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INTEGRAL SPINOR NORMS
IN DYADIC LOCAL FIELDS 1

FE1 Xu

The spinor norms of integral rotations on some quadratic forms
over an arbitrary dyadic local field are determined. As an application,
the results obtained in Bon Durant’s paper are improved.

1. Introduction. Because of the absence of a local-global principle in
the equivalence of integral quadratic forms over a global field, Eichler
and Kneser developed the theory of spinor genera, which strongly de-
pend on spinor norms of local integral rotations. For nondyadic cases
the spinor norms are well understood (see [6]), but they become diffi-
cult to be determined when 2 is no longer a unit. Hsia [5], the author
[10] computed the spinor norms of local integral rotations on modu-
lar quadratic forms completely. Earnest and Hsia [3] determined the
spinor norms of integral rotations on arbitrary quadratic forms over
a dyadic local field in which 2 is prime, and Bon Durant [1] recently
considered the spinor norms of integral rotations over a local field
which is a quadratic ramified extension field of @Q,. In the present
article we first determine the spinor norms of all binary quadratic
forms over an arbitrary dyadic local field, and then use these results
to obtain the spinor norms of some quadratic forms over an arbitrary
dyadic local field which Jordan components are one dimension. As
an application, we consider the spinor norms of quadratic forms over
the dyadic local fields which ramification index of 2 is 2 and improve
the sufficient condition for the class number of an indefinite quadratic
form over the ring of integers of a number field to be a divisor of the
class number of the field.

Notation and terminology used here is that of [8]. In particular,
F denotes a dyadic local field, & the ring of integers in F, p the
maximal ideal of ¥, U the group of units in ¥, e = ord 2 the
ramification index of 2 in F', 7 a fixed prime element in F, D( , )
the quadratic defect function, A a fixed unit of quadratic defect 49,
V' a regular quadratic space over F associated symmetric bilinear
form B(x,y), L alattice on V', O*(V) the group of rotations on
V', O*(L) the corresponding subgroup of units of L, and 6( , ) the
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spinor norm function. We use the symbol (a, b, ¢, ...) for lattices,
and [a, b, c,...] for spaces.

2. Binary cases. In this section we determine the spinor norms of
local integral rotations on binary lattices completely. All the results
are expressed in convenient closed forms. Some cases have already
been treated in [4], but we may repeat them for completeness.

Let L be a binary lattice. If L is modular then #(O*(L)) has
been determined in [5] and [10]. So we only consider the nonmodular
cases. Since the spinor norm is not affected by scaling, we can put
L =9x L 9y with Q(x) = 1 and Q(y) = en” where r > 1 and
eeU.

PROPOSITION 2.1. If r > de, then 6(O* (L)) = F2Uen"F?.

Proof. Take a symmetry 7, in O(L) where z = ax + by with
a, b€V andone of themisin U . By [4, Prop. 3.2], weget ord a < ¢;
ororda>r—e, ordb=0,s0 Q(x) isin F2 or en”F? respectively
by the Local Square Theorem, and 6(O*(L)) = F2uUen"F? by [7,
11].

PROPOSITION 2.2. Suppose 2e <r < 4e.
(i) When r isodd, 6(0O*(L)) = (1+p"~2¢)F2uen(1+p"~2¢)F?)N
Q(FL).
(ii) When r iseven, D(e) =p? with 1 <d < 2e—r/2, (0" (L)) =
((1 +pr—2e+d)F2 U 8(1 +pr—2e+d)F2) N Q(FL) .
(iii) When r is even, D(e) = p? with d > 2e—r/2, or 0; 6(O*(L))
=(14p"F*ue(l +p?)F2.

Proof. Take a symmetry 7, in O(L) where z = ax + by with
a,b € ¥ and one of them is in U. By [4, Prop. 3.2], we obtain
orda=0,0ordb>0;0or0<orda<e,ordb=0;ororda>r—e,
ord b=0.

Case (i). If ord a < e, then

ord(a2b%en’) >r—2ord a>r—2e.

So
Q(z) = a*>(1 + a~*b%en’)
isin (1+p2)F2nQ(FL).
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If orda>r—e, ord b=0; then
ord(e 'n"(b"'a)?) =20rd a—r > r —2e.

So
Q(z) =en"b* (1 + e 'n"(b'a)?)
is in en(1+ p"2¢)F2 N Q(FL). Therefore
0(0* (L)) C((1+p"*)F?Uen(1+p"*)F*)NQ(FL)
by [7, 1.1].
Conversely, take an element 4 in (14 p’~2¢)F2NQ(FL), so there
exists z in FL such that Q(z) = A. Without loss of generality, we

assume z = ax + by where a, b € 9 and one of them is a unit.
If e<orda<r/2,then ord b =0. Put

k =ord(en”(ba ")?)=r—2orda <r—2e < 2e.
2

Note that k is a positive odd integer. Since 4 isin (14 p’~2¢)F2,
we obtain

(A+cn2)f2=h=a’+en"b*> =a’*(1 + (a~'b)%en")

where f € F2, ced. Let n =af~', so n isin U by the above
equation, and

n*(1 + en’(ba—")?) = (1 + cn™~%).

But
D(n*(1 + en”(ba=")?) = p* > p"~2¢ D D(1 + cn’~%)

by [8, 63:5], a contradiction.
If r—e>orda>r/2,then ord b =0 again,

ord h = ord(a® + en'b?) =r

is odd. But 4 isin (1 + p"~2€)F2 so that ord 4 is even. This is
a contradiction. Now there remains orda = 0; or 0 < orda < e,
ordb =0;0r orda>r—e, ordb =0, so 7, isin O(L) by [4,
Prop. 3.2]. Therefore

(0 (L)) = (1 +p"~2)Uen(l +p"2)F2)NQ(FL).

Case (ii). Since D(g) = p?, we can assume ¢ = 1 + on? for conve-
nience, where 0 € U and d isodd. Note 1 <d <2e—r/2< 2e.

