = )’k(p)r k= 13 2r ]

A result in §93 of [7] and (2.8) implies that the sequence {p,}
is complete in H, so Parseval’s formula

(2.14) (£ Flow = SLF P

holds for all fe H,, We now derive a similar identity involving the

space ]‘;Tl and the inner product B.
Using (2.7), (2.9), and (2.10) we have
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B(pi, @;) = BOw(D) To@iy @3) = (DX Phs P30, = Mi(D)0r 5

which shows that the sequence {(1/1/\y(p))@.) in 15011 is orthonormal

with respect to the inner product B. If for some ¢ I°{1, B(p, 0) =0
for all £ then by (2.7) and (2.9),

L pry 04,, = 0 for all &,

80 8 = 0. Thus the sequence {(1/1/M(p))p:} is complete in I—i and by
Parseval’s formula

B, 6) = ZB( TP o)z.

Using (2.7) and (2.9) we may rewrite this in the more convenient form

(2.15) B(0, 0) = 3 \lpK0, 9ot -

The identities (2.14) and (2.15) together with (2.13) now yield the
following variational characterization of the weak eigenvalues in terms
of the inner products B and < >, ,:

M(p) = min {B(9, 6)|0 € H,, <0, 6>,, = 1}
B, 0)|60¢ H, <0, 6, =1,
<0’ ¢>o,p =05=1,.---,k

Indeed if e H, <0, 603, =1 and <8, p,>,=0 for all j=1, -+, k
then by (2.13), (2.14) and (2.15)

(2.16)
Nia(P) = min

B@,0) = 3. (D05 Puphp = Mia(D) 2 <0 P,
= >\'k+1(p)<‘9a 6>0y p = %k+1(p) ]

while B(®r+1, Pr+1) = M+ie  The verification of the first identity in
(2.16) is similar.

The proofs of the following two lemmas are essentially the same
as the proofs given for similar results in [2, Chapter 6].

LEmMMA 2.1 (Courant). If for v, ---, v, ©n H, one defines

B9, 6)|0 € H, <0, 6>, = 1,}

D)Wy -y V) = inf{ .
0,000 =055 =1, -,k

then

#k(p)(vn ] 7]k) I V; € Hoa}

Nier1(D) = sup { —1, ok
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Proof. Since we have established above that \,..,(p) = t(») (e,
.+, @) we need only show that for arbitrary v, .-, v, € H,

(2.17) LDV <+ 5 Vi) = Na(D)

Given v, ++-, v, € H, let ¢;,7=1,--+,k +1 be numbers such that
tl e @, Viop = 0 for ¢ =1, «++, k and 3t e =1, If 0 = Sttle,p;
then <0, v, =0;9=1, .-+, k and <0, 6),, =1. Thus from (2.15),
(@), -+, v) = B(6, 0) = K EN(D) = N (D) 2255 €5 = Nya(D).
This proves (2.17) and hence the lemma.

LEMMA 2.2. If p and q are two real measurable functions de-
fined on D each of which satisfies a condition of the form (2.2) and
af for all xeD

(2.18) p(x) = q(v)
then
(2.19) M) =Ni(p);d =1,2, -0

Proof. If ve H, let

(2.20) (@) = (g(»)/p(@)v(x) .
Let v, -+, v, € H, be arbitrary, kt = 1. We assert that
(2.21) L@y oo ey V) S (PN Dy v e, D)

To prove this inequality we note that if ¢ > 0 it follows from the

definition of p,(p)(¥, ---, ¥,) that there exists e Ijo[l such that
<‘9’ 0>0m =1, <6’ 7?j>o,p =0;7=1,---,k, and

(2‘22) B(ﬁ’ 0) é #k(p)(ﬁn ct Yy 'ﬁk) + .

