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LOCALLY BOUNDED TOPOLOGIES ON F(X)
Jo-ANN COHEN

It is classic that, to within equivalence, the only valuations
on the field F(X) of rational functions over a field F that are
improper on F are the valuations v,, where p is a prime of the
principal ideal subdomain F[X] of F(X), and the valuation v..,
defined by the prime X' of the principal ideal subdomain
F[X ™" of F(X)([1], p. 94, Corollary 2). If J is the supremum
of finitely many of the associated valuation topologies, then 7 is
a Hausdorff, locally bounded ring topology on F(X) for which F
is a bounded set and for which there is a nonzero topological
nilpotent a. In this paper we shall show conversely that any
topology on F(X) having these properties is the supremum of
finitely many valuation topologies.

A subset S of a topological ring R is bounded if given any
neighborhood V of 0, there exists a neighborhood U of 0 such that
SUC V and US C V. The topology on R is locally bounded if there is
a bounded neighborhood of 0. A bounded subfield of a Hausdorff
topological ring is discrete ([2], p. 119, Exercise 13). It is easy to see that
iflim,_. x, = 0 and if {a, };-, is a bounded sequence, then lim,_... a,x, = 0.

An element ¢ of a topological ring is a topological nilpotent if
lim,..c"=0. Let ?={p € F[X]:p is a prime polynomial}, and let
P'=P U{x}. For each p € ?’, we shall denote by J, the topology
defined by the valuation v,. Then for any finite subset L of ?’, sup,c, 7,
has a nonzero topological nilpotent. Indeed, let g be the product of the
members of L N P. If «Z L, g is a nonzero topological nilpotent for
sup,e. J,; if * € L, let g be a prime polynomial not in L and let r >0 be
such that deg(q") > deg g; then g g " is a nonzero topological nilpotent of
Sup,er I,

We recall that a norm |--|| on a field K is a function to the
nonnegative reals satisfying ||x|[=0 if and only if x =0, [x —y||=
lx|[+yl, and |xy[[= (x| |ly]|l for all x,y € K. Clearly a subset of K is
bounded in norm if and only if it is bounded for the topology defined by
the norm; in particular the topology given by a norm is a locally bounded
topology. We shall use the following theorem of P. M. Cohn ([4],
Theorem 6.1): A Hausdorfl, locally bounded ring topology on a field K
for which there is a nonzero topological nilpotent is defined by a norm.

THEOREM 1. Let F be a field and x a transcendental element over F
in some field extension. Let I be a Hausdorff, locally bounded ring
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topology on F(x) for which the subfield F is bounded (and hence discrete)
and for which there exists a nonzero topological nilpotent g,(x) € F(x], and
let J ={f € F[X]: lim,..f(x)" =0}. Then

1. F[x] is bounded.

2. Jisa properideal of F[ X]; its monic generator h is the product of a
sequence p,, - - -, pi of distinct prime polynomials of F[X].

3. T =supizi=k Tpix)

Proof. 1. By Cohn’s Theorem theré exists a norm || - - || defining
J. Then [ go(x)"||<1 for some n=1; let g=gs Then g(x) is a
topological nilpotent and ||g(x)|| < 1.

As F is bounded for 7, there exists a positive constant M such that
la|=M,foralla € F. LetL =M 2| x|, where m =degg. AsFis
discrete, F contains no nonzero topological nilpotents, so m = 1. For
any polynomial f such that degf<m, f(x)=ax"+a,.,x"'+---+a,
where n <m, aq, a,,--,a, € F; so

lfeI= 3 lal il =M 3 Ixl =M 3l = L

Therefore, {f(x) € F[X]: degf <m} is a bounded subset of F(x).

We shall show next that ||f(x)||= S for all f€ F[X], where S =
L/(1-|g&)). Given f€ F[X], there exists an integer n =0 and
polynomials ¢, -, ¢q, such that f=g"q,+---+gq,+q, and for each
i€[0,n], g =0 or degq; <m. Therefore,

1A =lg(xran(e)+ -+ g()qux) + o)l
=3 lg) lal=L 3 g
SN HETEIN FOER
Thus F[x] is bounded.

