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LORENTZIAN ISOPARAMETRIC HYPERSURFACES

MARTIN A. MAGID

A Lorentzian hypersurf ace will be called isoparametric if the minimal
polynomial of the shape operator is constant. This allows for complex or
non-simple principal curvatures (eigenvalues of the shape operator). This
paper locally classifies isoparametric hypersurf aces in Lorentz space.

The classification is done by proving Cartan-type identities for the
principal curvatures and showing that the hypersurf ace can have at most
one non-zero real principal curvature. Standard examples are given in §3
and the main theorems are in §4.

The hypersurf aces with minimal polynomials (x — a)2 and (x — a)3

are called generalized umbilical hypersurfaces since they have exactly
one principal curvature. The classification of these hypersurfaces gives
insight into principal curvatures and the effect of the constant principal
curvatures on the structure of a hypersurf ace.

1. Preliminaries. In this paper all manifolds and maps are assumed

to be C°°. f:M^>M will always be an immersion but / can be treated

locally as an embedding. Thus x will often be identified with/(x) and the

mention of/will be supressed.

Lorentz space and its hypersurfaces. Let L*+1 be the n + 1 dimensional

real vector space Rn+ι with an inner product of signature (1, n) given by
n

(χ>y) = -^0^0+ Σχiyi

for x = ( x 0 , χlf...,xn) a n d y = (y0, yl9...,yn). Ln+ι is cal led L o r e n t z

space.

The ^-dimensional sphere of radius r in Lw+1, 5"(l/r 2 ), is the

hypersurface

with the induced Lorentzian metric. It has constant sectional curvature

\/r\

Generally a hypersurface M in hn+ι is called a Lorentzian hyper-

surface if the induced metric has signature (1, n — 1). If D is the flat

connection on L"+ 1 the Levi-Civita connection v on M is specified by

(1.1) DXY= VxY+a(X,Y)
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where X and Y are tangent vector fields on M, VXY is the tangential

component of DXY and α( X, Y) is the normal component, a is called the

second fundamental form.

In a neighborhood of each point of M we can find a field £ of unit

normal vectors. Using £ a field of endomorphisms A on M can be defined

by

(1.2) Dxξ = -AX.

A is symmetric with respect to the induced Lorentzian metric and is called

the shape operator of M.

The curvature tensor R of M is related to A by the Gauss equation

(1.3) R(X, Y)=AXΛAY

where U A V denotes the endomorphism of the tangent space defined by

(l/Λ V)W= (V,W)U-(U9W)V.

The shape operator satisfies Codazzi's equation

(1.4) VX(AY)-A(VXY)=VY(AX)-A(VYX).

Throughout the paper the equation which results from taking the inner

product of both sides of (1.4) with a tangent vector Z will be denoted by

Symmetric Endomorphisms, If V is a vector space with a Lorentzian

inner product (,) an orthonormal basis {El9...9En} is one satisfying

(Elt Ex) = - 1 , (£,., Ej) = 8tJ, (Elt Et) = 0

for 2 < i, j <, n. A pseudo-orthonormal basis is a basis {X, Y,

Ev...,En_2} such that

(x, x) = o = (y, y) = (x, £,.) = (y, £,.), (*, y) = -1

and

( £ , , ^ ) = δ ί 7 f o r l < / , 7 < n - 2 .

A symmetric endomorphism A of a vector space V with a Lorentzian

inner product can be put into one of four forms [11].

0
" α 0 0

0

I. A ~ II. A ~

0 0
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III. A ~

a0 0

0 aQ

- 1 0

IV. A ~

an-2

Here bQ is assumed to be non-zero. In cases I and IV A is represented with
respect to an orthonormal basis while in cases II and III the basis is
pseudo-orthonormal. In cases I, II and III the eigenvalues are real, while
a0 ± ib0 are eigenvalues in case IV.

2. Cartan's identities. In the case where the shape operator A is
diagonalizable a hypersurface is said to be isoparametric if A has constant
eigenvalues (principal curvatures). If A is not diagonalizable define a
hypersurface to be isoparametric if the minimal polynomial of the shape
operator is constant. Such a hypersurface has constant principal curva-
tures and A can be put into exactly one of the canonical forms I, II, III, or
IV.

Following and simplifying the method in [10] we show that in each
case the principal curvatures satisfy an identity.

If Mn is a Lorentzian hypersurface in L"+1 with a constant principal
curvature a, define a distribution Ta on M by

Ta= { ί/e TM:AU=aU}.

LEMMA 2.1. Ta is an integrable distribution.

Proof. If U and V are in Ta, by 1.4

A[U,V]=a[U,V]

so that [ί/, V] is in Ta. D

This doesn't depend on the metric induced on Ta, which may be
degenerate.

THEOREM 2.2. // the shape operator of a Lorentzian hypersurface in
L n + 1 is diagonalizable and has distinct constant eigenvalues av...,a with
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multiplicities PV . . . , v then for any /, 1 < i < p9

(2.1) Σ ^ ^ - = o.

Proof. For an eigenvalue a of A define the focal map/α: M —> L"+1 by

so that

For anyy, 1 <j<p, denote fa by fj and Ta by 7̂ . We see that

Ui)* = ° on Γ,, while

U=^-^U for Uin TjJΦi.

Call ft(M) = F r This is an « — *>, dimensional submanifold of L"+1, at
least in a neighborhood off(x). We can identify T^(F ) with [7;.]-1. The
line x(t) = x + ίξ(x) is normal to F; at/^x) and x r (0 = ξ(x). For ί7in
[ΓJ -1 we want to calculate the shape operator

where V^ £ is the component of Dυξ normal to V^If U is in

= -ajU

so that BkU = (aiaj/aι - a^U. Therefore

< 2 2 > ^

Following [10] we define a differentiable mapping from Mι9 the
integral manifold of Tt through x, to N (Vt)9 the normal space to Vt at
fXx) = P' fi maps Mi to the single point/?. Define g : M -> Np(Vi) by

The differential of gz at JC is

()Z= -atZ

so that gf is injective. Np(Vt) is either Euchdean or Lorentzian, depending
on Mr Consider the linear function w on this vector space given by

Let Sp c NpiYi) denote the unit sphere, which is either a Riemannian
or Lorentzian manifold. g^Af,) is an open subset of Sp containing ξ(x).



LORENTZIAN ISOPARAMETRIC HYPERSURFACES 169

By (2.2) w is constant on an open subset of Sp. An easy argument shows

thatw s OonN/V^. D

In order to prove the appropriate identity when A falls in case II we
need the following lemma.

LEMMA 2.3. Suppose A is the shape operator of a Lorentzian hyper-

surface. If A has distinct constant eigenvalues α 0 , al9...9ap with multiplici-

ties v0, pv...,pp and the minimal polynomial of A is (x — ao)
2(x — aλ)

• (x — ap) then there is apseudo-orthonormal basis

of vector fields in a neighborhood of any point in M with respect to which

a0

1

a0 0

aΛ

Note. The multiplicity of an eigenvalue aβ is the exponent of (x — α^)

in the characteristic polynomial. See, for example, [7], p. 236.