If ord a =0, then
ord(en”(a™'b)?)=r+2o0ordb>r>r—2e+d.
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So
Q(z) = a*(1 + en’(a'b)?)
isin (14+p~2)F2NQ(FL). If 0<orda<e <r/2, ord b =0 then
ord(on*" (@ 'b)}) =r+d —-2orda>r+d -2e
and
ord(-2n"*(a"'b)) =e+r/2—orda>r/2>r+d - 2e.
So
0(z) = a®(1 + en’(a~'0)?) = a®(1 + (1 + en¥)n"(a~'b)?)
=a?(1 + n"(a~'b)* + on"*4(a"1b)?)
=a*(1+ 7% = 22" (a7 'b) + on?*" (a"'b)?)
isin (1+p~2+t9)F2NQ(FL).
If orda>r—e, ord b =0; then
ord(—2(e" b Van""?)=e+orda—r/2>r—2e+d
and
ord(g(e~'b~)2a?n "+ =20orda—r+d>r—-2e+d.
So
Q(z) = en"b*(1 + e(e~'b~1)2a%n™")
=en'b*(1 + (1 + on?)(e~'b~1)2a?n™")
=en’ b} (1 + (e7107 1)@’ + a(e~'b71)2a%n )
=en’ b (1 + & b~ lan~"/?)? — 2~ 'b~lan~"/?
+ a(s“b“)zazn"*d)
isin e(1 + p"~2e+4)F2 0 Q(FL). Therefore
0(0* (L)) C (1 +p ) F*ue(l +p~**)F) N Q(FL).
Conversely, take an element 4 in (1 +p"~2¢+4)F2nQ(FL), so there
exists z in FL such that Q(z) = h. Without loss of generality, we

assume z = ax + by where a, b € 9 and one of them is a unit.
If e<orda<r/2, then ord b =0. Put

k = ord(c(a~'b)?n™*¥) =r+d —2ord a,
=(e+r/2—orda)+ (r/2+d—e—orda)
< min{(e +r/2—ord a)+ (r/2 +d —2e),r+d — 2e}
< min{(e+r/2—-ord a), r+d —2e}
= min{ord(—2a~'bn"/?), r + d — 2e}
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and k is a positive odd integer. Since 4 is in (1 4 p'~2¢+4)F2  we
obtain

F2(1 + cn’2+4) = p = (@® + en"b?) = a®(1 + (a~'b)%en’)
where fe F, ce®. Let n =af~!,so n isin U by the above
equation, and
1+ cn™2+ = n2(1 + en”(a"'b)?)

=n*(1+ (1 +on)n"(a"'b)?)
=n*(1 +n"(a"'b)? + on"*%(a"'b)?)
=n*((1 + (@~ 'b)n"?)2 = 2(a~'b)n""? + on"+4(a"'b)?).
But
D31 +a~'br'?)? = 2(a~'b)n"? + an"t4 (a"1b)?))
— pk S pr+d—2e o) D(l + cnr—28+d)

by [8, 63:5], a contradiction.
If orda=r/2,then ord b=0. Let ¢ =a~'n"/?2b,s0 & isin U.
Suppose

h=a*(1+en"(a"'b)?) = a*(1 + &£%) = a*(1 + (1 + on?)&E?)
=a?(1 + & + 6&%n%) = a?((1 + &)% = 2¢ + o&*n?)

is in (1 + p"~2¢+4)F2 Note d < 2e —r/2 < e, and d is odd, so
2ord(14+¢) =ord(1+¢)2<d<e.
Writing 1 + & =dn° with § € U, s > 0, we obtain

nz(l _ J—Zézn—Zs + ad—Zéan—ZS) =(1+ Cn.r—2e+d)
where ne€e U, c€?¥. But
D(n*(1 — 672827 % + g6~ 2224~ %))
=pd—2s o) pd Dpr—Ze'+d D D(1+ cnr—2e+d)

by [8, 63:5], a contradiction
If r/2<orda<r—e,then ord b =0. We have

ord(2blan ") =e+orda—-r/2>e>2e—r/2>d>1,
and
h=0Q(z)=b*n"(e + (b~ 'an"?)?) = 27" (1 + on? + (b~ 'an~"/?)?)
= b2 (1 + b~ lan~"/?)? —2b~'an~"/? + g%
is in (14 p"—2¢+4)F?2 by hypothesis. So
(1 + b lan= 2?2 - 2b~lan~"/? + on?) = (1 + cn'~2¢+4)
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where n € U and c € ¥. But
D(n*((1 + b~ la(z~"?)? = 2b'an~"1? + an?))
=pd S pr—2e+d D D(l + cn.r—2e+d)

by [8, 63:5], a contradiction.

Now there remains orda = 0 or 0 < orda < e, ordb = 0;
ororda>r—e, ordb =0, so 7, isin O(L) by [4, Prop. 3.2].
Therefore

0(0*(L)) = (1 +p" ) F*ue(l + p" ) F*)n Q(FL).
Case (iii). Write ¢ = 14+ on? with d >2e—r/2, 0 € U.

