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ENUMERATION OF WEIGHTED p-LINE ARRAYS
MARGARET J. HODEL
Let F,(n,k;q:,q2 """, q,) = F,(n,k) be defined by
F,(n,k)=2 ﬁ qi-,

where the summation is over all p -line arrays of positive integers

an Qap ' G
az Az *°* Q2n
apl ap2 o ap"

subject to the following conditions:

max{a;: 1 =i =) }=min{aij..: 1 =i =p}, I1=j=n-1,
max{a;: 1ZSi=p}=j, 1=j=n,
and
ain = k, l1=i=p.

Assuming II7_, g, = 1, formulas for F,(n,k) and two other
enumerants, which are closely related to F,(n, k), are obtained
in this paper. These three functions generalize enumerants
which Carlitz has determined.

1. Introduction. We consider the enumeration of p-line
arrays of positive integers

ay dap -t An

ay; Qap - A
(1.1

apl apZ PP ap"

satisfying certain conditions. We first require that

(1.2) max{a;: 1=i=p}=minf{a;.: 1si=p}, 1=sj=n—1,

141
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and
(1.3) max{a;: 1=i=p}=j, I1=sj=n.
We indicate further requirements by defining the enumerants we

seek. Let f,(n,k;s,s,5--+,s,) represent the number of arrays (1.1)
subject to the restrictions (1.2), (1.3),

(1.4) 2 a; =S, I1=i=p,
i=1

and

(1.5) a, =k, I=si=p,

and let

Fp(n’k;q"qz’ T qp) = Fp(n, k)= Fp
= Z*fp(n,k;s,,sz,. 8,090 g3 g,

where Z* is the sum over the p-tuples (s, s,,---,5,). (We may view
(s1,82,°°°,8,) as the weight of the array (1.1).) Let
g (n,k;s,, 85, s,) denote the number of arrays (1.1) satisfying (1.2),
(1.3), (1.4) and

(1.6) max{a,: 1=i=p}=k,

and let
G,(n,k;q1,92°,9,)=G,(n,k)=G,
=>*g (nk;s,8,"8,)q7 qs - qp.

Finally, we use h,(n,k;s,,s,, - -,s,) to represent the number of arrays
(1.1) subject to conditions (1.2), (1.3), (1.4), (1.6) and

(1.7) a,‘+|'j§a,'i, léiép—l, l§j§n,
and we let

Hp(n,k;Q1,q2’ © ‘,qp) = Hp(n’k) = Hp
=¥ h,(nk;s1, 855, 8,)q0 g5 4.

The functions F,, G, and H, coincide, and if g, = 1, they enumerate
what MacMahon [7, p. 167] called two-element lattice
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permutations. Carlitz and Riordan [6] have studied these functions
and a g-generalization. A related g-generalization, in fact F,(n,k;q,),
has also been investigated by Carlitz [S]. If p=2 and q,=¢q,=1,
F,, G, and H, are the enumerants f,g and h which Carlitz [4] has
explicitly determined.

In this paper we first generalize some identities which Carlitz stated
for f,g and h. Then, by assuming

(1.8) 1:[1 g =1,

we are able to use these results and Carlitz’s technique for finding f, g
and h to obtain formulas for F,, G, and H,. In general these formulas
are in terms of functions ¢(n, k) which are defined by

P (x)= i t(n, k)x*

where ®(x) is a known function. In some special cases the enumerants
can be expressed in terms of binomial or g-binomial coefficients. For
example, if g, =¢q,=q and q*=1,

k
Fi(n+1,k+1) =% Zo (n—j)byn,j;q)
&
and

Gun. k +1)="1=FK

byxn,k;q)

where

k + —
b k)= (") (" )

S 2n +2j -1\ A n 2n +2]>
k—2j>( 2j )* 2 (k—2i—1>(21'+1 q

2]

Il
%
P
S

j=0

We also find that

n—k& n+k-m-1\(n+m-1\ ,
Hoks =22 3 (V) (e e
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if g.q.=1, and
Hy(nk+1)= k["””‘*’]
n k .
if g =q.=---=q,=q and g°” = 1. In §6 we interpret the formulas

for F,, G, and H, as partition theorems. It would be of interest to
determine these enumerants without the restriction (1.8).
In a subsequent paper we shall consider