Proof. Take such a basis at a point JC0. Extend the basis to vector

fields { X, Ϋ, Zl9... ,Epv } in a neighborhood of JC0. Consider

(A- ap)Ejk,(A - ao)
2(A - β l )

For a fixed j these ^ vector fields span TJm They can be made orthonormal

using the Gram-Schmidt process, yielding Ell9...,Epp. Using these we

can form X, Y9 Zl9...9ZVQ_2 from X, Ϋ9...,ZPQ_2 which are perpendicular

to J\ Θ θ Tp. Now apply Gram-Schmidt to

x±f

to form {Wl9...9 WVQ), an orthonormal basis of [Tx θ φ
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Wx + W2 is lightlike (has length zero), (A - ao)(W1 + W2) Φ 0 in a
neighborhood of x0 and (A — ao)

2{Wι + FF2) = 0. This means that

((A-ao)(W1+W2)9(A-ao)(W1+W2)) = 0 and

A((A - aQ){Wλ + W2)) = ao((A - aQ){Wλ + W2))

so that {A — ao){Wι + W2) is lightlike and in To. Thus there is a multiple
of Wx + W2 such that

) ( ^ ( + ΪF2))) = - 1 ,

near JC0. Setting X = c{Wλ + W2) and Y = (A - ao)(c(Wι 4- W2)) it is
easy to complete the desired basis. D

I n the statements and proofs of the following theorems the indices i,j
and β will have the following ranges: 1 < i9j < p and 0 < β < p .

THEOREM 2.4. // the shape operator of a Lorentzian isoparametric
hypersurface in hn+1 has minimal polynomial (x — ao)

2(x — aλ)
(x — ap) and the eigenvalues have multiplicities v0, vl9... ,v then for any i

(2.3) £ ^ ^ - 0.

Proof. Fix / and again consider

Then

while on Γ t = [^ θ θ T]x we have

ai ai

for X and Y as in Lemma 2.3 and

(fi)*U=^-^U forC/inΓ0.
" 0

Therefore (/,)* is injective on [7].]x , which can be considered the tangent
space to Vt =/ 7 (M). The line x(t) = x + /|(x) with ^ ( ί ) = ξ(jc) is
normal to Vi at/^x). We want to calculate the shape operator of Vt in this
normal direction. For [/in
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With respect to the basis above

a] aoat

( \2 n — n

<*i ~ aθ) < °

so that tr JB| = ΣβΦi vβaiaβ/{ai — aβ). As in the proof of Theorem 2.2 this
constant is zero. D

To tackle case III we need another indefinite Gram-Schmidt lemma.

LEMMA 2.5. Let A be the shape operator of a Lorentzian hypersurface. If

A has distinct constant eigenvalues aQ9al9...9ap with multiplicities

v0, vv... 9vp and the minimal polynomial of A is (x — ao)
3(x — aλ)

(x — ap) then there is apseudo-orthonormal basis

{ "V ~V *7 "7 r7 T7 T? TΓ 1

Λ.9 I , z^, Z^ l 5. . . ,Z^ ί,o_3, X - Ί I ? . . . , - C ^ , . . . ->^pVp ]

of vector fields in a neighborhood of any point in M with respect to which

a0 0 0

0 tfn 1

A =
- 1 0

Proof. As in Lemma 2.3, find Ell9... 9E with the desired properties

and X, Y9 Z, Z1,...,ZPQ_3 which are perpendicular to 7\ θ •• θ Γ f

Apply the Gram-Schmidt process to

r+ Y x- f -

to obtain { Wv..., WVQ}9 an orthonormal basis of [Tx θ θ T^ . Set
X-(W1+ W2)/ ft.°X is lightUke, (A - ao)

2X Φ 0 and (A - ao)
3X =

0. Now let

X
X =

- aQfX, X)

y= -{A - ao)
2X and

Z= -(A-ao)X-((A-ao)X,X)Ϋ.
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These vector fields satisfy: (X, X) = 0 = (Ϋ, Ϋ), (X, Ϋ) = - 1 , (X, Z) =
0 = (Ϋ,Z),(Z,Z) = land

AX=a0X+ CΫ- Z

AΫ= a0Ϋ

AZ= Ϋ+ a0Z.

C is a possibly non-zero function. Finally set

C2 -> Γ -

7= 7

Z = ~ 2 ~ 7 + Z *
As before Z1?...,ZVo_3 are simple to find. D

THEOREM 2.6. If the shape operator of a Lorentzian isoparametric

hypersurface in L" + 1 has minimal polynomial (x — ao)
3(x — aλ) - (x —

a ) and the eigenvalues have multiplicities vOy pl9..., v > then for every i

(2.4) Σ ^rt = 0.

Proof. Fix i and look at the focal map/z.

(fi)*U= — -U for [/in Tβ9

while

We calculate as above that the shape operator Bξ to Vt has the form

fl fl,7 " 0

a, - an

0

β ,

(«ι ~ Λ θ ) 3

"o4- ^-^— 0 ... 0

Ϋ

9

ό

As above the trace of Bt = 0. •
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COROLLARY 2.7. If Mn is a Lorentzian isoparametric hypersurface in
hn + 1 whose principal curvatures are all real then M has at most one non-zero
principal curvature.

Proof. Suppose that A has more than one non-zero real eigenvalue. By
looking at ±ξ we can assume some are positive. Choose the smallest
positive eigenvalue. If it is ai9 i Φ 0, then

fφi ai ~ aβ

has only non-positive summands, so that ataβ = 0 for all β Φ i. If the
shape operator is diagonalizable, this finishes the proof. If not, there is the
possibility that a0 is the smallest positive eigenvalue. In this case we may
also assume that all eigenvalues are positive or 0.

If all the non-zero eigenvalues are positive and a0 is the smallest, let
ap be the largest.

Py vβa

P

aβ

aP -

has only non-negative summands so apaβ = 0 for all β Φ p and only a0 is
non-zero. D

T H E O R E M 2.8. If the shape operator of a Lorentzian isoparametric

hypersurface in L w + 1 has minimal polynomial [(x — a0)
2 + bl](x — aλ)

• (x — ap), b0 Φ 0, and the real eigenvalues have multiplicities pl9...9v

then for every i

(2.5) 2a,
(a,- aQ)a0- bl

{a, - a0) + bl

v-a.a,

Proof. Choose an orthonormal basis of vector fields {Cv

C2, En,... ,EpVp} such that

X = a0Cλ - b0C2,

AC2 = b0Cx + a0C2,

AEjk = ajEJk, 1 <j <p,\ <k<vj.

