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ON BOUNDED AND SUBCONTINUOUS
MULTIFUNCTIONS

A. LECHICKI

In this paper we extend Kocela’s conditions of boundedness
of real valued functions to the case of multifunctions. Moreover
the concept of subcontinuity (introduced by R. E. Smithson) is
considered with application to the following generalization of a
result of Ka-Sing Lau:

Let F: X — Y be a point closed and convex multifunction
taking values in a locally convex space Y and suppose F is
subcontinuous. Then it is f-continuous if and only if for every
functional y' € Y’ the function x — sup{y'(y): y € F(x)} is con-
tinuous.

1. Let X, Y denote topological spaces. HA(Y) is the family of all
nonempty subsets of Y; 2¥ and €(Y) are the families of closed and
compact sets in A(Y'), respectively.

A multifunction F: X — (YY) is called f-upper semicontinuous at
xoE€ X (f-usc at x,) if for each open set G, containing F(x,) the set
{x EX:F(x)CG}isopen. F isf-lower semicontinuous at x,E X(f-Isc
at x,) if for every open G such that F(x,) N G # D theset {x € X: F(x)N
G #} is open. F is f-continuous at x,€ X if it is f-usc and f-Isc at
x, € X.

Now let (Y,%) be an uniform space. For VEY and A CY we
denote V[A]={y €EY:(z,y)E Vforsomez € A}. Let U(x,)denotea
base of neighbourhoods of x,€ X. We say that a multifunction
F: X—>A(Y) is u-continuous at x,€ X if for every V€U there is
U (x,) € AU (x,) such that x € U(x,) implies

F(x,) CV[F(x)] and F(x)CV][F(x,)].

The grill of % (x,), denoted by U"(x,), consists of all sets U"(x,)
contained in X such that U"(x))NU(x,)# B for every U(x,)€E
U (x,). We say that a multifunction F: X — (Y is p-upper semicon -
tinuous at x, € X (p-usc at x,) if

p-limsup F(x)= N [ U F(x)]CF(xO),

U(x0)EU(x0) LxEU(x0)
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and that F is p-lower semicontinuous at x, € X (p-Isc at x,) if

F(x,) Cp-liminf F(x) = N [ U F(x)].

U"(x0)€EU"(x0) Lx€U"(x0)

A multifunction F: X — & (Y) is called p-continuous at x,€ X if it is
p-lsc and p-usc at x,. F is p-usc (i.e. p-usc at each x € X) iff it has a
closed graph G(F)={(x,y)EX XY:y €F(x)} (Choquet [1]). For
more information about these notions of continuity see for example [6].

2. Let Y denote a real Hausdorff topological vector space and
RB(Y) [H(Y)] the collection of nonempty bounded [nonempty closed and
convex] subsets of Y. A multifunction F: X — 4 (Y) is called bounded
if the set F(X)= U,cxF(x)CY is bounded.

A topological space X is called o-absolutely closed [5] if for each
open countable cover {G,} there is a finite subset {G,, -, G} of {G,}
such that

k
J G.

1

X =

The following three propositions generalize the results of E. Kocela
[5] established for real valued functions.

2.1. If X is o-absolutely closed then every f-continuous mulfifunc -
tion F: X — B(Y) is bounded.

Proof. Let V be a neighbourhood of 0 in Y and W a neighbour-
hood of 0 such that W CV. Define G,={x €X:F(x)CnW},
n € N. By assumption X = UL, G, for some k € N. Hence by f-
lower semicontinuity of F we have

X=G, ={x€EX:F(x)CkW}C{x € X : F(x)CkW}
C{x € X: F(x)CkV}, ie., F(X)CkV.

A pair of families of sets {A,}, {B,\}, A=A <, (A, is a fixed real
number) is said to satisfy condition (*) if

(1) for every A = A, the set A, is closed while the set B, is open,

(2) for every pair A; <A, holds A,,D B,,D A,,DB,,

(3) A\ #JT#B,. »

A topological space X is called *-compact if for every pair of
families satisfying condition (*) N A, = N B, # J holds [5].
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2.2. If X is *-compact and Y is a locally convex space then every
f-continuous multifunction F: X — B(Y) is bounded.