If 6% = (1)V/ <0, 6),,,)0 then using (2.20) we obtain

0%, 0,00, = 0% 000, = 0,7 =1, e oo, k.
Consequently, since <6*, 6*>,, = 1, we have the inequality
(2.23) M@y -+, v) = BEF, 07) .
Since B(6*, 0*) = (1/K0, 6,,,)B(9, 6), and

146,60, = S pO*de < S qt*dx = L6, 6>,, ,
D D
B(6*, 6*) < B(6, 0) .
Combining this inequality with (2.22) and (2.23) we obtain
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ﬂk(Q)(vv 0y vk) = ﬂk(p)(’ﬁn 0y /ﬁk) + €,

and since ¢ > 0 is arbitrary (2.21) follows.
Now as v ranges over all elements of H, 9 ranges over all ele-
ments of H, and conversely. Hence for k¥ = 1, Lemma 2.1 implies

#k(q)(vll ) 'vk) I v; € HO’}
=1, ek
< {#k(p)(ﬁu tt 6};)[7)]'61{0,}
= Ssup; .,

] = 1’ e, k

D)Wy - - ey v) |5 € H,
=sup{. = Npa(D)
] = 1, N k

Ni11(Q) = sup

and this proves (2.19) for j = 2. The proof for j =1 follows from
the first identity of (2.16) and an argument similar to that given

above.
In the following lemma the sequence {«,};> will be defined by

(2.24) o =n1) k=12 .-
so that each «, is a weak eigenvalue for the problem

Lu + e =0, % =0 on oD.
We let vy and vy, denote fixed numbers such that for a fixed integer N,
(2.25) Ay < Ty < Yy < Ay

P (Tyy Yy+) Will denote the set of functions p, measurable on D,
such that

(2.26) Yy = p@) < Vyy, for all xeD .

LEMMA 2.3. If he H, and pe. P (Vy, Yvs) there exists a unique
weak solution of the boundary value problem

(2.27) Lu + pu = h, w =0 on oD .

Moreover there exists a mumber M, independent of p € .FP(Yy, Yy+1)
such that if v denotes this weak solution then

(2.28) B(v, v) £ M<h, B, .

Proof. The condition that v be a weak solution of (2.27) is
equivalent to the condition that for all p € H,

B(p, v) = <p, pv — hpy = <p, v — h/D)0,
or by (2.7) that
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(2.29) (I — T,Jv= T,[—h/p].
By (2.12) this equation can be solved uniquely for v provided that
(2.30) Me(p)y =1 for all k=1,2, ... .
From the inequality (2.26) and Lemma 2.2 we have
(2.31) M(Vva) S WD) S M(Vi) B =1, 2, +-0 .

Clearly, for all k. =1,2, ---,

M(Ty) = L) = L

N N
1 a

Ne(Vwr) = (1) = ko,
N1 T+

and hence from (2.25),

2.32) @) =M@ -0 S (@) S () = éfi

N

(24
< 1 < —’?I—vil— = >"N+1(7N+1) § k'N-H(p) é Nv+2(p) _—-<_ e
N+1

Thus, if

5:min[1_£‘L,M_1],
Ty Ty+1

then for all pe . Z7(ty, ttysi),
(2.33) Mp(p) —1|=d forall k=1,2, .--.

Consequently, (2.29) has a unique solution which by (2.11) and
(2.12) is given by

v= = T[] = B - 1 -]

D
_ Tp[ h + i {=Hh/p, <Pk>o,p@k]

k=1 Ni(p) — 1
-5 {=hIP, PorP + & L=hIP, PiposPr
k=1 i) k=1 N (p)(N(p) — 1)

— & {—k/p, PiDo,o P
"2‘1 M(p) — 1 |

Hence, from (2.15) and (2.33) we have
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B(v, ) = 3 M(pKo, P, = 3, ’“Mgf(—p ;%/1_0, ff>

1 (D) S 2
= — sup ’M(p) — ’Z‘f kD) 91l -

Since the function ¢/(t — 1) is increasing for ¢ < 1 and decreasing
for ¢ > 1, the inequalities (2.32) together with the last inequality and
Parseval’s identity (2.14) yield

B(v, v) < (L[o)X~h/p, —h[D>0,5
where

L — max[ Ay[Vy , Ay i/ Tysa ] .
1-— az\'/'YN aN+1/A/N+1 —1

Thus if M = L/v,0, then M is independent of »e . Z(Vy, Yy+1), and
since

= hip, =hipdo, = | pldo = 1| wda
b p Yy 9D

we obtain (2.28). This proves the lemma.

3. A nonlinear problem. In this section v, and v, wil
have the same meaning as in Lemma 2.3. We will assume that
o(x, 7, 8y -+, 8,) and h(x, 7, s, ---, s,) are real valued functions de-
fined and continuous on D x R"*!,

(3.1) T = D@ 7y 8y v vy 84) = Tans
for all (x, », s, +++, s,) € D x R**, and for some constant L
(3.2) ”’L((L’, Ty Sy =y Sn)[ é L

on D x R,

THEOREM 3.1. Under conditions (3.1) and (3.2) there exists a
wealk solution of the boundary value problem

ou o ou o
3.3 L (‘y y——'—y"'y—-> :h<¢~y ,—‘y°"y—>7
(3.3) u + P, U 5 o % x, U 5 5o,
w =0 on oD.