This can be done by complexifying the tangent bundle. Letting ft be the
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focal map corresponding to a non-zero real eigenvalue we have

(fi)*Ci - ~~^~C\ + "

a: — a:

a-

ίotUin T,.

Thus (/,)* is injective on [T^ . It is easy to see that the shape operator
of Vt in the direction of £ has

(at - ao)ao- b\
= 2ai (αz - aof

y vJaJaJ

jt a - a '- aj

As before (2.5) holds. D

Note that (2.5) holds with a0 = \, ax = 1, b0 = \ and i = 1. Thus A
can have more than one non-zero principal curvature and satisfy (2.5).
However, A can have at most one non-zero real principal curvature.

COROLLARY 2.9. // Mn is α Lorentziαn isoparametric hypersurface in
LΓ+1 with complex principal curvatures a0 ± ib0, b0 Φ 0 then Mn has at
most one non-zero real principal curvature.

Proof. Assume that Mn has a non-zero real principal curvature and
call aλ the smallest positive one. If aλ > 0 > a0 or a0 > ax > 0 then by
(2.5)

2a, ~ bo

- aJ

where the distinct real principal curvatures are given by al9 a2,... 9a . The
summands are all non-positive and so αxαy = 0 for ally Φ 1. In addition

(2.6) (aλ - ao)ao - bl = 0.

Suppose ΛX > aQ > 0. If there were another non-zero real principal
curvature there would be either a negative one with smallest absolute
value, ap, or all would be positive and some aq would be largest. In the
first case

aλ > aQ > 0 > ap.

By considering A _ξ this has been done. In the second case

aq > aγ > a0 > 0.
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Summing overy Φ 1 and then over j Φ q in (2.5) gives

(aλ - ao)ao- bl > 0

(aq- ao)ao- bl < 0

which is impossible. D

3. Examples. The main purpose of this paper is to describe locally
the Lorentzian isoparametric hypersurfaces of hn+1. It will turn out that
no such hypersurface has complex principal curvatures so only those with
one or two real principal curvatures and at most one non-zero principal
curvature need be classified.

If the shape operator of Mn is diagonalizable and Mn is complete then
Mn is a Lorentzian hyperplane, sphere or one of two types of cylinders:

M = { ( x O 9 x l 9 . . . 9 x n ) : - x l + Xι + ••• + x \ = r 2 } o r

M = { ( x O 9 x l 9 . . . 9 x n ) : x l + ••• + χ l = r 2 } , 1 < k < n .

If the shape operator is not diagonalizable then M will be called either
a generalized cylinder or a generalized umbilical hypersurface. The following
examples give the necessary local models.

A null curve x{s) is a curve whose tangent vectors have length zero. A
frame for a curve x{s) in L"+1 is a set of vector-valued functions
Ex(s)9... ,En+ι(s) such that, for each s, {/^(.s),. >En+ι(s)} i s a basis of
Lπ + 1. If the basis is pseudo-orthonormal it is called a pseudo-orthonormal
frame.

We assume a > 0 below. If a < 0 the examples can be easily modified
by requiring that/(.s,0) = x(s).

EXAMPLE 3.1. Generalized cylinder of type 1.
Take a null curve x(s) in L r + P + 3 with a pseudo-orthonormal frame

{ X(s)9 Y(s)9 C(s)9 Wx(s)9..., Wr(s)9 Zx{s)9... ,Zp(*)} such that

*(*) = X(s)9

C(s)= -B(s)Y(s)9 BΦO,

Zβ(s) e span{7(^)? Z ^ ) , . . . ^ ^ ) } , 1 < β < p.

The parametrized hypersurface in L r + P + 3 defined, in a neighborhood of
the origin, by

f(s9u9wl9...9wr9zl9...9zp) = x(^) + uY(s) -f Σ
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is called a generalized cylinder of type 1.

/ β

The minimal polynomial of Aζ is x2(x — a) if p Φ 0 and x2 if p = 0.

EXAMPLE 3.2. Generalized cylinder of type 2.

Let JC(S) be a null curve in I / + p + 3 with a pseudo-orthonormal frame

{ X(s)9 Y(s)9 C(s), Zλ(s\... 9Zr(s)9 Wί(5),...,ϊFp(j)} such that

C ( J ) = -έi-Y(j) - B(s)Y(s), BΦO,

Wβ{s)^ span{y(5),»\(j),...,W;(j)}.

The parametrized hypersurface in L r + P + 3 defined by

f(s9 M, z1,...,z r,w1,...,wp) = X(Λ ) + «y(ί) 4- ΣzjZj{s) + ΣwβWβ(s)

is called a generalized cylinder of type 2 if p Φ 0.

The minimal polynomial of Aξ is (x - a)2x if p Φ 0 and (x - α ) 2 if

p = 0. If p = 0 the hypersurface is called a generalized umbilical hyper-

surface.

If p = 0 then for each s we get a map fs(u, zl9...,zr) =

/(51, W, Z 1 ? . . . ,z r). The image of/5 is an r + 1 dimensional submanif old of

R r + 3 which is contained in the r + 2 dimensional sphere of radius 1/α

centered at x{s) + (l/α)C(^)./ 5(w, z 1 ? . . . ,z r) - x(s) - (l/a)C(s) is also

perpendicular to Y(s). Therefore/(5, w, zl9...9zr) consists of those r 4- 1

dimensional submanifolds of the appropriate r + 2 dimensional spheres

perpendicular to Y(s) moving along x(s).

EXAMPLE 3.3. Generalized cylinder of type 3.

Start with a null curve x(s) in I / + p + 4 and a pseudo-orthonormal

frame {X(s)9Y(s)9Z(s)X(s)9U1(s)9...9Ur(s)9V1(s)9...9Vp(s)} satisfy-

ing

C(s) = B(s)Z(s)9 B(s)Φθ,

Vβ(s) e spanίyίs),^),...,^)}, 1 < β < p.
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The parametrized hypersurface defined in a neighborhood of the origin by

f(s, u, z9 ul9...9ur,υl9...,υp)

= x(s) + uY(s) + zZ(s) + ΣujUj{s)

ΣvβVβ(s) + \c{s) - ^ K

is called a generalized cylinder of type 3. The minimal polynomial of the
shape operator is JC3(X — a) if p Φ 0 and x3 if p = 0.

EXAMPLE 3.4. Generalized cylinder of type 4.
Take a null curve x(s) in L r + P + 4 with a pseudo-orthonormal frame

{ X(s), Y(s), Z(s), C(s), V^s),..., Vr(s), U^s),..., Up(s)} such that

x(s) = X(s),

C(ί)= -aX(s) + B(s)Z(s),

Uβ(s) e span{Γ(5), t/1(S),...,ί/p(5)}> 1 < β < p.

