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QUASI-REGULAR NEARNESS SPACES AND
EXTENSIONS OF NEARNESS-PRESERVING MAPS

K. C. CHATTOPADHYAY AND OLAV NJASTAD

Every basic nearness (or quasi-nearness) induces a Cech closure
operator. There is a 1-1 correspondence between the cluster generated
Riesz nearnesses on a given Tx closure space and the principal (or strict)
Tλ extensions of the space. (In particular linkage compact extensions
correspond to proximal nearnesses, F-linkage compact extensions corre-
spond to contigual nearnesses, while ordinary compact extensions corre-
spond to cluster generated weakly contigual nearnesses.

In this paper we discuss conditions under which a nearness-preserv-
ing map between nearness spaces can be extended to a continuous map
between the corresponding principal extensions of the induced closure
spaces. The concept of a quasi-regular nearness space plays an important
role in this connection. The general results on extensions of nearness-
preserving maps are used to obtain results on extension of continuous
maps into regular linkage compact and F-linkage compact spaces.

1. Introduction. Nearnesses on a topological space can be used as
a means of introducing extensions of the space. Work of Bentley [1],
Bentley and Herrlich [2], Herrlich [8], Naimpally [11] and Reed [12] show
that every Lodato nearness on a given Tλ topological space gives rise to a
principal (or strict) Tx extension of the space, and all the principal Tλ

extensions can be obtained in this way. (Compact extensions correspond
to contigual nearnesses and linkage compact (or clan complete) extensions
correspond to proximal nearnesses.) A nearness-preserving map between
nearness spaces can be extended to a continuous map between the
corresponding extensions of the underlying topological space, if suitable
regularity conditions are imposed on the image space.

Basic nearnesses (quasi-nearnesses in the terminology of Herrlich [8])
induce closure spaces rather than topological spaces. It was recently
shown by Chattopadhyay, Njastad and Thron [4] that the above corre-
spondence between Lodato nearnesses and principal extensions can be
extended: Every Riesz nearness on a given Tx closure space gives rise to a
principal Tλ extension of the space, and all the principal Tλ extensions can
be obtained in this way. (Linkage compact extensions correspond to
proximal nearnesses, F-linkage compact extensions correspond to contig-
ual nearnesses, while compact extensions correspond to weakly contigual
cluster generated nearnesses.)

In the present paper we discuss conditions under which a nearness-
preserving map between (basic) nearness spaces can be extended to a
continuous map between the corresponding principal extensions of the

33



34 K. C. CHATTOPADHYAY AND OLAV NJASTAD

induced closure spaces. The concept of a quasi-regular nearness space,
which generalizes the concept of a regular nearness space, plays an
important role. Our results include earlier known results for the case that
the induced closure spaces are topological.

The general results on extension are used to obtain results on exten-
sion of continuous maps into regular linkage compact and F-linkage
compact spaces. These results are given a categorical formulation.

2. Preliminaries.

2.1. A closure operator c on a set X is a function from ΦX into <$X
satisfying the following conditions:

Cl : c0 = 0 ,
C2: cA D A,
C3: c(A U B) = cA U cB.

A pair (X, c), where c is a closure operator on X, is called a closure space.
Closure spaces are studied in detail in Cech [5]. (A topological space is a
closure space where the closure operator in addition satisfies ccA — cA.)

The interior of a set B is defined by iB = X — c( X — B). The set V is
called a neighborhood of the point x if x E iV. All the neighbourhoods of
x form a filter ^(c, x), the neighbourhood filter of x.

The closure space (X, c) is said to be a Tλ space if c{x} — {x} for
every x E X, a T2 space if any two distinct points have disjoint neighbour-
hoods. For topological spaces these definitions clearly coincide with the
usual ones.

A grill § on X is a family of subsets satisfying

0 ί § , 5 D Λ E § = > 5 E g , AU B (Ξ§^A G§ or BE 6.

For every family β of subsets of X let sec β denote the family
{D C X: D Π C =£ 0 for all C E 6}. The function β -» sec 6 establishes
a 1-1 correspondence between the set of filters on X and the set of grills
on X: If ^ is a filter then sec ^ i s a grill, if § is a grill then sec § is a filter,
and sec2 <& = ty, sec2 § — §. For every point x of the closure space (X, c)
the family β(c, x) = sec ^(c, x) = {A: x E: cA) is a grill, and is called the
adherence grill of x.

2.2. A grill § is said to be F-linked if Π £ = 1 c/ί^ φ 0 for every finite
subfamily {Al9... ,^π} of §. It is said to be linked iί cA Π cB =£ 0 for
every two elements ^4, 5 of §. The space (X, c) is said to be F-linkage
compact if every F-linked grill is contained in some adherence grill (?(c, x),
linkage compact if every linked grill is contained in some §(c, x). For
more details see Chattopadhyay, Njastad and Thron [4]. F-linkage com-
pactness coincides with compactness when (X, c) is a topological space.
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Linkage compact topological spaces were considered by Reed [12] (she
called them clan complete spaces). Linkage compactness coincides with
compactness when (X, c) is a topological T2 space.

2.3. A collection v C ^?2Xis called a nearness (or a basic nearness) on
Xiΐ it satisfies the following conditions:

Nl: &<<$) G p=>(£e v,
N2: Π {A: A G &} φ 0 =* $ G p,
N 3 : # G v^ 0 £ # ,
N4: & V ® G *> =* & G i> or ® G if.

Here β < © means that each set in & contains a set in φ, and £ V ®
denotes the family {Λ U B: A G (£, J3 G ©}.

A pair (X, v), where ^ is a (basic) nearness, is called a nearness space.
Every (basic) nearness *> on X induces a closure operator cv as follows:

<V4 = {x: {{x},A} Gv}.

A nearness v which in this way induces a closure operator c (i.e. for which
cv — c) is said to be compatible with c.

We shall call v a Tx nearness if (X, cv) is a Tλ space, a Γ2 nearness if
{X, cv) is a Γ2 space.

