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THE PENNEY-FUJIWARA PLANCHEREL FORMULA
FOR ABELIAN SYMMETRIC SPACES AND
COMPLETELY SOLVABLE HOMOGENEOUS SPACES

RoNALD L. LIPSMAN

A distribution theoretic version of the Plancherel formula for the
decomposition of the quasi-regular representation of a Lie group G
on L*(G/H) is presented. The formula is proven in two situations
wherein the irreducible representations that occur in the decomposi-
tion are monomial. The intertwining operator that effects the decom-
position is derived in terms of integral operators that arise from the
distributions.

1. Introduction. We are concerned here with the quasi-regular rep-
resentation 7 = Ind$, 1 for G a connected Lie group and H a con-
nected closed subgroup. The Orbit Method instructs us as to how to
decompose such a representation into irreducibles. Indeed, if there is
a “nicg” orbital parameterization for the dual G, or at least for the
part Gy = {n € G: n is weakly contained in 7} that supports the
quasi-regular representation, then the Orbit Method [11] suggests the
direct integral decomposition:

® ®
(1.1) r=/ 7z¢,d¢=/ nymydg,

b*/H Gb*/G
where bt = {p € g*: ¢(h) =0}, n, =#[G-pNh*]/H, and d¢, d¢
are push-forwards of Lebesgue measure. (Here g = Lie(G) and g*
is the real linear dual.) Such an orbital decomposition is valid if G
is simply connected exponential solvable [6], [13], or G/H is abelian
symmetric [9], [11], or Riemannian symmetric [11] (see [11] for other
cases as well). The direct integral formula (1.1) is “soft” in that it pro-
vides the abstract representation theoretic decomposition of 7—i.e.,
it describes the spectrum, spectral multiplicity and spectral measure.
But is is not “hard” in that it avoids the actual intertwining operator
that effects the decomposition as well as the L2 or L! convergence
estimates usually necessary to derive the intertwining operator. Such
analytic components are often needed in applications of the direct
integral formula—e.g., to solvability of differential operators [10].

265



266 RONALD L. LIPSMAN

Penney [16] has shown how to formulate the direct integral decompo-
sition more analytically in terms of C*® vectors and distributions. For
nilpotent groups, and in the presence of finite multiplicity, Fujiwara
[4] has cast Penney’s theory into a concrete form by actually comput-
ing the analytic data. It is my goal to extend Fujiwara’s work beyond
the confines of nilpotent groups. In this paper I carry out that inten-
tion for the two cases: (i) G/H is abelian symmetric, and (ii) G is
completely solvable and 7 has finite multiplicity. More precisely, for
these two cases, I shall compute the Penney distributions that corre-
spond to the representations which appear in the spectrum, the actual
Penney-Fujiwara Plancherel formula (PFPF), and the explicit inter-
twining operator that effects the direct integral decomposition (1.1).

The key feature that the two cases have in common is that the
irreducible representations z# which appear in the spectrum of the
quasi-regular representation are monomial—that is, induced from a
character n = Indg x . The Hilbert space of such a representation can
be realized in

4 =L*G, B, )
= {f: G—*C,f(bg)=x(b)f(g),/ If(g)|2d3<00} ;
B\G

where dg is a quasi-invariant measure on B\G. Motivated by [5],
[12], I assert that the Penney distributions are given on /%, by certain
integrals over (H N B)\ H—see formulas (2.2) or (3.6). But the inte-
grals are not evidently convergent for f € /%, which are not compactly
supported mod B. Nevertheless, we are able to prove that the inte-
grals extend from compactly supported smooth functions (mod B)
to (relatively invariant) distributions on the space #> of C* vec-
tors. We then use them to obtain a distribution-theoretic version of
the Plancherel formula for 7. The precise details are too complicated
to state in these introductory remarks. The reader will find: the dis-
tributions in formulas (2.2) or (3.6); the Penney-Fujiwara Plancherel
formula in Proposition 3.3 and Theorems 3.4, 4.1, 5.1; and the ex-
plicit intertwining operator in Proposition 3.2 and formulas (3.7) and
(3.8).

Here is an outline of the paper. In §2 I describe in detail the integrals
which figure in the definition of the relatively invariant distributions
that correspond to the irreducibles in the spectrum of the quasi-regular
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representation. I derive the smoothness properties and compute the
matrix coefficients (Theorem 2.1) for these distributions. I also com-
pute the matrix coefficient of the canonical cyclical distribution for the
representation 7 (Prop. 2.2). All of this is done in the greatest possible
generality—almost no assumptions are placed on G, H. In §3 I de-
scribe the general distribution theoretic formulation of the Plancherel
formula, based on the Penney-Fujiwara model. I also describe the
resulting intertwining operator (for the decomposition of the quasi-
regular representation). I show (Proposition 3.3) that it is enough to
work with positive definite test functions to guarantee convergence in
the Plancherel formula. I then describe in detail the two categories of
spaces considered in this paper, and I state the main result (Theorem
3.4). The categories are abelian symmetric spaces and finite multi-
plicity completely solvable homogeneous spaces. The main result de-
scribes the Penney distributions and the Penney-Fujiwara Plancherel
formula for these simultaneously. The proof of the main result is
carried out for abelian symmetric spaces in §4 (Theorem 4.1), and
for finite multiplicity completely solvable homogeneous spaces in §5
(Theorem 5.1). The former proof is by direct computation, the latter
by induction on dimG/H .

It is worth noting that in [12] I have proven Theorem 3.4 for spaces
which are both abelian symmetric and algebraic completely solvable.
That was quite special, but the results there provide excellent inspi-
ration for the theorems in this paper. Finally, I anticipate that the
results of this paper might generalize to other categories of homo-
geneous spaces G/H . Three I have in mind are: more general ex-
ponential solvable spaces; the Grassmannian bundles considered by
Strichartz in [18]; and G/H where G is real algebraic, G = HU is a
Levi decomposition with U unipotent and H reductive.

2. C% vectors, direct integrals and monomial representations. Let
G be a Lie group and H a closed subgroup. Fix a choice of right
Haar measures dg, dh on G and H. We write A, Ay for the
modular functions of G, H respectively (i.e., the derivative of right
Haar measure with respect to left). We set Ay ¢ = Ay/Ag a posi-
tive character on H. If x is a unitary character of H, the induced
representation 7, = Ind,G,, X acts in the space

C2(G, H, x)={fe€C®(G): f(hg)=x(n)f(g), heH, g€C,
| f| compactly supported mod H'}
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by the formula

(2.1) ny(8)f(x) = f(xg)la(xg)/a(x)]"/2.

