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EXPLICIT FORMULAE FOR A CLASS
OF DIRICHLET SERIES

DoN REDMOND

In this paper we shall prove explicit formulae for Dirichlet
series satisfying functional equations involving multiple
gamma factors. We shall illustrate the general theorem by
giving a generalization of the von Mangoldt formula and
by proving the nonvanishing on the line of abseclute conver-
gence for a subclass of the Dirichlet series considered in
the main theorem.

1. Introduction. Explicit formulae have been around nearly
as long as Dirichlet series. In 1895 C.J. de la Vallée Poussin [19]
proved an explicit formula for the Riemann zeta function and
from it deduced the prime number theorem with a good remainder
term. Later A. Weil [20] proved general explicit formulae for the
zeta function of Hecke with Grossencharakteren and used these
formulae to study the distribution of the zeros of the Hecke zeta
function. (See also S. Lang [13], Chapter 17.) More recently A. M.
Odlyzko [15], [16] has used explicit formulae for the Dedekind zeta
funection to get lower bounds for the discriminants of the associated
algebraic number fields. (See also G. Poitou [17].) C. J. Moreno,
in [14], especially §6, derives explicit formulae for automorphic
forms which he uses to study the distribution of the zeros of these
forms and the constant term of the associated Eisentein series.
Finally, H. -J. Besenfelder [3] derived explicit formulae for tempered
distributions in connection with the Riemann zeta function and later
[4] used them to give a short proof of the nonvanishing of the
Riemann zeta function on the line Re(s) = 1 that uses no properties
of the Riemann zeta function to the right of the line Re(s) =1, as
is the case for most proofs (see, for example, [18], §3.2).

In this paper we shall prove explicit formulae for Dirichlet
series satisfying functional equations involving multiple gamma
factors. Since we are not trying to get the most general theorems,
some of the assumptions that we make are not essential to the
argument, but are there to simplify the details. One could tackle
more general cases with minor modifications in the proof. After
proving the general explicit formula we shall give two examples
that allow us to prove a generalization of the von Mangoldt formula
and the nonvanishing on the line of absolute convergence for a
subclass of the Dirichlet series here considered.

In the sequel we write the complex variable s = ¢ + ¢, where
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both ¢ and ¢ are real. We denote by

a+iT

g the integral S
(a,T)

a—iT
and by
S the integrai gww
(a) a—ic
Finally the letters ¢; 7 =1,2, ..., will denote positive absolute
constants.

2. The statement of the main result. Let
f(s) = nZz,la(n)n““ and g(s) = Zﬂb(n)n"

be two Dirichlet series that converge absolutely for ¢ > 7, where
r > 0. We assume that

(2.1) a(1)b(1) = 0 .
Let
2.2) 4() = TL s + 8

where, for 1 < k< N, we have a, >0 and B, = &, + v, complex.
Assume that 4(s) has no poles in ¢ = 7/2. Suppose that there exist
constants C > 0, © real and 6 complex such that

(2.3) f(8)4(s) = C * 4(r — 8)g(r — s) .

We assume that f(s) has at most a finite number of poles in
the strip 0 < o =<7, say R of them, and that all nontrivial zeros
of f(s) (i.e., those zeros that do not arise from the cancelling poles
of 4(s)) lie in the strip 0 <o <r. We will denote a pole by w;
and its multiplicity by 6;, with 1 £ j < R. The nontrivial zeros of
f(s) we will denote by p = 8 + 17.

If a*'(n) and b*"(n) denote the Dirichlet convolution inverses
of a(n) and b(n), respectively, (which are well-defined due to assump-
tion (2.1)) let

@.4) Adi(n) =3 ald)a*(n/d)log d and A,(n) = >, d(d)b**(n/d)log d .
ain ain
For 1 £k < N we define
(2.5) m(k)= max {m a nonnegative integer: 0= —m + Re(B) = r} .
ay

Let l(x) be a complex-valued function of a real variable whose
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Laplace transform,
+o0
Lo = | Uayer—eda,

exists and is analytic on —a < o < r + o for some a > 0. Suppose
that [(x) satisfies the following two conditions.

(1) 1 is continuous and continuously differentiable, except pos-
sibly at a finite number of points where the functions have jump
discontinuities and are then defined to take on the mean value.

(2) There is a constant b > max (1, @) such that I(x) and U'(x)
are both O(e~'2t9i#l) ag |x| —+ oo,

THEOREM 1. Let
N
A = Z (Xk .
k=1

Then, if o runs over the nontrivial zeros of f(s) we have the follow-
ing explicit formula:

lim 3 L(P)=é5,-L(wj)+2N 'mz”ﬂL(_ Bk+m>

Totoo Iy (0) ST k=1 m=0 (443
—(©log C + 2A7)I(0)
— 3 (4sm)ilog m) + 4,(n)(—log mn~""

N +oo —(apr/2+p,—1) {x] ___
) a"S oy w)e” kl;l b — 1(0) dz
k=1 —o0 1—e¢

(2.6)

where ¥ denotes Huler’s constant.