The parametrized hypersurface given by

f(s,u,z,υ1,...,vr,uι,...,up)

= JC(J) + «y(ί) + zz(s) + ΣθjVj(s)

+ Yu U (s) + -C(s) - Λ — - Yυ2 - z2C(s)
α V ^

is called a generalized cylinder of type 4, if p # 0. In this case the minimal
polynomial of the shape operator is (x — a)3x. If p = 0 / is called
a generalized umbilical hypersurface and the minimal polynomial is
(x - a)3.

In the appendix the existence of framed null curves with the ap-
propriate derivatives is proved.

4. Hypersurfaces in L"+1 with at most one non-zero real principal
curvature. In this section isoparametric hypersurfaces of Lw + 1 with at
most one non-zero real principal curvature are shown to be generalized
cylinders or generalized umbilical hypersurfaces. A few lemmas are needed
to begin.

LEMMA 4.1. If Mn is a Lorentzian isoparametric hypersurface in Ln+ι

then the kernel of the shape operator A is a totally geodesic distribution on
M.
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Proof. Let Wv W2 be vector fields in ker^4, and F b e any vector field

onM.

so by (1.4)

^oA{VwWλ) ± TM. U

LEMMA 4.2. If Mn is a manifold with a vector field X and two integrable

distributions Tλ and T2 satisfying

(1) Xθ TλΘ T2= TM

(2) VτTj c Tj9 i, j = l,2,then for every point γ(0) in M there is a

coordinate system (s9υl9...9υp9wl9... 9wq) with origin γ(0) such that

(i) { 3/3 υl9..., 9/9 up} /orm^ α local basis of Tx

(ii) { 3/3 wv... ,3/3w^} forms a local basis of T2

(iii) (s, 0,... ,0) is α« integral curve of X.

Proof. By hypothesis 7\ θ Γ2 is integrable, so by the lemma in [5] vol.

I, p. 182 there is a coordinate system (s9 yl9...9yn_ι) with origin γ(0) such

that s = c defines an integral manifold of Tt θ T2 while j>7 = cj9 1 < j <

n — 1, defines an integral curve of X Thus the curve y(s) = (51,0,0,... ,0)

is an integral curve for X. For each s let N(s) denote the integral manifold

of 7\ θ T2 passing through y(s). N(s) has two complementary integrable

totally geodesic distributions 7\ and T2. Again by the lemma in [5] there is

a coordinate system {tl9...9tp9ul9...9uq} on N(s) with origin y(s) such

that ^ = Cj is an integral manifold of T2 and uk = dk is an integral

manifold of 3^. As in [5] vol. I, p. 183 there is an open neighborhood Θ{s)

of y(s) in N(s) such that Θ(s) = Φλ(s) X β?2(5) where Θj(s) is open in

My.(j) and Mj(s) is integral to 7}. Now let ^ ( j ) , . . . , Vp(s)9

Wλ(s)9..., Wq(s) be smooth vector fields along y(s) with ϊ^(ϋ) in Tλ and

in T2. We have, possibly by making &j(s) smaller,

Θ2(s) =
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SO

Φ(s) = (expγ(j) ΣvjVj(s)> expγ(J) Σ™kWk(s))

and (s9υl9...9vp9wl9... 9wq) is the desired coordinate system. D

If Mn is a Lorentzian manifold satisfying the hypotheses of (4.2) and
/: Mn -» LT+1 is an isometric immersion then we can make the following
definitions. For the coordinate system above set x(s) = f(y(s)) and let

Λ,: Θι(s) -> L " + 1 beϋ->/(j,ϋ,0) and

LEMMA 4.3. Let Mn be a Lorentzian manifold satisfying the hypotheses
of (42). Iff: Mn -» Ln+ι is an isometric immersion and a(Tl9 T2) = 0 then
f can be written locally as

Proof. Let (s, υl9...9υp9 wl9...9wq) be the coordinate system obtained
above. For a fixed s we have Θ{s) = ί ^ ) X Q2(s). To employ the proof
of "Moore's Lemma" in [2], p. 386 we must show that

V S Λ ^ Γ = ° = V9 / 8 > V ι^- for ally, fc.

Note that

so

^ J

But the left-hand side of this equation is in T2 while the right-hand side is
in Tl9 so both are zero.

Therefore

f(s, υ9 w) - x(s) =fltS(ΰ) - x(s) +/2tJ(iv) - x(s)

and

f{s,v9w)= ~x{s)+fhs{v)+f29S{w). Π

THEOREM 4.4. If Mn is a Lorentzian hypersurface isometrically im-
mersed in hn+ι whose shape operator has minimal polynomial (x — a)x2,
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a Φ 0, then, in a neighborhood of any point, Mn is a generalized cylinder of

type 1.

Proof. In a neighborhood of γ(0) in M take a pseudo-orthonormal
basis of vector fields {X,Y,WV..., Wr, Zv...,Zp} such that AX = BY,
B Φ 0, AY = 0 = AWj zadAZβ = aZβ for 1 <7 < r and 1 < β < p. First
note that Y can be assumed to be a geodesic vector field. To see this
denote kevA by To and ker(̂ 4 - a) by Ta. If 1/ e 7J, then [U, Y] e ΓO and
so ( r , [ί/, y]> = 0 = (Y, VVY) - (y, v y ι / ) = ( v y y , ι/) so that vγγ ±
To. Therefore VγYis in span{Y} and is pregeodesic. Multiplication by a
function makes it geodesic.

Next we show that the hypotheses of (4.2) and (4.3) hold. First define
a new distribution T* = span{ I ) θ Γo. We recall the notation {X, Y} Z
which is explained after equation (1.4). From

(1) {X,Y}Zβ {[X,Y],Zβ) = 0
we have

(2) [X,Wj}Zβ ([X,Wj],Zβ) = 0

so that T* is integrable.
Three instances of Codazzi's equation show that Ta is totally geodesic.

(3) {Y,Zβ}Zy,

(4) {X, Zβ}Zy, a(vZβX, Z γ) = B(vZβZy, Y) = 0,

(5) {W,,Zβ)ZΎ,

I f ( V z ^ , 7) = 0 then by

(6) {X,Zβ}Wlt aiVjcZ

and (2) (vwX,Zβ) = 0. Then (1), (3), (5) and

(7) [X,Zβ)Y, (vxY,Zβ) = 0,

would show that VTTO c To and X7TTa Q Ta.
To show that (VzWj, Y) = 0 set
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From {Wi9 Zβ}X9 aθjβ = -BφβJ. Because AY = 0, Ta is totally geodesic

and vγTa c Ta

o = (Λ(y, zβ)zβ, x) = ( V y v ^ - v ^ z , - vVrZfi.VZβYzβ9 x)

Therefore φ ŷ = 0 = θβj. With (2) we see that (VxZβ9 WJ) = 0 and by (7)
(VxZβ,Y) = 0.

We know then that the immersion/splits as

f(s9 u9wl9...9wr9zl9...9zp) = -x(s) + / 0 , 5 ( w , w) + / β > J ( z )

with/0 /. M 0 ( J ) -> L"+1 and/0 a: Ma(s) ~> Lπ + 1. Here, of course, M 0 ( J ) is
the leaf of To through γ(s) and Ma(s) is the leaf of Ta through y(s).