2. Let fi,f,€J, and let t € F[X]. Then

I+ ol= |3 (G i)
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= Slfs (ol + Sl ) —0.

Thus, (f, + f.)’(x) is a topological nilpotent, whence (f; + f,) (x) is. Also
I I=1f1 ()l = S| f3(x)[| =0, 50 fit EJ. Henceas1£ J,
J is a proper nonzero ideal of F[X], a principal ideal domain. Let h be
its monic generator, and let h = [I'_, pj where p,, - - -, pi are distinct prime
polynomials. Let h,=1I5, p, and let r = max{r,---,r}. Then h|hj,
so hj €J and hence, hy(x) is a topological nilpotent. Therefore, h,
belongs to J. So as hy|h, hy= h.

3. We shall first show that the topology induced on F[x] by J is
weaker than that induced on F[x] by supiz,=« T p).-

Forallnz1,let U, ={f(x)€ F[x]: pi|f,1=i=k}. Then(U,).z
is a fundamental system of neighborhoods of zero for the topology
induced on F[x] by sup;z.=x Jp) But clearly p7|f for all i €[1, k] if
and only if h"|f as h =p,---p.. Thus U, = F[x]h"(x).

For each € >0, let B. ={y € F(x): | y|<e}. It suffices to show
that there exists N € N such that F[x]h"(x)C B. N F[x].

Let N be such that |h(x)¥||<e/S. Then for any g(x)€ F[x],

le)r™ @) I=llg@)] 1h¥ ()< S -§= €.

Hence F[x]h"(x)C B. N F[x].

We next show that I C sup,=,=« ), that is, that given € >0, there
exists R = 0 such that for every y € F(x), if v,,(y)> R foralli €[1, k],
then ||y | <e.

Let € >0. As the mapping (y, z)— yz is continuous at (1,0), there
exists 8, y >0 such that (B; + 1)B, C B,. By 2, there exists k, such that
|A(x)~|<vy. Then (B;+1)C h(x) B, and so h (x)"“’B, is a neighbor-
hoodof 1. As the topology 7 is given by a norm, y — y ' is continuous
for 7 on the set of nonzero elements of F(x) (the proof is the same as for
normed algebras found in [3], p. 75, Proposition 13), so there exists n
such that 0<n <1 and (B, +1)"' C h(x)™B,. Since the topology in-
duced on F[x] by 7 is weaker than that induced on F[x] by supi=,=x Ty
there exists N such that F[x]h(x)" C B,. Then for all ¢t € F[X],
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Choose R € N such that |A(x)* || < €/|h(x)™||S. Suppose v,(y)=
R foralli=1,2,---,k. Then

(x)r(x)c]ﬁ(%= h'*(x)r(x)-gi(%

wherer, f,q € F[X],andin F[X],p. ¥ f,pi £ q.i=1,2,---, k. Thush"
and q are relatively prime, so there exists polynomials s, t € F[X] such
that g(x)s(x)=h"(x)t(x)+1.

Thus,

y=pi(x) - pXx

y = h* (x)r(x)%;%

T(X)SUC)HX)

=R ) N ey 1tx) + 1
and therefore

Iyl = 1A=l TrGe) sGe) fFEOI IR (x) £(x) + D)7

msﬂh(x) |l =

To complete the proof of the theorem it remains to show that
Supi=i=k Jpx) € . For this, as both J and sup,=i=J,., are locally
bounded topologies, it suffices to show that B, C{y € F(x): v,.(y)= 1,
l=si=k}. Let y€B, and let y =p,(x)"---p(x)*f(x)/q(x) where
e €Z, f,qe F[X],and p, £ f, p. £ q for all i €[1,k], and f and q are
relatively prime. Let I ={i €[1,k]: ¢, =0}. Then yq(x)ILic,p,(x)* is
a topological nilpotent in J as F[x] is bounded. But

yq(X)IEII pi(x) e = f(x)g p.(x)" € F[x],

so fllgpi€J=(h). Hence as h=p,; - p, [L,k]~I=[1,k], ie
I=¢. Soe =1foralli€[l,k],andthus v,,(y)=1foralli €[1,k].