We could relax the conditions on the Dirichlet series. For ex-
ample, one could allow 7 to be nonpositive. This could be done by
considering a new function, say fi(s), given by

fils) = f(s —u),

where u > r. Then fi(s) is easily seen to be absolutely convergent
for ¢ > uw — r if f(s) converges absolutely for o > ». If we defined

4y(8) = 4A(s — u) ,
then we have the functional equation
4,(8)fi(s) = COT=* A (u — r — 8)g(u — r — s) .

We would then work with f, and 4, below. This brings in
added complications and so we will not pursue the matter.
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One could also relax the restriction that all the nontrivial zeros
of f(s) lie in the strip 0 <o < 7. By a theorem of Berndt [2],
Theorem 1, we know that there are numbers o, and o, such that
all the nontrivial zeros of f(s) lie on the strip ¢, < o < 0,. Thus
one could rearrange the proof to take into account nontrivial zeros
outside the strip 00 < 7.

Finally, one could relax the condition that the abcissa of
absolute convergence of f(s) and g(s) is <r. Again, this would only
increase the details of the proof, but would add no additional com-
plications.

The proof of the main theorem is similar to the proof of the
explicit formulae for the Dedekind zeta function given in Lang [13],
with additions from Besenfelder [3] and Poitou [17].

3. Preliminary results. If

Pe = Ha (s + 2E™) 16— wy,

ay

then P(s5)4(s)f(s) is holomorphic on 0 < ¢ < . Similarly, if

Q(S):]ﬁak’ﬁ(7~3+6k >Ii[7~—s—w])“
then .

(3.1) Qs) = P(r — s)

and so Q(s)4(s)g(s) is holomorphic on 0 < ¢ < ». Let

(s) = {P(s) if P(s) = P(r — s)
"~ |Q(s)P(s) otherwise .
Then, by (3.1),

(3.2) Ts) =T —s) .

Let

(3.3) F(s) = T(s)d(s)f(s) and G(s) = T(s)C® =+ 4(s)g(s) .
Then, by (3.2) and (3.3),

(3.4) G(r —s) = F(s) .

LEMMA 1. Let ¢>r and h>0. If —h=<o=c, then as |t| -+ oo
f(s) < C@”!tlA(7+2h)(c+h)—l(c__a) )

Proof. If 6 = ¢, then f(s) is an absolutely convergent Dirichlet
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series and so bounded. Similarly for ¢ < —h g(» — s) is bounded.
Thus for o0 = ¢ we have

flo+1t) < ¢t
and for ¢ = —h we have
f(o. + "Lt) << tA(r+2h) s

by Stirling’s formula and the functional equation. The result then
follows by a standard Phragman-Lindelof argument and so completes
the proof.

COROLLARY. For any fized 7 we have, on the half-plane ¢ = 7,
that F(s) is an entire function of order 1.

Proof. By Lemma 1 we see that on ¢ =7
fls) < lsfr.
Since T'(s) is a polynomial in s we have that for any s
T(s) € ls]=.

By Stirling’s formula we have

A(s) Nkjj gl 105 15
= exp (A]s|log [s]) .
Thus, for ¢ =z 7,
F(s) € efseiloslel

and so F(s) is of order 1 on ¢ = 7.

Since 4(s) has no poles in o = » and f(s) converges absolutely
for ¢ > » we see that F(s) is holomorphic for ¢ > ». By the defi-
nition of 7(s) we see that F'(s) is holomorphic for 0 <o = 7.
Similarly G(s) is holomorphic for ¢ = 0. Then by the functional
equation (3.4) we see that F(s) is holomorphic for ¢ < 0 and so is
an entire function. This completes the proof.

Since F'(s) is an entire function of order 1 we may use the
Hadamard factorization theorem (see [5], Chapter 11) to write

F(s) = e 1;[ (1 — %)es/p ,

where a and b are constants. Now the only zeros of F'(s) are the
nontrivial zeros of f(s) which lie in the strip 0 < ¢ < #, since the
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other zeros of f(s) are cancelled by the poles of 4(s). If we let

(3.5) Fy(s) = % and Gy(s) = %—3 ,
then we have
F\(s) = Gi(r — s)
and also that
(3.6) Fs) = T IT (1 = <)o .
e o

Since T7'(s) is a nonzero rational function we see that in the
strip 0 £ 0 < r the only zeros of F(s) are the nontrivial zeros of
f(s).

