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INTEGRAL SPINOR NORMS
IN DYADIC LOCAL FIELDS I

FEIXU

The spinor norms of integral rotations on some quadratic forms
over an arbitrary dyadic local field are determined. As an application,
the results obtained in Bon Durant's paper are improved.

1. Introduction. Because of the absence of a local-global principle in
the equivalence of integral quadratic forms over a global field, Eichler
and Kneser developed the theory of spinor genera, which strongly de-
pend on spinor norms of local integral rotations. For nondyadic cases
the spinor norms are well understood (see [6]), but they become diffi-
cult to be determined when 2 is no longer a unit. Hsia [5], the author
[10] computed the spinor norms of local integral rotations on modu-
lar quadratic forms completely. Earnest and Hsia [3] determined the
spinor norms of integral rotations on arbitrary quadratic forms over
a dyadic local field in which 2 is prime, and Bon Durant [1] recently
considered the spinor norms of integral rotations over a local field
which is a quadratic ramified extension field of (?2 I n the present
article we first determine the spinor norms of all binary quadratic
forms over an arbitrary dyadic local field, and then use these results
to obtain the spinor norms of some quadratic forms over an arbitrary
dyadic local field which Jordan components are one dimension. As
an application, we consider the spinor norms of quadratic forms over
the dyadic local fields which ramification index of 2 is 2 and improve
the sufficient condition for the class number of an indefinite quadratic
form over the ring of integers of a number field to be a divisor of the
class number of the field.

Notation and terminology used here is that of [8]. In particular,
F denotes a dyadic local field, ϋ the ring of integers in F, p the
maximal ideal of ϋ, U the group of units in ϋ, e = ord 2 the
ramification index of 2 in F, π a fixed prime element in F, D{ , )
the quadratic defect function, Δ a fixed unit of quadratic defect 4ϋ,
V a regular quadratic space over F associated symmetric bilinear
form B(x, y), L a lattice on V, 0+{V) the group of rotations on
V, O+(L) the corresponding subgroup of units of L, and θ( , ) the
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spinor norm function. We use the symbol {a, b9 c, ...) for lattices,
and [a, b, c, ...] for spaces.

2. Binary cases. In this section we determine the spinor norms of
local integral rotations on binary lattices completely. All the results
are expressed in convenient closed forms. Some cases have already
been treated in [4], but we may repeat them for completeness.

Let L be a binary lattice. If L is modular then Θ(O+(L)) has
been determined in [5] and [10]. So we only consider the nonmodular
cases. Since the spinor norm is not aίfected by scaling, we can put
L = ϋx J_ ϋy with Q(x) = 1 and Q(y) = επr where r > 1 and
eeU.

PROPOSITION 2.1. Ifr>4e, then 0(0+(L)) = F2U επrF2 .

Proof. Take a symmetry τ z in O(L) where z = ax + by with
a, b eϋ and one of them is in U. By [4, Prop. 3.2], we get ord a < e
or ord a>r-e, ord b = 0, so Q(x) is in F2 or eπrF2 respectively
by the Local Square Theorem, and Θ(O+{L)) = F2 U eπrF2 by [7,
1.1].

PROPOSITION 2.2. Suppose 2e < r < 4e.

(i) When r is odd, Θ(O+(L)) = ((l+pr-2e)F2Uεπ(l+pr-2e)F2)n
Q{FL).

(ii) When r is even, D(e) = pd with \<d< 2e-r/2, Θ(O+(L)) =
((1 +pr-2*+d)f'2 u β ( ! + ; ?r-2e+ ί/ ) jp2 ) n Q(FL) .

(iii) ίFA^ r is even, D(ε)=pd with d >2e-r/2, orO; Θ(O+{L))
= (\+prl2)F2Uε{\+prl2)F2.

Proof. Take a symmetry τz in O(L) where z = ax + by with
a, b e ϋ and one of them is in £/. By [4, Prop. 3.2], we obtain
ord a = 0, ord b > 0 or 0 < ord a < e, ord 6 = 0 or ord a > r-e,
ord b = 0.

(i). If ord a <e, then

ord(α~~262επr) > r - 2 ord a> r -2e.

So
Q{z) = a2(l+a-2b2επr)

is in ( l / ψ 2 β ( F L
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If ord a> r - e, ord b = 0 then

ord(c~1π- r(ft-1α)2) = 2 ord a - r > r - 2e.

So

β(z) = επ r62(l + e-ln-r{b~xa)2)

is in βπ(l + pr~2e)F2 n Q ( ^ ^ ) . Therefore

Θ{O+{L)) c ((1 +pr-2e)F2 U eπ(l + j p
r - 2 ^)F 2 ) Π Q(FL)

by [7,1.1].
Conversely, take an element /z in (1 +pr~2e)F2 n Q{FL), so there

exists z in i^L such thatβ(z) = A. Without loss of generality, we
assume z = ax + by where a, b e # and one of them is a unit.