Here g is a smooth function on G satisfying g(e) = 1, q(hg) =
Ap.g(h)a(g). When G is exponential solvable, it is known that ¢
must satisfy the formula

g(exp X) = &' ¥ X | Xep

(see [1, p. 96]). (Also if the groups are in doubt, I will write ¢ = gy ¢ .)
The action (2.1) extends to a unitary representation. In fact, there
is a quasi-invariant measure d¢ on H\G defined as follows. Any
f € C.G, H) can be written

£(g) = /H F(hg)dh, FeCi(G);

then

/ flg)dg / F(2)a(g)dg.
H\G G

The formula (2.1) defines the unitary action of G on LZ2(H\G, dg) =
L*(G, H, x). For all this see [8]. We note for future reference that
the quasi-invariant measure dg is relatively invariant iff ¢ extends
to a continuous positive character on all of G, and in that case the
modulus for the action is precisely ¢~!. (Again, see [8].) Finally, we
recall that—having fixed right Haar measures on G, H—the functions
q and the quasi-invariant measures d¢ are in 1-1 correspondence,
each uniquely specifies the other by the above procedure. Given one
q, any other is determined by multiplication gp, p € C{(G, H) =
{feC(G, H), f(e) =1}. In what follows, given a Lie group G and
a closed subgroup H, we assume that right Haar measures dg, dh
and one g = gy, have been chosen and fixed throughout.

Now suppose 7 is a unitary representation of G on a Hilbert space
#, . We write Z>° to denote the Fréchet space of C™ vectors of 7.
Its antidual space is denoted #,~>. Each of #Z>,. %> is acted
upon by G, therefore also by 2(G) = CX(G). It is well known that

n(D(G)# > C 22
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Next suppose 7 is a type I representation of G which is realized as a
direct integral of irreducible unitary representations

‘c=/®nd,u(7t).

&

We recall some well-known facts due to Goodman [7] and Penney [16].
Namely we have

D 3]
ww = [ acdum),  wc= [ medu).
& i

(See [16, p. 180] for the precise formulation of these decompositions.)
We now carry out a refinement of this scenario which will be applicable
in the case that (almost) all of the n’s are monomial.

Suppose that for p-a.a © there exists a locally convex topological
space (%)% which lies inside #,°, is dense there, and whose topol-
ogy is finer than the relative topology. If we denote the antidual by
(#7z)7 >, then we have natural inclusions

()X CHX CH® C(#):™,

and each embedding is continuous. Now in general, although
n(2(QG))# > C 2>, we cannot expect n(Z(Q))(H#z);>° C (#)X .
However, for monomial representations and for certain distributions
B € (#)->° (given by integrals with respect to a quasi-invariant mea-
sure), we shall show that #(2(G))(B) € #°°. This will be suffi-
cient for our purposes. So suppose that (almost) all of the n’s are
monomial 7 = Indgx, B a closed subgroup of G, x a unitary
character of B. We focus attention on one of these temporarily.
We already saw how n is realized in L%*(G, B, x). (This assumes
right Haar measure db and gp ¢ have been chosen.) By [17] we
know that L*(G, B, x)® c C®(G, B, x). It is also evident that
C>(G, B, x) c L*G, B, x)>®. The space C*(G, B, x) shall play
the role of (%) in what follows.

Now we describe the natural distributions that arise in the Penney-
Fujiwara Plancherel formula (PFPF). Let H be a closed subgroup of
G for which y|gnp = 1. We make two additional assumptions:

(I) BH isclosed in G;
(II) qunB,H9urB,B=1 0on HNB.

Because of (I) any f € C.(G) satisfies f|py € C.(BH). Hence f —
flg projects C*(G, B, x) to CX(H,Hn B). Fix a right Haar
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measure on H N B. Let dh denote a quasi-invariant measure on
H N B\H. Then the distributions g € (#;);* we are interested in
are exactly

1/2 -1/2 ;i
(2.2) B: f— /H oo T8t i G b
feCe(G, B, x).

THEOREM 2.1. (i) We have the following identity of q functzons on

HNB
12 -12 12 —1/2
‘IB/ GanB ndn, /G an/B Han/B B

Therefore by assumption (II), B is well defined.
(ii) B is relatively invariant under the action of H with modulus
452 = (Bu,6)" 2.
(111) n(2(G))BcC®(G, B, x) CA4~®.
(iv) In fact, for w € 2(G), this function is given by the formula

n()B(g) = /H g OB ODTENG5 F 08163 5(08)aib (b b,

where
wn(g) = As(8) "' a5 2(8) / (g~ h")Ag(h) " a5 2 (h) dh.

(v) The matrix coefficient of B is

(n(@)B, ) = /H . /H g OHOWE®)

a5 20)ay (" bhyagh s 5(B)aghs w(h)dbdh,
we2%(G),

where 2%(G) = positive linear combinations of functions of the form
0= w}*w;, w €P(G). The matrix coefficient is a non-negative
number, possibly equal to +oo.

Proof. (i) This follows from the general fact that if K ¢ H C G,
all closed subgroups, then on K we have
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Therefore

12 _—-1/2 12 12 12 172 12 _1)2
48.69H, /G = qH/nB Gan/B Ban/B GqH/nB H = 9HnB, BqH/nB H:

Hence

1/2 1/2 12 1,2
dp, GanB H9H,6 = 940B,B9HNB ,H -

Incidentally another analogous fact which we shall use, and whose
demonstration we leave to the reader, is the integral equation

(23) / flx)ds = / F(he)ax.6(hg)dw.chg) ™"
K\G H\GJK\H
“ak.n(h)"'dhdg,  feCuG,K).

I also leave it to the reader to check that since qu ¢, 9p,¢ have al-
ready been chosen, and since gynp, g is paired with dh , the integral
(2.2) is independent of the choice of d/ . But of course it depends on
the choice of the Haar measures on B and H N B.

(i) (z(h)B, N)=(B, 1H=(B, f(h Dlas,c(-h"")/ap,c()1'?)
qé/zg(h h ly
HnB\H q;/ 2 ()

6]11;/2(;(/1 )anB H(h )qH G(h )dhl

‘13 G(h h~ )quB H( l)qH G(h )dhl

1/2 h
'/Il‘lnB\H ap,6(M)
H - hih
~4HAB,H(h1h>qu€<h1h>%B—H<>

dh
gun m(h)

W?(}zl)q;{%(hl)q,;;,g,H<h a5 o (hih) dhy

= a5 5(W)(B, f).
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(iii) Let w € Z(G), y € #°. As usual, the “adjoint” function is
w*(8) = @(g ')Ag(8)~". Then

(m(@)B, v) = (B, n(w")y) = /G w(g™)As(8)" (B, n(g)w) dg

_ -1 -1 — ap,c(hg)]'*
- /Gw(g JA(8) /HnB\H vihg) [ q8,6(h) ]

