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SYMMETRIC PLANES

RAINER LOWEN

Symmetric planes are defined as stable planes carrying
an additional structure of a symmetric space whose sym-
metries are automorphisms of the plane. An example of a
stable plane is the geometry induced by a topological pro-
jective plane on any of its open subsets. We consider
several examples of this type which are, in fact, symmetric
planes.

Working with the Lie triple system, we construct a
linear local approximation to both the geometric and the
differential geometric structure of a symmetric plane M.
We show that under some reasonably mild restrictions, this
so-called tangent translation plane determines the global
structure of M as a symmetric plane. Later, this result
will be used in order to determine all symmetric planes in
low dimensions. The two-dimensional case of this classifica-
tion is given in the present paper. Symmetric planes often
turn up inside stable planes of sufficient homogeneity, and
their classification may then be applied. °

Among all stable planes with a point set homeomorphic to the
real affine plane, K. Strambach [24] has determined those which
admit a reflection at each point. The purpose of this paper, together
with two subsequent ones [17, 18], is to extend Strambach’s result
to 2-dimensional locally compact planes with an arbitrary point set
and, moreover, to arbitrary 4-dimensional locally compact stable
planes. (The definition of a stable plane is given below; examples
are provided by all open subsets of compact projective planes.)

The present paper deals with the case where the reflections of
a plane generate a transitive group of collineations containing
exactly one reflection in each point. Such planes turn out to be
what we call symmetric plane; that is, the reflections are the sym-
metries of some differentiable symmetric space structure on the
point set (Theorem A). The proof depends on the fact that the
collineation group of a locally compact stable plane is locally compact
in the compact-open topology [15]. Motivated by this result we
proceed to a systematic treatment of symmetric planes.

The main result (Theorem B) states that it is possible to con-
struct a “linear approximation” to the local structure of a symmetric
plane, called the tangent translation plane. It consists of a topologi-
cal translation plane, defined on some tangent space of the symmetric
space of points and compatible with the Lie triple structure present
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on that tangent space. The triple multiplication is considered as
part of the structure of the tangent translation plane. Theorem C
says that under some rather mild restrictions, the structure of a
symmetric plane is completely determined globally by its tangent
translation plane.

It would be of some interest to have a converse to Theorem B:

Problem. Does every structure composed of a topological trans-
lation plane and a Lie triple system which have the properties
asserted in Theorem B arise as the tangent translation plane of
some symmetric plane?

While the results A and B are rather direct consequences of
known theorems on symmetric spaces, they provide the principal
tool for our subsequent work. Specifically, Theorem B makes it
possible to apply results on topological translation planes in the
study of symmetric planes. Owing to their linear structure, trans-
lation planes are much better understood than any other class of
topological affine planes. (Indeed, the most homogeneous ones have
been classified in sequences of papers by D. Betten and H. Hahl; see
[3, 9], and references given there. This fact will, however, not be
used here.) Therefore, Theorems B and C together provide enough
information to serve as a basis for our classification of 4-dimen-
sional symmetric planes [17]. As an illustration of the techniques
employed there, we give the classification of the 2-dimensional
symmetric planes in the present paper. Theorem A is the germ of
the less directly accessible result of the third paper [18], namely:
any 4-dimensional locally compact stable plane which possesses
reflections at each point contains a symmetric plane, and the com-
plement is a point or a line, or empty. The proof uses the classi-
fication of symmetric planes and, this time, the classification of
translation planes.  Finally, all planes with a reflection at each point
will be determined in [18].

In §1, we give the definition of a symmetric plane, and some
easy consequences of that definition. Section 2 opens with the proof
of Theorem A and continues with a list of examples of 2- and 4-
dimensional symmetric planes. The list contains all non-desarguesian
affine translation planes and 14 open subplanes, defined by quadratic
forms, of the real and complex projective planes; it is actually com-
plete, as will be shown in Theorem F of §5 for the 2-dimensional
case, and in [17]. In the next section, §3, we give a brief account
of all notions and results pertaining to symmetric spaces that we
need in the sequel. Section 4 contains the main Theorems B and C,
and a characterization of affine translation planes among all symmetric



SYMMETRIC PLANES 369

planes (Theorem D). Theorem E in the same section asserts that
the global uniqueness theorem (Theorem C) applies to most of the
examples given in §2.

Notation. For a group Y acting on a space X, the isotropy
group of pe X will be denoted ¥,. The centralizer of a subgroup
I' in ¥ will be written Cs(I"), and the symbol @ x ¥ will designate
a semidirect product of groups, @ being the normal factor. 4' will
stand for the identity component of a topological group 4.

1. Definitions and preliminaries.

DEFINITION 1.1. A symmetric space is a finite dimensional
differentiable manifold M with a differentiable multiplication M x
M — M: (x, y) — « - y, such that « - ¥y may be interpreted as the image
2’ of ¢ under an involutory diffeomorphism o, called the symmetry
around Yy, which has the properties (a) and (b):

(a) vy is an isolated fixed point of o,;

(b) o, is an automorphism of the entire structure; that is, it

maps z-w to 2% - w.
The automorphism groups generated by all symmetries respectively,
by all products 0,0, of two symmetries are called the groups of
motions, or displacements, of the space and denoted X respectively,
Y*. Obviously, X+ is normal in 3, and |3/2+| < 2.

The axiom stating that the symmetries are automorphisms may
also be expressed as follows: For xeM and acX one has 6% = 0,q,
where o2 denotes the conjugate a™'o.a.

Concerning symmetric spaces, we use the terminology of [14].
Results which we use without proof can mostly be found there.

DEFINITION 1.2. A stable plane (M, &) consists of a Hausdorff
space M together with a system & of subsets of M, called lines,
and a topology on & such that the following properties (a), (b),
and (c) hold:

(a) any two distinct points (=elements of M) 2, v are on a
unique line x U ¥y depending continuously on (x, ¥);

(b) the pairs of distinct lines that do intersect form an open
subset & of ¥ X & (“axiom of stability”);

(¢) < is mapped continuously into M under intersection.