If ord a =0, then
ord(en”(a 'b)?) =r+2o0rd b>r>r/2,
SO
Q(z) = a*(1 +en’(a"'b)?)
isin (1 + p’/?)F2.
If 0O<orda<e<r/2, ord b =0; then
r/2 < ord(-2(a"'b)n"’?) =e —ord a + r/2
=(r+d-2orda)+(orda—r/2—-d+e)
<(r+d-2orda)+ (2e—r/2-d)
<r+d-2ord a=ord(ca"t?(a"'b)?).
So
a*(1 +en"(a"'b)?) = a*(1 + (1 + an?)n"(a~'b)?)
a*(1+ (a7 'b)’n" + a(a~'b)*n"*4)
a*(1 +a b2 — 24 b2 + o(a~1b)2n’"+9)

Q(2)

I

isin (14 p"/2)F2.
If orda>r—e>r/2, ord b =0; then
r/2 < ord(—2e"'b"lan"?)=e+ord a —r/2
=Rorda+d-r)+(r/2—orda+e—d)
<(2orda+d-r)+(2e—r/2-d)
<((orda+d—r)=ord(c(e” b 'a)2n?").
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So
Q(z) = en’b* (1 + e(e" b 'a)?*n ")

=en’b?(1 + (1 + on?) (e~ b a)?n")

=en’b?(1 + (¢ b~ 'a)’n " + a(e b 'a)?n?T)

=en"b?((1 +e b~ lan="?)2 - 2¢~p~lan~"/?

+a(e" b 'a)?a? )
isin g(1 +p"/2)F2.
Therefore
6(0*(L)) C (1 +p"?)F?ue(l +p"?)F?

by [7, 1.1].

Conversely, take an element # in (1+p’/2)F2, by the Local Square
Theorem, we assume 4 = 1 + cn’/?2 with 0 < ordc < e. Write
¢ = An* with A € U. By Hensel’s lemma, there exists # in U such
that

(nr—2e+2k _ Gc—lnd+r/2—2e+2k)n2(2c—lnk—e + 27[r/2_e+k)7] +1=0.
Put z =n%x +1ny,so 1, isin O(L) by [4, Prop. 3.2], and

Q(Z) — 71.2e—2k + 87!’712 — 7t2€—2k + (1 + a.n.d)nrnZ
— 7t2€—2k(1 + 7tr+2k~2€’72 + 0'7td+r+2k—2e112)
— 7z2e—2k((1 + n.r/2+k—en)2 _ 2nr/2+k—-en + o.ﬂd+r+2k—2en2)
— n2e—2k((1 + n.r/2+k—en)2
+ (_26.—17[k—e’7 + a.c—l”d+r/2+2k—-2en2)cnr/2)
— n2e—2k((1 + n,r/2+k—en)2 + (1 + nr/2—e+kn)2cnr/2)
— nZe—Zk(l + nr/2+k—e”)2(1 + C7Zr/2) — 7.t2e—2k(1 + 7tr/2+k—e’7)2h .

Therefore
6(0* (L)) = (1+p"»)F?ue(l +p"?)F2.

PRrROPOSITION 2.3. Suppose 0 <r < 2e.
(i) When r is odd, or r is even and D(—¢) = p? with 1 <d <
e—r/2; (0 (L)) = Q(FL).
(ii) When r is even and D(—¢) = p? with (3e —r/2)/2 > d >
e—r/2; 0(0*(L)) = (1 +p4**M)F)nQ(FL).
(iii) When r is even and D(—¢) = p? with d > (3e —r/2)/2, or 0;
9(0+(L)) — (1 +pe—[e/2—r/4])F2_
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Proof. Take a maximal anisotorpic vector z = ax+by in L, where
a,b €9 and one of them is a unit, we know 7, is in O(L) if and
only if 2B(z, L) C Q(z)¢. This is equivalent to

ord(a® + en"b?) < min{ord a, r + ord b} +e.

In fact, this inequality is the same as ord a # r/2; or orda = r/2,
ord b=0, 0 <ord((ax~"2b~12 +e)<e—r/2.

[

Case (1). When r is odd, we always have ord a # r/2; when r is
even and ord a = r/2, we have 0 < ord(e + (n"/?b~1a)?) < d <
e —r/2 since D(~¢) = p? with 1 < d < e—r/2. Note FL is
anisotropic in this case, so (O*(L)) = Q(FL).

Case (ii). Write —¢ = 14+07n? with ¢ € U and 2e > (3e—r/2)/2 >
d>e—r/2.

If ord a =0, then

ord(a(n"?ba")?n?)=d +r+2ord b
=(e+r/24+ordb)+ord b+ (d+r/2—e)
>e+r/2+ord b =ord(—-27"?(ba=")(1 + a~'bn'?))
>e+r/2>d—-e+r/2.

So

Q(z) = a*(1 + en’(a~'b)?) = a*(1 — (1 + on)(a~'b)*7")

=a’((1+a 'bn"/?)?
—2(a b1 + a'ba’’?) — a(a~ ' br’?)?n?)
isin (1 4+ p?=et"/2)F2NQ(FL).

If 0<orda<r/2, ord b =0; then

ord(—2a~'bn"*(1+a 'bn'?))=e+r/2 —ord a
>e=(e+e/2—r/4)+r/d—e/2>d+(r]2—¢e)/2
>d—-e+r/2
and
ord(—a(a~'bn"*?n?) =d+r—-2orda>d>d—e+r/2.
So

Q(z) = a*(1 +a~'bn'?)?

—2a~ b)Y (1 + a~'ba"?) — o(a~ b’ /?)2nd)
isin (14 p?—et"/))F2NQ(FL).
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If orda>r/2, ord b =0; then

ord(—2e~ b Yan"?(1 + e~ b~ lan~"?))
=e+orda—-r/2>e>d—-e+r/2

and
ord(—a(e~ b7 lan™"/?) )= —r+2orda+d >d>d —e+r/2.
So
Q(z) =en"b*(1 + e(e” b~ tan"1%)?)
=en"b?(1 — (1 + on?)(e b~ lan~"/?)?)
=en"b*((1 + e~ b tan—"/?)?
—2e b lan (1 + e~ b lan~"/?)
_ U(g—lb—lan—r/2)2ﬂd)

isin g(1 + p@—et/)F2 N Q(FL).

If orda=r/2, ordb =0, and ord(¢ + (x~"/?ab~1)?) < e—r/2,
note

ord(2a~'bn"?(1 +a~'bn"?)) = e +ord(1 + a 'bn"*) > e > e —r/2

and
ord(a(a~'bn"??n?) =d >e—r/2.