What we have called a (basic) nearness is called a quasi-nearness by
Herrlich [8]. A collection which in addition to N1-N4 also satisfies the
condition

N5: {cvA:A <Ξ&}<Ξv=>&(Ξv
is called a nearness by Herrlich [8]. We find it convenient in this paper to
use the term nearness for collections satisfying N1-N4, and the term
Lodato nearness for collections satisfying N1-N5 (cf. e.g. Reed [12]).

Structures equivalent to (basic) nearnesses, but formulated in terms of
micromeric families (that is in terms of the families sec β, &^v) were
studied by Katetov [9] under name merotopic structures, see also Herrlich
[8, p. 76].

A nearness v which in addition to N1-N4 satisfies the condition
N6: [cvA: A<Ξ&}φ0=*&<Ξv

we shall call a Riesz nearness. The condition N6 is clearly weaker than the
condition N5.

A Lodato nearness always induces a topological closure space. The
closure space (X, cv) may be topological also if the space (X, v) is not a
Lodato space.

A grill belonging to v is called a (v-)clan. A maximal family in v is
called a (v-)-cluster. Every ^-cluster is a p-clan. A nearness v is easily seen
to be a Riesz nearness iff for all x G X the adherence grills @(cy9 x) are
p-clusters. Clusters of the form §(cv, x) are called principal clusters.
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2.4. A nearness £ is called a contigual nearness if it satisfies the
condition

& E £ iff every finite subfamily of & belongs to ξ.

A nearness m is called a proximal nearness if it satisfies the condition

& E π iff & is contained in a grill β every two-set

subfamily of which belongs to π.

Every proximal nearness is contigual.
For every Tλ closure space (X, c) there exists at least one compatible

nearness v. In particular there is a smallest (in the set theoretic sense)
Riesz nearness P(C), a smallest contigual Riesz nearness ξ(c) and a
smallest proximal Riesz nearness ττ(c) compatible with c. These nearnesses
are defined as follows:

&<Ξv(c) iff Π {cA:A E (£} φ 0 ,

& E ξ(c) iff Π£ = 1 c4Λ ^ 0 for every finite subfamily {4, ΛΛ}

of ^ ,
6£ E 7r(c) iff $ is contained in a grill β such that

cA Π cB ¥= 0 for every pair A, B of elements in β.

For more detailed information on the concepts discussed in §2, see
Chattopadhyay and Thron [3], Chattopadhyay, Njastad and Thron [4],
Herrlich [8], Thron [14].

3. Regularity concepts. For nearness-preserving maps to have continu-
ous extensions, some kind of regularity property related to the original
regularity concept for topological spaces is needed. In this section we
discuss some such concepts for nearness spaces, and their relationship to
regularity of the underlying closure spaces.

3.1. DEFINITION. A closure space (X, c) is said to be regular if for
each A C X and each x £ cA there exist disjoint neighbourhoods U and V
of x and A respectively (i.e.: U Π V= 0 , x & c(X - U)9A Π c(X - V)
= 0).

This definition was used by Cech [5, p. 492]. If a closure space is
regular and topological, then it is clearly a regular topological space in the
usual sense.

3.2. EXAMPLE. For further reference we describe this example of a
regular, non-topological closure space. (Cf. Cech [5, p. 495].)

Set Jζ, = {(1, 1/Λ), (2,l/«),...,(m,l/«),...}, fom= 1,2,..., / =
{1,2,...,*,...}, Y= U?=ιXi9 Z = JU {ω}, X= 7 U Z. (Here ω is an
element not belonging to Y U /.)
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We define

cxA — A U {n G / : A Π Xn is infinite) if A is a subset of Y,

c2A — A if A is a finite subset of Z,

c2̂ 4 = i U (ω) if A is an infinite subset of Z.

Finally for each subset A of X we define

cA = ^ ( 4 n 7) u C2(Λ n z).

Clearly c is a closure operator on X, and the closure space (X, c) is a
Γj space. Note that cY - cλY - YU J and ccY = q F U c 2 / = X Hence
cΓ 7̂  ccY, and thus (X, c) is not a topological space.

Now suppose that A C X, x & cA.
First assume that x G Y. Set ί7={;c}, F = X— {x}. Then clearly

c(JST- ί/) = cV= V,c(X- V) = cU= {x}.
Next assume that x = n G /. Set ί/ = (Xn - ^) U {«}, V= X- U

= (XnΠA)U(U {Xk: kΦn})U(Z- {n}). Clearly cU = i79 and hence

y 4 Π c ( X - V)=AΠcU = AΓ\ U= 0. Since « ί d the set v4 Π j ς is

finite, and therefore c(X - U) = c(Xn Π A) U c(U {Xk: kφ n}) U
c(Z~ {n}) = (Xn Γ)A) U (U{Xk: k φ n}) U (Z - {/i}) = K. Thus JC
= w ^ c ( X - t7).

Finally assume that x = ω. Set i 7 = Z - v 4 and F = I - [ / = 7 U
(Z D A). Clearly cί7 = U9 since ω G U. Since ω ί Cv4 the set ί̂ Π Z is
finite, and therefore c(X - U) = cV= YU J. Thus jc = ω ί c ( X - I/).

So in all three cases, U and V are neighbourhoods of x and >4 in
(X,c),and t/Π V= 0 .

Hence (Z, c) is a regular closure space.

3.3. DEFINITION. A nearness space (X, v) is said to be regular if the
family & belongs to v whenever the family {B C X: B is a ^-neighbour-
hood of some A in &} belongs to v. (A ^-neighbourhood of A is a set B
such that {Λ, X - B) £v.)

This definition was introduced by Herrlich [8, p. 88]. It can easily be
shown that if (X, v) is a regular nearness space, then (X, v) is a Lodato
nearness space, and (X, cv) is a regular topological space. Structures
equivalent to regular nearnesses were studied by Morita [9] and Steiner
and Steiner [13].