The pencil of all lines containing x € M is denoted &,. A con-
tinuous collineation (also termed automorphism or simply collinea-
tion) of a stable plane is a homeomorphism of the point set that
takes lines into lines. Collineations form a group I, which is usually
given the compact-open topology. An involutory collineation v is
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called a reflection at a point xe M if it fixes each line through x.
The point « is then called the centre of .

By the dimension of a stable plane we shall always mean the
topological dimension of its point set. Locally compact stable planes
of positive dimension have been studied in [15, 16]. The reader is
referred there for more information.

DEFINITION 1.3. Let M be a Hausdorff space and assume that
there is given a structure (x, ¥) —x-y of a symmetric space of
(finite) positive dimension and a structure (M, &) of a stable plane
on M. If the two structures are compatible, in the sense that all
symmetries g, are collineations of the plane (M, &), then M together
with these structures is called a symmetric plane.

PROPOSITION 1.4. The symmetry at a point x of a symmetric
plane 1s a reflection in the geometric semse (see 1.2).

This will follow from the following more general faect.

LeMMA 1.5. Let o be an imvolutory collineation of a locally
compact positive dimensional stable plane (M, ). If o has an
1solated fixed point x, then o is a reflection at =x.

Proof. If peM is not fixed under o, then L,:=pUp° is a
fixed line, which depends continuously on the nonfixed point p. As
» approaches x, the lines L, accumulate at some fixed line L through
z, by [15:1.5, 1.17].

(2) By [15:1.7, 1.12], the space <\{L} is aeyclic. A theorem
of P. A. Smith [23] therefore gives us a second fixed line K through
x.

(3) Assume that o operates nontrivially on <#,. We may then
take for K a fixed line which is a limit of nonfixed lines K, € &7,
K contains a nonfixed point ». Choose a sequence p, € K, converging
to p. Then for large » the intersections L, N L # x exist and
converge to x, contrary to the assumption that x be isolated.

PROPOSITION 1.6. Let p be a point of a symmetric plane M.
Then the isotropy group X, of » in the motion group X is equal to
the centralizer of o,.

Proof. In any symmetric space one has 3, < Cy(g,), because
motions are automorphisms. For the converse inclusion, one notes
that each image of p under a collineation centralizing o, is a centre
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of 0, and that a nontrivial collineation cannot have more than one
centre.

1.7. Remark on the topology of the motion group. The colline-
ation group I' of a connected symmetric plane M is point transitive,
since the same is true of the motion group ¥ < I', see [14: p. 91].
I'* is a second countable locally compact transformation group of M
with respect to the compact-open topology T [15: §2], hence is a Lie
group [20, 26]. On the other hand, X+ is also a Lie transformation
group of M in some topology T, [14: p. 88]. By [1], T, is finer than
the topology induced on X+ by T, and the inclusion 3+ — I is con-
tinuous with respect to the topologies T, T. Therefore, 3+ is a Lie
subgroup of I™ by [10: p. 84], and is in fact the smallest Lie sub-
group of I™ containing all products of two symmetries. If 3+
happens to be closed in I, then the topologies T and T, coincide on
2.

We shall always think of 3+ as carrying the topology T,. Oc-
casionally, we shall apply to 3+ theorems on collineation groups
which have been formulated in [15, 16] referring to the compact-
open topology. This is justified, since most of those theorems hold
equally well for any locally compact group acting continuously as a
group of collineations.

2. Examples. The only effective way of introducing a sym-
metric structure on a stable plane is to derive it from a transitive
group action. The procedure is described in the following theorem.
Let (M, <¥) be a locally compact stable plane of positive dimension,
and let 4 < I' be a closed subgroup of the collineation group, with
4/4* compact. Alternatively, let 4 < I be a Lie group acting
topologically on M. Then we have

2.1. THEOREM A. In addition to the above hypotheses, assume
that the group 4 is transitive on the stable plane M and that some
1sotropy group 4, contains in its centre a reflection o, at the point
0.

Then (M,.~”) may be given the structure of a symmetric plane
wn such a way that the symmetry at a point y is equal to the uni-
que reflection p,ed at y conjugate to 0,.

REMARK. (a) Note that the motion group of M may be a proper
(normal) subgroup of 4.

(b) If 4 contains only one reflection at o then the hypothesis
0, € C(4,) is evidently satisfied. This situation will occur frequently.
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Proof. The full collineation group I" is locally compact and has
a countable basis for its topology [15: §2]. Furthermore M is
locally contractible [15: 1.12]. Therefore, any transitive closed sub-
group 4 < I', with 4/4' compact, is a Lie group by [26]. It is only
the latter property of 4 which we use in the sequel.

Our hypothesis and the uniqueness of the centre for any non-
trivial central collineation now imply that 4, = C,(p,). By [14: p.
73], the coset space 4/4, becomes a symmetric space with the quotient
differentiable structure if one defines the symmetric structure by

4,6 - 4,70 = 4,0,077'0,7 .

The homeomorphism
4[4, —— M: 4,6 — o°

takes this product into the muyltiplication defined by z-y: = a°v. []

Affine translation planes will be the first example of symmetric
planes illustrating the situation described in Theorem A. Other, less
trivial examples will follow. There is no hope, however, of obtaining
any new information on translation planes by introducing this addi-
tional structure. In fact, in translation planes, there is no interplay
at all between the geometric and symmetric structures. As sym-
metric spaces, all translation planes of a given dimension are iso-
morphic. Yet there are a vast number of nonisomorphic translation
planes, see [3, 9, 13].

Instead of a definition of ¢ranslation planes we give here the
following description, which covers all locally compaect connected
affine translation planes (cf. [22: 7.23; 11: VII. 3]): They may be
obtained as stable planes defined on the point set of real affine space
E* of dimension 2", where 1 < % < 4, with a translation invariant
system of 2" '-dimensional affine subspaces as the set <@ of lines.
Of course, .%¥ may be recovered from the pencil <, of lines through
a point o, the origin, say. The condition for any set & of 2" -
dimensional subspaces through o to be the pencil for a (unique)
topological translation plane is that (a) any point other than o be
on a unique element of <&, and that (b) &%, be compact in the
topology induced by the Grassmann manifold of 2" '-dimensional
vector subspaces of R*; cf. [5].