Then

ord(1 + a~'bn'/?)?
= ord((1 +a~'bn"/?)?
—2a7'ba"?(1 + a~'bn"?)? — o (a” ' ba’1?)7?
+2a 'ba"?(1 + a~'bn’’?) + a(a~ ' bn’/?)2n?)
= ord(1 — (a~'bn""?)? — a(a~'br'/?)*n?
+2a b’ (1 + a 'bn"?) + a(a~ ' bn'/*)n?)
= ord(1 + (a~'bn"/?)2 (-1 — a7?%)
+2a~'ba"?(1 + a~'bn"?) + a(a~'ba’1?)?7?)
ord((1 + e(a”'bn"/?)?)
+2a b (1 + a'br'?) + a(a~'bn'?)n?)
= ord(1 +e(a'bn"?)?) < e —r/2.
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So
ord(an?(a'bn'/?)2(1 + a~bn'/?)72)
=d-2ord(1+a'bn"?)>d —e+r/2
and
ord((—=2a~'bn"?)(1 + a~'bn'/?)~1) = e — ord(1 + a~'bn"/?)
>e—(e—r/2)/2>d—e+r/2.
Thus
Q(z) = a®>(1 + (@ 'bn'/?)e) = a*(1 — (1 + an?)(a~'bn'/?)?)
=a*((1 +a 'bn"/?)?
—2(1+a 'bn"?a'ba’? — g(a~ ' bn"/?)?n?)
=a*(1 +a 'br"?)?(1 - 2a~'ba"?(1 + a~'bn"/?) !
—an?(a~bn’?)?(1 +a 'bn'/?)7?)
isin (1+ p9-et'/2)F2n Q(FL). Therefore
8(0*(L)) € (1 +p?~***)F2 ne(1 + p?~¢*")F*) N Q(FL).
Conversely, take an element /4 in (1+p9=¢*"/2)F2nQ(FL), so there
exists z in F L suchthat &2 = Q(z). We can assume z = ax+by with
a,be?d and one of them is in U. We claim that 7, isin O(L). In
fact,if ord a=r/2, ord b =0, and ord((n="/2ab=1)2+¢) > e—r/2;
note
h=Q(z) =a*(1 +e(a'bn"?)?) = a*(1 + (-1 — on?) (@~ 'bn'/?)?)
=a*((1 +a'bn"?)? = 2a= b’ (1 + a~'b’/?) — 6(a'ba’1?)2n?)
isin (14 p?-et7/2)F2 and d is odd, d < 2e; then
ord(1 +a~'bn'/?)?
= ord((1 4+ a~'bn'/?)?
—2a b’ ?(1 + a~'ba’?) — o(a~bn"?)2n?)
= ord(1 +e(a'bn"?)}) >e—r/2.
Write 14+ a~1ba"/2 = in* with A€ U, s>0.S0d>2s>e—r/2,
and
”2(1 _ (A—la—lbnr/Z)(zn—S) _ a(l—la—lbnr/Z)an—ZS) =1+ cnd—e+r/2
where n € U, c € 0. Since d < e+ (e—r/2)/2 < e+ s, that is
0<d-2s<e—-s,and d - 2s is odd, we have
D(i]z(l _ (l—la—lbnr/2)(2n—S) _ a(ﬂ'—la—lbnr/2)2nd—2s» =pd—2s
S pd—-e+r/2 ) D(l +cnd—e+r/2) .
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This leads to a contradiction. So 7, isin O(L), and
0(0*(L)) = (1 +p?=*"M)F2Ue(1 + p?=**" 1) FY)n Q(FL).

Case (iii). Write —&¢ = 1 +on? with 6 € U and d > (3e —r/2)/2.

If ord a =0, then
ord(—2(1 + a~'bn"?)a"'bn"/?) = e+ ord b +r/2
>e+r/2>e—[e/2—-r/4]
and
ord(—a(a~'bn"?)2a%) =2 0ord b+r+d
>r+d>d>e+[e/2—r/d]>e—[e/2—r/4].
So
Q(z) = a’(1 — (@~ 'ba")?(1 + on?))
=a*((1 +a 'bn"/?)?
—2(1+a 'bn"?ya'ba'? — o(a~bn"/?)n?)
is in (14 pe-le/2-r/a) 2
If ord a >r/2, ord b = 0; then
ord(—2(e~ b 1n"2a)(1 4+ e~ b~ 1n""2q))
=e—r/24+orda>e>e—[e/2—r/4]
and
ord(—a(e~'b~'n""%a)?n?) =d+2orda—r
>d>e+[e/2—-r/4d]>e—[e/2—r/4].
So
Q(z) =en'b*(1 + e(e”'b~'n7"%a)?)
=en"b*(1 — (1 + on?) (e~ b~ 1n"2a)?)
=en"b? (14 e b~ 1n""%a)?
—2(1+ & b~ ln"2a) (e b~ n"/%a)
—o(e” b 1n"%a)n?)
is in e(1 + pe-le/2-r/4F2
If orda<r/2, ord b =0; then
ord(—2(1 + a~'bn"?ya~'bn/?)
=e—orda+r/2>e>e—[e/2-r/4]
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and
ord(—a(a'bn"’?)?*n?) =r+d —2ord a
>d>e+[e/2-r/4d]>e—[e/2 —r/4].
So
Q(z) = a*(1+a 'bn"?2-2(1+a~bn"?)a~'bn">—a(a~'bn'/?)?nd)
isin (1+ p¢-le/2-r/4YF2 If orda=r/2, ord b =0, and
ord(e + (b~ lan""?)?) < e —r/2,
note
cord(a(a"'bn"?)?al)=d > e+ (e/2—r/4) >e>e—r1/2
and
ord(2(1 +a~'bn"?)(a 'bn"/?)) = e +ord(1 +a~'bn"?) > e>e—r/2
Then
ord(1 + a~'br’/?)?
=ord((1+a'bn"/?)? —2(1 + a~'bn’/?)(a"'bn'/?)
—a(a'bn'?)nd
+2(1 +a~'ba"?)(a"'ba’?) + o(a'bn’?)?n?)
= ord((1 + &(a~'bn"/?)?) + 2(1 + a~'bn’/?)(a ' bn'/?)
+o(a'bn’?)?n?)
=ord(l + e(a"'bn’/?)?) <e—r/2.
So
ord(=2(1 + a~'bn"?)~Ya~'br'/?))
=e—ord(l +a~'bn"/?) > e —[e/2 —r/4]
and
ord(—a(a~'bn"/?)?n¢(1 + a~'bn'/?)2)
=d-2ord(l1+a 'bn"?)>d —e+r/2>e—[e/2—r/4].
Consider
Q(z) = a*(1 +a 'ba"?)2(1 — 2a~ 'ba"?(1 + a~'bn’/?)~!
—o(a~'bn"?2a?(1 + a~'bn'1?)72)
is in (14 p¢~le/2-r/4)F2  Therefore
6(0* (L)) C (1 + pe~te/2=r14) F2 y g(1 4 pele/2-r14NF2
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Conversely, take an element 4 =14cne~le/2-7/41 in (14pe-le/2-r/41)F2,
and write ¢ = An* with Ae U, k>0.If 0 <k <[e/2 —r/4], there
exists # in U such that