Every uniform space (given by a collection of uniform covers) de-
termines a nearness space (X, v), where a family & belongs to v iff the
family {X — A: A G &} is not a uniform cover. We may thus talk about a
uniform nearness space. It is well known that every uniform nearness
space is regular. (See Herrlich [8, p. 78-89].)
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3.4. DEFINITION. A nearness space (X, v) is said to be an R-nearness
space if for each A O X and x ξ£ cvA there exists a set F such that
{{x},V} & v and [̂ 4, X — V] $ v. The /{-nearnesses were introduced by
Naimpally [11, p. 242], and are modelled after the JR-proximities of Harris
[6]. Actually Naimpally also assumed (X, v) to be a Tx Lodato nearness
space. It is easily seen that if {X, v) is an i?-nearness space, then (X,cv) is
a regular topological space, even without assuming the nearness space
(X, v) to be a Lodato space.

3.5. In the following, a nearness space (X, v) is always assumed to be a
Riesz nearness space. We define Xv to be the set of all ^-clusters. For every
subset ^ o f l w e define Av = {6 G Xv: A G &}. We shall denote by Π
the set of all principal ^-clusters (that is the set of all ^-adherence grills).
Furthermore Ω (or Ω̂  if explicit reference to the nearness v is necessary)
shall always denote a set of clusters containing Π, i.e.: Π C Ω C Xv.
For a given Ω we define A* = Av Π Ω, and A+ = {§(cv, a): a (Ξ A} U
(A* - Π).

We shall later construct extensions of the closure space (X9cv) where
the elements of Ω represent the points of the extension and where for each
element β of Ω the family sec β represents the trace on X of the
neighbourhood filter of the element β. We shall introduce a regularity
concept on the nearness space (X, v) which in a sense is reflected in the
regularity property of this closure space extension. Thus this kind of
regularity of (X, v) will insure that the closure space extension is a regular
closure space. (See Proposition 4.2.)

3.6. DEFINITION. A nearness space (X, v) is said to be ^-quasi-regular
if for each So E Ω and each A & β 0 there exist disjoint subsets U9 V of X
such that U G sec GQ and V G sec G for all β G A+ .

Note that if Ωj C Ω2, then if (X, v) is Ω2-regular it is also Ωrquasi-
regular. A X"-quasi-regular space is simply called quasi-regular. Thus if
the space (X, v) is quasi-regular then it is Ω-quasi-regular for every Ω.

3.7. PROPOSITION. A regular nearness space is quasi-regular.

Proof. Let β 0 be a cluster and Ao SL subset of X such that Ao $ β 0 .
Then {Ao} U So £ v. Since {B C X: B is a ^-neighbourhood of Ao or B is
a ^-neighbourhood of some 4̂ G β 0) $ ? (by definition of regularity), it
follows that {B C X: 5 is a ^-neighbourhood of >40} φ β 0 . Thus there is a
^-neighbourhood £/ of ^ 0 such that U $ β 0 . Set F = X - £/. Then
F G sec β 0 . If β G ̂ * (in particular if β G yί^ ), then X - t/ £ β since
{̂ 40, X - U} & v, and hence U G sec β. Since U Π K = 0 this shows
that (X, *>) is quasi-regular. D
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3.8. PROPOSITION. If (X,V) is Ω-quasi-regular then (X, cv) is a regular
closure space.

Proof. Let x ί c ^ . Then A & §(cv9 x) E Ω. Hence there exist dis-
joint subsets U, V of X such that U E sec §(cp9 x) — ̂ {cv9 x) and V E
sec G for all β E A + . Since for each a E A, §(cv, a) E A + , it follows that
F E sec (?(£„, α) = ^(c , , a) for each a G l Thus U is a neighbourhood
of x and F i s a neighbourhood of A9 which shows that (X, cv) is a regular
closure space. D

3.9. REMARK. We may define the nearness space (X, v) to be strongly
Ω-quasi-regular (strongly quasi-regular) if for every cluster Go E Ω (every
cluster β 0 G Γ ) and every A ξ£ β 0 there exist disjoint subsets £/, V oΐ X
such that £/ E sec β 0 and 7 E sec β for all β E 4* (for all 6 E 4"). Then
the following relationships hold:

(i) From the proof of Proposition 3.7 it immediately follows that a
regular nearness space is strongly quasi-regular.

(ii) If (X, v) is an Ω-quasi-regular Lodato nearness space, then (X, v)
is strongly Ω-quasi-regular. (Let β 0 E Ω, A ξ£ β0. Then c ^ £ So since β 0

is a cluster in a Lodato nearness space. Hence there exist disjoint sets U9 V
such that U E sec β0, F G sec β for all β E ( c ^ ) + , and a fortiori for all
β E Λ*, since clearly^* C (cvA)+ .)

(iii) If (jf,p) is strongly Ω-quasi-regular, then (X,cv) is a (regular)
topological closure space, whether (X, v) is a Lodato space or not. (Let
x §? cy>4. Then >4 ί ^(c^, x), and so there exist disjoint subsets ί/, V oί X
such that ί/ E sec g(c,, x), F E sec β for all 6 E ,4*. In particular V E
sec §(<:„, β) for all a E cyyl. Then cvA Π cp(X - U) = 0 and x ςE
cp(X-U). It follows that c ^ C F C l - ί / and hence cvcvA C
c^X — t/). Consequently x $ c^c^^, which means that (X9cv) is topo-
logical.)

We may sum up the situation as follows:
Regular nearness spaces are strongly quasi-regular, and strongly

quasi-regular nearness spaces are quasi-regular. Furthermore quasi-regular
Lodato nearness spaces are strongly quasi-regular. We have no results
relating R-nearness spaces to regular, strongly quasi-regular or quasi-regu-
lar nearness spaces.

Furthermore quasi-regular nearness spaces induce regular closure
operators. Strongly quasi-regular nearness spaces, regular nearness spaces
and i?-nearness spaces all induce regular topological closure operators.
Moreover, regular nearness spaces are always Lodato nearness spaces,
while this need not be the case for i?-nearness spaces or strongly quasi-
regular nearness spaces.
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3.10. PROPOSITION. Let (X, v) be a nearness space and assume that
(X, cv) is a regular closure space. Then (X, v) is Tί-quasi-regular.