PROPOSITION 2.2. FHach locally compact connected affine trans-
lation plane is in a natural way a symmetric plane, and the motion
group coincides with the group R* of all translations of E*".

Proof. We identify E?*" with the real vector space R by
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choosing an origin o. The system & is always invariant under
multiplication by real scalars, and so is the union of its translates
<% The map o,: = (x — —x) is a reflection, and the group

4={x— *+x + y;yeR"}

has all the properties used in Theorem A. Since 0,0, = (x — = + 2y),
the motion group X+ consists of all translations.

REMARK. The dilation groups of an affine translation plane are
isomorphic to the multiplicative group of its kernel, which is one
of the three classical (skew) fields; cf. [11: 7.8]. Therefore, the
reflection at any point is uniquely determined, and so is the strue-
ture of symmetric plane generated by the reflections.

DeriNITION 2.3. Let K be one of the three classical (skew)
fields R, C, and H, and let a: K — K be the identity or conjugation
(in K = Cor H). Further let f be any hermitian sesquilinear form
on K*® with respect to a. We allow f to be degenerate. If f is
positive definite on some one-dimensional subspace of K?, we define M,
to be the open subplane of P,K whose points are all one-dimensional
subspaces with this property. In the case K = C, a = id, where
this definition does not apply, let M, be the set of nonisotropic one-
dimensional subspaces. The lines of an open subplane N & P,K are,
by definition, the intersections N N L with the lines L of P,K. The
plane M, will be called the plane defined by the hermitian form f.

ProroSITION 2.4. The plane M; defined by a hermitian form
fover K=R, C or H 1s a connected symmetric plane.

In fact, the projective unitary growp PU (f) satisfies all require-
ments of Theorem A. The motion group X+ is a connected normal
Y-

Lie subgroup of PSU(f). In particular, if f is nondegenerate, X
18 the the simple connected component PSU (f).

Proof. Transitivity of the unitary group follows from a theorem
of Witt. To apply Theorem A, one uses existence and uniqueness
of unitary reflections at each point of M;. The details are left to
the reader. ]

We wish to describe in some detail the various possible examples
of this type for the complex and real cases. We shall need this
material later in our proof that the given list of examples is com-
plete [17]. We start with planes defined by complex nondegenerate
forms, where the motion group is known from the preceding
proposition.
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For a, b, ¢c € C, we define on C? a hermitian form, and a symmetric
one, as follows.

Ja,o(Ry 25y 25)0 = Q2,2 + b2yZy + €257,
Gas,o(R1y 2oy 25): = @21 + b2 + €2}

2.5. If f= f,.., then M, consists of the entire point set of P,C
and is called the complex elliptic plane. The motion group 3+ =
PSU, (C, 0) = ¥ is compact and 8-dimensional.

26. If f=/_.., then M_; is the open unit ball in the affine
plane z, = 1 (the complex hyperbolic plane, cf. [15: §T; 4]), and M,
is the exterior of M_; in P,C. Their common motion group X+ =
PSU,(C, 1) = 3 is 8-dimensional and noncompact. Sometimes we
employ the term “hyperbolic plane” for M; as well, and use the
specifications interior and exterior to distinguish between M_; and
Mf.

27. If g =9, then 3+ = PSO,C = ¥ is isomorphic to PSL,C.
To describe the geometric features of M,, we remark that the com-
plement P,C\M, is a topological oval, cf. [6]. M, will be called the
complex oval plane.

We continue with the degenerate forms, where it takes a few
computations to determine the motion groups. The following pre-
paratory definition will be useful:

DEFINITION 2.8. Assume that a hermitian form f on K*® is
expressed as f(z,, %, 2;) = f'(2, 2,), where f' is a nondegenerate form
in two variables. Then define

4
o — {(o U1>; AeSU(f), UeK®

Clearly, @f < SU (f). Further, let the subgroups ¥; = SU (') and
T = K* of & be defined by U =0 and A = 1, respectively. Note
that T is normal.

2.9. Let f= fi..,. Then there is exactly one isotropic one-
dimensional subspace « = (0, 0, 1>. The complement is the punctured
complex projective plane M; = P,C\{~}. We claim that 3+ = P®;
and 3 = P®;, where @, = &} x {(a), and

1
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T is the radical of @}, and ¥, = Spin,, a Levi complement, acts
irreducibly on T.

Proof. Note first that the action of ¥, on T is contragredient
to the standard representation of SU,, hence is irreducible. P&, is
easily seen to be transitive on M;. Indeed, T consists of all elations
with centre co, and the action of ¥, on the z-axis (z, = 0) is the
transitive action of PSU,C on the projective line P,C. Therefore,
we have ¥ = P4 £ P®,;, where 4 < @, is the Lie subgroup generated
by the reflection

o = 7: €®f
1
at the point <1, —1, 0> together with its conjugates in @;; cf. 2.4
and 1.7.

In fact, we can see that 4 = @;, since the conjugates of ¢ under
¥ . generate the group 2: = ¥, X {(a), by simplicity of ¥,. Indeed,
normality of 4 and irreducibility of the action of ¥, < 2 <4 on T
together imply that the Lie algebra of 4 contains that of T.

2.10. Let f= f,_,,. Then the two stable planes
Mf = {(1y Qo za)i [zz[ < 1}

and M_; are isomorphic. M, is called the complex cylinder plane;
this geometry has been discussed in [15: 7.3]. The motion groups
are given by ¥ = P®; and 3+ = P®}, where @, = &} x (o), and

—1

Here again, T is the radical, and ¥, = SL, R, a Levi complement,
acts on T with two irreducible invariant subspaces T,, T,. These
consist of the elements given by U= (u, %) and U = (u, —),
respectively.

The proof is similar to the preceding one. Note that o is the
reflection at the origin (1,0, 0>, and that ¥, is transitive on the
x-axis {{1, z,, 0; |2,| < 1} of M,; in fact, there, ¥, induces the real
hyperbolic motion group PO; (R, 1).