456 Waizhs, (W5 G (k) dhdg
= [ w(g~HA —1/ The\a 2 (hea=L . (h
Lo see) [ whs)ane)aihs nt
aif’(hydhdg

- / / o(g~ hy ) Ag(hy g)!
H\GJH
g5 o / T(hhig)a)%(hh
qH,G( 18) HnB\HW( lg)qB,G( 18)
dte mWag G (R dhdh dg
- “Up=VAc(h 2)gs (h
/H\G/H“’(g THAG(hg) g ol g)
: / U(hg)ay *(hg)anly w(hhih)-
HNB\H ’ ’

=2 qunB, H(hh;
9.6 (hhy7) quns,u(h)

— —-lh—lA h ~1,-1 h,
/H\G/H“’(g TYAG(hg) ag gk, )

[ o)y he)azhs, alh)ay CihhT ) dhdhy dg
HNB\H

1
)dhdhl dg

= [ | on(e)Pthe)ais(he)azts ahaz 2the) dhdg,
H\GJH
where
wn(g) = As(g) a5 (@) / (g™ by ) AG () a5 F(hy) dhy .
HNB\H

Note that wpy is left H-invariant. We use that and equation (2.3)
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twice as we continue

(n(@)B, ) = /H . /H g TS E)

a2 (hg)aghs nhag Rhg) dhdg

= [ 0@ We)e 50 2 ()b, o(8)a o(8) d
HNB\G

— [ onl@ V() Ok, )0 () de
HNB\G

— 2 _

qune,¢(b8)45 5(b8)ahs 5(b)dbdg

- / / wu(bg)Z(b)(g)
B\G JHNB\B

45" R (b8)aghp. p(b)ajf’5(bg)dbdg.

Therefore the distribution—that is, the function—na(w)p is given by
m(@ple) = |, g OHODTO)G 081, 5 D) 051D

Note the integrand is left (H N B)-invariant because: wpy is left H-
invariant, x|gnp = 1, and assumption (II) and part (i) apply. We
leave to the reader the verification that the integrand is compactly
supported mod H N B, and that the function n(w)f transforms on
the left under B by the character x. It is obvious that n(w)f is a
C* function. This completes the proof of (iii) and (iv).

(v) Suppose finally that w € Z(G) is of the form w = w}] * w;,
w; € Z(G). Then, since n(w) = n(w;)*n(w;) and n(w;)B is a
C* function, it is evident that (n(w)pf, B) is well defined by the
expression

(m(@)B, B) = (n(w1)B, T(e1)B) = /B S Im@DB@Pds.

It is a non-negative number, possibly equal to +oco. But, approxi-
mating n(w;)B by CX(G, B, x) functions if necessary, we can also
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write

n(w)B, B) = (B, n(w)B)
1/2 - 1/2
/HnB\H /HnB\B (bM)Z(b)ag ¢ (bh)aynp, 5(b)dy  c(bh)

a3 (hazhp m(h)ag 2 (h) dbdh
- /HnB\H /HnB\B 0n(bh)T(b)ap |G (b)ar] 'g(h™" bh)
a5t s p(B)aghg y(h)dbdh.

Note. As in (1), the values of the function n(w)f and the matrix
coefficient (m(w)B, B) are independent of the choice of the quasi-
invariant measures db, dh but they do depend on the original choices
of Haar measureon G, H, B and HNAB.

REMARK. It isimportant to observe that Theorem 2.1 is proven with
no structural assumption on G'. The only conditions are assumptions
(I) and (II) and the equation x|gnp=1.

Now we shall compute the matrix coefficient for the canonical cyclic
distribution in an arbitrary quasi-regular representation. So suppose
G is any Lie group. H C G any closed subgroup. Consider the quasi-
regular representation 7 = Indgl acting on % = L*(G, H). The
canonical cyclic distribution a, € #Z~*° is given by

arlf*m-

That «, is cyclic means that a.(7(g)f) =0 Vge G= f =0 (see
[16]). It follows from [17] that a, € #Z~°°. Thus 7(Z(G))a, € Z>,
and (t(w)ar, a;) is well defined and finite for any w € Z(G).

PROPOSITION 2.2. (i) a. is relatively invariant under the action of
H with modulus qu/ 2

(i) 1(w)ac(g) = wy(g), where wy is as in Theorem 2.1, namely
wn(e) = Ac(e)'a5'5(8) [ @lg™ A ac(h)
q‘”z(h)dh w e (G).

(i) (r(@)ar, ar) = = [yw(h)ay 2 (h)dh.
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Proof.

=F(h™Vag' 5 (h) = F@)ay' 5 (h) = a2 (W) {ax, 1) .
(i) (t(@)ar, @) = (ar, ("))
~(ax. | a(e™)aa(s) w(e)w d )

_ 11 -1
~(ac. [ . [ @tehag(eh)
a7 he)ehg)y dhdy)

- <a1, /, . | @& ) ache) a5 (keI he)

an 6(-hg)1"* -
e dhdg>

/H\G/ w(g"'h NAg(hg)™

' g(hg)w(hg)ay s(hg)dhdg
/ / (g h)Ag(hg) " 1ag 2 (he)w(g) dhdg.
H\G

Therefore,

T(w)a(g) = /H (g h)Ag(hg) " a2 (hg) dh = wu(g).

(i) (r(@)ar, a5) = (@, T@)ar) = wxle)
/w Yag(h) a5 2 (h) dh

= [ w(h™ag" (wag!h)
= [ @t az G au(h) ™ dn
_ /H w(h)ay 2(h)dh.

3. The Penney-Fujiwara Plancherel formula. We continue with G
a Lie group and H C G a closed subgroup. We suppose we have a
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direct integral decomposition of the quasi-regular representation 7 =
Indg 1. That is, suppose 7 is type I and

¢ = /j ne(m)m due(m),

where u; is a Borel measure on G, n.(m) is a multiplicity function,
and .% C G is a minimal closed l.~-co-null subset. If 7 € G, we shall
write (#~°)H-4"" for the subspace of distribution vectors which
transform under H by q—l/ 2 A fundamental result of Penney is
that n.(7) < dim(#,~>)7.4" " [16]. Motivated by [16] and [4], we
ask the following

=172

Questions 3.1. (1) When is n(n) = dim(#Z,~>°)H :a~" 9 In particu-
lar, when is it true that (#-°)".¢"" = {0} if 7 does not lie in the
support of 1?

(ii) How does one produce n.(n) linearly independent o, ...,
ar™ e (#-)H.a™" which satisfy

(iii) (tr(@)ac, ar) = [o X2 (n(@)az, ar) du(n), @ € 2(G)?
(PFPF)

It is an observation of mine [12] that the map 7(w)a — {7(w)cl}
must be an isometry that intertwines 7 and the direct integral. But

(iv) is it surjective? i.e., is it an intertwining operator?