COROLLARY. Let I be a Hausdorff ring topology on F(x) for which
the subfield F is bounded and let p be a prime polynomial in F[X]. Then
T =T, if and only if T is locally bounded and lim,_.p"(x)=0.

THEOREM 2. Let F be a field, x a transcendental element over
F. Let J be a Hausdorff, locally bounded ring topology on F(x) for which
the subfield F is bounded and for which there is a nonzero topological
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nilpotent 'y. Then there exists a finite subset S of P’ such that T =
Supses 7.

Proof. As each valuation v on F(x) that is improper on F is
equivalent to v, for exactly one s € P’ ([1], p. 94, Corollary 2) it suffices
to show that J is the supremum of finitely many valuation topologies
where each valuation is improper on F.

Let y=g(x)/h(x)#0 where (g(x),h(x))=1. By Cohn’s
Theorem, there is a norm || || defining the topology on F(x).

Case 1. degh <degg Let n=degh, n+r=degg We shall
show that

F[x]C F[y]+ F[ylx +---+ F[y]x",

that is for each f€& F[X] there exists Q € F[y][X] of degree <n+r
such that f(x)= Q(x). For this it clearly sufficies to show that for each
k=0, x"*= Q(x) for some Q, € F[Y][X] of degree <n+r.

Let g(x)= a,.,.x"" + -+ ax + ax + a, where each a, € F, and let
h(x)=bx"+---+bx+b,, where each b EF. Then ybx"+
yb,x" '+ -+ yby=a,x"" + -+ ax +a,. So x""" = Qy(x) where

n+r—1

QX)=3 a;l{by - a)X' - ¥ a;.bX.

=0 j=n+1

n+r+k

Assume x Oi(x) where Q, is a polynomial of degree =
n+r—1over F[y]; let Q. = go(y)x"*"'+ P, where g, € F[X] and P, is
a polynomial in F[y][X] of degree =n+r—2. Then

xn+r+k+l — g()(y)xn+r + ka (x)
= go(y) Qu(x) + x P (x) = Qrsi(x)

where Q. (X) = go(y) Qu(X)+ XP,(X), a polynomial over F[y] of
degree =n+r—1. Therefore

F(x]C F[y]+ F[ylx+---+ Fly]x"""

By 1 of Theorem 1, applied to F(y) with its induced nondiscrete topology
which is given by the induced norm, F[y] is bounded in norm, and hence
F[x] is also. Thus F[x] is a bounded subset of F(x). Consequently,
h(x)y is a topological nilpotent; but h(x)y = g(x), so g(x) is a topologi-
cal nilpotent. Then by Theorem 1, J is the supremum of p,-adic
topologies for some finite sequence of primes in F[x].
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Case 2. degh =degg.

Choose N such that

|Gi)

is a topological nilpotent. Since degg =degh, deg(Xg")>
deg h™. By Case 1, J =sup=i=« 7, for some sequence p,,---,p; of
primes in F[x].

Then x (ﬁ-%))y

<m.