2.11. Let g = g,,,. For technical reasons, we prefer instead
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of g to use the equivalent form #h(z, 2, 2;) = 2,2, Then M, =
PC\L,\Y, where L. is the line at infinity (2, =0), and Y is the
y-axis (2, =0). M, is called the complex Minkowski plane. The
motion groups are It = P®} and X = P®,, where @, = &} x (o),
and

-1

The subgroup ¥, induces on the commutator subgroup T of X+ the
group

{<c_l C); cer} — SU®)

of complex linear transformations.

Sketch of proof. P®, is transitive on M, and contains the
reflection o at the point (1, 1, 0>, which induces inversion on ¥,.
Using the latter fact, it is easy to see that the group generated by
the conjugates of ¢ contains ¥, and hence 9,.

2.12. If f= fio0 and g = g,,00, then M; = M, is the affine plane
2z, 0. We call M; the complex euclidean plane.

2.13. We conclude with a brief discussion of the case K = R,
the real field. Again let g,,. be the symmetric form given by
G5, (X1, Ty ®5) = aw? + bl + cx2. For g =g,,,, we get the elliptic
plane M, = P,R, with motion group PSO,. The form g =g9_,,,
yields the real hyperbolic plane M_,, and its exterior M,, both with
motion group X*+*=PO,R, 1)* (but with ¥=PO0,=23+ in the latter case).
For g =¢,,, we obtain the real punctured projective plane M, =
P,R\{<0, 0, 1>}. The motion group ¥ is dual to the group of isometries
of the euclidean affine plane. The plane M, for g =g, _,, is the
strip between two parallel affine lines; we call it the real cylinder
plane. Its motion group is isomorphic to the extension of R* by

the one-parameter group
t
{( ) ); 0< teR}
t 1

of automorphisms. Finally, M, for g = ¢,,, is the real euclidean
plane.

2.14. It should perhaps be added that among the Examples 2.5
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through 2.13, only six are Riemannian symmetric spaces, namely,
the real and complex euclidean, elliptic, and interior hyperbolic
planes. Clearly, non-desarguesian translation planes are Riemannian
as well. (Note that a symmetric space is Riemannian if and only
if the isotropy group XY, is compact [14: p. 148].)

3. Summary of facts concerning symmetric spaces. Let M be
a connected symmetric space. In all symmetric spaces a base point,
denoted o, is assumed to be preassigned. Morphisms are to pre-
serve base points.

3.1. The motion group ¥ is transitive on M [14: p. 91]. An
easy proof may be based on the inverse function theorem, observing
that p — o - p has a nonsingular tangent map at o [14: p. 76]. More-
over, Y is a Lie transformation group of M [14: p. 88].

3.2. The isotropy group X, is contained in the centralizer C (g,).
Equality holds in symmetric planes (1.6). In general, the orbit of o
under C(o,) consists of isolated fixed points of o,. Therefore, X,
and C(o,) have the same Lie algebra.

3.3. The symmetry o, induces on the Lie algebra & of Y the
automorphism Ado, = T.6 of order two, where ¢ denotes the inner
automorphism of ¥ induced by o,, and T.9 denotes the tangent map
at 1e¢3. Let &t and & be the eigenspaces corresponding to the
eigenvalues 1 and —1 of Ado,. The following relations are easily
observed.

<, 6,61, 6,5,

3.4. From 3.2, we infer that &* is the Lie algebra of %,, using
that 6 = logo T\#oexp on an exponential neighborhood in 3. Con-
sequently, dim & = dim 3/Y, = dim M.

3.5. (a) By [14: p. 91], 3.3 may be sharpened as follows:

&, 7] =6,

This expresses in the Lie algebra the fact that 3 is generated by
the conjugacy class of o,. Actually, a proof may easily be given by
observing that &~ @[S, &7] is an Ad o,-invariant ideal in &. This
implies

(b) dim@’g—;—n(n+l)
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where n = dim &~ = dim M. Indeed, dim & < dim A*&™ = n(n — 1)/2
by (a); here, A® denotes the exterior power.
(¢) Again by (a), © is abelian if and only if & = &~

3.6. ©&* contains no ideal of &, since Y operates effectively on M.

DEFINITION 3.7. We call Lie algebra with imvolution any pair
(R, a) consisting of a Lie algebra R and an automorphism a of R,
of order two. (R, a) will be called a reflection algebra if R is
generated by R~ (property 3.5a), and an effective reflection algebra
if in addition R* contains no ideal of N (property 3.6). We say
that a reflection algebra (R, a) is of type (p, n), if dim R+ = p,
dim R~ = n.

3.8. If R, a)is a Lie algebra with involution, then R~ becomes
a Lie triple system if endowed with the trilinear multiplication
[x, ¥, z]: = [[=, ¥], 2]. (For the axioms, see [14: p. 78].) An effective
reflection algebra (R, a) is uniquely determined by its Lie triple
system. More precisely, if A is the vector space spanned by the
set of endomorphisms z — [z, ¥, 2] of R~, where z, y € R~, then R is
isomorphic to the algebra AP R~ with the obvious multiplication,
under an isomorphism fixing R~ and sending Rt onto U; this Lie
algebra is called the standard embedding of R~. The easy proof
uses the fact that the centralizer of R~ in R* is an ideal in R.

3.9. The triple system &~ of M may be identified as a vector
space with the tangent space T.M, in such a way that the tangent
map 7T,» of each morphism @ of symmetric spaces becomes a mor-
phism of triple systems. We shall always make this identification
and choose the notation & or T,M according to the aspect prevail-
ing in a particular situation.

3.10. There is an exponential fumnction Exp: T,M — M, which
is a local diffeomorphism around 0, and which commutes with mor-
phisms [14: Chapters I. 2 and II. 2]; that is,

(a) Expop = T,p-Exp .

With respect to the above identification of T.M and &, the
exponential function is related to the exponential function exp: & — %
of 3 by the formula

(b) Exp x = o™
which holds for all xe T\M = &~ [14: p. 95].
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With some loss of generality, but still general enough for most
of our purposes, the facts 3.9 and 3.10 can be easily deduced from
similar results about Lie groups: Consider the projection » = p,:
2 - M: 0d—o0° Identify & with T.M via the restriction of the
tangent map T\p: S = T'Y — T,M. A surjective morphism ¢: M — N
induces a morphism &: Y, — ¥, of motion groups in an obvious
way, and pyo® = Gopy. By differentiating this equation one gets
3.9, since T,p» is a morphism of reflection algebras. Using the
identification &~ = T,M, one defines the exponential map by the
relation 8.10b, and one infers 8.10a for surjective morphisms from
the fact that exp commutes with group morphisms.