(Here (ou/ox,), k =1, ---, n denote the strong L*(D) derivatives of u,
i.e., there exists a sequence {u,} in C, such that

lu_um|0'_’0y 'a_u—_ aum ’_')Oyk:]-?"',n
0x;, o0x;, 1o
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as m — c0.)

To prove Theorem 3.1 we use the well-known Schauder method
and two auxiliary lemmas.
If we H,, then by (3.1) and (3.2)

ow ow & ow . 0w
p(‘”y w9 a_wl’ y awn > € '—/)(A/N? 'YN+1)y h<xy w: ‘a_xl: ) —axn ) € Ho ’
and
,h(x, w, g—zi, .- g;v ) <R=I1L*measD.

Therefore by Lemma 2.3 there exists a unique w*e I:OL such that w*
is a weak solution of the problem

ow ow ow ow
8.5 Lu+ (s, w, 2L, ... = n(, LB (Y
©.5) WP m 0x, " o, )u “w 0x, ox,
w =0 on oD .

Furthermore, we have by (2.28)
(3.6) B(w*, w*) < MR for all we H, .

We define a mapping G: H -—»H such that for weHl, G(w) = w*
is the unique H weak solution of (3.5). If S ={ue H | B(u, u) £ MR}
then since B is an inner product on H1 which induces the same to-
p?logy on I-}l as {, », S is a closed, bounded, and convex subset of

H,. Now according to (3.6), G(S) = S, so if it can be shown that G
is a compact mapping and that G is continuous then by Schauder’s

theorem ([3, p. 131]) there exists a veIuoL such that G(v) = ». Con-

sequently » is a weak }:Ol1 solution of (3.5). Accordingly, Theorem
(3.1) will follow from the next two lemmas.

LEMMA 3.1. The mapping G is compact.

LEMMA 3.2. The mapping G is continuous.

To prove Lemma 3.1 we show that if {u,} is any sequence in ﬁ
then there exists a subsequence {G(u,,)} of {G(u,)} which converges
in the H norm defined by the B inner product. Suppose then that
{u,} is such a sequence. For convenience we set

SFu(@) = k(x, Ums %u*", ee, aum>

z, ox,

| o, au,,,> .
- qumr —y ** %, umx .
p( o, ox, (@)
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Using (2.3), (3.1), (3.2) and (3.6) and setting » = L1 meas D +
Yy VVMR/K, we obtain the inequality

(3.7 |l =7

valid for all m = 1,2, --.. By the way f, is defined, %} = G(u,) is
the weak solution of the problem

Lu = —f,, =0 on oD,

and hence
(3.8) B(p, wk) = {p, 2> for all peH, .

By (3.6), B(u}, w}) < MR so by (2.4) the sequence {u}} is bounded
in the H, norm. Using Rellich’s selection theorem (I1, p. 30]) we
infer the existence of a subsequence {u; } of {u;} which converges in
the H, norm.

From (3.8) it follows that for arbitrary integers » and ¢ and

arbitrary oc Hl,
B(@r u;q - u’:l:bp) = <¢5 fmq - fmp>0 .

Thus, taking ¢ = U, — u,’;p in the above and using the Schwartz
inequality and (3.7)

B(u;’;q — u:‘;p, u;*nq — uj;p) < 2r[uj;q — u;‘;p lo «

Thus, since the sequence {u, } is Cauchy with respect to the | |,
norm, it follows from (2.4) that {u; } is Cauchy w1th respect to the
H norm and hence converges to a member of H This proves
Lemma 3.1.

The proof of the continuity of the mapping G is less straight-
forward. We will first show that regarded as a map from 11071—-»H0, G
is continuous and then apply an argument similar to that given above.

ProposiTION 3.1. The mappings

ou ou
3.9 - ( Uy ) s * %y ’
(3.9) AN ox, 0x,, )
and
(3.10) U — h(ﬂ:, U, au y * 0y au )
ox, 0%,

o
from H,— H, are continuous.

