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CONTINUOUS SPECTRA OF A SINGULAR SYMMETRIC
DIFFERENTIAL OPERATOR ON A HILBERT SPACE
OF VECTOR-VALUED FUNCTIONS

ROBERT ANDERSON

Let H be the Hilbert space of complex vector-valued
functions f: [a, o) — C? such that f is Lebesgue measurable
on [a, o) and S SF*()f(s)ds < co. Consider the formally self
adjoint expressit:m «(y) = — y’’ 4+ Py on [a, ), where y is a
2-vector and P is a 2 X 2 symmetric matrix of continuous real
valued functions on [a, ). Let D be the linear manifold
in H defined by

D= {feH: f, f/ are absolutely continuous on compact

subintervals of [a, ), f has compact support
interior to [a, o) and ¢(f)eH} .

Then the operator L defined by L(y) = «(y), yeD, is a real
symmetric operator on D. Let L, be the minimal closed
extension of L. For this class of minimal closed symmetric
operators this paper determines sufficient conditions for the
continuous spectrum of self adjoint extensions to be the
entire real axis. Since the domain, D,, of L, is dense in H,
self adjoint extensions of L, do exist.

A general background for the theory of the operators discussed
here is found in [1], [3], and [5]. The theorems in this paper are
motivated by the theorems of Hinton [4] and Eastham and El-Deberky
[2]. In [4], Hinton gives conditions on the coefficients in the scalar
case to guarantee that the continuous spectrum of self adjoint ex-
tensions covers the entire real axis. Eastham and El-Deberky [2]
study the general even order scalar operator.

DEFINITION 1. Let I. denote a self adjoint extension of L.
Then we define the continuous spectrum, C(L), of L to be the set
of all » for which there exists a sequence (f,> in D7, the domain
of L, with the properties:

(1) [Ifall =1 for all n,

(ii) <{f,> contains no convergent subsequence (i.e., is not com-
pact), and

(i) (L —Nfull—0 as n— .

For the self adjoint operator L. we have the following well-
known lemma.

LEMMA 1. The continuous spectrum of L is a subset of the real
numbers.
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Proof. Let N =a + i@ where 8= 0. Then for all feD; we
can see by expanding |[(L — \)f|? that

=Nz BEILI,
which implies ) ¢ C(L).

THEOREM 2. Let L(y) = y" + P{t)y for a <t < o, where P(t) =
[a(t) v(t)

~(t) B(t)] where Y(t) is positive and has two continuous derivatives.
Let g(t) > 0 be one of a(t) or B(t), where both o and B are con-
tinuous on [a, ) and g(t) has a continuous derivative. Then
if for some sequence of imtervals {A,} where A, S [a, <), 4, =
[ewn — Cm, €0 + @) and a,— oo, the following are satisfied:

(i) min {g(@)}— e,

(ii) ‘ (@' @M/(g(@)) dx = o(an),
(iif) L g(@de = o(al),

) |, B@rd = o),
we can conclude that C(L) is (—o0, ).

Proof. We will establish the theorem for g¢(¢t) = a(t) since the
other case follows in exactly the same way.

Note that to prove the theorem then we need only show that
for any real number £ there is a sequence <f,> in D(L) such that
| full =1, f—0 a.e., f, vanishes outside A, and ||(L — )f.]|—0
as m— oo,

Let <h,» be defined by

[1 ¢ — c)as}']P for |t —c.| = a,
(1) () = for |t—c,,,l>a,,,}
Then define <{f.(t)) by

1Q1(%)
(2) £ = )] ,” 69] ,

where Q,, @, are real functions with two continuous derivatives and
b,y bn. are normalization constants.
To find | b, | = Vb4, + b, we have

L=l = [T ba st = (0aF) " [1- (2) [da

°m ™ m - m

= |b,, 1231_1 a1 — ydy = |b, 12(2am)[1 3 ( i)(zw + 1)—1J :

r=1
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Hence for some positive constant K

(3) [0n [* = K(2a)™"

and

(4) [fa®] = [bn] = VKV 2a,, .
Hence

(5) fu—0 as m-— oo,

(6) [h®) | = K@),

where K, does not depend on ¢ or m.
Since f,, € D(L), we have

(L — pD)f = fi + (P — pD)f,
~ [ ot @ = )+ vfmz]
LSt (B = I me + Vs
{(—QF + (@ — ) + Ve + iQ{'fm}
{(—QF + (B — WMne + Vs + 1Q e
b R + 2iQbue R,
[bme‘%k;: + 2iQ;bmewzh;,J

(& — uDf, = [

Now if @, is chosen so that
no_ o w_ o
=& Y, 1 21/(1 —y ’

and b,, is chosen to be identically zero we have that

- Q] | [Dae ol + 2@Q;bmef%h:n]
L — pD)f, = + .
(b= D7 [“/fm J [0

By the way @, is chosen,

1 - s = | (g
Now, by (ii)

)

fm ]{__ [— S m<§1—/-§'-_—-/7>2]1/2 =o(l) as m—> oo

H21/ a —
By condition (iv),

ifall = (2] 170)" = ow a8 m— e

m

Next, by (iii), (3) and (6)

17 ll + 1ol || + [ 2@ibnhan |l -

3
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|| @b hn || = (g (@ — #)_ Kf)l/z

2a,, @,

- KK”2<213 § (@ — ;e))”z —o(l) as m—— co.