3.11. The centre congruence C(M) may be described [14: p. 134]
as the equivalence relation

{(®, ¥); 0,0, C(2)}

on M. The centre C, (M) of M is the equivalence class of the base
point.

3.12. In connection with the centres, the Lie triple systems
play the same role for symmetric spaces as Lie algebras do for Lie
groups. Namely, assigning to M the triple system &~ sets up a
one-to-one correspondence between all simply connected symmetric
spaces and all Lie triple systems [14: p. 116]. Moreover, among the
symmetric spaces with a given Lie triple system &, there is a
unique simply connected one, IZ, and (provided the centre of & is
zero) a unique centre-free one, the quotient M/C(M). Furthermore,
for any other symmetric space N with the same triple system,
there are covering morphisms M — N — M/C(M). In addition, these
may be so chosen as to induce any preassigned isomorphism of the
triple systems. A proof of these facts may be pieced together from
[14: pp. 115, 185, 136, 177].

3.13. Each closed subset NC M with the property that
N-NC N is a symmetric subspace of M; that is, N is a differenti-
able submanifold which is a symmetric space with respect to the
induced multiplication [14: p. 125].

3.14. By 3.9, the tangent space T,N of a subspace NC M
containing the base point is a sub-Lie triple system of T.M. Con-
versely, given a subsystem R < T.M, there is a unique connected
subspace N < M with R = T,N. It may be obtained as the orbit
of o under the group 4 < ¥+ whose Lie algebra is the subalgebra
R < & generated by R [14: pp. 121, 122].
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4. The tangent translation plane of a symmetric plane. We
begin with a lemma on stable planes that will be essential in the
proof of Theorems B and C:

LEmMMA 4.1. Let (M, ) be a locally compact stable plane of
positive dimension, and U an open meighborhood of pe M. Then
the union V of the connected components of » in LNU, for all
L e &, 1s also an open meighborhood of p.

Proof. If V were not a neighborhood there would be a con-
vergent sequence p, — p, such that p, and p are in different com-
ponents of UN (p Up,). By compactness of &7, [15: 1.17], we may
assume that the lines L, = p U p, converge to a line L € .&#,. Choose
a point ¢ not on L, nor on any L,, and project {p,} into L from gq.
The image sequence {p,} would converge to ». Now L is locally
connected [15: 1.11]. Hence by stability, » has a connected neigh-
borhood W in L such that W can be projected from ¢ back into
each L, within U. Almost all the points p, would lie in W, a
contradiction.

Openness of V is proved in a similar way. Indeed, given ve V,
there is a path P< U N (p Uwv) joining » to ». Using a compact-
ness argument, one sees that from a point ¢¢ L = p U », both » and
some small neighborhood T of v in L may be projected inside U
into each line K e &7, sufficiently close to L. The images of P and
T are contained in V and cover a neighborhood of v in M.

PROPOSITION 4.2. Fach line of a symmetric plane is a symmetric
subspace of the point set.

Proof. A line L is easily seen to be closed. Since L is invariant
under the symmetry at each of its points (1.4), the assertion follows
from 3.13. L]

This fact allows to construct the tangent translation plane.
Before we do this, let us note the following consequence of 4.2,
which could also be viewed as a corollary to Theorem B and known
results on topological translation planes [22: 7.22].

COROLLARY 4.3. The point set of a symmetric plane has dimen-
sion 2", where 1 <n < 4. The pencil of all lines through a given
point 1s a sphere of dimension 2"'.

Proof. This has been proved for any stable plane whose lines
are manifolds of positive dimension in [15: §1].
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DEFINITION 4.4. For a symmetric plane (M, <) with base point
oeM, let T, be the set of tangent spaces T, < T,M, where L
ranges over <4,. Further denote by 7T,.& the union of all translates
of T, in T,M. Then the tangent plane T.(M, &) is defined to
be the geometric structure

(M, =) = (T.M, T.=)

together with the structure of Lie triple system present on T M.

NOTATION 4.5. For oeZ,, denote by T, the tangent map of
the action of 6 on M, and by Ado the action of ¢ on & given by
T.(v - 07vo). For xe&*, define ad x: & - &: y — [y, 2], and denote
by ad x|&~ the restriction to & (ef. 3.3).

4.6. THEOREM B. (a) The tangent plane T, (M, &%) of a sym-
metric plane (M, <) is a topological translation plane, henceforth
called the tangent translation plane.

(b) The line pencil T,<7, through the origin consists of Lie
triple subsystems of T,M.

(e) Foroel, the mappings Ad o and T,0 coincide on T .M =S,
In particular, Ad o leaves &~ imvariant.

(d) The linear transformations Adc|& = T,o of T.M (for
oel,) are automorphisms of the translation plane (T .M, T, ) and
of the Lie triple system.

(e) The identity component of the group T,Y, = AdZX,|S of
automorphisms depends only upon the triple system T,M. More
precisely, its Lie algebra is ad &+ |&™.

(£) The action of ¥, on & s faithful.

Proof. (1) If we are able to show that each nonzero z¢ T,M
lies on a unique tangent space T.L e T,.<%, then, from the fact that
dim T\M = 2dim T,L, it follows easily that T, M, &) is a (not
necessarily topological) translation plane, cf. [11: VII. 8]. Obviously
it suffices to prove the above assertion when z belongs to some
suitable neighborhood W, < T, M of 0.