If e < ord α < r/2, then ord 6 = 0. Put

k = oτd(επr(ba~1)2) = r- 2 ord a < r- 2e < 2e.

Note that k is a positive odd integer. Since h is in (1 +pr~2e)F2 ,
we obtain

cπ
r~2e)f2 = h =)f2 = h = a2 + επrb2 = a2{\ + (a-ιb)2επr)

where / e F2, c £ ϋ. Let η = af~ι, so 77 is in U by the above
equation, and

>/2(l + επr(ba~1)2) = (1 + c π ' - 2 * ) .

But
D{η2(l+επr(ba-ι)2)=pk D pr~2e D D{\ + cπr~2e)

by [8, 63:5], a contradiction.
If r - e > ord a > r/2, then ord b = 0 again,

ord Λ = ord(tf2 + επrb2) = r

is odd. But h is in (1 + pr~2e)F2, so that ord A is even. This is
a contradiction. Now there remains ord a = 0 or 0 < ord α < e,
ord b = 0 or ord a > r - e, ord & = 0, so τ z is in O(L) by [4,
Prop. 3.2]. Therefore

Θ(O+(L)) = ((1 +//" 2 *) U επ(l + J p r " 2 e ) F 2 ) n ^

Case (ii). Since Z)(ε) = pd, we can assume ε = 1 + σπd for conve-
nience, where σ eU and J is odd. Note 1 < d < 2e - r/2 < 2e .

If ord (2 = 0, then

ord^π^α"1^)2) = r + 2oτdb>r>r-2e + d.
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So
Q(z) = a2(ί+επr(a-1b)2)

is in (1 +pr-2e)F2 n Q{FL). If 0 < ord a < e < r/2, ord b = 0 then

orά{σπd+r{a-ιb)2) = r + d -2ord a> r + d -2e

and

orά{-2πr I2 {a~xb)) = e + r/2-oτda>r/2>r + d-2e.

So

Q(z) = «2(1 + επ/'(ύΓ1&)2) = α2(l + (1 + σπrf)π''(α-16)2)

= α2((l + π r/2)2 - 2π"2(a-ιb) + σ

is in (1 +pr-2e+d)F2 Π Q(Z'L).
If ord a > r - e, ord 6 = 0; then

ord(-2(ε-ιb-ι)aπ-r'2) = e+ oτda-r/2>r-2e+ d

and

So

Q(z) =

= επrb2(l

= επrb2((l

is in ε(l +pr-2e+d)F2 n Q(F-L). Therefore

Θ(O+(L)) c ((1 + / - 2 e + r f ) J F 2 U ε ( l + / /

Conversely, take an element h in (1 +/>r-2ί?+ύf)JF
2 n Q(F-L), so there

exists z in FL such that Q(z) = h. Without loss of generality, we
assume z = ax + by where a, b eϋ and one of them is a unit.

If e < ord a < r/2, then ord b = 0. Put

k= ord(σ(α-1Z>)2πr+ί/) = r + ί/-2ordα,

= (e + r/2 - ord a) + (r/2 + c? - e - ord α)

< min{(έ? + r/2 - ord a) + (r/2 + d - 2e), r + d - 2e)

< min{(έ? + r/2-orda),r + d-2e)

= min{ord(-2α-16πr/2), r + d - 2e}
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and k is a positive odd integer. Since h is in (1 + pr~2e+d)F2, we
obtain

/ 2 (1 + cπr-2e+d) = h = (a2 + επrb2) = a2(l + (a-ιb)2επr)

where f e F, c € ϋ. Let η = af~x, so η is in U by the above
equation, and

1 + c π ' - 2 ^ = η2(l + επr{a-χb)2)

= η2(l + (1 + σπd)πr(a~ιb)2)

= η2{\ + πr{a~xb)2 + σπr+d(arιb)2)

= >/2((l + (fl-1^)^/2)2 - 2{a-ιb)πr'2 + σπr+d{a-χb)2).

But

by [8, 63:5], a contradiction.
If ord a = r/2, then ord 6 = 0. Let ξ = arx%r>2b, so ξ is in U.

Suppose

h = a2(\ + επr{a-χb)2) = a2{\ + εξ2) = α2(l + (1 + σπd)ξ2)

= α2(l + ^ 2 + σξ2πd) = a2((l+ζ)2 -2ξ + σξ2πd)

is in (1 + pr-2e+d)F2. Note d < 2e - r/2 < e, and ί/ is odd, so
2ord(l +ξ) = ord(l +ζ)2 <d<e.