O.nd—e—[e/Z—r/4]+k”2 + 27[—e’1 +1=0

by Hensel’s lemma. Put z = (=1 4 y~1zle/2-7/4-k\z"/2x +  when
—1+ n~1gle/2=r/41-k s in U, note

ord(—an?) =d > e +[e/2 —r/4] > 2[e/2 — r/4] > 2[e/2 — r/4] — 2k

and

ord(—2n~nle/2-r/4-ky — ¢ 4 [e/2 — r/4] — k > 2[e/2 — r/4] — 2k
So

ord((—1+ n~'ale/2=r147k)2 4 g)
= ord(1 + "—2n2[e/2—r/4]—2k _ 2”—1n[e/2—r/4]—k -1- Gﬂd)
— Orc1(’1—27t2[e'/2—r/4]—2k _ 2”—ln[e/2—r/4]—k _ O'ﬂd)
= 01.d(’7—2”2[e’/2—r/4]—2k)
=2[e/2—r/4]— 2k < 2[e/2—r/4] < e—r/2.

Thus, 7, isin O(L), and

Q(Z) - ﬂr((—l + n—ln[e/2—r/4]—k)2 + 8)
= nr(n—ZnZ[e/Z—rM]—Zk _ 2”—ln[e/2—r/4]—k _ G'ﬂd)

— nr+2[e/2—r/4]-2k11—2(1 _ 2nnk—[e/2-r/4] _ G”an+2k—[e/2—r/4])
— ”—2nr+2[e/2—r/4]—2k

X(l + 7zk—[e/2—r/4]+e(_2”—9’7 _ G”an+k—[e/2—r/4]-—8))
— ”—2nr+2[e/2—r/4]—2k(1 +Ank—[e/2—r/4]+e)
— ”—an+2[e/2—r/4]—-2k(1 + cne—[e/Z—r/4])
— 11—2nr+2[e/2—r/4]—2kh .

If k> [e/2—r/4], there exists n in U such that

N2+ (2n~¢ + 2ankle/2-74yy 4 jp2k-2le/2-r/4]
+ 2petk—le/2-r/4] | gnd—etk—[e/2-r/4] _
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by Hensel’s lemma. Put z = nn’/2tle/2-7/41-kx Ly note r/2 +
[e/2—-r/4]-k <r/2,s0 1, isin O(L), and

Q(Z) — ”Zn.r+2[e/2—r/4]—2k +en”

— nr+2[e/2—r/4]—2k(,12 _ n.2k—2[e/2—r/4] _ O.nd—2[e/2—r/4]+2k)

= qr+2e/2=r/41=2k((yy | pk—le/2-r/4))2 | pe+k—[e/2-r/4]
X (—Zﬂn_eZn“e+k—[9/2—’/4l _ a.nd—e+k—[e/2-—r/4]))
— n.r+2[e‘/2—r/4]—2k((,7 + nk—[e/2—r/4])2 1 getk—le/2-r/4]

x (1”2 + 2/17tk_[e/2_r/4]7] +An.2k—2[e/2—r/4]))>
- 7zr+2[e/2—r/4]—2k(’7 + nk-[e/Z-—r/4])2(1 +Ankne—[e/2—r/4]) '
— n.r+2[e/2—r/4]—2k(n + ﬂk—[e/Z-—r/4])2h .

Therefore

0(0+(L)) =(1 +pe—[e/2—r/4])F2 ue(l +pe—[e/2—r/4])F2

REMARK 1. Suppose two units ¢, # with D(¢) = p* and D(n) =
p', where s, t are odd integers, and s + ¢t > 2e; then the Hilbert
symbol (e, 1), = 1. This fact can be proved by an argument similar
to that of the case (iii) of Proposition 2.2 or [5, Lemma 4]. On the
other hand, consider a unit ¢ with D(e) = p* where s is an odd
integer. For any positive odd integer ¢, if s = ¢t < 2e, then there
exists a unit # with D(n) = p’ and the Hilbert symbol (¢, ), = —1.
This result can be obtained from [5, Lemma 3].

REMARK 2. Suppose E is a finite extension of F and L is the
lifting of L to E, then we can check NE/F(0(0+(—I:))) C 6(0+(L))
by the results obtained in [5], [10] and this section. These can give an
alternative proof about spinor genus extension of binary lattices (see

[2], [4D).