I have listed (ii) and (iii) as separate problems because the distribu-
tions «j are usually (see §2) given by integrals which are not obviously
(or actually) convergent. Thus the problem of making sense of the ol
is very different from that of actually proving the PFPF. Regarding
item (i), this is a very subtle and difficult issue. Actually very little is
known and much of that is negative. I shall not be concerned with it
here. What I shall be concerned with is two categories of homogeneous
spaces G/H for which one knows the direct integral decomposition
of the quasi-regular representation—at least in the soft sense. In both
of these situations, the multiplicity function is finite-valued a.e. In
that case we have

PROPOSITION 3.2. The answer to Question 3.1 (iv) is automatically
yes in the presence of finite multiplicity.

Proof. This follows instantly from the fact that a finite represen-
tation (i.e., a type I representation whose multiplicity is finite a.e.)
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cannot be unitarily equivalent to a subrepresentation of itself—a sim-
ple consequence of [15].

It follows that the answers to questions (ii) and (iii) provide the hard
data for the decomposition of the quasi-regular representation 7 =
Indg 1. In fact, I shall write the PFPF slightly differently from (iii)
above. Therein it is assumed (implicitly) that each distinct irreducible
representation class 7 is realized on a single Hilbert space #; and
the n.(n) distributions o, 1 < j < ny(n), are all defined on Z>.
For my purposes it will be more convenient to assume a direct integral
decomposition

®
(3.1) r=/ ndu(m)

%
where a.a. 7 are irreducible, but (finitely many) equivalencies (per 7)
are allowed. The PFPF then takes the simpler form

(t(w)ar, ar) = /y(n(w)an , o) du(m),
where each distribution «, is realized on the C* vectors of the
Hilbert space associated to z. Different, but equivalent 7, may be
realized on different Hilbert spaces.

Now before moving on to the two categories of homogeneous spaces
for which we derive the PFPF in this paper, I need to make two more
important observations. First, if we apply Penney’s results [16] to
(3.1), we see there must exist distributions a, € #,~* such that

(3.2) ar = /; azdu(m).

Then, for any w € Z(G), it is obvious that the direct integral decom-
position of the C*® vector 7(w)a;, is given by

@
T(W)a, = /y n(w)a, du(r).

Consequently we obtain
o

(3.3) (1(@)are, ag) = / (7(0)orn , org) du().

&

Conversely, given the PFPF in the form (3.3), it follows immediately
from the cyclicity of «a,; that equation (3.2) is valid. That is the first
observation.
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The second is the following. Suppose we can only prove the PFPF
with distributions af € (#);>° which satisfy n(2(G))a§ C # >,
and for positive definite test functions:

B4 (@, o) = [ (w3, ) duln), @ €F7(G).

(The integrand is defined by
|m(wy)asl? if o= w}*w,
(n(w)ag , oz) = and n(w,)og € #
+00 otherwise.)

Implicit in the assumption is that for any fixed w € 271(G), the
integrand is finite for a.a. 7. Thus for any w € Z(G), we have

(" + @), ag) = [ (x(@" @)t af) du(n).
&
But, invoking the main result of [3], we can conclude that
(@, o) = [ (m(@)af, o) du(m), 0 e2(G).

This says that
e
ar =/ o du(n),
&

which, together with the uniqueness of the decomposition (3.2) [16],
allows us to conclude

ProPOSITION 3.3. The validity of equation (3.4) guarantees that for
u-a.a. n € %, the distributions oS, have unique extensions to a, €
X%, and the PFPF

((@as, ar) = [ (@(@)as, axbdum), @ €2(G)
obtains for all test functions.

Now we describe carefully the two categories of homogeneous spaces
for which we can derive the PFPF.

(1) Abelian symmetric spaces. Let V be a real finite-dimensional
vector space, H any connected Lie group acting on V' by linear trans-
formations. Form G = VH the semidirect product. (Because we
adopt the convention of putting group actions on the right—see [8]—
we place the normal subgroup on the left.) Our homogeneous space
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G/H has been dubbed [9] an abelian symmetric space. We assume
that V' /H is countably separated. Then 7 = Ind,G, 1 is type I and

©
(3.5) r=/A n,dy,
VIH

where for y € v, Ty, = Ind,G/H x x1 and dy denotes a push-forward

of Lebesgue measure on IZ’ The decomposition can be reformulated
orbitally. Obviously y € V < ¢ € h+. Also it is easy to check that

dim G/VH, =dim VH, /G, .
In fact, B = VH, is a real polarization for ¢ satisfying the Pukanszky
condition. In addition, x, = x x 1 is a character of B satisfying
dyy = igly. Thus m, = Indngx x 1 = Ind§ x, = m,. Hence it is
reasonable to write (3.5) as

®
r=/ n,do,
b*/H

as in formula (1.1). Note here the multiplicity function is identical-
ly 1.

(2) Finite multiplicity completely solvable homogeneous spaces
(FMCS spaces). Now take G simply connected completely solvable.
H a closed connected subgroup. One has [13]

®
1=IndIG.11=/ 7z¢d¢=/ NeMydp
bt /H Gy /G

(again, formula (1.1)), where 7, = Ind$ x,, B is a real polarization
for ¢ € bt satisfying Pukanszky, x, € B is a character with x,
(exp X) = e!?X) | Consider the following condition:

(A) Generically on h*, we have dimg-¢ =2dimb-¢.

If G is nilpotent, condition (A) is known [2], [11] to be necessary and
sufficient for the multiplicity n, = #[G-¢Nh1]/H to be finite a.e. The
corresponding statement is actually false [11] for general exponential
solvable G. However, it is still true for G completely solvable—
which I shall prove in a forthcoming publication. For convenience we
refer to such G/H as FMS—finite multiplicity completely solvable
homogeneous spaces. (In fact, I shall really only use condition (A) in
the following, not finite multiplicity—see Remark 5.2 (1).)

Our main result of the paper is the next theorem. I have arranged
the notation so that it makes sense for either of the above categories
of homogeneous spaces G/H (abelian symmetric or FMCS).
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THEOREM 3.4. The following is true generically on b+ . For ¢ € b+,
there exists a real polarization b for ¢ satisfying Pukanszky such that
when we realize m, = Indg Xo in L*(G, B, x,), the conjugate-linear
distributional functional

(3.6) appt f— HnB\Hj_‘q;{ZGq,}})B,Hq,},/szh,
fGCcoo(G,B,JW)

~1/2
is well defined and extends uniquely to a distribution in (#,°)H e
, .

Moreover, if we fix a pseudo-image of Lebesgue measure d¢ on h* [H ,
then for a.a. ¢ € b, the choice of the quasi-invariant measure dh is
uniquely specified so that

(ol ad = [ (1p(@)ar.s, a,00d0, @ €T(G).

We shall prove Theorem 3.4 for abelian symmetric spaces in §4, for
FMCS spaces in §5.

REMARKS 3.5. (1) In the latter case, Theorem 3.4 was proven by
Fujiwara and Yamagami [5] in the very special instance that 7 is a
finite direct sum of irreducibles. But they present their formula in
terms of the second of equations (1.1). Fujiwara does the same in
[4] when working with nilpotent groups. Presenting the PFPF in that
way requires singling out one H-orbit in G- ¢ N ht, singling out a
polarization, and then relating the polarizations for the other H-orbits
to the first. It is complicated and fairly messy—and unnecessary.
Treating the different H-orbits in G- @ Nh in a uniform manner as
I do leads to a much neater formulation of the PFPF.