Proof. Let A &§(cp9x). Then x & cvA. Since (X9cy) is regular there
are disjoint subsets £/, V of X such that x & cv(X — U) and A Π
cv(X- V)= 0 . Clearly U E sec§(c,, x) and F E s e c g ( c , , a ) for all
a <ΞA. Since 4̂+ = {§(<:„, a): a E A] when Ω = Π it follows that (X, v)
is Π-quasi-regular. D

3.11. We recall the definition of the nearness v(c) (see §2.4). Note that
if (X, c) is a Tλ space, then (X, v(c)) is a nearness space such that cv(c) = c
and Π is the set of all ^(c)-clusters. Thus in view of Proposition 3.10 we
have the following corollary.

3.12. COROLLARY. If(X, c) is a regular Tx closure space then (X, v(c))
is a quasi-regular nearness space.

3.13. EXAMPLE. Let (X, c) be the closure space of Example 3.2, and let
Y and / have the same meaning as in that example. We shall use this
space to construct an example of a quasi-regular nearness which induces a
nontopological closure space, and an example of a topological closure
space which is induced by a nearness which is not a Lodato nearness.

(i) Let v be the nearness v(c) on X. It follows from Corollary 3.12 that
(X, v) is a quasi-regular nearness space. Since cv{c) — c this gives an
example of a quasi-regular nearness inducing a non-topological closure
space.

(ii) Let μ be the restriction of v to the subset Y U J — X — {ω} of X
Note that the nearness μ induces a topological closure space (Y U /, cμ).
The nearness space (Y U /, μ) is not a Lodato nearness space, however, in
view of Remark 3.9. (Or by direct argument: Let the family § on 7 U /
be defined by

fiG® iff B contains the union of an infinite number of the sets Xn.

Set Bx = U " = 1 X2m, B2 = U ~ = o * 2 m + 1 . Then clearly Bv B2 G «, cBλ Π
cB2 = 0 , and hence ® ί μ . On the other hand, ω E cvcμB for every
B E ®, hence [cμB: B E <$} E μ. Thus condition N5 is not satisfied). So
this gives an example of a topological closure space which is induced by a
nearness which is not a Lodato nearness.

4. Principal extensions. When a topological closure space (X, c) is
densely embedded in a topological closure space (Y, k), this latter space is
said to be a principal (or strict) extension of (X, c) if the closures in Y of
the subsets of X form a base for the closed sets in (Y, k). For Tx spaces
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the points of 7 are in 1-1 correspondence with the trace system on X of
(Y, k). (That is: A point y of Y corresponds to the family of sets on X
whose closures in Y contain y.)

For a non-topological closure space this procedure does not in general
lead to an extension of the space. However, by modifying the approach,
principal extensions with properties to a certain extent similar to those of
principal extensions of topological closure spaces can be obtained. In this
section we discuss the construction of such principal extensions when the
trace system is a given set Ω of ^-clusters, where v is a nearness compatible
with the given closure space.

4.1. Let (X, v) be a Tx Riesz nearness space. We recall the notations
introduced in §3.5. In particular Ω shall denote a set of ^-clusters,
Π c Ω C Γ . W e define

ψ(jc) = §(cv,χ) for all x GJf,

da = Π {A*: A* D a) for all α C Ω ,

g a = ( ψ ' ^ α ) ) * U d(a - ψ(X)) for all α C Ω .

(We write ψv, dv, gv when it is necessary to refer explicitly to the nearness
v.) The map ψ may be considered as a map from X into Ω for arbitrary Ω.
When (X, v) is a Tλ nearness space, then (Ω, g) is a Tλ closure space,
ψ( X) is dense in Ω, and ψ is a homeomorphism of (X9cv) onto a subspace
of (Ω, g). (A map/: (X1? cx) -»(Jf2> ^2) *s continuous if f(cxA) C c2f(A)
for all 4̂ C Xl9 and is a homeomorphism if it is continuous and has a
continuous inverse.) This means that (ψ,(Ω, g)) is an extension of the
closure space (X,cv). This extension is called the principal (or strict)
extension of(X, cv) with trace system Ω.

If in particular (Ω, g) is a topological space (this is the case if v is a
Lodato nearness), then it is easily seen that ga— Π {A*: A* D a] for all
a C Ω, so that in this case (ψ,(Ω, g)) is the classical principal (or strict)
extension with trace system Ω.

The closure space (Xv, g) is F-linkage compact iff v is a contigual
nearness, it is linkage compact iff v is a proximal nearness.

For more details, see Chattopadhyay, Njastad and Thron [4],

4.2. PROPOSITION. // (X, v) is an Ώ-quasi-regular Tx nearness space,
then the principal extension (ψ, (Ω, g)) is a regular closure space. (In
particular, if'(X, v) is quasi-regular then (ψ, (X\ g)) is regular.)

Proof. Let a C Ω, β 0 E Ω and β 0 £ ga. Then β 0 £ (ψ'^α))*, and
there exists a n ^ C l such that # D α - ψ ( I ) and β 0 $ ,4*. Then
ψ - 1(α) U A ξί So. Since (X, v) is Ω-quasi-regular and β 0 E Ω it follows
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that there exist disjoint subsets U, VoίX such that U G sec β 0, V G sec β
for all 6 <Ξ (χp~ι(a) U A)+. Set £/ = Ω - (X - £/)+ , F = Ω -
(X - F ) + . Since U G sec β 0 it follows that β 0 & (X - U)*. Now Ω -
U = ( X - ί/)+ , and therefore (Ω - # ) Π ψ( J T - U) = ψ( JSf- C/) and
(Ω - # ) - ψ(X -U) = (X- £/)* - ψ( JSQ. Thus (ψ~ι(Ω - £/))* =
(X- U)*, and (Ω - U) - ψ(Jf) C (J f- ί/)*. It follows that β 0 £
g(Ω — C7), which means that t/is a neighbourhood of β0.

Let β G α. Then either there is an i G I such that β = ψ(jc), in
which case JcGψ"'(α), or 6 G α — ψ(-Y), in which case β G yl* so that
4̂ U ψ" ](α) G β. Thus in any case 6G(AU ψ" ! (α)) + , hence X - V £

β, and consequently S ί ( I - F)*. As above we conclude that 6 £
g(Ω — F). Thus a Π g(Ω — F) = 0, which means that Fis a neighbour-
hood of a.