From (3.5), we have

C(s) — 1 1\ _ T’
3.7 POt B I+ 2) - e,

where
’ R . N m(k) -1
_T‘(s)=.2~———3’ 33 (s 4 BT
=1 8 — W k=1 m=0 o,

Now the infinite sum on p in (38.7) converges absolutely since F(s)
is of order 1 and so

2
ol
is convergent. We also have, by (8.3) and (8.5), that
F' AI f’
3.8 1) = 2 J (s .
(3.8) T (s) y (8) + 7 (s)

LeMMA 2. There exists an a > 0 such that for every integer
m, |m| = 2, there exists a T, in the open interval (m, m + 1) such
that f(s) has no zeros in the region {s = ¢ + it: |t—T,|Zalog™|m|,
(U A

Proof. Let N, = N(m + 1) — N(m), where N(T) is the number
of zeros of f(s) is [¢| =< T. Now divide the interval (m,m + 1) on
the t-axis into N, + 1 subintervals and extend these across the
vertical strip 0 <o < r. Then at least one of these rectangles
contains no zeros in its interior. Let T, be the midpoint of the
corresponding subinterval on the ¢-axis. By Berndt [2], Theorems
3 and 9, there exist constants ¢, and ¢; such that
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c.log|m| < N, <c¢;log|m].
Thus if
[t — Tl = BN, = (8c,log |m])™,
then there are no zeros of f(s) in the rectangle
s=0c+it: |t —T,| < Be,log|m)™, 00 Z 7).
This completes the proof.
LEMMA 3. Let 0 <a =1 and let m be an integer, |m| = 2. Let

s =0, + iT,, where T, is as in Lemma 2 and —a =0, 7 + a.
Then as m — oo,

[—J;—'(s) | < log® |m)| .

Proof. Let p= @+ iy run through the nontrivial zeros of
f(s) in the strip 0 < ¢ < r. Then by Theorem 5 of [2] we have

(3.9) %@: s 1 1 0gogt),

lt=71s1 § — 0

uniformly for —a <o <7 + a, since 0 < a < 1.
By definition of T, we have, as |m|— + oo,

(8.10) log|T,| ~ log|m| .
Thus, by (8.9) and (3.10), we have
1

ir-Tylsig — 0O

4+ O(log |m|)

J}—'wo +iT,) =

= s L 1 0Qogim)),

alog=lmiSl7—Tpls1 8§ — O

since f(s) has no zeros with |v — T, | < alog™|m|, by Lemma 2.
Let 6, be the distance from T, to the nearest zero of f(s) in
the strip —a <o <7 + a. Then, by Lemma 2, §, > log™|m/|. Let
0 = min (1, 8,), Then 6* € log |m|. Also, since 6 =<1 and0<a =1,
we have
ls — o[ = (Tp — V) + (0, — B)

> -;-aw 4 (T, — 7))

Thus, for the p being summed over in (3.11),
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1 2 V2 2
3.12 < =_Yz2 «i1 )
@.12) [s —p| = ‘/52<a2+ (T, — 7)) = o T, — 7| < log*|m|

Since o, is fixed, the sum in (3.11) contains only a finite number
of terms. Thus, by (3.11) and (3.12),

’
[—fj-;wo +4T,) | < log*|ml,
which completes the proof.
LEMMA 4. Let 0<a =1 and m be an integer, |m| = 2. Let
s =0, + iT,, where T, is given in Lemma 2, and —a < 0, < * + a.

Then, as |m|— + o, we have

(3.13) | ? (s)| < log* |m] .

Proof. By Stirling’s formula (see [1], p. 259, (6.8.18)), we have

r’ 1

Lo - s + o 1)

7 (2) = logz + 2l
as |2| — + o off the negative x-axis. Thus, for the s in question,
we have
N

> ak'll‘:—l(aks + B

k=1

L log |m| .

4 _
700=

The result, (3.13), follows from Lemma 38 and (3.8) and completes
the proof.

LEMMA 5. Let 4(z) denote the digamma function. Let M(x) be
a continuous function, except for at most a finite number of jump
discontinuities, where it takes on the mean value, that satisfies the
estimates

M) — M(x) <€ |x|/(1 + 2%), as |x]| — + o
and

0@ = | Maersds < (1 + [¢)

as |t|—> 4. If a,7>0 and B is a complex number such that
ar + 2Re (B) > 0, then we have

Sf:q;f(awz +it) + B M(t)dt

= 2 MO)y(ar(2 + B) + 22| emiersew Q) = M@ — Mz,
a o 1 — e z/a
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Proof. We prove this only for the case when M(x) is continu-
ous. The more general case can be obtained by approximating by
continuous functions, since for any ¢ > 0 we can find a continuous
function f(x) such that |M(z) — f(x)| < &, uniformly for all z, and
M(x) = f(x), except on a finite number of intervals of arbitrarily
small total length.