Case 3. degg <degh and there exists a, € F such that X —a, ¥
g. Since the substitution mapping f — f(x — a,) is an automorphism of
F(x], et g(x)= gi(x — ay), h(x)=h,(x —a,) where g,
h,€ F[X]. Then degg,<degh,andas X —a,t g X ¥ g.. Letg =
cxX"+---+Cy, h=b,X""+---+b,. Then C,#0 as X £ g,.
Hence

g(x)_ CG(x—a)'+---+ G

h(x) b, (x—a)"" +---+b,

(x—ay)"" C.(x —ay) " +---+ Cy(x —ay) ™"
(x _ ao)n+r bn+r 4+ e 4 bo(x — ao)"(n+')

- 80“)5 - 002_]!
ho((x — a0)™")

where g,= C,X""" + -+ + C,X", a polynomial of degree n +r as C, # 0,
and ho=b,X""" +---+b,.,, a polynomial of degree =n+r. Let z =
(x —a,)". Then F(z)=F(x) and g¢z)/ho(x) is a topological
nilpotent. By Cases 1 and 2, J =sup;=i=x 7, for some sequence of
primes in F[(x — a,)™'].

Case 4. degg <degh and for alla €F, X —alg.

In this case F is a finite field; let p be the characteristic of F and let g
be its order.

By the corollary to Theorem 1 applied to the prime polynomial Y of
F[Y], the topology induced on F(y) is the y-adic topology. Moreover,
[F(x): F(y)] = deg h.

Let K be a maximal subfield of F(x) such that K contains F(y) and
the topology induced on K by 7 is the supremum of finitely many
valuation topologies, each of which is discrete on F. Let K,=
{z € F(x): z is separable over K}. Then by Theorem 5 of ([5]), the
topology induced on K, is the supremum of finitely many valuation
topologies. Hence K = K|, that is F(x) is a purely inseparable exten-
sion of K. Let n be such that x?" € K.
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Let v, -, v, be valuations on K such that J|x =sup<,=7,.
Since every valuation on K admits an extension to F(x) ({1}, p. 105,
Proposition 5), we may assume each v, = v, |x for some s, € 2.

By Theorem 4 of ([S]) there exist ring topologies 7, -, J, on
F(x)= K[x] such that 7. |x = J,, and T = sup,<,s, 7. Furthermore, as
T is a locally bounded topology, by the proof of Theorem 4 of ([5]), each
T, is locally bounded. Therefore it suffices to show thatforl=si=r, 7,
is the supremum of finitely many valuation topologies, each of which is
discrete on F.

Let 1=i=r Suppose that v, = v,|, where s is a prime polynomial
of F[X]. Asg(x)/h(x)is a topological nilpotent for the given topology
it is also a topological nilpotent for the weaker topology induced on K by
v, and hence v;(g(x)/h(x))>0. Furthermore by our assumption on v,
v,(x)=0. Let m besuchthat p"m >degh. Then v,(x*?™ g(x)/h(x))>
0, so x*™ g(x)/h(x) is a nonzero topological nilpotent for 7,, and hence
for 7. Furthermore, deg X?™g >degh. As F is a finite field, F is a
bounded set for J; and therefore by Case 1, J, is the supremum of
finitely many valuation topologies on F(x), each of which is discrete on F.

So we may assume that v, = v.|,. Let ¢ be the highest power of X
occuring in the factorization of the polynomial g. Choose m such that
mp" >t Let g, h, be relatively prime polynomials such that g,/h,=
g/h 1/X?™. Since v.(g(x)/h(x))>0 and v.(1/X"™)>0, go(x)/ho(x) is a
nonzero topological nilpotent for 7, and hence for J,. Moreover,
X t go. Therefore by Case 3, 7, is the supremum of finitely many
valuation topologies, each of which is discrete on F. This completes the
proof of the theorem.

CoroLLARY. Let F be a field, x a transcendental element over
F. Let J be a Hausdorff locally bounded ring topology on F(x) for which
the subfield F is bounded and for which there is a nonzero topological
nilpotent. Assume further that the completion of F(x) for T is a
field. Then T is either the p-adic topology for some prime p in F[x] or I
is I ..

Proof. By Theorem 2, there exists a nonempty finite subset S of #’
such that 7 = sup,es 7,. As the completion of F(x) for J is a field, the
cardinality of S is 1 by the Approximation Theorem ([1], p. 136,
Theorem 2).
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