(2) Referring back to Question 3.1 (11), and to Proposition 3.2, we
see that the intertwining operator for the decomposition of the quasi-
regular representation is the unique unitary extension of the densely
defined operator

(3.7) 7(w)a — {”«’("))%,b}ww/ﬁ , we2(G).

We can use the computations in Theorem 2.1 and Proposition 2.2 to
write it more explicitly. We exploit the fact that for w € Z(G), the
function wy € 2(G, H) and the map w — wy, 2(G) —» 2(G, H)
is surjective. Writing ) = wy , we obtain the isometry

(3.8) Q(g) — {Qulg))
Qu(g) = /H oy RORTO G D 5 08)37hs, 5V b,
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which extends to L%(G, H) and is the intertwining operator for the
direct integral decomposition of the quasi-regular representation 7 =
Ind§ 1.

4. Abelian symmetric spaces. Let G = VVH be a semidirect product
of locally compact groups, V' a normal real vector group, H a con-
nected Lie group. We fix Haar measure dv on V' and a right Haar
measure dh on H. We let § denote the modulus of the action of H
on V

J(h)/Vf(hvh")dv=/Vf(v)dv, fecC.v), heH.

Right Haar measure on G is then dg = dvdh and the modular
function of G is Ag(vh) = 6(h)Au(g). Therefore ¢ = qy ¢ =
AgAZ' = 671, Since group actions are on the right, i.e., v-h = h~lvh,
(f-h)(v) = f(v-h~1), the above modular equality can be written

é(h)/V(f-h)(v)dv=/Vf(v)dv, fecv), heH.
By duality we have

5(h)"f?(f-h)(x)dx=/?f(x)dx, fecC(V), heH,

where dy is the Haar measure on ¥ dual to dv. Now since ¢
extends to a character on all of G, g(vh) = J(h)~!, the homogeneous
space G/H has a relatively invariant measure with modulus ¢g=! = 4.
In fact, we have

@) [ f@ae)de = [, [ stwyanav = [ . | rtheandg

and dv is said measure.

Next we disintegrate the Haar measure dy under the action of
H . We fix once and for all a choice of pseudo-image dy . Since the
modulus for the action of H on V is g =61, it follows that almost
every orbit (of H) in V' has a relatively invariant measure with that
modulus [8]. Henceforth we only consider such orbits, referring to
them as generic. Moreover, those measures are uniquely determined
by the choice of dy according to the formula

/Af(x>dx=/A / fi-hdugdy,  feC(P)
7% V/HJ g H

(see [8, §2]). (Note we write y =y - H € 17/H.) Fix x € V generic.
Then H,\H has a relatively invariant measure of modulus ¢ =467!.



282 RONALD L. LIPSMAN

This says AHx /Ay extends from H, to H as a positive character,
and in fact AHl(h) = d(h)Ag(h) must hold [8]. Thus 9H,,H = OlHy -
That is,

[ rmswan=[ [ rihdhy duy i)
H H\H/H,

where, since right Haar measure dA and the relatively invariant mea-
sure du; are already determined, the right Haar measure dh, is
also uniquely determined. Now before proceeding we note that g =
Ay /Ag = AH/AHZ means that

(4.2) Acla, =An, .

This shows that H,\G actually has an invariant measure. We shan’t
need that in the following, but we will make use of the equality (4.2)
itself.
Now consider the quasi-regular representation 7 = Indg 1. The
goal is to prove Theorem 3.4. We begin by recalling Proposition 2.2:
For w € 2(G), we have (t(w)a:, ar) = wy(e), where

w(g) = /H (g h~V)Ag(hg) " ay 2 (hg) dh

Next we study the spherical irreducible representations of G. These
are

nlend,G/Hlxxl, XeV.

We continue to assume x is generic. The subgroup B = VH, plays
the role of the polarization here. Clearly HNB = H, . Next we check
that the assumptions preceding Theorem 2.1 are satisfied. First, in this
case, BH is not only closed in G, itequals G. Second, (¥ X 1)|gns =
(x x l)le = 1. And finally, we have gynp pqune,g =1 on HNB.
Indeed, we know gunp B = 9H,,vH, = AHI/AVHZ = 6~!. But since
9HNB,H = qH, H = J, the assertion is evident. Moreover, the product

of ¢ functions q;/ ZGanB Hqu/Gz is also identically one (on H). In

fact, gp ¢ is a character on all of G since as.¢ = AVHX/AVH =
An, /Ay = 6. Combining with (4.2) we obtain

qlli/quHnB HqH G = (An, /An) )3( (Ay,/AH)™ YAn/Ag)1/?
= AHX/AG 1/2 =1.
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Thus we are ready to apply Theorem 2.1. It says that if we consider
the antidistribution

arif~[ TFdh, feC(G. B,
H\H
then the matrix coefficient is given by

(Ry(@)ery » ) = /H . /H y wn(bh)(b)a; (b)) (h bh)

qHﬂB,B(b)anB,H(h) dbdh,
we2*(G).

Evaluating the ¢ functions in the integrand (always keeping in mind
that ¢ is a character on all of G), and using (4.1) (actually applied to
B instead of (), we see that the matrix coefficient becomes

(my(W)ay , ay) =L\H/I/wH(vh)7(v)5‘l(h)dv dh,
w € T*(G).

But wy is left H-invariant, so we can further evaluate

(7, (@)ay , ay) = /H y / (k= )T ()6~ (k) dv dh

/ /a)H('u (hvh=YYdv dh
H\H
=/' (xR dh.

H\H

The function v — wpgy(v) belongs to 2 (V). Therefore, provided
V /H is countably separated, we can complete the computation of the
PFPF

/?/Hm(w)ax, o) di = /?/H /H | onE W ahds
- /A on(T)dy = /A du(x)dx
= wy(e) = (t(w)az, ar), weItG).

An application of Proposition 3.3 yields at last

THEOREM 4.1. Let G = VH be a semidirect product, V a normal
real vector group, H a connected Lie group, V |H countably separated.
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Fix a pseudo-image dy in I7/H of Haar measure dy on V . Then for
almost all x in V there exists a unique relatively invariant measure
dh on H,\H such that the distribution

(4.3) ay: f— fdh, feC®(H, H)),

X

has a unique extension to H®, m, = Ind$y x x 1, and so that
X X

(t(@)ar, a) = /? /H<7cx(w)ax, a)di, we2(G).

REMARK 4.2. Implicit in the statement of Theorem 4.1 is the re-
alization of =z, in L?(H, H,). That is achieved by restricting the
functions in % = L%*(G, B, x) to H. Of course we have

C®(H, Hy) c L*(H, Hy)® c C*(H, Hy).