Suppose first that M(0) = 0. For ¢ > 0 let

p(t) = t*sin*t and q(¢t) = p(tc™) .
Then, [9, p. 19, (8)],
1
2 < 2¢7!
@.14) 4a) = T (c 3 xe >Im1 c

0 ] = 2¢7".
Let

H(t) = q(O)y(a(r/2 + it) + B) .
Then, as ¢ — + oo,

(3.15) r” HOM(t)dt — Si“w(a(r/z +it) + M)t .
By Parseval’s formula we have
+o0 ~ +oo
(3.16) S Ht)M(t)dt = S H(x)M(x)dx .
If 2 #+ 0, then

Aw) = | wlatz + it) + gaveat
- c§f2¢(a<r/2 + ict) + B)p(t)erdt .
Since (a(r/2 + it) + B)pE) <t~ [0 |t], as [t| — + <o, we have
(3.17) Alw) < 8¢,

||

since p'(t) € t7° and '(z) € |z|™ as [2] — + o (see [1, p. 260, 6.4.12]).
Now, for Re (z) > 0, we have (see [1, p. 259, 6.3.21])

P(z) = SN[ e e ]du .

0 u 1 —e¢

Since Re (a(r/2 + ite) + B) = ar/2 + Re(B) > 0, we have

—(a(r/2+ict) +p) u
— u
1—e™

Thus, for || > 10¢™, we have, since §(z) = 0 for |z| > 10¢™,

a2 + ict) + B) = S:x[ ‘Z —¢
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N +oo (oo - —(alr/2+it) +B)u
A) =§ {S [e e ]du}q(t)emdt

—olo L 1—e™

(z+2¢—1) /a ,—(ar/2+B)u — . 10
—HS ¢ (c— z au(ﬁ)du if 2 >—
(z—20=Nya 1 — 7 2 ¢

¢
by (3.14). Thus, as ¢ — + oo,

A 271- —(a’/2+8) z/e —(ar/2+Re(p)) z/a
(3.18) H@)=-22.°% ¢
« 1 — e

xe

If we combine (3.17) and (3.18), we have
[ A@M@s = 2" Mwyds + o 1L ),

alt 1—e

as ¢ — +oo. Letting ¢ — + o the result follows by (3.15) and (3.16).
Now suppose that M(0) = 0. Then in the above argument we
replace M(x) by the funection

M(0)e~*"® — M(x) ,
where B > 0. Since the Fourier transform of e *”? is 1/mBe %,
which approximates the delta function, we have, as B— +
+oo —
S a2 + it) + BV TBe 2 dt — 2xyp(ar/2 + B).

This implies the result of the lemma and completes the proof.

The proof of this lemma is adapted from the proof of Odlyzko
for the case a =r =1, 8 =0. The result is also stated for a =
12, r=1, g =0.

In order to get the result in the form that we shall need later
we use the following identity [1, p. 259, 6.3.22]:

zt

(3.19) &) + 7 = S:wfilf__le‘i_}—dt .

In Lemma 5 let z = (1/2)ar + 8. We have
2 (7 O0) = M) g, _ g7 |7 OL0) = M)y,

o Jo 1 — g%/« o =
Also
(820 _S e May) — MO) de = Sm e "M(ax) — MO)e™ ;.
0 1 — e 0 1 — e_w
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Thus, by (3.19) and (3.20),

27Z_S+°° e (M(0) — M(awx)) doe — 2Tc§+w e~V M) — M(0) da
0 1 —¢" 0 1 — e*

= 2xm(©) | L= e

= —2xMO)(w(2) + 7) .

We rewrite this result as

27TM(0)¢(CM'/2 + 5) + %@S"’me-(ar/z—*ﬁ)z/a(M(O) _ M(x))dx

1 — e %=
— 2z M(0)Y + 27z§+°°3”‘“”’2“‘1:M(a:c) — M)y,
0 — €

This gives the following corollary to Lemma 5.
COROLLARY 2. Under the hypotheses of Lemma 5 we have

Si:q/f(a(r/z + it) + @ M(dt = —2x MOy

.|_ooe-—(ar/2+ﬁ"1)zM(ax) o M(O)dx

272:5
+ 0 1 —e¢°

4. Proof of Theorem 1. By the assumption that
(4.1) o) € e” " as (g —— + oo,
we see that uniformly for —a <o =<7 + a,a < b, we have
(4.2) Lo + it) < |t

as |t| — oo,

Let T > 2. Then the number of zeros whose imaginary part
is between T and the nearest T, of Lemma 2 is < logT. Also
the number of zeros whose imaginary part is between — 7T and the
nearest 7, of Lemma 2 is < log T. Thus the sum > L(p) over those
zeros tends to zero as T — + oo, since the sum is < T 'log 7.

Let C be the rectangle with vertices —a + ¢T,, —a + 1T, r +
a + 1T, and » + a + ¢T,. Then, by the residue theorem, for 7T
sufficiently large,

B N m(l
5 L) - 30,Lw) — %3 L (-2 E 8 )
liis? g=1 k=1 m=0 ay, y
_ L[ E
= ngc 7 (s)L(s)ds .