3. Main results. In this section let L be a lattice with dim FL > 3
and Jordan splitting L = 9x; L Oxp; L --- L Ox, where Q(x;) =1,
OQx;))=¢n", neZ, €U, i=2,3,...,n;and 0 <7, <riy1,
i=2,3,...,n—1. Weassume r; =0, ¢ = 1. First we generalize
[3, Th. 2.2] to an arbitrary dyadic local field.

THEOREM 3.1. Suppose there is at least one k with 1 <k < n-1 for
which riyy—ry <2e+1 and ry —ry isodd. Thenif 0 <rs—r, < 4de
and rs—r, is even forany s,t=1,...,n, we have 0(O*(L)) = F .
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Proof. Put Ly, j =0x; L 9x;,y. When rp — 1 =2e+1, then

0(0* (L)) = (1 +p)F*uen(1+p)F*) N Q([1, exérs17])
= (UF*UrUF*) nQ([1, exéxs17]) = Q([1, exéps17))

by case (i) of Proposition 2.2. When ry,; — r, < 2e, we also obtain
(O (L1 ,k)) = Q([1, exéxy1m]) by case (i) of Proposition 2.3. Note
Q([1, exéry1®]) is a subgroup of F with index 2 which does not
contain A.

Put L; ; = ¥x; L 9x,. By cases (ii), (iii) of Proposition 2.2 and
Proposition 2.3, we check A in 6(O* (L ,;)). Hence 6(0O*(L)) = F

Let S(L) be the group generated by symmetries in O(L) (see [7]).
We need the following lemma.

LEMMA 3.2. If ripy—ri>e, forall i=1,2,...,n—1, with at
most one exception, then O(L) = S(L).

Proof. First we assume r, > e, otherwise we scale the dual lattice of
L by &,7n"» and obtain the lattice L’ which satisfies this assumption,
and we know O(L) = O(L').

Take o in O(L). Suppose ox; =Y 7 aiX;, a; € ¥. So

n
1=0Q(ox;) (Za x,) = zgin’:af.
=1

If ord(a; — 1) < e, then

n
ord Q(ox; — x;) = ord ((al -1+ Za,—zsinﬁ) =ord 2(a; — 1)

i=2
and
2B(ox; —x1, L)Y =2(a; — )9 = Q(ox; — x1)9.

Thus, 7gx—x, isin O(L).
If ord(a; — 1) > e, then ord(a; + 1) = ord(2 + (a; — 1)) = e, and

n
ord Q(ox; + x;) = ord ((al +1)%+ Za?ain’z) =ord 2(a; + 1)
i—2

and
2B(ox1 +x1, L)% =2(a; + 1)% = Q(ox; + x1)9.

Thus, Tgx +x, isin O(L).
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Since Tgx,—x,0 and Tx, Tox,+x,0 Can be regarded as elements in
O(K) where K = 0x; L --- L 9x,, by induction on n, we obtain

OL)=S(L).

Now we deduce the Kneser-type result about spinor norms.

THEOREM 3.3. If ripy—r;>4e, forall i=1,2,...,n—1; then
+ L)) _ U i ---Giknr‘l+""+r'kF2 '
k even

Proof. Take a symmetry 7, in O(L), where z is a maximal aniso-
tropic vector in L. Then 2B(z, L)d C Q(z)®. Write z = Y7, a;X;
with a; € 9, so

n
- 20 m, i ) .
ord Q(z) = ord (Z a;en ) < lréliléln{r, +orda;} +e.

i=1
Choose k so that ord(ale,n’s) = min;<;<,{ord(a’?e;n")}. Then

2 ord a; +r, <ord Q(z) < lrgiél {ri+orda;}+e<rj+orda;+e
SISn

for j=1,2,...,n. When we take j = k, ord q; < e is obtained.
When j < k, we have
ord((eje; (aja;)?n"s ") =2 ord a; — 2 ord ay + rj — 1y
=2(orda;—2orday —r,+rj+e)+2ord a; + (r, —r;) —2e
z(rk—rj)—2e>2e.
When j > k, consider

ord((eje; aja; ')2r' ) =2 ord a; — 2 ord ay +rj — 1y

>rj—ry—2ordag >rj—r,—2e>2e.
So
k-1

Q(z) = g n'va} (1 + ) (e tei)(ag  an) Al

i=1
+ Z sk i)(ag La)2a" "
i=k+1

isin g, m'« E? by the Local Square Theorem. By Lemma 3.2, we obtain
0(0+(L)) — Uk even 8,-1 . 8,‘k7l'ri‘+"'+r’k F2 )
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4. Application. In this section we will show that the restriction in
[1], that F be a ramified quadratic extension of Q;, is unnecessary.
In fact we have the following theorem.

THEOREM 4.1. Suppose O is the ring of integers of dyadic local field
F with e=ord 2=2. Let L be a regular 9-lattice with sL C 9 and
rank L > 3. If ord(dL) < 3 then 6(O*(L)) 2 UF2.

Proof. Let L=L; L --- 1 L; be a Jordan splitting of L. We can

assume ¢t > 2 and dimFL; <2, i=1,...,t, by [8, 93:20], and
2sL; C nL; by [5, Lemma 1], i = 1,...,¢. Since ord(dL) < 3,
t<3.

(1) L=L, L L, with rank L; = rank L, = 2, so L; is unimod-
ular and sL, = p. By [8, 93:17] we may write L; = 9x; + Oy; with
Q(x;) = a;, Qi) = —dia7!, B(x;,y;) = 77!, and a;0 = nL;,
00=D(-dL;), i=1,2.

If nL, = psL, = p, we only need to consider D(—dL,) = p3 by
[S, Prop. C], and 6(O*(L,)) contains A in this case by [5, Prop. B].

Suppose nL, = psL, = p?>. Put K = 9x; L 9x,. Consider any
maximal vector of K, say z, which is then also a maximal anisotropic
vector of L. We can check that 2B(z, L) C Q(z)9, so 7, is in
O(L), and 6(O*(L)) 2 Q([1, @1a,])F? which is a subgroup of F
with index 2 and does not contain A. Therefore 8(O+(L)) = F .