L(nk;quqyn - q,)=2%i,(nk;s., 8 8)q'q5 - q,

where i,(n,k; s, S5, * -, §,) represents the number of arrays (1.1) satisfy-
ing (1.2), (1.3), (1.4) and (1.7), and having k columns in which

Aij = Ay = * 0 = Ay

Carlitz [3] called such columns coincidences and has proved that
. on_m-NE L n—k 2n+(p—1)t>
Ip(n3k,lal’ ,1)_k<k_1>t20( 1) ( t )( n_]

forq.=q.=---=q,=1.

2. Preliminary results. Generalizing (2.1)-(2.4), (2.7) and
(2.9) of [4], we have

(2.1 F,(n +1,k)

4

=[ﬁ, q,.]“ é} [ﬂ (k —m +1], —ﬁ a: [k —m]q,,] F,(n,m), k=n-+1,

where

k-1
[k, = ZO q’,
£

al ;
1

—li[k—m]q.:l Gp(n,m), k§n+l,

M»

G,(n,m), k=n+1,

1

]m [tk =m+1,

H.:lv

(22) F,(n+1, k)*‘[

©

23) G,(n+1,k)=

M~
u':u
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p
l[k —m]qa

[ﬂ1 [k—m+1]q,—<l+ilf[]qi)

24  G,(nk)= i

m=1

+quilj[k_m_1]q:] Fp(n’m)9 kén,

2.5 G,(n+kk)= zk: ﬁ qi

m=1 Li=

] (n+k—m)m-1)

G,(m,m)G,(n +k—m,k —m +1), n

v

1,
and

(2.6) F,(n+k k) =ﬁl [H a

] (n+k—m)m-1)

G (mm)F,(n+k—-—m,k—m+1), n=l1.

Let

p
(2'7) ep(k§CI2,Q3,"’,CIp)=2 l:!q?m, p-’>=2’

where the summation is over all (p — 1)-tuples (a,,, as,, * - *, a,,) With the
a,, satisfying0=a,, =---=a;, = a,, =k. Then corresponding to (6.3)
and (6.8) of [4] we have

(2.8) H,(n,k)= i [

m=1

p m
X qn] q’l‘—mop(k "‘m§Q2,Q3,’ . '9qp)Hp(n - l,m)a

1

1=k =n,
where it is understood that H,(n — 1, n) =0, and

(29 H,(n+k k)= 2 [I]] 4

] (n+k—m)(m—1)
H,(m,m)H,(n+k —m,k —m +1), nz=l.

The proofs of (2.1)-(2.6), (2.8) and (2.9) are simply generalizations
of the proofs of their analogues in [4]. To prove (2.1) it suffices to
assume k =n since F,(n+1,n+1)=F,(n+1,n). Fork =n we con-
sider the array
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Ay Ap ' An k
a, an '+ a, Kk
a,, a, " a4, k

satisfying (1.2), (1.3) and

(2.10) max{a,: 1Si=p}=k.
Let
(2.11) min{a,: 1=i=p}=m.

Using (2.10), (2.11) and the definition of F,(n,k), we have

(2.12) F,(n+1,k)= [‘l:ll q,] mzzl 2 '11 qii-,

where the inner summation is over all arrays (1.1) satisfying (1.2), (1.3),
(2.10) and (2.11). From (2.12) we get

(2.13) F,(n+1,k)= [.l:[l qi]kzl > L]I qi~~" F,(n,m),

where =’ is the sum over all p-tuples (din, @, ", a,m) subject to
conditions (2.10) and (2.11). Since

p

p
STlarn= 3 Mar- 3 [lar~

i=1 m=an=k i=1 m+1=ain=k i=1
Isi=p 1=isp
p p
= [T at- g
0=ain=k-m i=1 0=ain=k-m-1 i=1
1=isp 1sisp
p p
=[1tk—m+ 11, —[] alk - m],
i=1

(2.1) follows from (2.13).