By Lemma 4 and (4.2), we have, as T — + oo,
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r4+ati TIF'

(4.3) S () Lis)s < T log' T
—aT 1 1

and
—a+iT,,

(44> g’r-i—a—HT - log T

Thus, by (4.3) and (4.4),

3, L) — 3 05Lwy) ~ 3,35 L~ At ™)

k=1 m=0 ay

(4.5)

— L r+atil, _ S— T m __1— » )
27['[:{81-+a+i1'l —~a+iT'} } Fl (S)L(S)ds + O(T log T) ’

as T — + oo,
Since F(s) = G,(r — s) we have

Fi v _ G, _
Fl(s)_ Gl(r 8) .

Thus we may rewrite the right hand side of (4.5) as

A B Lisyas + Gitr — 9L} + O 1og’ T) .

271 Urraviry F g—a+zT; G,
As we observed above the sums over L(p) over ¥ between T, and
T and T, and —7T are O(T'log T'). Thus we may shift the lines
of integration to T and —7T, since, as in (4.3) and (4.4), the inte-
grals along the horizontals are O(T 'log®T). Thus (4.5) takes the
form

L(o) -;Z;%L(w» -ay p(-2tn)

Ir<r o,

(4.6) - —LS 1 S ) ?iw — 9)L(s)ds

273 rta, 1) F 2y
+ O(Ttlog®T) .

By (8.3) and (3.5), we have

1<s> - —(s) + jﬁ s)

and

_éi(r —8)= —0logC + fz'li(r — 8+ %—(r — ).

1

Thus
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1 F
ET—L:LS (HMT)—F,I—(S)L(S)dS
-1 Ay L
@) - ZM,SMT){ 7o+ (s) } Lis)ds
= I1 + Iz ’
say, and
1 G .
fn_ig(ﬁa.m G, (r — 8)L(s)ds
-1 - A 9
(4.8) _ZM_S(_G’T){ OlogC + L —3) + L0 s)}L(s)ds
= _Is + I4 + I5 ’
say.
We have
I, = (6log C)L,g L(s)ds .
274 e
Since L(s) is holomorphic on ¢ = —a we can move the line of

integration to ¢ = »/2. Thus
T
I, = Q—IP—g,ﬁs L(r/2 + it)dt .

2rg -t
Since L(r/2 + 4t) is the Fourier transform of I(x), we have, by the
Fourier inversion formula, that, as T — + oo,
4.9) I,— (6 log C)I(0) .

We have

—jji(s) = — 3 A,

Thus, since f(s) converges absolutely for o > 7,

1 fl +o0 1 C
| Lneds = -5 4m ] L
2t orteny f n=1 27i) rta,m
1 T +o0 +oo
= ___S S Af(n)n—rﬂl(u + log n)e(r/2+a)ueitududt
27 J-1J—c0 =1
1 T +o00 400 X
— __S S S H, (we**dudt ,
27 J-1 )~ 2=1

say, where
H, [(w) = A;(m)n"""l(u + log m)ers+a
By (4.1), we have
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| H,,(w)| < | Ap(n)[n=""

Thus 3.5 H, (u) is absolutely and uniformly convergent and defines
an L* function Hy(u). In a similar way we have that

1 g ( _ 1T [t ity
— = (r — s)L(8)ds = —— H, (w)e*™dudt ,
(e, @ 2 J-r)-o

2m1
where H,  (u) = A, (n)n """ l(u — log n)e~"***+* and satisfies the esti-
mate |H, (u)| < |4,(n)|n""t". Thus >i H, (u) is absolutely and
uniformly convergent and defines an L* function H,(u). If we let

H(u) = Hy(u) + Hy(u) .
Then we have

___1 T +o0
IL+1,= _S S Hw)e* dudt .
2

-7

—o00

Also we see that H(u) is continuous and differentiable since [ is,
except at the points =+ logn, where A;(m) %= 0 or A,n)+# 0. At
such points it only has jump discontinuities. Thus, by the Fourier
inversion formula, we have, as T — -+ oo,

(4.10) L + ,— —H(0),
where
(4.11) H(0) = +z: (4,(n)l(log n) + A,(n)l(—log m)}n~""" .

By assumption we see that 4'/4(s) has no poles for ¢ > /2 and
is O(log [t]) in any vertical strip outside of neighborhoods of its
poles. In I, and I, we move the line of integration to the segment
oc=17r/2, |t| = T. Then, by (4.2),

S A () L(s)ds = S A (9 L(s)ds + O(T - log T)
tr+a,7) 4 (rr2) A4
and

S A~ HLs)ds = S A — L(s)ds + O(T-log T)..
(=, A4 /2 A

Thus

I1 +1I, = _]._S
271 J /2,
1

o6 + L = 9)} Ls)ds + 0T log T)

N ’ ’
=l S (s + 80 + T — ) + 8} Lids

+ O(Tlog T)
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= kiaka +O(T-'log T),
=1

=5 ' I i
7= ﬁgw,n {T(O‘ks + B + lalr —s) + 80 | L(s)ds .