Now restrict fm(X), fm(Y)9 f+(!¥&... ,/*(Zp) to x(j) = /(γ(j)) and
denote the restrictions by X(s), Y(s)9 Wx{s\.. .9Zp(s). Denote ξ(x(s)) by
C(s).

We'll see that fotS(MQ(s)) maps onto an open subset of the r + 1
dimensional plane spanned by Y(s),Wι(s),...,Wr(s). For each fixed s
M0(s) is a totally geodesic submanifold of M9 so that each geodesic in
M0(s) is a geodesic in M. Furthermore f(M0(s)) is a totally geodesic
submanifold in Ln + 1. In fact if w(ί) is a geodesic in M0(s) then

and/(w(/)) is a geodesic in LΛ+1. Therefore f(MQ(s)) is an open subset of
an r + 1 dimensional plane in LM+1 passing through x(s) and can be
written

fo,s(u,Wl,...,wr) = x(s) + uY(s) + Σ">jWj(s).

fas(Ma(s)) is an open subset of the p-dimensional sphere passing
through x(s) contained in the subspace perpendicular to f*(T*(s)) with
center x(s) 4- (l/a)C(s) and radius I/a. By equation (4) and VT(T0 c To

we see that V Γ Γ* c Γ^.
If F(0) is in Γ^ίi ) and z(ί) is a curve in Mβ(j) passing through y(s)

let F(r) be the parallel translation of V(0) along z{t).

which shows that/*(K(/)) is a constant vector in Ln + 1. Now
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Therefore f(z(t)) is contained in [/*(7\|e(5))]-L. fas(Ma(s)) is an umbili-
cal immersion in this p + 1 dimensional space and so is an open subset of
the sphere of radius \/a, with center x(s) + (l/a)C(s). Therefore locally
M is a generalized cylinder of type 1. D

If the minimal polynomial of A were x2 in the hypothesis of Theorem
3.4 it is easy to see that Λί is a generalized cylinder of type 1 with p = 0.
In [2] complete isometric immersions with this hypothesis are classified.

THEOREM 4.5. If the shape operator of a Lorentzian hypersurface Mn in
Lw + 1 has (x — a)2, a Φ 0, as its minimal polynomial then, in a neighbor-
hood of any point, Mn is a generalized umbilical hypersurface as in Example
3.2.

Proof. We take a pseudo-orthonormal basis {X,Y, Zv.. .,Zr], r =
n - 2, for TM in a neighborhood of x(0) such that AX = aX + BY,
AY = aYand AZj = aZp withB Φ 0.

Let Ta denote the integrable, degenerate distribution ker(̂ 4 — a) on
M. Treating Mn as an embedded hypersurface, let x(s) be an integral
curve of X and indicate X(x(s)) by X(s), etc. If C(s) = ξ(x(s)) where ξ is
the unit normal then

DsC(s)= -aX(s)-B(s)Y(s).

We show that Ma{s), the leaf of Ta through x(s), is an n — 1
dimensional submanifold of the ̂ -dimensional indefinite sphere centered
at x(s) + (l/a)C(s) with radius I/a. Fix s and let x(s) + β(t) with
β(0) = 0beacurveinMΛ(5)sothati8 /(0 e Γβ(A;(j)

so x(5) 4- β(t) + (l/α)ξ(x(s) + β(ί)) is a constant vector equal to its
value at t = 0, x(s) + (l/a)C(s). Therefore for each /

x(s) + β(t) + £*(*(*) + /?(*)) = x(s) + \c(s)

giving

(1) i 8 ( 0 - i c ( S ) = - i | ( x ( S ) + iδ(r)) and

(2)

From (2) Ma(s) is contained in the appropriate sphere.
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Consider now Codazzi's equation with U in Ta and X.

VU{AX)-A(VUX) = VX(AU) -A(VXU) gives

B(vυY) = (A - a)vvX-{A - a)vxU -(UB)Y.

The image of A — a is contained in span Y so VVY is in span Y for all U

in Ta9 i.e., Yis parallel along Ta. In addition

so Y is parallel along Ta in Lπ + 1. From (1)

Because Y is parallel along Ta

and Λf n is a generalized umbilical hypersurface. D

THEOREM 4.6. If Mn is a Lorentzian hypersurface isometrically im-

mersed in LΛ + 1 whose shape operator has minimal polynomial (x — a)2x,

a Φ 0, then, in a neighborhood of any point, Mn is a generalized cylinder of

type 2.

Proof. Denote ker(Λ - a) by Ta, kerΛ by To and [Γo]± by Γ*. For

any point γ(0) in M choose a pseudo-orthonormal basis {X, Y, Z l 9 . . . ,Z r,

Wl9...,Wp} of vector fields near γ(0) such that ^ = aX 4- 57 , 5 Φ 0,

^ 7 = ^Γ, ylZ^ = ̂ Z yand^W^ = 0. As in 4.4 ( v y 7 , U) = 0 for ί/in Γβ.

Examining { Y, Wβ} Y gives (VyH^, 7) = 0, so we may assume that Y is a

geodesic vector field.

Next we show that Mn satisfies the hypotheses of Lemmas 4.2 and

4.3.

To and Ta are integrable. Using

(1) {X,Y}Wβ, {[X,Y],Wβ) = 0,

(2) {Zi9Wβ}Y, (vzWβ,Y) = 0,

(3) {X,Zs}Wp, {[X,Zi],Wβ) = B{vzY,Wβ) = 0,

we have the integrability of T*.

To see that VTTO c Γo note that (VyW^9 JQ = 0 by (1) and

(4) {X,Wβ}Y, {vxWβ,Y) = 0.

(VyW^, y) = 0 because yis geodesic.
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(5) {Y,Wβ}Zi9 ( v y ^ , Z ί ) = O,

(6) {YtZjWβ, (VzWβ9Y) = O,

(7) {Zi,Wβ}Zj9 (vzWβ,Zj) = O

would finish VTTO c TQ if we knew (VzWβ, X) = 0, which will be shown
later.

To see that Ta is parallel along To note that (vwY,Wy) = 0 =
(VwZi9 Wy) because TQ is totally geodesic. We also have (VWY, Y) = 0
so we need only (VwZ i 9 Y) = 0. This can be done by expanding

0 = (R(Y,Wβ)Wβ, X) = ( v y V ^ - V^VyWβ - v[YsWβ] Wβ, X).