Now let 6 G I/. Then β g ( ^ ~ U)+ .
First assume that β is principal. Then there is an x G C/ such that

ψ(x) = β. Since JC G £/ C X - Fit follows that β £ F
Next assume that S is non-principal. Then (JΓ — £/) ^ 6 and hence

X - V <Ξ 6, since (X - U) U (X - F) = X Consequently 6 G
(X - V)* - Ψ(A\C (X - F ) + , so that 6 € F.

Therefore ϋ9 V are disjoint neighbourhoods of β 0 and α respectively,
and so (Ω, g) is regular. D

4.3. PROPOSITION. Let (X, v) be a Tx nearness space. If the principal
extension (ψ,(Ω, g)) is regular, then (X, v) is Ώ,-quasi-regular. (In particu-
lar, if (\p,(Xv, g)) is regular then (X, v) is quasi-regular)

Proof. Let g 0 G Ω 5 i C l a n d i ί β 0. Then β 0 £ A* =
Since g(Λ + ) - gψ(^) U g(^* - ψ(X)) = ^* U g(A* - ψ(X)) C ^*, it
follows that S o ί g(i4+). Since (Ω, g) is regular it follows that there are
disjoint subsets β, δ of Ω such that 6 0 £ g(Ω - β) and ^ + Πg(Ω - 8) =
0 . Clearly ψ~!(Ω - β) & β0 and hence ψ~ι(β) G sec β0. Let β G y4+.
Then 6 £ g(Ω - fi), hence ψ- 1(Ω - ί ) ί δ and consequently ψ ' ^ δ ) G
secβ. Therefore ψ" !(δ) G sec6 for all S G ^ + and ψ-1()β) G secβ0.
Also ψ~\β) Π ψ - 1(δ) = 0, and so (X, P) is Ω-quasi-regular. D

4.4. REMARK. Before proving the next result we note the following
fact: A regular Tx closure space is a T2 space. This follows immediately
from the definition of regularity, since in a Tx space (X, c) we have
c{y) — {y} for every point y G X.

4.5. PROPOSITION. Let (X, v) be a Ώ-quasi-regular Tλ nearness space.
Then each grill on X is contained in at most one element of Ω.
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Proof. By Proposition 3.8, (X9cv) is a regular closure space, hence
also a T2 space. Let So be a grill on X and β0 C βj Π β 2 , where βj and 6 2

belong to Ω.
First assume that both Qx and β 2 are principal, e.g. βj = @(cv9 x),

β 2 = §(cp9 y). Suppose xΦy. Then there exist disjoint neighbourhoods
U9 F of x, j respectively. Clearly ί/ E sec βj C sec β0, F E sec β 2 C
sec β0, and so 0 = £/ Π F E sec β0, which is a contradiction. Thus x = y

j 2

Next assume that at least one of Θx and β 2 are non-principal. Let e.g.
S2 be non-principal, and assume Qx Φ β 2 . Let 4̂ E β 2 — Qx. Since ̂ 4 £ βj
there exist disjoint subsets U9 V of X such that U E sec βj and F E sec β
for all 6 E Λ + . In particular F E sec β 2 . Thus 0 = £/ Π F E sec § 0,
which again is a contradiction. Thus &i= &2

 a ^ s o ^n ^ s c a s e ^

4.6. REMARK. For every family & let ?((£) denote the family {B:
{B} U & E y}. The nearness space (JΓ, ^) is said to be separated if v(&) is
in ^ whenever & and sec 6£ are in v. Every regular nearness space is
separated. In a separated nearness space every clan is contained in exactly
one cluster. See Herrlich [8, p. 87].

We may call the space (X, v) quasi-separated if every clan is con-
tained in at most one cluster. With this terminology Proposition 4.5
implies: A quasi-regular Γ, space is quasi-separated.

4.7. DEFINITION. A subset Y of a nearness space (X, v) is said to be
Ώ-clan-covered if each clan on the subspace (7, vγ) of (X, v) is contained
in a cluster in Ω. If Y is X^-clan-covered, we say that Y is clan-covered.
(We also say that (X, v) is clan-covered if Xis clan-covered.)

4.8. REMARK. According to Remark 4.6 every separated nearness
space is clan-covered. In particular this is true for all regular nearness
spaces, and a fortiori for all uniform nearness spaces, cf. §3.3. A quasi-reg-
ular nearness space need not be clan-covered, however, as the following
example shows.

4.9. EXAMPLE. Let (X9c) be the non-topological regular T{ closure
space of Example 3.2, and let Xn9 n — 1,2,..., have the same meaning as
in that example. Let Gίii be a non-principal ultrafilter on X containing Xt9

for a l l / - 1,2,.... Set @n= U {%: / ̂ 2 Λ , 2 Λ + I , . . . } for all n= 1,2,....
Since % φ % 7 for i φj it follows that §n C gn + x for all n = 1,2,....

We define a nearness σ on (X, c) by & E σ iff 6E C §(c9 x) for some
x E l o r f f i C gw for some n - 1,2,....

Clearly (X, σ) is a Riesz nearness space and cσ — c. Assume that there
exists a non-principal cluster β. Then 6d§n for some n, because β £ v(c)
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(recall the definition of v(c) in §2.4, cf. Example 3.13.). This is clearly
impossible, since Sπ C Sπ + 1. Thus X° = {g(c, x): JC E X}.

Now every βn is a clan, and βn is not contained in a cluster. Hence
(X, σ) is not clan-covered.

Since (X, cσ) is regular and Xσ = Π, it follows from Proposition 3.10
that (X, σ) is quasi-regular.

5. Extension of nearness-preserving maps. In this section we prove
our main extension theorems. A map /: (X9 v) -> (Y, μ) is said to be
nearness-preserving if f(&) E μ , for every ^ E ^.