As T — + oo, we have, by Proposition 4 of Lang [13, p. 347],

+oo '
Jo— | a2 + g + ait
(4.12)

+ %(akr/z + B — a,,u)}L(r/z + it)dt .

Since L(r/2 + it) is the Fourier transform of I(x) and 4(s) is assumed
to have no poles in the half plane ¢ > 7/2, which is equivalent to
saying that a,»/2 + ¢, >0 for 1 <k < N, we see that the hypo-
theses of Corollary 2 are satisfied. Thus the right hand side of
(4.12) is

+ooe—(a/;f/2+ﬁk““”l(akx) - l(O) dx
0 1—e¢

—uoyr + | ) - WOy,
0 — ex

— 10y + S

+oo e—(akr/2+t9k_1”zll(akm) - Z(O) dx

(4.13) = —20p + | |

By (4.1) we see that this infinite integral is convergent.
Thus combining (4.6), (4.9), (4.10) and (4.13), we have the
explicit formula (2.6) and complete the proof of Theorem 1.

5. A generalization of the von Mangoldt formula. In this
section we give as an example of Theorem 1 a result that relates
the analytic behavior of f to the summatory function of the asso-
ciated von Mangoldt function 4.

Let y > 1 and
e, if 0<ae<logy
1 . _
—2—, lf =0
l(x) =

%1/5, if x=1logy
0 else .

Then it is easy to see that
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y —1

L(s) = s
0, if s=0.

, if s#0

We have
(6.1) g{/lf(n)l(log n) + 4,(n)l(— log n)}n~""* = "Zé,; As(m) ,

where the’ indicates that if n =y we add only (1/2)4:(n), if we
note that by (2.4) 4,(1) = 0.
We have

S oLw) + 3, S L (—mtbe)

R bR v N mik) o= Bptm) /ey ]
=3% 2y — 1) — S, > Y ,
J=1 w,- k=1 m=0 m + Bk

where the * indicates that if w; = 0, for some j, then the term is
0;logy and if B, = —m, for some k, then the term is logy. We
have

S-}-m 6—-(akr,’2+5k_1)Ix]l(akx) - Z(O) dw

e 1— ¢
(53) (logy) /ay, e(l-ﬁk)“’ — 1
= S e —da + log I — y7V/=) .
0 1—e¢°

If we combine (5.1)-(5.3) we have the result of Theorem 2,
which is the generalization of the von Mangoldt formula.

THEOREM 2. With the notation as above, we have

R ) N m (k) —(Bptm) /ey, ___
S dm) = 3 iy — 1) — Nra, S LT
nzy =1 W; k=1 m=0 m + Bk

— lim ¥ -1 %(@ log C + 247)

T—+o0 |;|<T p
(10511)/crke(1—-ﬁk)a; -1

, T da:}.

N
+ /;—:'1 a, {log A — y V) + S
Knowing more about the location of the zeros of f(s) and the
w;, 1 £ j=< R, would maybe allow one to prove a prime number

theorem for the coefficients of f(s). In the next section we will
prove a theorem relating to the location of the zeros of f(s).

6. The nonvanishing on the line of absolute convergence.
In this section we adapt the method of Besenfelder [4] to show
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the nonvanishing on the line of absolute convergence for a certain
subclass of the Dirichlet series being studied in this paper.
Let y > 0, t be a real number and

1 %/4y—i
l — e 7 /4y —itz .
@) 2V 'y

Then the corresponding Laplace transform is easily seen to be

L(s) = evts—ri—iv® |
Thus, by Theorem 1, we have

lim Z ey(p—r/Z—it)2
T—+oo |Im(0)|ET

i'é (wj—r/2—it)2 ZI'V‘ g‘f) UB+m) Jap+r/2+it) 2
— _ey WI=r/2=1 + ey tm)/aptr [
j=1 ! k

=1 m=0

— 2]/];_[:”_ i;le-—(logn)2/4y%—r/2{/1f(n)n'it + A (n)n*}

O log C + 247 1 X
- e e  Wi(Y) »
2V Ty + 2y k2'=1a' 2

where

+o0 o= () /4y ~itlape) = (apr/2+fp—1 lal _ |

W = | de

e 1 — e'#l

(6.2)

2.2/ 4y— -

oo p—ay x2/4y—(apr/2+fp—1 o cos tx) — 1

= 28 ¢ (a,t2) dx .
0 1—¢"

In [2, Theorem 10] it is shown that there exists a positive con-
stant C such that

(6.3) MN(T)~CTlog T,

as T — +. Using (6.3) and writing the sum on the left hand
side of (6.1) as a Stieltjes integral one can show that the sum over
all p is convergent, i.e.,

lim 2 ey(p-—r/2—it)2 — Z ey(p—r/2—it)2 .