The distribution integrals (4.3) converge for f € C*(H, Hy) and
the theory says that the distribution extends to the C*® vectors. It
is tempting to speculate that the distribution integrals (4.3) actually
converge absolutely for any f € L?>(H, Hy)*®. I know of no example
where that is not the case (see the typical example below). It was the
case for the algebraic groups considered in [12]. In fact, one can gen-
eralize the argument of [12] to show that the integrals (4.3) converge
on all of L?(H, H,)® whenever H is connected abelian. (In [12] we
assumed the action of H was split.) For general H I do not know any
technique to generalize those employed in [12]. No such techniques
are apparent from [5]. Those authors use a knowledge of intertwining
operators (corresponding to different polarizations) to show the distri-
bution integrals extend. But no convergence on arbitrary C*® vectors
is demonstrated. The technique of Proposition 3.3 seems more gen-
eral to me. But the whole question of convergence of the integrals
(4.3) for arbitrary C* vectors is open (see also Remark 5.2 (2) and
Conjecture 5.3).

ExaMPLE 4.3. Let G = R?-SL(2, R) with the natural action of
H = SL(2,R) on V = R2. There is one spherical representation”
n=Ind%yx x1, x(x,y) =e*, N=H, = {(§2): b € R}. The
Penney distribution is given by

(4.4) o f—»/N\H7du, feCE(H, N)
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where du is the invariant measure on N\H. In this case 7 =
Indf,l = 7 and the PFPF asserts, for w € Z(G), the equality of
(t(w)ar, ar) and (m(w)ay, ay). In fact the computations in the
proof of Theorem 4.1 show that both equal

wy(e) =/Hw(h)dh.

Now it is straightforward to check that for any f € #> = L?(H, N)*>:
the requirement of #n(X)f € L*(H, N), YX € U(h) yields f €
C*(H, N); and the condition n(Y)f € L*>(H, N), VY € n gives
sufficiently rapid decay at oo to guarantee convergence of (4.4). I
leave the details to the reader.

5. Finite multiplicity completely solvable homogeneous spaces. We
start this section with G' simply connected exponential solvable. That
means g is solvable and has no purely imaginary eigenvalues. We
assume familiarity with the Orbit Method: V¢ € g*, there is a real
polarization b for ¢ satisfying Pukanszky; the representation n, , =
Indg x,, xp(exp X) = X, is irreducible and its class 7, is in-
dependent of b; the map ¢ — n,, g* — G factors to a bijection
g*/G — G. Now suppose H C G is a closed connected (and there-
fore simply connected) subgroup. We have already stated (in (1.1))
the Orbit Method formula for the decomposition of the quasi-regular
representation 7 = Indfl 1, namely

® ®
r=/ n(,,d(i):/ Nemyd@,
b /H Gh* /G

where n, = #[{G - ¢ N b*]/H and the measures are push-forwards of
Lebesgue measure. For the reasons explained in Remark 3.5 (1), we
work with the first version of the formula.

Now we assume that G is completely solvable and condition (A)
is satisfied. That is, we assume G/H is a FMCS space as defined in
§3. We shall use the results of [13], [14] very heavily in this section.
The main result of this section—the analog to Theorem 4.1 and our
formulation of Theorem 3.4 for FMCS spaces—is the following.

THEOREM 5.1. Let G/H be FMCS. Then for generic ¢ € b+, there
exists a real polarization b for ¢ satisfying Pukanszky such that:

(1) gunB,H4HAB,B=1 on HNB;
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(ii) BH is closed in G; and
(iii) the distribution

— 2 _ —_ 2 .
ag,b: [ — faysamts nag g dh,  feCX(G, B, x,),
HNB\H

is well defined and has a unique extension to LA Moreover,
9,
(iv) there exists a unique choice of pseudo-image d¢ so that

(t(w)ar, ar) = /E;J_/H(T(a,b(w)aqz,b s Qp,p) A9, w e 2(0).

Notes. (1) In Theorem 3.4 we first fixed a pseudo-image d¢ and
then the theorem asserted the uniqueness of (almost all of) the quasi-
invariant measures d/. That sequence is preserved in Theorem 4.1,
but in Theorem 5.1 we have reversed the procedure. We first choose
Haar measures on B and HNB. The term gy p () dh shows the

integral defining o, , does not depend on the choice of dh . Thus the
choices of Haar measure uniquely determine the pseudo-image d¢.
Of course the two procedures amount to the same thing (see e.g. [8]).
If we had fixed the pseudo-image first, then we would have to adjust
each choice of Haar measure corresponding to each ¢ € h* so as to
preserve the PFPF.

(2) We shall refer to a polarization obeying the properties of the
theorem as “good.” We shall also use standard notation:

Mg, g) = subalgebras of g which are maximal totally isotropic for
the form X, Y — ¢[X, Y],
Ip,g)={beM(p, g): Indg X 1s irreducible}
={be M(p, g): b satisfies Pukanszky,
ie,B-9g=0p+b}.
(3) In Theorem 4.1 we were able to check the assumptions I, II
and verify the PFPF directly. Here we cannot do that. Our proof
will be by induction on dimg/h. We shall prove (i), (ii) and (iv) for

w € 27(G) by induction. That (iii) holds and that (iv) holds for all
w € Z(G) then follows from Proposition 3.3.

Proof of Theorem 5.1. We begin the induction argument with
dimG/H = 1. When G is nilpotent this forces H to be normal.
But if G is only completely solvable, this is not so. We distinguish
the two cases here, and in the induction step below.
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dimG/H =1 and H normal in G. Then G/H =R and

©
7=1Ind% 1 =/Axdx.
G/H

Since H<G, we have Aglg =Ag and gy ¢ =1. Inthiscase B =G
and properties (i), (ii) are trivially satisfied. Also, b+/H < G/H . For
any w € 27(G), we know from Theorem 2.1 (v) that

~

(my(@)ay, ay) = wp(g)x(g)dg = by(x).
H\G

Therefore
[, @@, a)di = [ oun)dx = oute) = (xwlar, ).
b~/H G/H

dimG/H =1 and H not normal in G. Then (see [13, Proposi-
tion 3.2] or Proposition 5.2 below) there is a canonical closed normal
subgroup Go< G, Gy C H C G such that G/Gy = ax + b group.
This case reduces instantly to that of the representation of the ax + b
group induced by the identity on a nonnormal codimension 1 closed
connected subgroup. In this case (a stronger result than) Theorem 5.1
is proven in [12].