(2) Let W< T,M be any convex open neighborhood of 0 on
which Exp: W— Exp W=U is a diffeomorphism (3.10). For Le¢ <&,
Exp induces on T,L the exponential function of the subspace L, see
3.10a. Therefore the convex set WnN T,L, which is open in T,L
and closed in W, is mapped under Exp onto a connected, closed and
open subset U, of LNU. Then the union V= U{U,;; Le &} isan
open neighborhood of o by 4.1, and W, = Exp™* (V) = U{Wn T.L;
L e .&4} has the properties wanted in (1).
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(8) In order to show that the translation plane T,(M, &) is
topological, we consider the map

p: TM\{0} — T, Frx — 2 U0 .

We endow T, with a Hausdorff topology by insisting that
a: 4 — T, L— T,L be a homeomorphism. We show that p is
continuous and open with respeect to this topology. It suffices to
check this assertion on an exponential neighborhood, where it is
equivalent to continuity and openness of p":M\{o} > Z:2x— 2 U o,
since Exp and a are homeomorphisms. Finally, to see that p' is
open, let V be a neighborhood of x € M\{o} such that o¢ V. Choose
a line Ke &£\ <,. By the stability axiom, (V' N K)*' is a neighbor-
hood of 2 U o.

Since p is continuous and open, p is a quotient map. This
implies that T,(M, &) is a topological translation plane [5: p. 34],
since T, < is Hausdorff by definition. Thus (a) is proved.

(4) Assertion (b) follows from 3.14.

(5) Foroel, the exponential map exp: & — 3 commutes with
the automorphism 6 =6, = (v > 07*vo) of 3; that is Adooexp =
expof. This formula, together with those from 3.10, is used in the
following computation, which proves (c) locally and hence globally:

Exp (z7°) = (Exp 2)° = 00 \texpale O()xp(zAd‘T) = Exp (¢ Y.

(6) Itisclear that T,0 leaves T, <, invariant, for 0 X,. The
rest of assertion (d) follows from 3.9.

(7) ad &* is the Lie algebra of AdJ3.. Therefore, AdJ3! is
generated by the elements exp ad x, where xr€&*. Since both ad x
and expadzx leave the decomposition & =&+ S~ invariant,
exp (ad &*|&~) generates Ad 3!|&~, whence (e). Note that &* and
ad &* are determined by the triple system (3.8).

(8) Let o€, Because o commutes with the exponential map
(3.10), T,0 = id implies that ¢ induces the identity on some open set,
hence that o = 1. O

The first step in the determination of all 4-dimensional symmetric
planes will be to determine the possible 4-dimensional triple systems
T,M (equivalently, the possible symmetric algebras (&, Adag,)),
making use of the additional structure present on T,M. Given T,M,
we shall then use the Ad 3, -invariance of T, <&, in order to determine
this set of sub-Lie triple systems. The final step will be to apply our
Theorem C, which we approach next. Roughly speaking, Theorem
C asserts that (M, <) is uniquely determined by its linearized
local structure T,(M, .<”). This is perhaps surprising if compared
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to the situation with symmetric spaces in general. It is in ac-
cordance, however, with other occurrences in geometry, ef. [7: §31].
The basic fact is that there are no proper covering morphisms of
stable planes:

DEFINITION 4.7. Let (M, .2¢") and (N, &) be stable planes. A
continuous map @: M — N will be called a weak homomorphism of
the planes, if for each connected component A of a line Ke.2;
the image A¢ is contained in some line I € & If each K* is entirely
contained in some line then we call @ a homomorphism.

PROPOSITION 4.8. Let @: (M, 22")— (N, &) be a weak homomor-
phism of locally compact stable planes of finite positive dimension,
which 18 a covering map of the point sets. Then each of the follow-
g conditions ensures that @ is an 1somorphism:

(a) Hach line Le & 1is connected and there exists a compact
De &

(b) @ is a homomorphism.

Before proving this result, we need the following lemma. Here,
a space is said to have the domain invariance property if for each
pair of homeomorphic subsets, either both of them, or neither of
them are open, and a Cantor manifold is a separable metric space
of dimension % which is separated by no closed subset of a dimension
E<n—1.

LEMMA 4.9. If a locally compact stable plane of finite positive
dimension possesses a compact line them each line has the domain
invariance property, and the compact lines are Cantor manifolds.

Proof. We shall show that each compact line is a homogeneous
topological space. Since the lines are locally contractible metric
[15: 1.12], they are ANR spaces [8]. Thus by a result of Lysko
[19], the asserted properties follow for compact lines. Domain
invariance carries over to all lines, since they may be projected
homeomorphically onto open subsets of a compact line [15: 1.15].
(The quoted result says that a compact line meets every other line.)

Now let I be a compact line, and «, ye L. By [15: 1.16], there
is a compact line K meeting L in a point w + «, y. Again, using
[15: 1.15], it is easy to project L onto K and back onto itself in
such a fashion that x goes to .

Proof of 4.8. (1) First assume condition (b). If there exist
x, # 2, €M with zf = 2§, choose points z, w, such that z¢zx, U,
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2¢ # xf, and w*¢ L, where L is the line containing the images of
K,=2,Uz For y,eK, near 2z, we have y{ =y, where v, =
(w Uy, N K, is the projection from w. This is impossible, since ¢
is injective near z. Thus @ must be a homeomorphism. By similar
arguments, @ is easily seen to be injective on each pencil .2, and,
hence, on .%%. This means that @ is a collineation in the sense of
[15], hence an isomorphism [15: p. 256].

(2) Next assume condition (a). We begin by showing that
every line L €.&” contains the image A¢ of some component of some
line Ke.%, and that moreover ¢ induces homeomorphisms between
the line pencils .2%; and &2¢. To do this, consider a neighborhood
U of x such that @|U is an open embedding, and construct from U
a neighborhood V as in 4.1. 9%, and &%+ are the quotient spaces
of the pierced neighborhoods V\{z} and V*\{z*}, with respect to
the continuous and open mappings p:y —y Ux and q:2— 2z U a*.
Now by the choice of V, @ commutes with p and ¢, and by the argu-
ment employed in (1), the factorization @":.5%, — <%¢ is injective;
the above assertions follow. Note that this implies that any two
lines Ke.2¢ and Le &~ are locally homeomorphic and thus extends
the applicability of domain invariance (4.9).