T—oo |Imu|ST 14

We are concerned with the behavior of the right hand side of
(6.1) as y — +o. We have

Olog C + 247
vy

(6.4) Ly,

Let ¢, = (1/2)ayr + B, — 1 and %, = (1/2)a,r + 1, — 1, where p, =
Re(B,). Then
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1 _ (" 1 — cos (a,lx)
W) = | Lottt g

(6.5)
dx .

S+°° cos (a,te)(1 — e—a,ﬁw?/w-—ekx)
+
0 e — 1

The first integral in (6.5) is convergent and has the value
2{7 + Re [¢(1 + a,0)]} .

(See [1], p. 78, 4.3.138 and p. 259, 6.3.17.) If 0< x < 4ny/aj,
then —aj2*/dy — 9 >0 and if « > 4dny/ai, —aia’/dy — px < 0.
Also if 7, > 0, then —ajx*/4y — nx < 0. Let

0, = max (0, 47,/a3) .

Then
geku cos (aktx)(l — e—a%gﬂ/xw—ska;) dx I
0 em — 1
Oy
= S e~ gy & 1,
0
as y — +oo, if 7, > —1. Also
S+°° Ccos (a{ktx)(l — e—‘aiﬂﬂ/w—ekx) i
% e —1

= S+m dxl = —log (1 — ™) = o(1) ,

Opy 6" —

as 4y — +co. Thus, if », > —1, i.e., ar + 24, > 0, then W, (y) K1,
as y — +o. Thus, as y — + oo,

N
e S W) = 0 .
Let
Ln(y, t) = 21/17_2:_?;_”—7'/28—(logzn)/4n(,n—it/1f(,n) + nitAg(n))

= L,(y)M,(0) ,
say. Then, if a,r + 2y, > 0, we have, as y — + oo,
(p—r/2—it)2 < y(w;—r/2—~it) 2 SISl Yy (r/2+it+(m+8g) /a) 2
26’”’" ____Zgje j +ZZ€ K/
Jj=1

(6.6) © . k=1 m=0
- nZZ‘,an(y)Mn(t) +o(1) .

Suppose p, = 7 + 17, is a zero of f(s). Suppose f(s) has no
zeros in the region
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U={z=u+1v:(uw—7r/2*=v}.

Then |7,| > 7/2.
From (6.6), with ¢ = 0, we have

2 puto—r. 22 Z eyL(Re(O)~r/2)3—(Tm (0)) 242(Re (o) —r/2) (Im (p)) %]
o

o

=o(1),
as ¢y — + oo, since f has no zeros in the region U. Thus

N m(k)

Z ZO ey(z~,2+(/3;,+m)/a],)2 + 0(1) s

k=1 m=

el R
<6'7) Z Lm(yy O) - Z Byey(wj_r/g)z +
J=1

m=1

as Y — + oo,

In (6.6) let ¢t = 7, and let v be the multiplicity of o0,. Then p,
contributes a term ve'**. Sinece » = Re (0) for all nontrivial zeros
of f(s) and since f(s) has no zeros in U imples Im (o) = /2 the
rest of the sum on the left hand side of (6.6) is o(e'""*), as y— + oo.
Since the first two sums on the right hand side of (6.6) arise from
poles of f(s) and 4(s) in the strip 0 <o < » and ¢ = v, > 7/2, we
see that, as y — -+ oo, these terms are o(e?"”%). Thus (6.6) becomes,
in this case,

(6.8) S5 Ly, 1) = —vert + oe™)

as Yy — oo,
We now suppose the coeflicients of f(s) are real and that f(s) =
g(s). Then A;(n) = A,(n), by (2.4), and so

L, (y, t) = L,(y)M,(t)
= 2L,(y)A4:(m) cos (t log m)
= N,(y) cos (t log m) ,

say. Note that

L,(y, 0) = N,(y)
and
L,(y, 7,) = N,(y) cos (7, log m) .

By Schwarz’s inequality and the double angle formula, we have

(§f L.y, m)i - {;ZZIVNM(W V' NL(y) cos (7, log m)}z

m=1

4o 2 +oo -0
= L(ENW) + 33 Na) 3 Vo) cos (27, log m) .