Proof. Let (p)er be a family of seminorms determining the
topology of the space Y. Suppose that there exists a nonbounded
f-continuous multifunction F: X — B(Y). Then there is t €T such
that the set F(X) is unbounded in the space (Y,p,). Forevery A = A,>
0 we define

A, ={xEX:F(x)N(Y -AV)#£ T},
B,={xEX:F(x)N(Y-AV)#}

where V={y €Y:p(y)<1}. Then the pair of families {A,}, {B.\}
satisfies the condition (*), but NA,= NB, = holds, because
F(x)E®B(Y) for x € X.

23. Let (Y,7) be a locally convex space, (X,p) a metrizable
compact space and p; a topology on X stronger than p. If (X, p,) is
*-compact then every (p)u-continuous multifunction F: X - % (Y)N
RB(Y) is (p)u-continuous.

Proof. Suppose that F: X > X (Y)N B(Y)is (p;)u-continuous but
it is not (p)u-continuous at x,E X. The multifunction F may be
considered as a (p,)continuous function taking values in the locally
convex topological vector space (R(Y),r(7)) from
Minkowski-Radstrom-Hormander theorem (see e.g. [2; Th.2.1]). Let
(p:).er be a family of seminorms determining the topology r(r) of
R(Y). Then there is a seminorm p, such that the function p,°F: X - R
is (p;)continuous but it is not (p )continuous at x,. Thus applying [5; Th.
6] we obtain that (X, p,) is not *-compact.

Now let Y be an arbitrary topological space. Following Smithson
[8] a multifunction F: X — A (Y) is said to be subcontinuous if and only
if whenever (x,).er is a convergent net in X and (y,).cr iS a net in
F(X)= U,exF(x) with y, € F(x,) then (y,).er has a convergent subnet.

THEOREM 2.4. (Smithson (8]). Let F: X — &4 (Y) be a subcontinu -
ous multifunction which has a closed graph (i.e. F is p-usc). Then F is
f-usc and F: X - €(Y)N2".

In the case Y is regular every f-usc multifunction F: X — 2 is
p-usc ([6], [8]). Moreover
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THEOREM 2.5. Every f-usc multifunction F: X — €(Y) is subcon-
tinuous.

Proof. Let (x,).er be a net in X which is convergent to x,, and let
(y:)ier be a net with y, € F(x,) for each t € T. Next let ¥ be the filter
associated with (y,).er and %, be an ultrafilter ¥,0%. Then %,
converges to some point of F(x,). To see this, suppose that each
y € F(x,) is contained in an open set V(y)& %,. By compactness of
F(x,) there are points y,,---,y, €F(x,) such that F(x,)C
Ur., V(y:). Then, since F is f-usc, there is a neighbourhood U of x,
with property F(U)CU, V(y,). There is t,€ T such that {y,:t=
t}CUL, V(y,). Thus UL, V(y)E %, Since %, is an ultrafilter, it
has to contain at least one V(y;), 1 =i =n, but this is impossible.

From Theorem 2.4, the remark following it and [6; 1.2 and 1.18] (see
also [7; Th. 3.4]) we get immediately

COROLLARY 2.6. Let Y be a Hausdorff uniform space. If a mul-
tifunction F: X —2Y is subcontinuous then the following statements are
equivalent :

(a) F is p-continuous.

(b) F is u-continuous.

(c) F is f-continuous.

REMARK. Theorem 2.4 improves a result of G. Choquet [1] ob-
tained in the case of compact Y. (See also [9; Prop. 8] and [6; Prop.
1.7].)

Henceforth Y denotes a real Hausdorff locally convex vector space
under topology 7, Y’ its topological dual space. If A CY then the
support function of A is defined by

y—=oe(y,A)=sup{y'(y):y €A}

The following two propositions are easy to prove.

2.7. For every multifunction F: X — o (Y) the following statements
are equivalent :

(a) For every y'€EY' and r ER the set {x € X: F(x)NH# J},
where H={y € Y: y'(y)>r}, is open.

(b) For every y'€ Y' the function x — ¢ (y', F(x)) is lower semicon -
tinuous.