Suppose nL, =sL, =p. Put K = 9y; L Ox,, by taking the same
argument as above, we obtain §(O* (L)) = F again.

If nLy = sL; = O, then 6(O*(L;)) contains A by the results
obtained in [5] and [10].

Suppose nL, = psL, = p?. By [5, Prop. C], we only need to treat
the case of D(—dL,) = p>. Put K = 9x; L Oy,. Note any maximal
vector of K, say z, which is also a maximal anisotropic vector of
L, satisfies 2B(z, L)® C Q(z)®. So t, is in O(L), 6(O*(L)) 2
Q([1, a;b;]) which does not contain A. Therefore 8(O*(L)) = F .

_Suppose nL; =sL, =p. Put K =9x; L 9x,. Then 6(0*(L)) =
F.

(2) L=L, L Ly, with trank L; = 2, rank L, = 1, so L; is
unimodular.

Write Ly = 0x,+0y; with Q(x1) = ay, Qv1)=—d1a;’, B(x1, 1)
=1, and nL, = a19, D(—dL,) = 6,9 by [8, 93:17]. Let L, = 9x;
with Q(x;) =ay €p. If nLy = psL, = p, by [5, Prop. C], we only
need to consider D(—dL;) = p3, and 6(O*(L,)) contains A in this
case by [5, Prop. B].
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When Q(x;)9 = a9 =p, put K =9y; L 9x,. Then 6(O+(L)) =
F. When Q(x;)9 = p?, put K = 9x; L 9x,. Then 6(O*(L)) = F.
When Q(x;)9 = p3, put K =9dy; L 8x,. Then 6(O+(L)) = F.

If nL; =sL; =9, [5, Prop. C], we only need to consider 6,9 = p
or p3, and we know that §(O*(L;)) contains A in these two cases
by [S, Prop. B,E]. When Q(x;)% = p, put K = 9x; L Ux;. Then
6(0*(L)) = F. When Q(x»)d = p3, put K = 9x; L Ox,. Then
6(0O*(L)) = F. When Q(x;)8 = p?,and 6,0 =p, put K =9y, L
9x;. Then (0O*(L)) = F. When Q(x,)8 = a0 = p?, and 6,9 = p3;
we know (1 + p?)EF2 C 6(O*(L,)) by [5, Prop. E]. Write a, = on?
with 0 € U, —al‘lél = nn3 with n € U. Take an element 1+ Az in
l+p with AeU.

Suppose Aon~! = ¢2 +en? with &, e € U and d > 4; then there
exists ¢ in ¥ such that a;2+2n~2¢t—nen?~! = 0 by Hensel’s lemma.
Put z = n2tx; + ¢y + X, which is a maximal vector of L, and

0(z) = n*fay + 2m%¢t + E2qn3 + on?

= n*nen?! + Eqnd + on? = yu3(&? + en?) + on?

=Aon® +on? =on*(l + An).
So 2B(z, L)} C Q(z)9, and 7, is in O(L). Then (1 + Am) is in
6(0*(L)). Suppose Aon~! =&E2+en? with ¢, ec U and 1<d <3,
and d is odd. Put o lne = w? + dn” with w, § € U. Then
there exists ¢ in ® such that o~ 'a 1> + (2n~2)o~ !¢t — on?+h-1 4
(2n~2)wr@+D/2 = 0 by Hensel’s lemma. Put z = n2tx; + &y, +
(1 + wn@+1)/2)x, which is a maximal vector of L, and

0(z) = t*8ay + 212t + E13n + (1 + wr@*+)/2)2g 72
= on?(n*(o~ a2 + 217267 1)
+071Ean + 1+ 207 @tD/2 4 27+l
= an2(5nd+h+1 —2wn@+h/2 + 6_1527”1 41
+ 20m @+ 4 2gd+y
= on?(1 + 0~ 'Enn + 14V (@? + 671))
=on*(1+ 07 '&yn + o~ nen?tl)
=on*(1+ 0~ 'nn(& + en?))
=on*(1+ o7 'nzdan™") = o7’(1 + Am).

So 2B(z,L) C Q(z)d, and 7, is in O(L), then (1 + Am) is in
6(0*(L)). Therefore, (Ot (L)) D (1+p)F? =UF?.
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(3) L=L; L L, with rank L; = 1,rank L, = 2. We scale the
dual lattice of L by m and reduce to case (2).

(4 L=L;y L L, 1 Ly with rank L} = rank L, =rank L3 = 1.
Let L; =9x;, i=1,2,3;s0 Q(x;)® =p'~!, 1 <i<3. Therefore
6(O*(L)) = F by Theorem 3.1.

(5) L=L, L Lyl Ly with rank Ly =2, rank Ly =rank Ly = 1.
So L; is unimodular, and L; = dx; with Q(x;)9 = p'~!, i = 2.3.
Since A isin 6(O*(L;)) by the results obtained in [5] and [10], put
K = 9x; L 9x3, obtain (O (L)) = F.

LEMMA 4.2. Suppose O is the ring of integers of a dyadic local field
with e = ord 2 = 2. Let L be a regular ®-lattice with sL C 8 and
rank L > 4. If ord(dL) < 7, then 6(O*(L)) D UF?2.

Proof. Using the above theorem, considering components and dual
lattices when necessary, there remain two cases to be treated.

(1) L= Ly L L, where L, is binary unimodular, L, is binary
p2-modular. Write L; = 8x; 1L 9y; with Q(x;) = a;, B(x;,y1) =
1, Qy1) = —61a7', and nL, = @19, D(-dL,) = 6;9; and L, =
Bx; + 0y, with Q(x2) = az, B(x2,¥2) = 7%, Q(v2) = —62a5", and
an = a219. D(—sz) = (5219 by [8, 93117].