Thus
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2

o

", Ny (y) cos (7, log m) ij N.,.(y) cos (27,log m)

;ﬁ;Nm(y)

1 1
< — el
+2

S N.@) 2

(6.9) {-=

We now apply (6.7) and (6.8). Then, as y — + oo, the left hand
side of (6.9) approaches

___peyrz/& + 0(6“2/4) 2

(6.10) : — : .
jz';lajeu(wj-r/z) + ,,Z‘l ,,,% gur/zt Brtm /e 4 o(1)

If we let p = max; ;. (w; — /2% |7/2 + (m + B,)/a.|?), then, as
y — +oo; (6.10) approaches

r2/4 yr2/4\2
11 —ypeY + o(e ) Y (r2/4—p) y(r2/4—p) \12 .
(6.11) T o) — {—ve + o(e )}

Now p < 7*/4, since Re (w;) < ». Thus the right hand side of (6.11)
is =V

On the other hand, the right hand side of (6.9) is <1/2. For
if 27, is an ordinate of a zero of f(s), then, by (6.8), we see that,
since d0; > 0,1 < j < R, the quotient is negative as y — +co. If
27, is not the ordinate of a zero, then, as y — + o, the quotient
vanishes, by (6.6) and (6.7), since 27, > 7 and 6, >0, 1 < j < R.

This proves the following theorem.

THEOREM 3. Suppose f(s) is a Dirichlet series with real coef-
ficients that satisfies the fumctional equation (2.3) with f(s) = g(s).
Suppose that ar + 21, >0, L <k <N, and f(s) has no zeros in
the region U ={s=0+1it=(c —r/2*=1t}. Then f(s) has no
zeros on the line ¢ = r.

We illustrate Theorem 3 with some examples.

ExAmpPLE 1. The Riemann zeta function. In [18, p. 22] it is
shown that {(s) satisfies the functional equation (2.3) with N =1,
a,=1/2,83=0,C=7n,60=1, 6= —1/2 and r =1. Then

ar+ 28 =1/2>0.

On p. 330 of [18] it is shown that the zeros closest to the real axis
are 1/2 & 47, where v is approximately 14.13. Thus, by Theorem
3, {(s) has no zeros on the line o = 1.

ExAMPLE 2. Hecke zeta functions over the Gaussian field. In
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[13, Chapter 14] it is shown that if & is a positive integer and

+oo +co e4ik arg (m+1in)

L, M) == > T ?
A tioe (M + )

then (s, M*) satisfies the functional equation (2.3) with N=1, a, =
1, 8B,=2k, C=7m, 0 =2, 6= —1 and »r =1. Then

o+ 2 =2+ 4k > 0.

From Table 2 on p. 501 of [6] we see that for 1 <k <10 all the
zeros of (s, \*) are outside the region U. Thus, by Theorem 3,
C(s, \*) is nonzero on the line ¢ =1 for 1 <k < 10.

EXAMPLE 3. L series with real characters. In [5, p. 71] it is
shown that X is a real character modulo %, a positive intger, and

L(s, 1) = 3 Kmm ™ ,

then L(s, X) satisfies the functional equation (2.3) with N=1, a, =
172, g, =@1/2)a, C=xnlk, ® =1, 6 = —a/2 + (loge)/logC and » =1,
where a = {X(1) — X(—1)}/2 and ¢ = E™*GXN){(1 — a) — ai}, with GX)
the usual Gaussian sum associated to X. Then

oar + 2 =1/2>0.

From [7, Table 2] it is known that L(s, X), for k =3, 4,5,7,8, 11,
12,13, 15, 19, 24, 43, 67, and 163, has no zeros in the region U since
the zeros are all of the form 1/2 & ¢v with ¥ > 0. Thus, by Theorem
3, L(s, X) has no zeros on the line ¢ = 1 for these k.

ExaAmMPLE 4. Artin L-functions attached to certain cubic fields.
Let £, (s) be the Dedekind zeta function for the field Q(a"?) and let

L,(s) = CQ(al,g)(S)/C(S) .

Then it is known [13, p. 254] that L,.(s) satisfies the functional
equation (2.3) with N=1, a,=1, 8, =0, C=31"3a/27, 0 = —2,
0 =1and r =1, then

oar + 24, =1>0.

From Table 1 of [12] we see that L,(s) has no zeros in U for a =
2,3,6 and 12. Thus, by Theorem 3, we know that L,(s) has no
zeros on the line 0 =1 for ¢ = 2,3, 6 and 12.

REMARKS. (1) This result, in this generality, seems to be
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new.

(2) One may also prove the same result if the abscissa of
absolute convergence is a, where 7/2 < a < 7.

(8) It seems reasonable that this same proof would work, with
not too many modifications, for a wider class of Dirichlet series. It
should not be necessary to assume that the a(n) are real or that
f(s) = g(s).

(4) Finally, it seems quite likely that this proof can be
modified to give a zero-free region for f(s), since many of the
proofs that yield the nonvanishing of ¢(s) at s = 1 can be amended
to produce zero-free regions. See, for example, [18, pp. 40 and 48].

(5) In [10] Jaquet and Shalika show that the L-functions
attached to certain representations of GL(n) do not vanish on their
line of absolute convergence. Their method of proof is unconditional
in that they do not need to check for nonvanishing in the region
U. In [11] they use this result to show that certain related L-
functions are absolutely convergent in the half plane to the right
of this line of absolute convergence and hence nonzero there.
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