(8) If A is a component of Ke .77, then A?ec & Indeed, we
know that A* is contained in a line L € _¢7; it suffices to show that
the closure A¢ is contained in the interior of A¢ relative to L. For
x € A?, choose an open neighborhood U of x in N which has the
covering property, and for which W = UN L is connected. Let T
be a sheet of U such that TN A # @. Since ¢ maps T homeo-
morphically onto U, and by domain invariance, (TN 4)¢ is a closed
and open subset of W. Hence, W < A°.

Note that, moreover, A is mapped homeomorphically onto A¢.
Indeed, if xf = z; for different points x,€ A then for z sufficiently
close to 4, the points x, and z are in the same component of x, U z.
(Use a path in A joining x, to x, and project it into x, Uz.) This
enables us to obtain a contradiction by the argument of (1).

(4) Applying (3) to D, the given compact line, we obtain a
line Ke .2 and a component A of K such that A = D. Then A = K
because, embedding K into &#, for p¢ K via Up = (x — x U p), one
gets A'? C KY? C &7, and AY? = &, by domain invariance and by
connectedness of &%, [15: 1.14]. Thus we have proved that the set
% < 2% of compact lines is nonempty. It is further open by [15:
1.16].

](5) We are now ready to prove that ¢ is one-to-one, hence a
homeomorphism. It suffices to show that a point x; on a compact
(hence connected) line C, .9 satisfies #f*' = {x,}. Assume to the
contrary that «y = x{ for x, # x,. By (2) and (8), the line C{ is also
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the (homeomorphic) image of some line C,e 2¢;, necessarily different
from C,. By [15: 1.15], the lines C, and C, meet in a point 2z, and
2¢ + x¢. Again, a contradiction follows as in (1).

(6) Combining (2), (8) and (5), we see that we may identify M
and N and that & consists of the connected components of the
elements of .2#7 Assume finally that some K¢ .2 is disconnected.
Two points  and y in different components of K may then be
joined by some line L € &%, and there is a K’ €.%" such that L < K'.
Then necessarily K # K’, a contradiction.

REMARK 4.10. If in 4.8a we drop the requirement that all lines
of N be connected, then the same proof goes through to show that
® is one-to-one and that the set of all connected components of .27~
lines and the set of components of ~lines are the same. Thus the
Z-lines are obtained from the .9 -lines by reshuffling their connected
components. It is not, in general, possible to deduce more than
this. For an illustration, consider the following.

ExAMPLE. Let M = {(x, 9);y # 0 or x <0} < R®. In order to
obtain a new line system .2 for this plane, recombine the com-
ponents of the ordinary lines L e & as follows: Form a new line
by pairing, for each x =0, the upper part of each line through the
point (x, 0) with the lower part of its parallel through (2, 0). Then
p: =id: (M, 2¢") — (M, <) is a weak homomorphism, but not a
homomorphism.

4.11. THEOREM C. Let (M, 5¢) and (N, &) be conmected sym-
metric planes and let : T, (M, 277) — TN, &) be an isomorphism
(of the triple systems and the translation planes). Assume that (a),
(b) or (e) holds:

(a) M is simply connected and all lines of M are connected.

(b) N has trivial centre, and all lines of M are connected.

(e) N has trivial centre, has connected lines only and contains
at least one compact line.

Then (M, .2¢") and (N, &) are isomorphic symmetric planes.

Proof. By 38.12, there is a covering morphism of symmetric
spaces @: M — N such that T.p = . Theorem C follows from 4.8
together with the following lemma:

LemMMA 4.12. Let (M, 527) and (N, &) be connected symmetric
planes and @: M — N a morphism of the underlying symmetric
spaces. If T,p is an isomorphism of the tangent translation planes
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them @ is a weak homomorphism of stable planes.

Proof. By hypothesis, ¢ is a covering morphism of the spaces.

(1) For Ke . 9%;, let A be the connected component of o in K.
Then A is a symmetric subspace of M with tangent space T, K. By
our assumption, T, maps T,K to some T,Le T,%,, and @ maps A
to a symmetric subspace of N with the same tangent space as L.
By 3.14, A* < L.

(2) Let 0eX, be a motion of M. Then there is a motion o
of N such that op = @5. This is easily seen in the case of a
symmetry o = o,: then 0,9 = 90, where w = y*.

(83) Now let B be any component of any line Ge.2#. For an
arbitrary be B, choose a motion o3, with 0°=0b. Then B = A°,
where A is a component has in (1). Then by (2), B = 4% = A%’ is
contained in a line.

REMARK 4.13. By 4.10, the condition that the lines of N be
connected can be dropped in 4.1lc, the following weaker assertion
remaining valid: There exists a weak homomorphism @: M — N of
the stable planes which is an isomorphism of symmetric spaces and
induces a bijection of the sets of connected components of lines.

4.14. THEOREM D. For a connected symmetric plane (M, &),
the following are equivalent:

(@) (M, &) is an affine plane.

(b) (M, <) is an affine translation plane.

() T,M is an abelian triple system, that 1is, has trivial
multiplication.

(d) 2+ is abelian.

(e) 2, is discrete.

£) M is an abelian symmetric space; that is, the centre con-
gruence is trivial: C(M) = M x M.

Proof. By a result of R. Baer [21: p. 213], (b) follows from
(a). Alternatively, one could use 8.1 to obtain transitivity of the
group of translations.

Clearly, (b) implies (¢). For the converse implication, note that
for any symmetric plane, the plane T,T,(M, &) is isomorphic to
T,(M, <) as a translation plane, but has trivial triple structure.
Therefore, if (¢) holds,

T.T.M, &) = T, M, &),
which implies T,(M, &) = (M, .&¥) by 4.11a.
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Let (e') be the property & = &, which is clearly equivalent to
condition (e). We get equivalence of (¢), (d), and (e’) from the facts
that [&~, 7] = &* (8.5a) and that & is the standard embedding of

T.M 3.8. Finally, (d) and (f) equivalent by (3.11).

4.15. THEOREM E. Each of the symmetric planes described as
Examples 2.5 through 2.13, with the possible exception of the complex
Minkowski plane, s isomorphic to any other comnected symmetric
plane which has the same tangent translation plane (comprising the

triple structure).