Since the proofs of both assertlons are similar, we only prove one.
Let {u,} be a sequence in H and % a member of H such that
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=l = | [ =+ 5 (2~ 2 as 0

0%, 0%,

as m — o. Choose ¢ > 0 and define

R(e) = {(ac, £ 5, e, 80D x R+ gsié 81 }
By the compactness of R(¢) there exists a number ¢ > 0 such that
ID(@, Ty 81y =0y 8,) — P(@, Uy 8, -0, 80) [ = €
if (x, ¢, s, --+s,) € R(¢) and
(E =)+ 3 (s — s0° = 0 -
Let
Ae) = {@ e Dju(z)® + i ('z,)z > __1__}

and for each integer m define

B, () = {x € D|(u(a) — un@)) + 3 (a;‘(:”) a@g;i”) ) > 52} :

Since,

1 meas A(s) < S [u(w) + }_’, ou 9“)]
e Ale) k=1 ox,
meas A(e) < &ul?,
and in a similar manner we obtain the estimate

meas B,(0) < 1/0%)| 4, — ul?.

For convenience we set

Sim) — ou(x) . ou®)
(3.11) p(x) = p(m, u(x), 5o o, >
(3.12) Pul@) = pm@y 0, (@), Gu%(x) 8@2,;(90)) _

If xe D — (A(¢) UB,(0)) then |p(z) — p.(x) > < €, so by the above

Jﬁ~mm§§ Am—ﬁwm+§ 16 — Pl do
D—(A(S)UBm(o)) A(E)UB,M(&)

=< ¢ meas [D — (A(e) UB,(9)] + 4v%,, meas [A(e) UB,(9)]

— 2
<& meas D + 47§z+1|:~|%”52——ﬂ + eﬂu[f] .

323
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This shows that

m [p — Pnl; < ¥[meas D + 474w []

m—rco

and since ¢ > 0 is arbitrary, lim,_.|p — P.[t = 0. This proves the
continuity of the mapping defined in (3.9) and the proof for (3.10) is

similar. In a similar manner one proves that the mapping from H, — H,
defined by

ou o
h(xy Uy —w— ""_‘>

(3.13) w— g“* gx
p<x,’ll/,—u,"°, u)

o, ox,

is continuous.

PROPOSITION 3.2. Let {D.,.} be a sequence in F(Vy, Ty+1) Ond sSuppose
| D — Plo—0 as m — oo for some D€ P (Vy, Yy). If {T3,} and T;
are the operators defined by (2.7) then T; converges strongly to Tj,
ie., |Ty w— Tyw|,—0 as m — o for each we H,.

Proof. According to (2.7) if we H, and @@Ioi then
B(p, Tyw — Ty,w) = | (bn — Prwpds .
D

Now lim,,_..| ., — D[} = 0 implies that p, converges to p in measure.

Thus, since |[(pn(x) — P(@)w(@)p(®)| = 27y, w(@)p(x)| and we e LI(D),

by the strong form of Lebesgues’ dominated convergence theorem [6,

p. 149], 1imMS (P — Pywepde = 0. This shows that Tyw — Tsw as
D

m — oo weakly in H, and hence by Rellich’s theorem lim,,_..T; w= Tyw
strongly in H,.

ProposITION 3.3. The mapping u— G(u) is continuous from
H,— H..

Proof. If pe.Z(Vy, Yxs1) let || T,llo and || T,ll,,, denote the norms
of T,: H,— H, relative to the inner products <, >, and <, ), re-
spectively. The identity (2.11) and Lemma 2.2 gives the inequality
Tl < I/A(P) < 1/N(Yyey). Similarly (2.12) and (2.33) give

L= Tol 7 lo» =1 + 1/0 .

Therefore from the inequality <{w, w): < 1/v < w, w),,, valid for any
w e H,, we have the estimates

(3.14) I Tyl = AV YA N(ry2)) = A
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(3.15) I = Tl = AV + 1/0) = 4,

Let ueI—if1 and suppose {u,} is a sequence in IOL such that
[ — u,|,—0 as m— . Let p and P, be defined as in (3.11),
(3.12) and set

~ ou ou ~ ou on
hm:h’<x1 my—m’"'y m)y h_—‘l’bx,%,—_,-'°,—-——-),
* 0x, oxy, ( o, ox,

Let * = G(u) and 4* = G(u,). For each m, u} is the weak solution
of the boundary value problem