To is totally geodesic and VγT0 c To so this reduces to

Set VWY = bY + Σίj=ιbjZj. The equation becomes

By

(8) {Zj,Wβ}X, a(vzWβ,x

we have (VzWβ, X) = - f(VWY, Zj) so

Therefore έ>7 = 0 = (V^Z y , 7) and (VzWβ9 X) = 0 which completes the
proofs that vΓαΓ0 c To and VΓ()Γα c Ta. '

In order to prove that Ta is a totally geodesic foliation note that

( v y Z / , 7 ) = 0, {vYZifWβ) = 0 by (5),

( V z 7 ? F ) = 0, ( V Z Γ , ^ ) = O by (6),

( v z Z y , ^ ) = 0 by (7)

and we have

(9) {X,Z,)ZJt ( v z Z y , l r ) = 0-

By Lemmas 4.2 and 4.3 we know that, locally, the immersion /splits,

f{s,u,zι,...,zr,wι,...,wp) = -x(s) +fOtS(u,zi,...,zr)
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Restrict the vector fields/*(X), / * ( * % . . 9f*{Wp) to x(s) and denote the
results by X(s), Y(s),..., Wp(s). As before let ξ(x(s)) = C(s). We can see
that DsWβ(s) e span{ 7(*)} θ Γo using (4), (3) and (VzWβ, X) = 0.

As in the proof of (4.4) fOyS(Mo(s)) is an open subset of the p-dimen-
sional plane passing through x(s) spanned by Wλ(s),..., Wp(s).

Also as in (4.4) fas(Ma(s)) is contained in the subspace of L n + 1

through x(s) perpendicular to f*(TQ(s)). Following the proof of (4.5) we
see that Mn is a generalized cylinder of type 2. D

The following theorems involve shape operators with minimal poly-
nomials that have x3 or (x — α)3 as factors. As the polynomials become
more complicated so do the proofs.

THEOREM 4.7. If Mn is a Lorentzian hypersurface isometrically im-
mersed in Lw + 1 whose shape operator has minimal polynomial x3(x — a),
a Φ 0, then locally Mn is a generalized cylinder of type 3.

Proof. Let {X, Y, Z9Ul9...9Ur9 Vv...,Vp} be a pseudo-orthonormal
basis of vector fields near γ(0) satisfying AX = — BZ, AY = 0 = AUj9

AZ = BY and AVβ = aVβ where B Φ 0. We can assume Y is geodesic.
We use the following notation:

Ta = ker(Λ - a) and

Next we show that the hypotheses of 4.2 and 4.3 hold. From

(l) {γ,vβ)vy9 (vvyΎ,γ) = o,

(2) {Z,Vβ}Vy, B(vVβY,Vy)-a(vVβZ9VΎ) = 0,

(3) {X,Vβ}Vγ, B{vVβZ,Vy)+a{vVfiX9Vγ) = 0,

(4) {Uj*Vβ}Vy9

we see that Ta is totally geodesic.
In order to prove that Γo

2 is totally geodesic the covariant derivatives
of any two vector fields in Γ0

2 must be perpendicular to Y and Vβ9

β = 1,2,... ,p. Some of the necessary equations come from the following
instances of Codazzi's equation.
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(5)

(6)

(7)

(8)
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{x,z)γ, (v2z,y) = o,
{γ,z}vβ, (vYz,vβ) = (

[Y,Vβ}Z, (vγVβ,Z) = O

[Z,Uj}Z, {vzUj,Y) = O.

vβ),

Because 7^ is a totally geodesic we must only prove

( V Z Z , ^ ) = O, {vzUj,Vβ) = 0 and

This can be accomplished as follows. Consider Mn as the tube of radius
I/a over fa{Mn). If Bv is the shape operator in the direction of Vβ of
fa(Mn) and Wis a tangent vector to fa(Mn) then

where A is the shape operator of M. (See [1] for this computation.) We
know that A3W = 0 for all W and so B\W = 0. For a fixed β we write
V_^g restricted to T* as a matrix with respect to the basis
{X,Y9Z9Ul9...,Ur}.

_ β Γ\

dιι U

flfx af2

< 0

*π °
•

bfx 0

0

«23

βf3

•

^ 3

0

c-n.

cξ1

0

0

C2r

cβ
C3r

From

(8) {X,Y}Vβ, a{vxY,Vβ) = B(vrZ,Vβ) + a(vγX,Vβ),

(9) {X,Z}F^, «(V X Z,^)-5(V X 7,^)

(10) {X9 U}V , fl( V £/ ,

(11) {Z,t/y}F,, ( v z l $ , F

we get the following relations:

α n = α2:

— nnβ —
aaξ1

{λ = aaξ3 - Baξ3,

-abjl-acζj-Bcξj,

Cβ

cj3.
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By substituting in and cubing the matrix, which must equal zero since
3
vβ

By = 0, we see it has the form

0

A
-σf 3

•

bβ

0
0

0

0

•

0

0

0

0

•

0

0

0

•

0

0

0

Therefore Γo

2 is totally geodesic.
Combining what was just proved with the following two equations we

see also that VTT£ c Γ0

2.

(12) {Z,Vβ}Z, a(vzVβ,Z)= -2B(\?VβZ9Y)9

(13) {Uj9Vβ}Z9 a{vuyfi9Z)=-B{vvpJ,)

The integrability of Γ* follows from (9), (10) and

(14) {X,Y}Vβ9 a([X,Y],Vβ) = B(vγZ,

Using the notation above, i.e.,

*&β -(v z ^,x)= ~(vxvβ9z)

we must prove αf3 = 0 = bfλ in order to have VτiTa c Ta, This will be
done by showing that a%3 and bfx, j = 1,..., r, β = 1,..., p satisfy a certain
over-determined system of partial differential equations.

= -γ{vxvβ,z)= -{vγvxvβ,z)-(vxvβ,vγz)

= - ( v y V ^ , Z) = - ( v x V y F ^ , Z) -(V l Y t X ]Vβ, Z)

since

= 0 = -

= - Σ(v γ v β , vy){vxvy, z) +([γf x], γ){vxvβ, z)
y

because [Y, X] ± Ta and (VwVβ, Z) = 0 if Wis in To

2. So
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Yaξ* = ΣiVyVβ.Vjah ~([Y, X], Y)aξ3.
Ύ

Similarly

Zaβ

23 = ~(VXY, Z)aξ3 + Σ(V zVβ 9 Vy)a\3 - ( [ Z , X], Y)ai23

Ύ

-([y, Λ-]

-(VzUj, Z)a{, - ( [ Z , X], Y)bfι

= -(vxγ,uk)bfi + Σ{vυyβ,vΊ)biλ -([Uj, x], γ)b£x£x

A leaf of Γ0

2 is an r + 2 dimensional euclidean space. These six sets of

partial differential equations give an over-determined system in R r + 2 . A

unique solution is determined once the values of <zf3, bfλ are determined at

one point. One possible solution is clearly a\z = 0 = bfv From the defini-

tions of the functions we see that their value at γ(0) is determined only by

^ ( Y ( 0 ) ) > ^ ( Ϊ ( Ό ) ) , . . -,Vp(y(0)) and not by any extensions of these vector

fields. Consider then a normal coordinate system with ^(γ(0)) , . . . , ^(7(0))

as initial conditions. For this coordinate system the Christoffel symbols

are zero and so a%3(y(0)) = 0 = Z^(γ(O)), showing that the functions are

identically zero. Therefore VτiTa c Ta. The theorem follows as in the

proof of (4.4). D

THEOREM 4.8. If the shape operator of a Lorentzίan hypersurface Mn in

L" + 1 has (x — a)3, a Φ 0, as its minimal polynomial, then, in a neighbor-

hood of any point, Mn is a generalized umbilical hypersurface as in Example

3.4.