REMARK. The same assertion does hold for the Minkowski plane,
as will be shown in [17], using condition (b) of Theorem C.

Proof. Each of the examples has connected lines. A symmetric
plane has trivial centre if its motion group X+ is centre-free, since
0, = o, implies that o, is a reflection at both x and ¥, hence that
2 = y. Thus the real and complex elliptic, exterior hyperbolic and
punctured projective planes satisfy the criterion (¢) of Theorem C.
All affine planes, as well as the real and complex interior hyperbolic
and cylinder planes, are simply connected and satisfy the first
criterion of Theorem C. The only remaining example, the complex
oval plane M, needs special treatment.

M is not simply connected, as will be seen in the course of our
argument, and is centre-free, because 3 = PSO, C = X+ contains the
reflections, hence has no centre. It has no compact line, since each
complex line meets the orthogonal quadric P,C\M. Thus M satisfies
none of our criteria.

To show that, nevertheless, M satisfies our assertion, we shall
prove that the universal covering M — M is two-sheeted, and that
M has the same motion group A4 =2, with a smaller isotropy
group 4, < JY,. Thus 4, must be different from the centralizer ¥,
of 0,, and M cannot be a symmetric plane by 1.6. Therefore, for
any symmetric plane M’ with the same tangent translation plane as
M, there is a bijective weak homomorphism @: M — M'. Now M
has connected lines, and @ is an isomorphism by 4.8b.

By computation one finds ¥, = 0,C = 2-{a), where 2 is the
multiplicative group of complex numbers and a is the automorphism
2 —z' of 2. The symmetric space N: = 3/Q is a two-sheeted con-
nected covering of M = (3/2)/(¥,/2). Our proof is complete as soon
as we show that N is simply connected (hence that N = I).

By exactness of the homotopy sequence of the fibration 3 — N,
it suffices to show that 7,2 — 7Y is surjective. To verify this, let
T <TI' be maximal compact subgroups of 2 and 3, respectively.
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Then I' = SO, R, and by the theorem of Malcev-Iwasawa [20: p. 189],
we only have to show that =, T -z I is surjective. This may be
read off from the homotopy sequence of the fibration associated with
the transitive action of I" on the 2-sphere.

5. Determination of all 2-dimensional symmetric planes.

5.1. Determination of all reflection algebras of type (p, 2).
Reflection algebras are defined in 3.7. For our present purposes it
would suffice to have a list of the effective ones. However in [17],
it will prove useful to know slightly more than that. Since a
reflection algebra satisfies the dimension estimate 3.5b, we must
have p =<1 for each reflection algebra (R, a) of type (p,2). We
find

(1) Ome abelian reflection algebra R, a) of type (p,2),
characterized by p = 0.

If p =1, then R is simple or solvable [12: p. 11 ff]. The sub-
space R* is orthogonal to R~ with respect to the Killing form of
R, see [14: p. 140]. Therefore, if R is simple, a is determined
by the one-dimensional subspace R* < R. Now let R = SQ, be the
Lie algebra of Y = SO,R. Then the adjoint representation of %
is the standard action on R® and is transitive on one-dimensional
subspaces of R. Hence there is at most one such algebra (8Q,, «a).
One the other hand, the algebra of the real elliptic plane (2.13) is
of this kind. So we have

(2) Omne reflection algebra (S, a) of type (1, 2).

If R = SR is the Lie algebra of SL,R, then the adjoint group
is the identity component of SO,(R, 1) = SO,(f), where f is the
Killing form of R, and has three orbits of one-dimensional subspaces.
Among these, the one-dimensional orbit, consisting of the self-
orthogonal subspaces, gives no reflection algebras, since R+ and
R~ have to be complementary. Thus, in view of the two examples
associated with the real hyperbolic planes (2.13), we have

(8) Two monisomorphic reflection algebras (S, a) of type
(1, 2). The subgroup ¥, < PSL,R corresponding to R* is compact
in one case and noncompact in the other.

It remains to consider the solvable reflection algebras of type
(1,2). Let & <R be the commutator subalgebra. Then by (3.5a),
& contains Rt+. Furthermore, we have 1 <dim& <2, and & is
abelian [12: p. 12]. If & is one-dimensional, then & = R+ must be
central because [R*Y, R.]SR™. In this case, a basis {a, d, ¢} of R
may be found such that

Rt =<ay, R =<bec), a=][bc]l.
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Thus we have
(4) One nilpotent reflection algebra (R, a) of type (1,2); Rt
18 the centre of R, and (R, a) is not effective in the semse of 3.7.
If dimR =2, then R =K PR = {(a) P b)), say, since K is
a-invariant. Choose ce R\ . Then adc¢ interchanges & and &,
and is, by the definition of &, an automorphism of & Thus adc
may be represented by a regular matrix of the form

7
)
with respect to the basis {a, b} of & Replacing ¢ and a by suitable
scalar multiples, one may reduce the pair (7, s) to (1, 1) or (1, —1).
The case s = —1 gives
(5) Ome reflection algebra (R, &) of typve (1,2), where R is
the Lie algebra of the euclidean motion group R®-SO0,, and Rt is
contained in the commutator subalgebra.
Finally, for s =1, adc¢ is equivalent to the endomorphism
(z, y) = (x, —y) of &, and we have
(6) One reflection algebra (R, a) of type (1,2), where R is
the Lie algebra of the motion group of the real cylinder plane, see
2.13, and R+ is contained in the commutator subalgebra.

5.2. THEOREM F. The list 2.13 of 2-dimensional connected
symmetric planes is complete.

Proof. In a 2-dimensional affine topological translation plane,
the set of lines through the origin is necessarily the set of all one-
dimensional real subspaces. This, together with Theorem E, shows
that each of the planes listed in 2.13 is uniquely determined by its
Lie triple system. Since by 3.8 the classification of n-dimensional
triple systems is equivalent to the classification of all effective
reflection algebras of type (p, n) with arbitrary p, the proof of
Theorem F boils down to showing that for » = 2, this latter classi-
fication yields exactly the reflection algebras (&, Adg,) associated
with the planes 2.13. This is easily verified by comparing 2.13
with 5.1.
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