Then, by (3), (6), and the Cauchy-Schwartz Inequality

o= (§, 1o (], 1a2)”
= VW(SA (K’Z/“zﬂ)ylz =o(l) as m—> o .

Hence it follows that

W@ — pDfnll—>0 as m—> oo,

which is what we were to show.

CorOLLARY 3. If P(t) = [?tt: {ji; on some half-line d <t < oo
in Theorem 2 and
(i) a,e>0with <0, 0<0<2, or

(i) b, ¢>0 with 6 <0, 0 <9 <2
then C(L) = (— oo, ).

THEOREM 4. Suppose L(y) is as in Theorem 2, where Y(t) is
positive and has two continuous derivatives. ILf for some sequence
of intervals {A,}, where A, = [Cn — Cu, Cu + Cul, 4, & [a, ) and
Q, — o, the following are satisfied:

(i) min {r(t)) — =,

() | @@ d = oe.),
(iif) SA Y(t)dt = o(ad),

(iv) §A a(6)dt andg SOt are o(ay),
then C(L) = (—oo ). i

Proof. In the proof of Theorem 2 choose Q7 = Q7 = 7(t) — &,
so that fu = fus. Then Q) = Q) = (v'(t))/(2V7(t) — ) and applying
conditions (i) — (iv) as before where g(¢) is replaced by 7(f) we get
that || (L — pI)f, ]| —0 as m — co.

COROLLARY 5. Let P(t) — [g‘tﬁ o] in Theorem 4. If ¢>0,

0<6<2and g, <0 then C(L) = (— oo, o).
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Let H be the Hilbert space L,([a, o), w) of complex vector-valued
functions f: [a, o) — C* such that || f|]* = S w(f*f) < oo, where w is

positive and w e C‘zi[a, o). Let l(y) = Q/w)y” + Py. Then define L,
as before and let L be a self adjoint extension of L,.

THEOREM 6. Suppose there is a sequence of intervals, A, S
{a, ), A, = [en — Wn, ¢ + a,] where a,,— o as m— o, such that

() |, @ =o(a), | amw=o(4,p, mnat)— -,

@) [, @yt =o(a.), |, @) =o(4.,
[, thot = o0 4uP,

(iii) SA,,, ([(wa)T)/(aw’) = o(| A, ), and

@ [, 7=o(4.)

as m— co. Then C(L) = (— oo, ).

Note that (ii) implies that S W'w?)? =o( A5 by W/w)®=
Am
w')*/w*-1/w and Cauchy-Schwartz Inequality.

Proof. As is the previous theorem define

fo = {?’“} where f,,=0 and f,, = (0,6, )w"".
m2.
Then again b, = K/a,, and |f,.| < b, w™* = (K/(wa,))'*. Calculating
fv:u = w—llzbmeiQh;n + fml[iQ’ - 1/2w—lw']
;’1 — fml[_(Q!)Z —_ ,inw—lwl + 3/4w—-2(w')2 — l/zw—lwﬂ + iQII]
+ be[2w Q' — w W'k, + wTh]

Then (L — pI)f, = Lw)fi + Pf,, where the top element is

Lpm b (@ — @ = 2~ (@) + (@ — pyw]
w w

fml __' ’ —1, ’ _3__ —2 rz__l -1 n . r
-l-—w—[ zwa+4w (w") zww +zQ]

+ b w2 [21Q k), — ww'h, + hin]
= &.1_[__((;)’)2 + (@ — yw] + —fi;-[—iQ’ww’ + 3wy — Lopw + wziQ"]
w w 4 2
+ befw [ 20Q R, — w W h, + R .

Of course, the second element of (L — pI)f, is 7f... By choosing
@) = (@ — Y)yw we have that by (i)
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Q@ = [(@ — pw]'”* = O((aw)'”) as t— .

Q' = 0(52’3) as t—— oo .

Then by the calculations above

I i

[ — Syl & 8 1 Famrgppnell & 11
IE = sl = [Sm@w]| + e+ 5 s
() + =2+ 2y baor@a |
+ || bw ™'y, ||
bR+ 1 f
Since | f,. ' £ K/(wa,) and (@) = (@ — pyw,
| fwr™ Q|
< (E—S (a — ,u)w‘s(w’)2>1/2 =o0(l) as m—> o by (i).
A, m

Similarly,

W mw™ (') || = (BI—{— L [(%0’)2%0‘3]2)”2 =o(1) by (i) .

m

By the definition of @ and f,,,
I ua@i = of |, KIGTYE — oy by G
And by condition (ii),
[ im0 | = (£

m

12
- [(w”)zw‘*]> = o).
Since |b,,|* = K/a,, and |h,| < K)/a,,

1wl = (KK | (E=£))" = o) by ()

Am

Similarly, by the remark at the end of the theorem,
1/2
| bt Rl | g((KKf/ain)S (w')2w-4) =o(1) .
Am
Since | A, | < K,/a3,
12 ..
[| buw™ hy || = <(KK§/G%)S w‘2> =o(1) by (i) .
4

m

By (iv),
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[ |l = <(K/a,m) SAM ’72>”2 =o(l) as m—> oo .

Hence, by the above calculations and (7),
1L~ pDful] —0 as m— o .

Since this is what we were to show, this conclude the proof.
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