Proof. Choose a pseudo-orthonormal basis { X, Y9 Z, Vl9..., Vr), r =

n — 3, in a neighborhood of x(0) such that AX = aX — BZ, B Φ 0,
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AY = aY, AZ = BY + aZ and AVj = aVy. Let Γα = ker(Λ - a) and Γβ

2

= ker(A - a)2.
If t/is in T2,AU = aU + 5(ί/, Z)7so from

(1) {X,U)Y, (VC/Z,7) = O and

(2) {Z,ϋί}£/2, (vc/7,[/2) = (ί/1,Z)(vzy,ί/2)

+ (ι/2,z)(vzy,ι/1),
where C/1? £/2 are in T2 we get V y 7 is in span Y and ΓΛ

2 is a totally
geodesic distribution. We assume that Y is a geodesic vector field.

Assuming Mn is embedded in L"+1 let x(s) be an integral curve of X
through JC(O). For a fixed s let Ma{s) be the leaf of T2 through x(s). We
will show that Mβ(s) is contained in the sphere of radius I/a centered at
x(s) + (l/a)ξ(x(s)) =:χ(s) + (l/a)C(s). To do this a function k(x)
near x(s) is constructed which satisfies

(Yk) = 0

(3)

It is possible to

span Y.
Given such a

Therefore, if x(s)

x(s) + β(t) +

(Zk)Y-—Y+ kvzY =

(Vjk)Y+k(VyY)-0

k(x(s))-0.

find such a function because

k(x)

Ta\ a ,

+ β(t) is a curve in Ma(s) with

±ξ(x(s) + β(t)) + k(x{s) +

0

VZΓ and V

) = 0

β(0) = 0

β(t))Y(x(s)

VY are in

+ βU))

is a constant vector equal to x(s) + (l/a)C(s). This yields

(4) β(t)-±C(s)=-±i(x(s) + β(t))

-k(x(s) + β(t))Y(x(s) +

(5) [β(t)-lφ),

As in the proof of (4.5)

(6) [Y{s), /

and Mn is a generalized umbilical hyper surf ace.
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To construct k(x)

L(x) = (l

L(x(s)) = 0 and WL =

(7)

(8)

(9)

We also define g(x) =

(10)

(11)

(12)

For example,

Zg= -(X(s),vzY)

Finally, set k = L/g.
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let

a a

= (X(s), W - (I/a)AW), so that

YL = 0

VL = 0

ZL--|(JΓ(*),7).

-(ΛΓ(j),7(jc)),sog(x(ί)) = l.

Yg = 0

zg= -(vzγ,x)g

= +(jf(j),(vz7,Jf)7) = (vz

Π

THEOREM 4.9. // Mn is a Lorentzian hypersurface isometrically im-

mersed in L r t + 1 whose shape operator has (x — a)3x, a Φ 0, as its minimal

polynomial then, locally, Mn is a generalized cylinder of type 4.

Proof. Choose a pseudo-orthonormal basis { X, Y, Z, Vv..., Vr9

Ul9..., Up} such that AX = aX - BZ, B Φ 0, AY = aY, AZ = BY + αZ,

y<^ = aVi and ̂ 4ί7̂  = 0. Let To = ker^4, ker(Λί - a) = Γβ, ker(Λl - α) 2

= Γ/ and Tm = 7^ .

Using

(1) {X,Y}Y, ( v y Z , 7 ) = 0

(2) {Y,Z}Vj, {vYY,Vj) = 0

(3) {y,Lji}y, (v yί/^7) = o

we can assume that Y is a geodesic vector field. Next we show that Mn

decomposes. We first show that certain covariant derivatives are zero

using (1.3) and (1.4).

By (3)

(4) {Y,Uβ)Z9 {vγUβ,Z) = 0

and

(5) {Y>Uβ}Vj, (vγUβ,Vj) = 0.
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VγUβ is in span{ Y) Θ Γo. To is of course totally geodesic and so V^ Y is

in T£. Therefore we can write

(6) vYUβ= -(vγUβ, X)Y

(7) VUβY= -(vuY,

Expand

0 = {R{Y,Uβ)Uβ,Z)

Given

(8) {Y,Uβ}X,

and

(9) {Z,Uβ}Z,

the equation becomes

-3B ι

α(v,

α(v;

Y,zf-

7YUf

-up,

zUβ,

j

J

x) = —B(V Y
' V Uβ

Z) = 2B{vUβZ,

( Y v\( , z).

Using (5) and

(10) {Y,Vj}ϋfi9 (vYVj,uβ) =

we have (VVY, Uβ) = 0. Combining this with

(11) {Z,Vj}Uβ9 a(vzVj9Ufi) =

and

(12) {Z,Uβ)Vj, α ( v z ^ , K y ) -

the equation is

so

(is) ^ ^ y y ί

= {vyZ,Uβ) = (VZL{,, Z) = {vYUβ, X).
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In order to see that Γo

2 is totally geodesic we need several more
instances of Codazzi's equation, as well as (4), (5), and (13).

(14) {Y,Z}Uβ, ([Y,Z],Uβ) = 0.

(15) {x,z)γ, (vzz,y) = o.

(16) {X,Vj}Y, (vvZ,Y) = 0.

(17) {Z,Vj}Z, {vzVj,Y) = 2(vvZ,Y).

(18) {Z,Uβ}Vj, a{vzUβ,Vj)= -B{vυY,Vj).

(19) {Vj,Uβ)Y,

(20) [Z,Vj}Vk,

(21) {Vj,Uβ}Vk, (vvUβ,Vk) = 0.

Using (13) we have VTT* c Γα

2 and VTT* c Γ* because Γo is
totally geodesic.

From equations (4), (5), (13), (14), (19) and (21) we can almost
conclude that VT2T0 c To; the only additional information needed is that

From (13) we have (VγX, Uβ) = 0. In conjunction with

(22) {X,Y}Uβ, {vxY,Uβ) = (vYX,Uβ)

and

(23) {X,Z}Uβ, B{vxY,Uβ)+a(vxZ,Uβ) = a{vz

this gives

(vzuβ,x) = {vxuβ,z).
We also have from { X, Vj} Uβ that

Set

and {vxUβ,Vj) = bβj.

We will show that aβ and bβj are solutions to an over-determined system
of partial differential equations on To, and are identically zero as in
Theorem 4.7.