Equation (2.2) follows immediately from the definitions. The
proof of (2.3) is similar to the proof of (2.1), but to obtain (2.3) we
consider the array



ENUMERATION OF WEIGHTED p-LINE ARRAYS

ay Ap 0 G Quinqt

Ay QAn ' QG Ayn+

Ayy Qp2 *°° Qpn Qppst

147

where conditions (1.2) and (1.3) (with n replaced by n + 1) are satisfied

and where

2.19) max{a,: 1=Si=p}l=m
and

(2.15) max{a,.... 1=Si=p}=k.

As (2.14) and (1.2) imply that

(2.16) min{a;,.,.: 1Si=p}=zm,
we find that
k 14
(2.17) G,(n+1,k)= 2_‘ > Hl q %+ G,(n,m),

where the inner sum is over all p-tuples (@ n+1; Aot
ing (2.15) and (2.16). From (2.17) we get (2.3).

“ 5 Apner) Satisfy-

To prove (2.4) consider the array (1.1) subject to conditions (1.2),
(1.3), (1.6) and (2.11). Corresponding to (2.13) and (2.17) in the

previous proofs, we have

(2.18) G,(n, k)= 2;! > F[l qe " F,(n, m),

where the inner summation is over the p -tuples (ai,, @z, - *

ing (1.6) and (2.11). From (2.18) we get

Gp("’k)=§k:[ > ﬁq:""’"— > ﬁq;“"""

m=1| m=an=k i=1 m=amn=k—1 i=1
1=i=p 1=isp

and (2.4) follows.

*, Apn ) Satisfy-
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Since the proofs of (2.5), (2.6) and (2.9) are similar, we shall only
establish (2.5). To this end we observe that

max{a,: 1=si=p}=1
implies that there exists a greatest m such that

max{a,: 1=Si=p}=m.
Therefore

max{a,.: 1Si=p}=m,

ai,m+1=m9 léigp’

and we can divide our original array into two sub-arrays as follows:

1 e aim m e al,n+k

1 . . azm m R az'"+k
(2.19)

1 [P apm m [ ap.n*k

By subtracting m — 1 from each entry in the right sub-array of (2.19), we
get :

gp(n +k,k;S|,S2,' ) ',Sp)

S

gmmiu,uy- - u)g,(n+k—mk—m+1;0,0°,0,),
1

where u;+v,=s,—(n+k—-—m)m—1), 1=i=p. Now (2.5) follows
immediately.
We obtain (2.8) by considering the array

a, a;, --- m k
Ay A4pn " Qyp-1 Qo
apl ap2 e ap,n—l apn

where (1.2)-(1.4), (1.6), (1.7) and the condition

Ay pn-1=m
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are satisfied. Clearly
hy(n, k551,857 +,8,)

k
= z 2" h,(n—1,m;s,—Kk,s,— @, "+, S, — Qpn),
m=1

where X" is the sum over all (p — 1)-tuples such that

Thus
k 14
H,(n,k)= 2:1 q’fZ”LIZ qtH,(n—1,m)
and we have (2.8).

3. Techniques for determining the enumerants. To
obtain the following results we use Carlitz’s method [4] for finding f, g
and h in a somewhat more general setting. Assuming (1.8), Theorem 1
provides formulas for G, and H, while Corollary 1 yields an expression
for F,.

Before stating the theorem it is convenient to define some
functions. Using N to denote the nonnegative integers and N* to
represent the positive integers, let r(n, k) be a function from N* X N*
into a field F and ¢(n) be a function from N into F. Let

R, (x) =k2l P+ k—1,kx™, nz1,
and
B(x) = 20 & (n)x".
Furthermore we define t(n, k), a function from N XN into F, by
o (x) = kEO t(n, k)x*.

THEOREM 1. If r(n, k) and ¢(n) satisfy

3.1 r(l,1)=1,
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(3.2) r(n, k) =0,
(3.3 $0)=1,

(3.49) r(n+1,k)=2 é(k —m)r(n, m), I=k=n+1,

and

k
(3S5) r(n+k k)= rmmyr(n+k—mk-m+1), nz=l
m=1

and if ®(z) is analytic about z =0, then

(3.6) r(n,k +1) ="—;—k t(n, k).