Ly = —(Pul — hy,), v=0 on oD

so for arbitrary (peIfL,

B(@) 7/!/;’,1) - <¢! ﬁmu;; - hm>o = <¢y u;‘; - hm/ﬁm>0,5m
and hence

'u/;{, = Tﬁm[u;‘b - izm/ﬁm] ’
w* = Tilu* — h/p] .
From the equation
w* — Uy = Tp [u* —us] + [T — T, Ju*
+ T [hn/Dn — /Bl + [T, — T510ID
we obtain
u¥ — uk
=[I— T5,1"(T5 — T, )u* — h/p] + [T — T3 17" T [hn/ B — RID] -
Therefore by the estimates (3.14), (3.15) we have
lw* — uily < A(T — T5,)(w* — h/D)l,
+ AA | h|Dw — h[D]o -
By Propositions 3.1 and 3.2,
(Ty — T, )w* — h/p)|,— 0 as m— e,
and by the remark following the proof of Proposition 3.1,
\h/Dw — BIDle—0 as m— oo .

This concludes the proof of Proposition 3.

Lemma 3.2 now follows easily. Let u and the sequence u, be as
above. Define f, = b, — pout, f=h — pu*. From BN | ful =1,
I flo g r. Referring to the proof of Lemma 3.1 we see that for any
peH,

B((Py u* — u;kn) = <¢!f_ fm>0 ’
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so by taking ¢ = u* — u} we have
Bu* — uh, w* — uk) = <u* — un, £ — fao
= 2/U* — Uy o -
By Proposition 3.3, B(u* — u}, u* — u}k) — 0 as m — . This proves

the continuity of G: Ii——»l’i’I1 and concludes the proof of Theorem 3.1.

4. Smooth solutions of an inhomogeneous problem. In this
section we will assume that D < R* is a Dirichlet domain and L = 4
where 4 is the n-dimensional Laplacian.

If f is continuous on D and has continuous partial derivatives on
D, then the weak solution of the problem

4.1) du = — f(x), % =0 on 0D

is actually a solution in the classical sense and can be represented
in the form

(4.2) u@) = | G, v f@ds,  yeD,
where G is the Green’s function for the problem (4.1).

THEOREM 4.1. If p and h satisfy the conditions (3.1) and (3.2)
of Theorem 3.1 and g is continuous on 6D, then there exists a weak
solution v of

ou ou ou ou
43 4 ( ,Ou L. 0 :h< __)
(4.3) u + pla, u . 5 )u v, U m 55

such that v has continuwous derivatives on D and
(4.4) v(x) = g(x), xeoD .
Proof. Since D is a Dirichlet domain there exists a function w

such that w is continuous on D, 4w = 0 on D, and w(x) = g(x) on
oD. 1If

P(CU, ty Syt Sn)

(4.5)
- p<m, ¢ + w(x)’ 81 + aW(x) y "y Sy + aW(x) )
axl axn
H(x, t, Sy v, Sn)
= h(ﬂ?, t+ W(x), s, + —aW(.’l?) y vee, S, F aw(x) )
(4.6) P T

— P(z, ¢, 8, ++ -, 8,)w(x) ,
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then P and H will satisfy conditions of the form (3.1) and (3.2).

Consequently, by Theorem 3.1 there exists a weak H, solution
V of

‘ ow ou ou o
4 P*y Yy TRy Nty :H*y ) Ty Tty | .
w V “ o, o0, >u (\Iv “ 0w, ox, )
We assert that if ye D,
(.7 V) = | G, y)Fada

where as in (4.2), G is the Green’s function and

F:P<x, v, ‘Z;‘c’ gV)V—H(x V‘;_;f %’_)

Indeed, V is the weak I—OL solution of du = —F so V = T.F where
T, is defined by (2.7). If f is continuously differentiable on D then
by (4.2) for ye D

(TN = | G, v fwyde .

JD

Now if f is merely in L*(D), the operator S: I-OL-»IEE defined by

(S = | Gle, nfwds

is continuous. Therefore, since S and T, agree on a dense subspace
of LX(D), T, = S, whence (4.7) holds.

From the representation (4.7) and the fact that F is in L=(D),
it follows by standard arguments of potential theory that ¥V has con-
tinuous derivatives and vanishes on the boundary of D. Setting
v =V + w we see that v satisfies the assertion of Theorem 4.1.
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