(24) UΎaβ = Σ{VuUβ,Us)as -([UΎ, X], Y)a
8
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(25) Uybβj = Σ{vUyUβ,Us)bSJ -([UΎ, X], Y)bβj
δ

Using the techniques of the previous theorems Mn is a generalized

cylinder of type 4. D

THEOREM 4.10. If Mn is a Lorentzian isoparametric hypersurface iso-

metrically immersed in L"+1 then its shape operator cannot have a complex

eigenvalue.

Proof. If such a hypersurface existed its shape operator would have

one of four possible minimal polynomials:

or

((x-a)2 + b2)(x)(x-c),bcΦ0.

The first would be attached to a surface in L3. Using the techniques of

[6] it is easy to see that such a surface cannot exist.

For the remaining three cases choose an orthonormal basis

{C l9 C2, Zl9.. . ,Z r , Wv..., Wp), where p or r may be zero, satisfying

ACλ = aCx - bC2, AC2 = bCx + aC2, AZj = cZj9 and AWβ = 0. The dif-

ferent minimal polynomials correspond, in order, to r = 0, p = 0, and

rp Φ 0. In addition, if r Φ 0 then c = (a2 4- b2)/a.

To simplify the calculations which follow, note that To = ker^4 is

totally geodesic and that Tc = ker(^l — c) is integrable. In addition we

have:

(i) {Q,c2}cx, (v c c 2 ,c 1 ) = o

(2) {ClfC2}C2, (VCC 1,C 2) = O.

Using

(3) {Clt Zj}Zk, (c - a){vzCx, Zk) + b(vzC2, Zk) = 0

and

(4) {C2, Zj}Zk, -b{vzCx, Zk) +(c - a){vzf2, Zk) = 0

we see that, because (c - a)1 + b2 Φ 0, ( v z Zfc, C\) = 0 = (V z Z λ, C2).

With

(5) { Z 7 , ^ } Z , ,

this shows that Tc is totally geodesic.
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Let us introduce the following notation

(VCC2, Wβ) = bβ9 (VCC2, Zj) = 0y,

V ' Cj 1 ' /»/ p ' V C2 1 ' j / *j''

Using { Cl9 Wfi}Cl9 {Cl9 Wβ)C2, {C2, J^}Cx and {C2? ^ } C 2 we have

= _2ab_

(6) "' ' "[I/''

From {CL Zj}^, {Cv Zj)C2, {C2, Zj}^ and {C2, Z,.}C2 follows

(7) ^ ^

- * > = Ύ j =

Defining

^ ^ = ejβ9

{vczpwβ) = c,, {vzwβ9c2) =/^,

and using {Zy, F^JQ, {Z,, ί^}C2, {Cx, Zy}W^, {C1? Wβ}Zp {C2,
and { C2, Zy} Ŵ  we find

-Ξ±u / -

C ~~ α Λ b U

First assume that r = 0. We then have 0 = (R(CV Wβ)Cx -
R(C2, Wβ)C2, Wβ) = -2αJ - 26|, so that α^ = 0 = bβ. In this case the
immersion would split into fx X/2 = M2 X Rn~2 -> L3 X Rn"2 and the
principal curvatures of/x would be complex, a contradiction.
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Next let p = 0. Expanding

2ac = 2(a2 + b2) = (R(C19 ZJ)CX - R{C2, ZJ)C2, Zy)

we obtain 2(a2 + b1) = —2a2 — 2β2

9 which is impossible since b Φ 0.

Finally assume pr Φ 0.

(R(C19 Zj)Cλ - R(C29 Zj)C2, Zj) = 2(a2 + b2)

gives

(9) 2(α2 + b>) =-2aj- 2βf - i ψ ^ - -±-±\ ΣaβJbβJ

c — a b2V

c ac\

(R(ZpWβ)Zj,Wβ) = 0 yields

This means that α îfc/ = 0. If Λ^ = 0 then (8) shows that 6 = 0, which is

impossible. We assume then that bβJ = 0. Under this assumption

(R(ZJ9Wft)ZJ9C2)^0is

(11) -aβjej+faj + aβjβj-O.

This implies aβJεj = 0, so assume εy = 0. (R(Wβ, Zj)Cl9 Wβ) = 0 implies

that eβaβj = 0. Ttds means eβ = 0. Recalculating

under the assumptions Sj = 0 = eβ = bβJ we see that aβj = 0 and no such

hypersurfaces exist. D

5. Appendix. In order to guarantee the existence of the examples in

this paper, we need to find null curves with pseudo-orthonormal frames

having prescribed derivatives. This can be done as soon as certain neces-

sary conditions hold.

If x(s) is a null curve in hk+2 with a pseudo-orthonormal frame

{A(s), B(s), C1(^),...,Q(51)} and x(s) = A(s) then the fixed inner

products give

(A(s),A(s)) = 0

(A(S),B(s))+(A(s),B(s)) = 0

W (A(s)Ms))+{A(s)tCt(s))Ό

(B(s),Ci(s))+(B(s),Ci(s))^0

for 1 < i, j < k.
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Therefore

A(s) = a(s)A(s) + 0 + M * ) Q ( * ) + ••• + bkQ(s)Ck(s)

B(s) = -a(s)B(s) + M ^ ) Q ( ί ) + + bkl(s)Ck(s)

Cj{s) = bfl(s)A(s) + bJQ(s)B(s)

where [d-(s)] is a skew-symmetric k X k matrix.

Now let

a(s) 0

-a(s)

bιl(s)

bnU bkl(s)

bkQ(s)

where the entries are smooth functions of (s) and [diJ] is skew.

THEOREM 5.1. Let M(s) be the matrix above. There is a null curve x(s)

in hk + 2 with a pseudo-orthonormal frame field {A(s),

B(s), C^s),.. .,Ck(s)} such that

x(s) = A(s) and (2) holds.

Proof. F o l l o w i n g [4] p . 1 4 - 1 5 w e see t h a t t h e r e i s a / : + 2 X / : + 2

m a t r i x X(s) w h i c h solves

( 3 ) X(s) = X(s)M(s)9 X(0) = Id.

Set

0 -1 0

τ = - 1

0
0

M(s) satisfies M(s)T + T(ιM(s)) = 0, where ιM(s) is the transpose of

M(s). The solution X(s) satisfies Xis^Xis) = T. In fact

(X(s)tιX(s)) = X^T'Xis) + Xis^Xis))

using (3)

= X(s)M(s)TtX(s) + X(s)TtM(s) ιX(^)

Γ + TxM(s)] ιX(s) = 0
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and at 5 = 0, Λr(O)ΓtJr(O) = Γ. Therefore the columns of X(s) =:
[A(s),B(s)9Cι(s),...,Ck(s)] form a pseudo-orthonormal basis of hk+2

with metric given by T. Let x($) = JoA(t) dt. D
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