Proof. By (3.5)

© k
R,.i(x) =k2=] x"rk Z=| rimm) rin+k—m,k—m+1)

= i r(m, m)x’"i r(n+k—1,k)x"*!
m=1 k=1
= Ry(x) R, (x).
Thus

R.(x)=R7(x)

Using (3.1)-(3.4), we find that

<1>(R1(x))=1+2 é(n) R, (x)

=1+ i é(n) i r(n+k—1,k)x"*"!
n=1 k=1
=1+ 2 "Zl é(n—k)r(n—1,k)x""!

b

n <k,
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It follows that

x ==
d(z)’
where z = R\(x).

By the Lagrange expansion formula [9, p. 125] the equation

x = (PO) =1,

_z_
d(z2)
where ®(z) is analytic in a neighborhood of z =0, implies

a7 =10+ 5 o rmee]|

Since
R,(x)=R7(x)=2z",

we can determine R, (x) by letting f(z) =z" in (3.7). Thus we have

R, (x) =§j [ A" ')Zt(n k)z] )
=§|x % (n,n—m),
and
(3.8) E r(n,n—m+1)x"=§x"%t(u,n—m).

We obtain (3.6) by equating coefficients of x" in (3.8).
To state the corollary we must introduce two more functions. Let
s(n, k) be a function from N* X N* into F and define S,(x) by

S,.(x)=is(n +k—1, k)xm !, nx=l.

CoroLLARY 1. If r(n, k), s(n, k) and ¢$(n) satisfy (3.1)-(3.5),

3.9 s(l,)=1,

v

3.10) s(n,n)y=s(n,n—1), n=2,
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and

k

(3.11)s(n+k,k)=2r(m,m)s(n+k—m,k—m+l), n

m=1

then
k

3.12) si+1Lk+D =23 (n=j)t(n, j).
i=0

Proof. Using (3.9)-(3.11), we find that

k

v

S,(x)=x+§?x"*'2 rimm)stk—m+1,k—m+1)

j=1

=X +R,(X)S,(X),

and from (3.11) we get

e k
SM,(x):; X" Z, r(m,m)s(n+k—m,k—m+1)

= S,,(X)R|(X),

Thus
Saa1(x) =S (x) R7(x)
_ XRi(x)
1 - R(x)
or
Spai(x) _ 2"
X 1-z°

where z = Ri(x). Again making use of (3.7), this time with

m

f(Z)=lz_Z,

we see that

=

X7'Sp(x) =80+
+l() ,0 ’;n! I_Z “

- [;z""__', ['"Zm“' 4 fmz),] s t(n,k)z“]

z=

v
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Hence we have

> (m +j)t(n,n —m —j)
i=o

> ostn+l,n—m+1Dx"=8,0+ 2, x";!l—
n=m-1 n=1

and (3.12) follows.

4. The functions F, and G,. Throughout the rest of this
paper we assume condition (1.8) holds. With this assumption we can
use the results of the two previous sections to determine F,, G, and

H,. In this section we consider F, and G, and in §5 we find H,.

THeorREM 2. If II°.,q; = 1, then

4.1) G,,(n,k+1)=n;kb,,(n,k)
and
(42) Fyn+ 1,k + D=0 > (1= )b, (n, 1),

where b,(n, k;q,," -, q,) = b,(n, k) is defined by

Sl

i=1

= i b,(n, k)x*.
k=0

Proof. This theorem is an immediate consequence of Theorem 1
and Corollary 1, for (1.8), (2.3), (2.5), (2.6) and the definitions of F, and
G, imply that the hypotheses of these results are satisfied if r(n, k) =
G,(n, k), s(n, k)= F,(n, k) and

k)= Q [k +1], — IJ (k1.

Instead of Corollary 1 we can use (2.2) to obtain (4.2). We remark that
by virtue of (1.8) it is possible to reduce

'I-:[l [k + I]qa - l:ll [k]qw

and thus b,(n, k), to a function of p — 1 g;’s.
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Now

[4

S [Ttk 1, ~TT kL]t = x Hy g 40),

i=1

where H,(x | 41,492, - - *,q,) = H,(x) is the generalized Eulerian function
defined and studied by Roselle [12]. Because H,(x) is quite compli-
cated for p =3, in general it is not feasible to find a simple formula for
b,(n, k) in terms of more familiar coefficients. However, we can find
b,(n, k) without difficulty.