2.8. Let F: X > A(Y) and consider the following statements:
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(a) For every y'EY' and r €ER the set {x € X: F(x) CH}, where
H={y€Y:y'(y)>r}, is open.

(b) For every y' € Y' the function x — ¢ (y', F(x)) is upper semicon -
tinuous.

We have

(i) (a) = (b).
(i) If F(x) is weakly compact for every x € X, then (b) > (a).

It is easy to show that in general the condition (b) does not imply the
following one:

(c) Fis f-semicontinuous in the topology o (Y, Y’). The implication
(b) > (c) holds under additional assumptions on a multifunction
F. More exactly

THEOREM 2.9. (Valadier [10, 11] and Godet-Thobie [3].) Let [F
be a locally bounded multifunction [3] and]) for each x € X F(x) be a
convex and weakly compact [bounded] subset of Y. Then F is f-usc
[f-Isc], in the topology o(Y,Y'), iff for every y'€Y' the function
x — ¢(y’, F(x)) is upper semicontinuous [lower semicontinuous].

An immediate consequence of the above theorem is the following
result, due to Ka-Sing Lau:

THEOREM 2.10. (Ka-Sing Lau [4].) Suppose K is a compact subset
of Y. Then a multifunction F: X — ¥ (K) is f-Isc if and only if the set
{x € X: F(x)N H# &} is open for any half space H ={y € Y: y'(y)>r},
where y'EY', r €R.

By using subcontinuity we can get a generalization of this.

THEOREM 2.11. Let F: X — % (Y) be a subcontinuous and locally
bounded multifunction. Then it is f-Isc if and only if for every y' € Y' the
function x = ¢ (y', F(x)) is lower semicontinuous.

Proof. The necessity is clear. Suppose now that F is not f-Isc at
the point x, € X. Let U (x,) = (U,).er be a base of neighbourhoods of x,
and partial order % (x,) by inclusion downward. Then there is a point
¥o € F(x,) and a 7-open set G 3 y, such that, for each ¢t € T, the equality
F(x,)N G = holds for some x, € U. Without loss of generality we
can consider that the net (x,) converges to x,. Let ¥(y,) be a base of
neighbourhoods of y, for the topology o (Y, Y') and partial order ¥ (y,)
by inclusion downward. Then give T X ¥'(y,) the product partial
order. By Theorem 2.9 the mapping F is f-Isc with respect to the
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topology o (Y, Y’). Itfollows that for each (t, V) E T X ¥ (y,) there is an
s =s(t,V)ET such that s =t and F(x,) N V# . Choose such x, for
every element (¢, V). Then the net (x,) is a subnet of (x,) and converges
to x,. Let y,EF(x,)NV#J. The net (y,) has a subnet (y,) o-
convergent to y,. Now since F is subcontinuous, some subnet (y,-) of
(y+) T-converges to some y,;E€ Y, and consequently, o-converges to
y;. Thus y,=y, Since y,EF(x-,)CY—-G we have y,=
y;EY -G =Y — G, but this is impossible because y, € G.

212. If F: X—>X(Y) and for every y'€Y' the function
x.— ¢ (y',F(x)) is upper semicontinuous then a graph G(F) of F is a
closed subset of X X (Y, o (Y, Y')) (i.e. Fis p-usc in the topology o (Y, Y')).

Proof. Let (xo,y0) & G(F), i.e. yo & F(x,). Then by the separation
theorem there is y'€ Y’ such that ¢(y’, F(xo)) <A <y'(y,) for some
A. As the mapping x — ¢ (y', F(x)) is upper semicontinuous there is a
neighbourhood U(x,) of x, such that ¢(y',F(x))<A provided
x €EU(xy). Then U(xe))XV(y))CX XY —~G(F), where V(y)=
{yeY:y'(y)>r}ea(Y,Y).

THEOREM 2.13. Let F: X - #(Y) be a subcontinuous multifunc -
tion. Then it is f-usc if and only if for every y'€Y' the function
x —> ¢ (y', F(x)) is upper semicontinuous.

COROLLARY 2.14. Let X be a locally compact space and
F: X —> #(Y) a subcontinuous multifunction. Then it is f-continuous if
and only if for every y' € Y’ the function x — ¢ (y', F(x)) is continuous.
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