5.1. THEOREM. Let f be a nearness-preserving map from a Tλ nearness
space (X, v) into a Ώ,μ-quasi-regular Tλ nearness space (Y, μ) and assume
that /(X) is Ώ ̂ clan-covered. Then there exists a unique continuous exten-
sion} off from (X\ gv) into (Ωμ, gμ).

(X,v) I (Y,μ)

Proof. We first describe the construction of the map /. Let β G Xv.
Then %= {f(A): ^ 6 β } is a grill on f(X) and % e μ since / is
nearness-preserving. Thus % is a clan on the subspace (f(X), μ^x)) of
(Y, μ). Then there is a §0 in Ωμ such that % C So, since /(X) is Ωμ-clan-
covered. Then also 5C C g0, where 5 C = { 5 C Y : B D f(A) for some
4̂ E β}. Since 5C is a grill on Y and (Y, μ) is Ωμ-quasi-regular it follows

that β0 is the only element in Ωμ containing %. We write/(β) = So. This
defines a map/.

Clearly/(ψ,(χ)) = f(&(cw9 x)) = @(cμ9 f(x)) = ψμ(/(x)) for all x E X
Thus/may be considered as an extension of/.

We shall prove that/is continuous. Let « C Γ , 6 G Γ and/(β) €
gμ/(«) W e a r e g° ing to show that β £ gva. Since /(ψ'^α)) C ^"^/(α))
we Have

This shows that 6 6 (ΨΓ^<*))*•
Now since
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it follows that ψ~\f(a)) £ / ( β ) and there exists a D C Y such that
£>* Df(a) and D £ / ( β ) . Set £ = ^~\f(a)) U Z). Then £ £ / ( β ) . Since
(Y, μ) is an Ωμ-quasi-regular nearness space and/(β) E Ω,μ it follows that
there exist disjoint subsets £/, V of Y such that £/Esec/(β) and
V E sec $ for all φ E £ + .

Let & be an arbitrary element of α. Then/(β) E/(α). First assume
that/((£) is principal. Then there i s a a j / G 7 such that/($) = ψμ(j>) =
β(cμ, _y). Since ψ^j) E/(α) it follows that j> Eψ^^/ία)) C £". Thus

E E+ . Next assume that/(β) is non-principal. Then/((£) E/(α) —
C /)* C £*, and hence f(&) E £ + , since f(&) E Ωμ - ψμ(y).

Thus in any case & E α implies /((£) E £ + . It follows that K E
sec/(£). Hence X - / " ^ F ) ί β, so that β E (Γ\V))V. This means

Also U E sec/(β) so that Y- U^f(Θ\ and hence F «/(β). Then
β and consequently

This shows that there exists a set 4̂ C X such that α C / , 6 ί Λ".
Now gva = [ψ,Γ1(α)]I/ U [Π {Λ": ^ C l , / D α}]. By the foregoing

results ((i), (ii) and (iii)) it follows that β £ g^α. Consequently/(g^α) C
gμf(

a)' This shows that /is continuous.
Since (Ω gμ) is a regular 7̂  space by Proposition 4.2 it follows that

(Ωμ> gμ) is a Γ2 space. Furthermore \f>J(X) is dense in (Xv,gv)9 and
consequently the continuous extension / is unique. D

5.2. THEOREM. Let f be a nearness-preserving map from a Tx nearness
space {X,v) into a quasi-regular clan-covered T± nearness space (Y, μ).
Then there exists a unique continuous extension f of f from (Xv

9 g ) into

We have stated this important special case of Theorem 5.1 as a
separate theorem. The proof is immediate.

Concerning the following result, cf. Herrlich [8, p. 95-96].

5.3. COROLLARY. Let f be a nearness-preserving map from a Tx Lodato
nearness space (X,v) into a regular Tλ Lodato nearness space (Y, μ). Then
there exists a unique continuous extension f of f from (Xp, gv) into (Yμ, gμ).

Proof. Since (Y, μ) is a regular nearness space it is also quasi-regular
and clan-covered (cf. Remark 4.8), and so the result follows immediately
from Theorem 5.2. D
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5.4. DEFINITION. A subspace (Y, η2) of a nearness space (λY, ηx) is
said to be relatively clan complete in (λY,ηx) if for every τj2-clan β in
(Y, η2) there exists anx^G λYsuch that {{x}} U β G T/,.

This definition was introduced by Naimpally [11, p. 249]. From
Theorem 5.1 we can now easily obtain the following extension theorem of
Naimpally [11, p. 251]. (For the meaning of v(k), see §2.4.)

5.5. THEOREM. Let (X, c) be a dense subspace of a topological Tλ space
( α l , k) and let v be the restriction to X of the nearness v(k) on aX. Let
(λY, μ) be an R-nearness space such that (λY,cμ) is a Tλ space, and let
(Y, μQ) be a subspace of(λY,μ) which is relatively clan complete in (λY, μ).
Then every nearness-preserving map /: (X, v) -» (Y, μ0) has a unique
continuous extension F: (aX, k) -> (λY, cμ).

Proof. Let τ(x) = {A C X: xG kA) for all x E aX. Then Xv =
{τ(x): x E aX} is the set of ^-clusters. We first show that r: (aX, k) -»
(JΓ, g j is continuous. Let x E α l , C C aX, and assume τ(x) $ gvr(C).
Then T(JC) £ Z>", where D = ψ~\τ(C)) = C Π X, and there exists a set
E CX such that £" D τ(C) - ψF( JST) and T(JC) « £ ' . Since i) ^ τ(x) and
£ ^ τ(x) we also have D U E & τ(x). This means by definition of the
map T that x & k(D U E). Clearly kD D C Π X, and we also have
kEΏ C- X. (For letj> E C - x. Thenτ(j>) E τ(C) - ψv(X) C £", hence
£ E τ(.y) which means j ; E A:̂ . Thus C - X C ££.) It follows that
k(D U £ ) D ( C Π I ) U ( C - I ) = C, and therefore also k(D U £) D
fcC, which implies x ί kC. It follows that r is continuous.