COROLLARY 2. Letp=2. Ifqq.=1, then

Gyn, k +1)= "—r’;—k by(n, k)

and
1 & . .
Fz(n+1,k+1)=—n—2)(n-1)bz(n,1),
=
where
o< n & n+j—1)(n+m—j—1> m=2j
@3 bnb=3 (", )5 ("] m T

Proof. Since

Hy(x) = e ILE

(x —gq)(x —q»)
and q,q,=1, we find that
1 Ty - 1+x
) = ot g
Thus
(x"Hy(x™ ) =2 <:,)X'"Z (n +,’:_ 1) PR (" - 1>q7’x"
m=0 k=0 j=0 ]
_3 k n )m(n+]—1)(n+m—]—1> m-2jo k
;Zo.nz:o(k—m ,Zo j m-—j 7

and (4.3) follows.
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Another special case of interest is that in whichq,=¢q,=---=g¢,

155

q. In this case condition (1.8) becomes gq” = 1 and the possible values
for q are the pth roots of unity. Let H,(x[q,q2-"*,q,)=H,(x|q)
and b,(n,k;q,92°"*,q9,)=b,(n,k;q) when q,=---=q,=q. We

also require the notation

x] =[xl = 4=
and
=] -G
Carlitz [2] has proved that
4.4) B l@)= 3 A @x /[T x-a,

where A,;(q) are the gq-Eulerian numbers defined by

x+s—1]
m b

) =3, Am.s(q)[
Now (4.4) implies
HGT =Y At [ TTa=g%).

If we define a,(n, k; q) by

“3) |3 A@x| =3 a ks,
then
@ HG @) =3, apm kst 3 [P o

) k _
=k§=; Zzoap(n,k—m;q)["p+m 1]q’"xk-

m
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Thus we have proved

CorOLLARY 3. Ifq,=q,=---=¢q, =q and q° =1, then
n—k
G (nk+1)= p b,(n,k;q)

and

k

Fyn+1k+ 1= (n =) b, (n.k;9),

=

where
k + —_

@8 bmkia=3 qk-mg|" T gr

and a,(n,k;q) is defined by (4.5).
The following result follows immediately from Corollaries 2 and 3.

CorOLLARY 4. Letp =2. Ifq,=q,=q and q* =1, then

Gnk +1) =X b(n,k: q)
and
k
Fn+ 1Lk +1) =2 > (=) bin, ;3 a),
where
A n 2n+m -1\
@7 bnkia = (") (")
or
R A 2n +2j—1
8 binksay=2 () (")

[(k—1)/2] n 2n + 2,)
> (k—2j—1)<21'+1 1
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or

49) binksay=3 ()P e

m=0 k—m m

Proof. We deduce (4.7) from Corollary 2 by using the hypothesis
g*=1 and a binomial identity found in Riordan [10, p. 9]. Because
qg’=1, (4.8) follows from (4.7). We get (4.9) from Corollary 3 by
observing that

axn,k;q)= (Z) q ™.
If g =1 in Corollary 4 we have

CorROLLARY 5. Letp=2. Ifq,=q.=1, then

(4.10) Gz(n,k+l)=n;km20 (k _"m><2" o "1>
and
@.11) Fz(n+1,k+1)=%§(n~j)§o<j_'1m)<2n *m=1)

We note that (4.10) is precisely Carlitz’s formula for g(n, k + 1), while
(4.11) is equivalent to his formula for f(n + 1,k +1).
If p =1, condition (1.8) implies q, = 1. In this case we get

COROLLARY 6. Let p=1. Ifq,=1, then

(4.12) Fr(",k+1)=G.(n,k+1)-_~";k<n+k—1>_

k

Proof. Letting p =1 and q =1 in Corollary 3 we obtain

—_ k —
@13  Gnk+1=""ks a,(n,k—m;1)<n+m ’).
n m=0 m

Since

an, k;1)= 8,
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(4.13) reduces to

n—k<n+k—-1)
" .