Now we pass to the induction step. Suppose dimG/H > 1 and
assume Theorem 5.1 is proven for all FMCS spaces of lower dimen-
sion. Since G is completely solvable we know that we can find a
closed connected codimension 1 subgroup G; in between H and
G, HcC G; ¢ G. G; may or may not be normal. First assume
it is. To keep the notation in line with [11], [13], we write N for
Gy, HC N«G, dimG/N = 1. We also adopt the terminology
bl (g) = {p € g*: 9(h) = 0} from [11]. Now by the induction hypoth-
esis the theorem is true for Ind¥ 1. Also

® .
7 = Ind¥ 1 = Ind$ IndY 1 = Ind$ /b - Y.L,
n
52

®
= / Ind$ 7o d6 = n,dg.

b (n)/H b*(s)/H
These equivalences are true by (resp.): induction in stages, the Orbit
Method formula for the quasi-regular representation, commutation of
direct integrals and induced representations, and the Orbit Method
again. (Of course, the proof of the last equivalence is the main point
of [11].) Now the induced representations Indg y¢ have one generic
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pattern on h*(n)—either they are irreducible or a one-parameter di-
rect integral of irreducibles. We further distinguish these cases.

(a) Ind$ 7y = m, is irreducible, ¢ € hi(g), 6 = 9|, € hi(n).
According to the induction hypothesis, there is b € I(6, n), a good
polarization. We have

ggCngCbCnCyg

and dimg/n = dimngy/g, = 1 in this case [11, §3]. Therefore b €
M(g, g). But since
Ty = Indg Yo = Ind]GV Indg Xo = Indg Xo

is irreducible, it is also true that b € I(¢, g). Since BH is closed in
N, itis closed in G. Also the product gunp, Hqunp,p doesn’t notice
whether it’s computed in N or G. So properties (i) and (ii) are
verified. It remains to check (iv), the PFPF. Recall the key formulas
from Theorem 2.1

(5.1) (t(w)aq, a;) = wy(e),

(52) wn(8)=Ac(8)" a5 7 (8) /H w(g~ h Y Ag(h) " a7 (h) dh,

(53) <7T¢ a¢ by Qg b

[ ubhiag b e
HNB\H HnB\B
' ql—fflﬁB,B(b)ql;rlw,H(h) dbdh.

Here and in the remainder we write wy = wpy ¢ if it is necessary
to specify the supergroup. Now in situation (a), the map ¢ — 6
generates a bijection h*(g)/H — b*(n)/H. (See [11, p. 446]. The
proof uses condition (A). See also Remark 5.1 (1).) The PFPF for
N/H will give that for G/H as soon as we observe

(5.4) AglNn=AN, 4w .GIN=4m.,N, 4B.GIN=4B.N

(all because N 1is normal). Therefore we also have

(5.5) W GIN = 0H, N

and property (iv) for N/H implies the same for G/H .

(b) Ind%yg = f§n¢+[ﬁdt, B € nt(g), B # 0. In this case
Typ|ln = 7 for every f. Also g, = go and g = gy +n [11]. By
induction there is a good polarization b; € I(6, n). It is no loss of
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generality to assume b; is Gg-invariant (e.g., by building admissibil-
ity into the condition on b if necessary). Set b = b, +b; . It is simple
to check be M(¢p, g). Now G = G, N, so by the Subgroup Theorem
we have

Indg x|v = Indjy xolnw = Ind x5 = 7.

The restriction of a representation being irreducible implies the orig-
inal is irreducible; hence b € I(¢, g). Note that BH = G,B,H. We
choose X € g,\n, B(X) =1, so that

RxN-—-G, (t,n)—exptXn

is a diffeomorphism. Since B{H is closed in N, it is clear that BH
is closed in G . This proves (ii). To prove (i) we observe

hbNnb=(hNn)Nnb=hN(nNb)=hHNb;.
Also by <b. Thus
(5.6) [6,hNb]C[b, hNb;] Cby.
Now on hnNb, we have
trady /ynp + tradp/pne = tradypnp, +trade s +trads spne, -

But (5.6) says the middle term on the right vanishes. By the induction
hypothesis, the remaining two add up to zero. Thus the left side
vanishes and the g identity in (i) is established.

Finally we derive the PFPF in (iv). This argument is somewhat
more subtle than in case (a). First we observe

B =B,expRX, By<B, gqp,p=1, 4p.6¢=4B,:-
Using (2.2) we obtain

/ f(b)db =/ / Sf(b1b1)quns, 8(b1, by)
HNB\B B\B JHNB\B,

“Ghp,p (b1)dbidt, b =exptX.
Therefore

/HnB\H /HnB\B 01, 6(0h)Ty(b)a5 G (D)ay 6 (h™ bh)
“Gbp 5 (D)ahs (k) dbdh
- /HnB\H /BI\B /HmB\B1 wn,6(b1bih)7,(b1b:)
a5 (b6 a5 by bik)
: qI;rle,B,(bl)qflrlw,H(h) db, dtdh.



290 RONALD L. LIPSMAN

Then using

/ Flo)do = / / £(0 +sX*)dsdf
b*(g)/H b (n)/H JR

we get

/bL <7z¢,b(w)a¢,b, a¢,b>d¢

JH
"/ // / / wH,G(blbth)’x¢+sﬂ(b1bt)
b*(n)/H JRJHNB\H JB\B JHNB\B,

: ql}ll,/é(blbz)q}/fG(h‘lblb,h)qgéB,Bl(bl)
Qb y(h)dbidtdhdsdf

which, by Fourier inversion on B;\B and equations (5.4), (5.5), must
equal

- [ / / wn . v(bh)Te(br)
b*(n)/H JHNB\H JHNB\B,

a5 5 (br)agf y(h~ by k)
dihs, 5 (b1)dghg, m(h) dby dhdb.

An application of the induction hypothesis finishes the argument in
case (b).

Now we drop the assumption of normality on the intermediate sub-
group: H C G, C G, dimG/G; = 1. We have the same sequence of
equivalences

. D
¢ =Ind§ 1 = Indg Ind$} 1 = Ind§ / T way

b*(a,)/H
@

= / Indg v, dy
b )/H

®
= / n,dy,
b*(s)/H

the last equivalence having been proven in [13]. The key difference
is that the generic nature of the induced representation Indgl Vy NOW
has five possibilities instead of two. These are studied in great detail
in [13], [14]. We have to prove (i), (ii), (iv) for each of these five
cases. Much of the argument is repetitive of the details in cases (a),
(b). Therefore I shall only provide those details that involve some-
thing new. I will try as much as possible to keep to the notation and
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terminology of [13], [14]. Here is a summary of the main results we
need.