Since Yis relatively clan complete in (λY, μ) and/(X) C Y, we infer
that f(X) is Ωμ-clan-covered, where Ωμ = {§(cμ, y): y E λY}. Since
(λY, μ) is an i?-nearness space it follows that (λY,cμ) is a regular
topological space (see Section 3.4). Hence (λY, μ) is Ωμ-quasi-regular, by
Proposition 3.10. Furthermore (λY, cμ) is homeomorphic to (Ώμ, gμ).
Therefore by Theorem 5.1 there is a continuous extension/: (Xv, gv) -»
(λY,cμ) off, in the sense that the following diagram commutes.

(X,v) I (Y,μ0)

(X%gJ L (λY,cμ)

Also T is a continuous map on (aX,k), so that the following diagram
commutes.

(aX,k)
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Thus F = / o T is a continuous map such that the following diagram
commutes.

(X) (

(aX,k) - (X',g,) - {\Y,cμ)

Since (λY, cμ) is a Γ2 space and X is dense in (αX, k) it follows that
the continuous extension is unique. D

5.6. REMARK. Earlier known extension results related to our main
theorems have been proved only for Lodato nearness spaces. We shall
show that there exist non-Lodato nearness spaces where the conditions of
our Theorem 5.2 are satisfied. Thus our results cover situations where
earlier known results do not apply.

Let (X, c) be the closure space of Example 3.2, and let v be the
nearness v(c) on Z(cf. §2.4). In Example 3.13 we showed that (X9 v) is a
quasi-regular Tx nearness space such that the induced closure space
(X, cv) equals (X, c) and is therefore non-topological. The space (X, v) is
evidently clan-covered, since every clan is contained in some principal
cluster. In view of Theorem 5.2 every nearness-preserving map from a Tx

nearness space (Z, ζ) into (X, v) has a unique extension to a continuous
map /: (Z f , gs) -> (X, cv). (Here Xv — Π, and (Π, gv) is homeomorphic

to(Z,O )
Let Y and J have the same meaning as in Example 3.2. Let p be the

restriction of the nearness v to Y U J — X ~ {ω}. The space (Y U /, p) is
then quasi-regular and clan-covered. Again the space is not a Lodato
space, even though the closure space (Y U /, cp) is topological. Again it
follows from Theorem 5.2 that every nearness-preserving map from a Tλ

nearness space (Z, ζ) into ( 7 U / , p ) has a unique extension to a continu-
ous map /: (Z f, gζ) -> (X, cv). (The principal extension ((/ U Γ) p, gp) is
easily seen to be homeomorphic to (X, v).)

6. Extension of continuous maps. We shall now discuss continuous
extension of continuous maps to closure space extensions which are linkage
compact or F-linkage compact (cf. §2.2). In order to be able to obtain
such extensions we need to introduce conditions on closure spaces more
stringent than regularity. These conditions are formulated in terms of the
nearnesses ξ(c) and π(c), but are clearly statements about the closure
space (X, c). (For the definition of the nearnesses ξ(c) and π(c) see
Section 2.4.)



48 K. C. CHATTOPADHYAY AND OLAV NjλSTAD

6.1. DEFINITION. A Tx closure space (X, c) is called C-regular if the
contigual nearness space (X, ξ(c)) is quasi-regular.

6.2. PROPOSITION. A Tλ F-linkage compact closure space is C-regular iff
it is regular.

Proof. If (X, c) is C-regular then (X, ξ(c)) is quasi-regular and
c£(c) = c- Hence by Proposition 3.8, (X, c) is regular.

Next suppose that (X9 c) is regular. Let βbe a £(c)-cluster. Then {cA:
A E 6} has the finite intersection property. Since (X, c) is F-linkage
compact there is an x E X such that β C §(c9 x), and so β = §(x, c) since
§(c9 x) is a £(c)-cluster. Hence {§(c9 x): x E X) is the set of all £(c)-clus-
ters. By Proposition 3.10 it now follows that (X, ξ(c)) is quasi-regular,
which means that (X, c) is C-regular. D

6.3. PROPOSITION. A Tx closure space {X,c) is C-regular iff the
FΊinkage compact principal extension ( ψ ^ , (X^c\ gξ(C))) is C-regular.

Proof. Let (X, c) be C-regular. Then (X, £(c)) is quasi-regular. Hence
by Proposition 4.2, (X^(c), gξ(c)) is regular. Since (Xξ(c\ gξ(c)) is an
F-linkage compact regular Tλ space it follows by Proposition 6.2 that
(X^c\gξ(c)) is C-regular.

Next assume that (Λ^(c), g| (c)) is C-regular. Then it is also regular by
Proposition 6.2. Hence by Proposition 4.3, (X, £(c)) is quasi-regular,
which means that (X, c) is C-regular. D

6.4. PROPOSITION. Let (X, c) and (7, d) be Tx closure spaces. A map
f: (X,c) -+ (Y, d) is continuous iff f: (X, ξ(c)) -> (Y, £(J)) /s α nearness-
preserving map.

Proof. Let /: (Jf, ̂ (c)) -̂  (7, ξ(J)) be a nearness-preserving map.
Assume JC G cA. Then {{x}9 A} E ξ(c) and hence {{f(x)}9 f(A)} E {(d)9

and consequently/(x) E ̂ /(^4). Thus f(cA) C έ^(^4), which means that/
is continuous from (X, c) to (Y, d).