G](n, k + 1) = k

Then (4.12) follows because Fn, k+1)=G(nk+1) by
definition. Formula (4.12) is the result given by Bertrand [1] as the
number of two-element lattice permutations.

5. The function H,. By virtue of (1.8), (2.8) and (2.9), the
hypotheses of Theorem 1 are satisfied if r(n, k) = H,(n, k) and

¢(n)=q16,(n;q»9q3,""",q,),

where 6,(n; q2, qs, " - *, q,), or more briefly 6,(n), is defined by (2.7) for
p=2 and by 6,(n)=1 for p=1. Thus we can express H,(n, k) in
terms of the coefficients c,(n, k) =c,(n,k;q.,q, ", q,) defined by

©

5.1) O1(x) = ¢, (n, k)xt,

k=0

where
0,(x)=0,(x |q1ds- " dy) =2 8, (k)(q:x )"

In fact we have
THEOREM 3. If II_,q; =1, then

n—k
n

(5.2) H(nk+1)= ¢, (n, k),

where c,(n, k) is defined by (5.1).

(In view of condition (1.8) it is possible to express 0,(x) and
¢,(n, k) as a function of p —1¢;’s.)

Since the coefficients c,(n, k) are so closely related to 6,(k) and
0,(x), we reduce 6,(k) from a (p — 1)-tuple summation to a single
sum. Using this simplification of 6,(k), we can write ®,(x) as a single,
finite sum.
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THEOREM 4. If p =2, then

1
53 0,(k)=—"
( ) IJ( ) 71(q2,".9qp)
p j+1 2 i—1 k
(=1D"q.q5---q]7(q:93" " * q;)
+ s
f; YI(qZ,'“9qP)
where

Y(qz 5 8)=(1-q)(1~q:q95) - (1—-q2 "~ @),
and
(54 v q,)=(0-q2 - q)A~qs---q) - (1—g)(A—gw)
(1=qng2) - (1=¢qu-"q), ]Z2,
with the understanding that

(5.5) (I-q---q)=1 if i>]

Proof. We use induction on p. From definition (2.7) we get

m=0
Thus
_ 1_ qI2(+]
02(k) 1 q2

and we have verified (5.3) for p = 2. Using first the definition of 6,.,(k)
and then (5.3) (as the induction hypothesis), we find that

4

k az
9p+1(k§(h," .’qp+l)= z qu 2 qg" ° e Z q:p++1,

a2=0 a3=0 ap+1=0

k

=2 416,(a23G3," **, Gp+1)

a2=0

= i q';’[ 1 o (= 1*'gsqi-- - qlii(gs- - qi+l)m]
Yiqs,***5 Gpe1) i=2 Yier(qss* * *5 Gps1)

m=0
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- 1-g;" +,,+. (=1Ygsqi---qi°(1—(q>" - q)")
(1_42)’)’1(613,"', qu) i=3 (1_‘h"'q,)‘)’j(QJ,"'»qu) )
=pz+l (=1'""'q.95---qi'(q>" - - ql')k+pz+' (—1Yqsqi---qi”
i=2 Yi(qz2 5 o) = vy )

To complete the induction it suffices to prove
LEmMMma 1. We have

1 L3 EDgagd g
(I—QI)(I—QZ)(I_QZQJ)"'(]_Q2"'qp) =2 Yi(qi, -, q,)

(5.6) _ 1
(I-q)1—-qq) - (1—-q:---q,)

2

where vy, is defined by (5.4) and (5.5).