PrOPOSITION 5.2 [13]. There exists a canonical subgroup Gy C G,
closed connected normal in G such that G/Gy = ax + b group. Let
wegy, 0=yl,, X €gi\go, Y €g\g1 s0 that [X,Y] =Y modg.
Choose o, B € g* which satisfy o(Y) = B(X) =1, a(go) = B(go) =0,
a(X) = B(Y) =0. Let ¢ € g* be defined by ¢l =y, p(Y) =0.
Then there are three possibilities:

(c) Indgl vy = My IS irreducible;

(d) Indg1 Vy = [& pisads;

(e) Indgl vy =t @ n~ a sum of two irreducibles. In fact, there is
a fixed sy € R such that ¢ + sy, ¢ + s, are in the same G orbit
< 51 and s, lie on the same side of so. Then fixing s; < so < 2,
nt= Tp+s,a, T = Mp+sa-

Note. In fact, there are two more cases. In one
G ®

and in the other, IndG vy is irreducible (although gg + go can be
either g; or gy and the two irreducible cases are structurally different).
However, virtually the same arguments apply to these cases as in (c)
and (d), resp., below, so I shall allow myself the luxury of ignoring
them.

Now we continue with the proof of Theorem 5.1. The reader should
keep (5.1)-(5.3) in mind.

(c) Indgl vy = m, is irreducible. By induction there is a good
polarization h € I(y, g;). One verifies that b € M(¢, g) by using
the fact (from [13]) that dim(g;), /gy = 1 in this case. That b is in
I(p, g) is true because m, = Indgl vy = Indg] Indge, xy = Indg Xo
is irreducible. Since both B and H are in G;, we have the closure
of BH and the ¢ identity gunp, HqunB,B = 1 on HNB true by
induction. Only property (iv) remains to be demonstrated. Looking
back at case (a) we see the loss of normality invalidates formulas (5.4)
and (5.5). We compensate as follows. Scanning the proof of Theorem



292 RONALD L. LIPSMAN
2.1 (i), we see that for g € G;

w68 / o((hg)")Ag(hg) a5 2 (he) dh

h
/ w((hg)™")Ag, (hg)™' % ‘((h:))q;ll/é(hg)qu/z(hg)dh

- / o((hg)™")Ac, (hg) ™ a5 (hg)az '2(hg) dh

(wqg”G)H ¢, (8),

. . -1/2
since g G isa homomorphism on G;. Let us write w; = qu /G €

2(G,), noting that w; may not be in Z+(G,) even if w € 9+(G)

Now the bijection between the H-orbit spaces h'(g)/H and
bt(g:)/H is established in [13, §4] for case (c). We remark that the
proof of the bijections requires condition (A). (See also Remark 5.2
(1) below.) It is obvious that

wp,¢(bh) = (w1)n, 6 (bh) (in particular, wg g(e) = (w1)n,c (€)).

Once again, the fact that ¢ ¢ is a homomorphism and bh € G,
imply that all the g functions that appear in the integrand of (5.3)
may have their G subscripts replaced by G;’s We therefore can apply
the induction hypothesis: The PFPF is true for all w, € 2(G,). We
conclude the PFPF is true for w € 2+(G), and so we are done in this
case.

(d) Indgl Vy = [3 Mpisads. We know v, = Indg0 7¢ in this case
[13, Theorem 3.3 (iii)]. So if we start with a good polarization b; €
I(y, g1) (given by the induction assumption), then it must be that
by C go (and in fact b, € I(6, go)). If (as in [13]) we set g, =
go+RY, w = 9|y, and b= b; +(g2)w, then it is easy to verify that
bel(p +sa,g), Vs € R. This uses gg<g, and essentially the same
analysis as in part (b). Continuing in that vein we verify that

bNb=bhNb;, b;jab

and (reasoning as in (b)) we obtain properties (i) and (ii) immediately.
Even more, since everything is happening in G, which is normal in
G, all of the g functions can have their G subscripts replaced by Gy,
and then the proof of the PFPF proceeds exactly as in case (b).

(e) Indgl vy =nt@n~ . We start as usual with a good polarization
b, € I(y, g1). This case is interesting in that by € M(¢, g), but b; ¢
I(p,b). Set p* = ¢ + 5,0, ¢ + 510, respectively. Set bg=b; Ngy €
1(6, go). (I am omitting some details which can be checked as usual
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by using the results of [13].) Defining b = by + (g2)g , We can verify
that b € I(p*, g). We set by = hNgo and we apply the induction
hypothesis to the FMCS space Gy/H,, which has dimension one less
than that of G/H . It is almost obvious (as in (b)) that hNb=hNby
and

tradb/mb + tradb/f)ﬂb = tradf)/ho + tradbo/bom’o
+ tradb0 /b6, + tradyp -

The inside terms on the right add to zero by the induction hypothesis,
and the outside terms add to zero because bg<b and hy<h. The ¢
identity follows. So does the closure because G is diffeomorphic to
Go x exp RX x expRY , X may be selected in h\hy and B = By(G3)g .
As usual the last detail is the PFPF. But in fact virtually the same
argument as case (c) works here—because of the bijection between the
H-orbits in h*(g) and h*(g;) in this case (see [13]). This completes
case (e). It also concludes the proof of Theorem 5.1 and so the main
result is established for FMCS homogeneous spaces.

REMARKS 5.2. (1) We only invoked condition (A) to obtain bijec-
tions of H-orbits in the proof of the PFPF. The actual assumption of
finite multiplicity is never used. It seems likely that the main theorem
is true for exponential solvable homogeneous spaces assuming only
condition (A). That allows infinite multiplicity in the decomposition
of the quasi-regular representation. But—as experts in the field have
realized for a while—condition (A) forces a (perhaps infinite) discrete
direct sum of equivalent irreducibles as opposed to a continuous direct
integral of equivalent irreducibles—the latter of which occurs when
condition (A) is violated.

(2) I remark that, as in abelian symmetric spaces, the question of
convergence of the distribution integrals

. L - 12 _1 ~1/2 ;i
(5.7) ag,p: f - J45 ¢9unB, H9u, G N
is not completely settled. They converge for f € C>*(G, B, x) of
course. For the special case of homogeneous spaces which are abelian
symmetric and algebraic completely solvable, they are absolutely con-
vergent for all f € L?(G, B, x)*® [12]. I suspect that is always the

case. It is an interesting question, so I shall state it as a

Conjecture 5.3. G/H a FMCS homogeneous space. Then generi-
cally on h*, there exists a real polarization b € I(¢, g) such that
(5.7) is absolutely convergent for all f € A’ -
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We conclude with an example to illustrate that “generic” cannot be
removed from the conjecture—indeed it cannot be removed from the
main result of Theorem 3.4.

EXAMPLE 5.4. Let g be spanned by generators 77, X, Y, Z sat-
isfying bracket relations [T, X] =X, [T, Y]=-Y, [X,Y]=Z.
Set H = expRT. 1 = Ind,G,,l has uniform multiplicity 2 (see [13,
Example 3(c)]). The affine space h'(g) may be parameterized by
¢ =&X*+nY*+ {Z*. Then it is readily checked that for { = 0,
én # 0 there are only good polarizations; for {(¢£2 + n?) # 0, there
are both good and bad polarizations; and for { # 0, é24+#2 =0 there
are only bad polarizations. The functionals satisfying {n{ # O are the
generic ones.
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