We know that L; has an orthogonal base if and only if nL; =
sL; (i = 1,2). Using the above theorem, considering components
and dual lattices when necessary, we assume nL; = p(sL;) = p,
and nL, = p(sL;) = p3. By [5, Prop. C], we only need to consider
D(—dL,) = p?, and A is in 8(O*(L,)) by [5, Prop. B] in this case.
Put K = 9y; L 9x,. Then (O (L)) = F .

(2) L=L, L L, where L, is binary unimodular and L, is binary
p3-modular. We know L; has an orthogonal base if and only if nL, =
sL; (i =1,2). Using the above theorem, considering components
and dual lattices when necessary, we assume nL; = p(sL,;) = p and
nLy = psLy = p*. Write L; = 9x; + 0y; with Q(x;)d = nL; = p,
and L, = 9x,+9y, with Q(x;)8 = nL, = p*, note A isin 6(O*(L;))
by [5] and [10], put K = 9x; L 9x,, then (O (L)) = F .

By using Theorem 4.1, Lemma 4.2 and Theorem 3.1, we can also
prove [1, Lemma 3.4] and [1, Theorem 3.5] when ¢ is the ring of
integers of a dyadic local field with e = ord 2 = 2. Finally we consider
an example.

ExAMPLE 4.3. The bound ord(dL) < 7 given in Lemma 4.2 cannot
be unconditionally improved. Consider the lattice L = L; L L, over



198 FEI XU

the ring of integers of a ramified quadratic extension of Q,, where
Ly = ®x + Oy, with Q(x1) = 1, Q(n) =7, B(x1,y1) =1, and
Ly = ¥x; + 0y, with Q(x2) = 7%, Q(n2) =77, B(xz, y2) =n*. We
claim 6(0*(L)) = (1 +p*)F2 c UF?.

First we prove that O(L) is generated by symmetries of L. Note
L; has an orthogonal base (i = 1, 2), and write L; = ¥z L dw.
Put K = dw L L,. Then O(K) is generated by symmetries of K
by the proof of Lemma 3.2. Let ¢ € O(L), and 0z = az+bw +u
with u € L,, so Q(z) = a®Q(z) + b*’Q(w) + Q(u) and Q(oz — z) =
2(1-a)Q(2), Q(oz +2) = 2(1+a)Q(2).

If ord(1-a) =0, then 2B(6z—z, L) =Q(0z—-2)%, and 14,_; €
O(L). If ord(1-a) = 1, then b2Q(w) = (1-a)(14+a)Q(z)-Q(u) € p,
and ord b>1. So 2B(6z—z,L) =Q(o6z—z)9%, and 7,,-, € O(L).

If ord(1 —a) = 2, then ord(1 + a) = ord(2 — (1 — a)) > 2,
and b2Q(w) = (1 +a)(1 — a)Q(z) — Q(u) € p*, so ord b > 2, and
2B(6z—z,L)=Q(oz—-z)%. Thus 15,_, € O(L).

If ord(l —a) > 2, then ord(l1 + a) = ord(2 — (1 — a)) = 2,
and b2Q(w) = (1 +a)(1 —a)Q(z) — Q(u) € p*, so ord b > 2, and
2B(cz+z,L)C Q(agz+ z)8.Thus 75,4, € O(L).

Note that 7,,_,0 and 7,74,4,0 can be regarded as elements in
O(K) which is generated by symmetries of K. Therefore O(L) is
generated by symmetries of L.

Now we calculate 8(O*(L)). Let 7, € O(L) where ¢ is a maxi-
mal anisotropic vector of L, write t = cx; +dy; + fx» + gy, with
c,d, f,ge9.

When ord ¢ < 1, then 2c~!d+c¢~2d?n3 is always in p? whenever
¢ and d are units or not. So

Q(t) = (1 + 27" d + 2 d%0) + 21 (f* + 2fg + g77%))

is in (14 p?)F2.

When ord(d) = 0, and ord(c) > 1; then ord Q(¢) = 3, and
2B(t, L) = p? > Q(t)¥, contradicting the assumption that 7, is in
O(L).

When ord(f) =0, ord(d) > 0, and ord(c) > 1; then ord(c) > 2,
and the inclusion 2B(¢, L) C Q(¢)9 forces ord(d) > 2.

Suppose ord(c) = 2. Then ord(c2 + f27*) > 5. So

ord Q(t) = ord((c?* + f?n*) + 2cd + d*n® + 2n* fg + g*n’) > 5

and 2B(¢, L) = p* > Q(¢)9, a contradiction.
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Therefore ord(c) > 3, and
Q)= f2r*(1 + f2ta* +2f Pedn* + d* f2n~!
+2f g+ f2g%7)
isin (1 + p2)F2.
When ord(g) =0, ord(f) > 0, ord(d) > 0, and ord(c) > 1; then

ord(c) > 2, and ord(d) > 2.
Suppose ord(c) = 2. Then

Q(t) = 21 +2c7d + (¢c71d)*m3 + ¢~ 2n*(f? + 2f g + g%n3))
isin (1+p?)F2.

Suppose ord(c) > 3. Then ord(c) > 4 and ord(d) > 4.

If ord(f) =1, then 2f~1g + (f~'g)?n3 € p?, and

Q(t) = f2a*(1 + (flen™2)? + 2cd f 24 + d? f2n!
+2f g+ (fg)’n?)
isin (1 4+ p?)F2.

If ord(f) > 2, then ord Q(t) = 7, and 2B(t, L) = p® > Q(?)9.
But 7, is in O(L) and ¢ is a maximal vector, a contradiction. In
any case, we have 8(O*(L)) C (1 + p?)F%. On the other hand,
0(0*(L)) 2 6(0*(Ly)) 2 (1 + p*)F? by [5, Prop. E]. Thus, we con-
clude 8(0*(L)) = (1+ p>)F2.
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