Proof. This proof was suggested by Carlitz. In the expression

(-qq9) - (A—q:" - qp)
(1-g)1—q:q3)---(1—q." - qp)

(5.7

p j j—
(=1Y"'q.95--- ;"0 =q) -~ (1=q:" " qp)
+
,Zz LACITRRRN )

fix g;,-++,q,- Then (5.7) is a polynomial in g, of degree p — 1. Since
this polynomial is 1 for p values of gq,, namely

1 1

=1, —, ., —
9 q: 4:qs " * q,

s

it is identically 1 and (5.6) follows. Using the definition of ®,(x) and
(5.3), we find that

1 +§": (—1)f+'q2q§-~'qf" .
A=q9x)yv(q2--,9) S5A—q --q9x)v(q: ", q)

0,(x)=

In general 6,(x) is quite complicated and it is not feasible to
determine the coefficients c,(n, k) explicitly. However, for p =2 and
q.9.= 1, we have
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— 1 — 92
@2(x)_(1_q,x)(1~q2) (1-x)1-q>

B 1
S (1-qx)(Q-x)"

It follows that

03(x) =§:

k=0

M»

( k—m-1><n+m—1) -
=0 k—m m q:

3

and

k — _ + —
b= (T

m=0

Hence, as a corollary of Theorem 3, we have

CoroLLARY 7. Let p =2. If q,q.=1, then

ki <n+k—m—1)<n+m—1) m
m=0 k_m m q"

If, in addition to (1.8), we assume q,=¢q,=---=gqg, =g, 0,(x) is
considerably simpler. In this case let 0,(x)=0,(x|q), 6,(k)=
0,(k;q) and c,(n,k)=c,(n,k;q). From the definition of 6,(k;q) it
follows that

(5.8) Hynk+1)==2

0,(k;q)=2> g™,

where the summation is over all (p — 1)-tuples (a,, -, a,) such that
1=q,=---=a,=k +1, and

p
m+p—1=> a.
i=2

Hence it is evident that 6,(k; q) generates the number of partitions of
m+p -1 into p —1 parts with each part at most k +1. It is well-
known (see, for example, [8, p. 5]) that such a function is

[k+f “1]. Thus
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k=0
=[] (1—g*)"
k=1
Since q” =
p-1
(5.9) 0,(x lq)=k[!)(1—q"x)",
and
p-1
0, (x IQ)=‘DO(1“61"X)"'
np—1
=11 a~q")"
_~ [np+k- 1] x
z[ P
Therefore

co(nk;q)= ["p +kk B 1],

and we have proved

CoroLLARY 8. Ifq,=q,=---=q, =q and q° =1, then
n—k[np+k- 1]
(5.10) H,(n,k+1)="2 [ .

We observe that if g is a primitive p th root of unity, say &, (5.9) reduces
to

0, (x |£)=(1—x*)".

Then

5.11) 0r(x | &) =2 (" +,’(‘“1)ka.
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From (5.11) it follows that

(n +nk£p1— 1) if p/k

0 otherwise

G.12) Cp(n,k;§)={

As an immediate consequence of Corollary 8 we have

COROLLARY 9. If g =1, 1=i=p, then

(5.13) H,,(n,k+1)="T_"("” +kk"1>.

We can also obtain (5.13) by viewing 6,(k;1) as the number of
(p — 1)-combinations with repetition of k + 1 distinct objects. Then we
know that (see Riordan [11, p. 7])

(5.14) op(k;1)=(k;’j;1).

From (5.14) we can deduce (5.13).

If p=2,q9,=q,=q and q*> = 1, the formulas for H,(n, k + 1), given
in the following corollary, are particularly simple.

CoroLLARY 10. Letp=2. Ifq,=q.=1, then

bl

(5.15) Hz(n,k+1)=”—;—’—‘(2"+"_‘)

k

lf q:z‘b:—la
n—k<n+k 2—-1

(5.16) Hy(n, k +1) ={ n n—1 ) if k is even
0

if k is odd .

Proof. From either (5.8) or (5.13) we get (5.15), while (5.16)
follows from (5.12). Carlitz’s result for h(n, k +1) coincides with
(5.15).

Since (5.13) is valid for p = 1, we have the expected result

CoroLLARY 11. Letp =1. If q,=1, then
n—k (n +k— 1)

n k ’

H((n, k+1)=
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6. Partitions. From the definition of g,(n,k; s, s, -+, s,) itis
clear that this enumerant is the number of partitions of the p-partite
(s1,82, "+, 8,) of the form

n
Zaijzsi’ 1§l§p,
j=1

where the a; are positive integers subject to conditions (1.2), (1.4) and
(1.6). Thus G, (n, k) generates these partitions. If we replace (1.6) by
(1.5), these statements are true for f,(n, k) and F,(n, k). Adding (1.7)
to the conditions for g,(n, k), we have a partition interpretation for
h,(n, k) and H,(n, k).