Next assume that/: (X, c) -» (7, J) is continuous. Let 6B E £(c), and
let {̂ 4j, ^42,... ,An) be an arbitrary finite subfamily of (&. Then there is an
x E Πf=1 c^ίβ Since / is continuous, /(x) E Πf=1 dfiA^. Since
{Aί9 A29...9An} is an arbitrary finite subfamily of 6E it follows that
}(&) E ξ(d). Thus the map /: (X, ζ(c)) -> (7, {(d)) is nearness-preserv-
ing. •
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6.5. THEOREM. Let (X, c) be a Tλ closure space and let (7, d) be a
regular F-linkage compact Tx closure space. Let f: (X,c) -» (7, d) be a
continuous map. Then there exists a unique continuous extension f of f from
( X ^ \ ) i ( Y d )

Proof. By Proposition 6.4, /: (X9 £(e)) -» (7, ξ(d)) is a nearness-pre-
serving map. By Proposition 6.2, (Y,d) is C-regular. Therefore (7, ξ(d))
is quasi-regular. Since (7, rf) is F-linkage compact, Yξ(d) = {β(d, >>):
; 6 F ) . Clearly (7, ξ(d)) is clan-covered. So by Theorem 5.2, there is a
unique continuous extension/: (XHc\ gξ(c)) -> (7 4 ( ί / ) , gf(</)) of/. Finally
note that (7, d) is homeomorphic to (Yξ(d\ gi{d)). Hence there is a
unique continuous extension/: (Xζ(c\ g { ( c )) -» (7, rf) of/, since (7, rf) is
a Γ2 space and ψξ(c)(X) is dense in (X^(c), g$(c)). •

6.6. Let C-REG denote the category of C-regular Tλ closure spaces
and continuous maps. (For categorical background, see e.g. Herrlich and
Strecker [7].) Let FLC-REG denote the category of regular F-linkage
compact Tλ closure spaces and continuous maps. In view of Proposition
6.2 we may say that FLC-REG is a full subcategory of C-REG. Note that
if (X, c) is a C-regular Tλ closure space, then by Proposition 6.3,
(ψ$(c), (X*(c\ gξ(C))) i s a n F-linkage compact C-regular extension of (X, c).
In view of Theorem 6.5 we then have the following result:

6.7. THEOREM. FLC-REG is epi-reflectiυe in C-REG. The reflection of
an object (X, c) of C-REG in FLC-REG is (ψ€(c), (X^c\ gHc))).

6.8. DEFINITION. A T{ closure space (X, c) is called P-regular if the
proximal nearness space (X, π(c)) is quasi-regular.

By arguments analogous to the preceding ones we get the following
results:

6.9. PROPOSITION. A Tλ linkage compact closure space is P-regular iff it
is regular.

6.10. PROPOSITION. A Tx closure space (X, c) is P-regular iff the linkage
compact principal extension {^v{c),{Xw{c), gw ( c ))) is P-regular.

6.11. PROPOSITION. Let (X, c) and (7, d) be Tx closure spaces. A map
f: ( I , c ) -> (Y,d) is continuous iff f: (X, ττ(c)) -> (7, τr{d)) is a nearness-
preserving map.
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6.12. THEOREM. Let (X, c) be a Tx closure space and let (7, d) be a
regular linkage compact Tx closure space. Let f: (X, c) -> (Y, d) be a
continuous map. Then there exists a unique continuous extension f of f from

6.13. Let P-REG denote the category of P-regular Tx closure spaces
and continuous maps. Let LC-REG denote the category of regular linkage
compact Tx closure spaces and continuous maps. By Proposition 6.9, it
follows that LC-REG is a full subcategory of P-REG. If (X9c) is a
P-regular Tx closure space then by Proposition 6.10, (^cy9(Xπ^c\ g77(c)))
is a linkage compact P-regular extension of (X,c). In view of Theorem
6.12 we then have the following result:

6.14. THEOREM. LC-REG is epi-reflectiυe in P-REG. The reflection of
an object (X, c) of P-REG in LC-REG is (ψw ( c ), (**«>, g f f ( c ))).

6.15. REMARK. For a topological Tx space (X,c) the extension
(χ£(c)?g ) i s equivalent to the classical Wallman compactification. If
(X, c) is also C-regular, then the extension (Xξ(c\ gξ(c)) is a T2 compactifi-
cation, and so by Theorem 6.5 it is equivalent to the Stone-Cech com-
pactification. It follows that (X, c) in this case is a normal space.

REFERENCES

1. H. L. Bentley, Nearness spaces and extensions of topological spaces, Studies in Topol-
ogy, N. Stavrakas and K. Allen, Ed., Academic Press, New York, 1975, 47-66.
2. H. L. Bentley and H. Herrlich, Extensions of Topological Spaces, Proceedings of the
Memphis State University Conference in Topology, Stanley P. Franklin and Barbara V.
Smith Thomas, Ed., Lecture Notes in Pure and Applied Mathematics, Marcel Dekker,
New York, 1976, 129-184.

3. K. C. Chattopadhyay and W. J. Thron, Extensions of closure spaces, Canad. J. Math.,
29(1977), 1277-1286.

4. K. C. Chattopadhyay, Olav Njastad and W. J. Thron, Nearness structures and
extensions of closure spaces, submitted.

5. E. Cech, Topological Spaces, rev. ed. (Publ. House Czech. Acad. Sc. Prague, English
transl. Wiley, New York, 1966).

6. D. Harris, Regular-closed spaces and proximities, Pacific J. Math., 34 (1970), 675-685.
7. H. Herrlich and C. E. Strecker, Category Theory, Allyn and Bacon, Boston, 1973.
8. H. Herrlich, Topological Structures, in: Topological structures, P. C. Baayen, Ed.,
Math. Centre Tracts 52, Amsterdam (1974), 59-122.
9. M. Katetov, On continuity structures and spaces of mappings, Comm. Math. Univ.
Carolinae, 6 (1965), 257-278.
10. K., Morita, On the simple extension of a space with respect to a uniformity I-IV, Proc.
Japan Acad., 27 (1951), 65-72, 130-137, 166-171, 632-636.

11. S. A. Naimpally, Reflective functors via nearness, Fund. Math., 85 (1974), 245-255.
12. Ellen E. Reed, Nearnesses, proximities and Tλ-compactificatons. Trans. Amer. Math.
Soc, 236(1978), 193-207.



QUASI-REGULAR NEARNESS SPACES 51

13. A. K. Steiner and E. F. Steiner, On semiuniformities, Fund. Math., 83 (1973), 47-58.

14. W. J. Thron, Proximity structures and grills, Math. Ann., 206 (1973), 35-62.

Received May 8, 1981 and in revised form March 9, 1982.

BURDWAN UNIVERSITY

BURDWAN
WEST BENGAL, INDIA
AND

UNIVERSITY OF TRONDHEIM-NTH

TRONDHEIM, NORWAY