Since we have only obtained F,, G, and H, under the assumption
(1.8), we describe how this restriction affects the partitions. IfII’., g; =
land p =2,

Gp(n”k) = z* gp(n’ k;S|, S27 ) Sp)qi'-qugz_s"’ v q;p:ll-su’

where 2* is as defined in §1. Thus we have

THEOREM 5. If TI’.,q; = 1, the function G,(n,k) generates the
number of partitions of the (p — 1)-partite (m,,m,, - - -, m,_,) of the form

n n
m; = 2 a,'j - EI a,,,-,
i= i=

where the a; are positive integers satisfying (1.2), (1.4) and (1.6).

We have corresponding interpretations for F, and H,.
For example, by Corollaries 2 and 7 we have

k ((k—=m)/2)

Gz(n,k+1)=n;k D

m=—k j=max{0,—m}

( n )<n+j—l)<n+m+j—l),,,
k—m —2j i m+j )9

1 k k [(G—m)/2)
F(n+Lk+h=—3% > (a—j) >
m=—k j=max{m,—m} s =max{0,—m}

< n ><n+s—1)(n+m+s—l> m
j—m—2s s m+s qi>
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and
n—k& m+k-m-1\(n+m-1\ ,
Hm k=" S (PR TR ar
Thus
6.1) G,33,2)=2q7;'+2+2q,,
(6.2) F,(3,2)=qi'+2+gq,
and
(6.3) H,(3, 2)=2+2gq,.

The following arrays are enumerated by G,(3, 2):

111 I 1 2

(H 2 3
1 1 2 1 2 2
1 2 2 1 2 2

“ &) (6)
1 2 2 1 1 2

Now arrays (1) and (2) satisfy

3 3
“]:E au—Z as;;
i=1 j=1
for (3) and (4) we have

3 3
O:ZI a”_z a,j,
i= =

while (5) and (6) are subject to the condition

3 3
lzz' a” —z' a,;.
i=

1 1 2
11 2
11 2
I 11

The arrays counted by F,(3, 2) are (2)-(5). Array (2) accounts for the
coefficient of ¢, (3) and (4) are enumerated by the constant term, and
(5) is counted by the coefficient of q,. Finally, H,(3, 2) counts arrays
(3)-(6). The first two of these are enumerated by the constant term;

(5) and (6) account for the coefficient of g,.
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If we assume q,=---=¢q, =q,
G,(n,k)=D%g,(nk;s.,---,s,)q>"
Then condition (1.8) implies g” =1 and we have

p-1
Gy(n k)= 2 X gy (n k381, +,5,)q"

where the inner sum is over all p-tuples satisfying

Il

p
2,
i=1

m (mod p).

Therefore, we have

THEOREM 6. If g =q,=---=q,=¢q, q” =1, and 11,,,(r) is the
number of partitions of the form

p 14
r=>s=> > a;

i=1 i=1 j=1

-

where the a; are positive integers subject to conditions (1.2), (1.3), (1.4)
and (1.6), then G,(n, k) generates

S, (m+tp), O0=m=p-1.

For example, from Corollary 4 we see that

n— ks n 2n +2j—1
Z Honie 28) = n <k - 2]) ( 2j )

i=0

and

- ke n 2n +2j
an.n.k+l(2t+1)_—n > (k_zj—1>(2j+l>'

1=0

We have corresponding results for F, and H,.
Returning to the illustration used above, if g, = g,=gq, we may
write (6.1), (6.2) and (6.3) as

(6.4) G,(3, 2) =2+4q,
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(6.5) F,(3,2)=2+2q,
and
(6.6) H,3,2)=2+2q.

Since the sums of arrays (3) and (4) are even, these arrays are counted
by the constant term in (6.4)—(6.6). In each case the coefficient of g
enumerates the arrays having an odd sum.
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