Writing 1 + ξ = <5π5 with δ &U, s > 0, we obtain

f/2(l - δ-2ξ2π~2s + σJ- 2^ 2π r f- 2 ί) = (1 + cπ r - 2 e + r f )

where η e U, ceϋ. But

D(η2(l - δ~2ξ2π-2s + σδ-2ξ2πd-2s))

= pd~2s DpdDpr-2e+d DD(l+ cπr-2e+d)

by [8, 63:5], a contradiction

If r/2 < ord a < r - e, then ord b = 0. We have

ord {2b-χaπ~rl2) = e + ord a - r/2 > e > 2e - r/2 > d > 1,

and

h = Q(z) = b2πr(ε + ( ί r W / 2 ) 2 ) = b2πr{\ + σπd + {b-xa%-r'2)2)

= 2>V((1 + b-χaπ-r'2)2 - 2b-χaπ~rl2 + σπd)

is in (1 +pr~2e+d)F2 by hypothesis. So
η2({ί + b-χaπ-rl2)2 - 2b~xa%-rl2 + σπd) = (1 + cπr~2e+d)
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where η e U and c eϋ. But

D(η2{{l + b-χa{π-r'2γ - 2b-ιaπ~r'2 + σπd))

= pdDpr-2e+d DD(l+ cπr-2e+d)

by [8, 63:5], a contradiction.
Now there remains ord a = 0 or 0 < ord a < e, ord 6 = 0;

or ord a > r - e, ord b = 0, so τ 2 is in O(L) by [4, Prop. 3.2].
Therefore

Θ(O+(L)) = ((1 +pr~2e+d)F2Uε(l +pr-2e+d)F2)Γ)Q(FL).

Case (iii). Write ε = 1 + σπ^ with d >2e-r/2, σ eU.

If ord α = 0, then

α-1^)2) = r + 2 ord fc > r > r/2,

so
Q(z) = a2(l+επr(a-ιb)2)

is in ( l+p r / 2 ) J F
2 .

If 0 < ord a < e < r/2, oτdb = 0; then

r/2 < ord(-2(α"16)πr/2) = e - ord a + r/2

= {r + d - 2ord a) + (ord a-r/2-d + e)

< (r + d - 2ord α) + (2<? - r/2 - rf)

So

Q{z) = α2(l + επr(a~ιb)2) = a2{\ + (1 + σπd)πr(a~ιb)2)

= aι{\ + (α-'δ)2^ + σία-^V^)

= α 2 ( l+ a-lbnr'2)2 - 2arxb%rl2 + σ l α " 1 ^ 2 ^ ^ )

is in ( l+p r / 2 ) J F
2 .

If ord a>r-e> r/2, ord b = 0 then

r/2 < ord(-2ε-16-1απ- r/2) = *? + ord a - r/2

= (2 ord a + d - r) + (r/2 -oxάa + e -d)

< (2 ord a + d - r) + (2e - r/2 - d)

< (2 ord a + d - r) = oτd(σ(ε-ιb-1a)2πd~r).
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So

rb2(Q{z) = επrb2(l + ε(ε-1b-ίa)2π-r)

= επrb2{\ + (1 + σπd){ε-χb-χa)2π~r)

= επrb2(l + {ε-χb~xa)2%-r + σ(e-1b-

= επrb2((l + ε-χb-χaπ-rl2)2 - 2ε-λb~

is in ε{\+prl2)F2.
Therefore

Θ(O+(L)) C (1 + pr'2)F2 U e(l + pr/2)F2

by [7, 1.1].
Conversely, take an element h in (1 +prl2)F2, by the Local Square

Theorem, we assume h = 1 + cπrl2 with 0 < ord c < e. Write
c — λπk with λ G [/. By HenseΓs lemma, there exists f/ in U such
that

f(2c-ίπk-e + 2πrl2-e+k)η + 1 = 0.

Put z = πe~kx + ηy, so τ z is in O(L) by [4, Prop. 3.2], and

Q(z) = π2e~2k + επrη2 = π2e~2k + (1 + σπd)πrη2

= π2e~2k(l + πr+2k~2eη2 + σπd+r+2k-2eη2)

= π2e~2k((l + π ' ' / 2 ^ - ^ ) 2 - 2πr'2+k-en + στrΰ f + / '+ 2 f c- 2^ 2)

+ ( - 2 c - 1 π f c - ^ + σc" 1 π ί l

= π2e~2k((l + π r / 2 + f c - ^ ) 2 + (1 + πrl2-e+kη)2cπr'2)

= π 2 e - 2 f c ( l + π ' '/ 2 + f c -^) 2 ( l + cπr'2) = π2e~2k(l + πr'2+k-eη)2h.

Therefore

= ( l + j P ' / 2 ) F 2 U ε ( l + p r / 2 ) J F 2 .

P R O P O S I T I O N 2 . 3 . Suppose 0<r <2e.

(i) WTjen r w orfί/, or r is even and D(-ε) = pd with 1 < d <
e-r/2; Θ(O+(L)) = Q(FL).

(ii) When r is even and D(-ε) = pd with (3e - r/2)/2 > d >
e-r/2; Θ(O+(L)) = ((1 + p*-'+r/2)P2)nQ{FL).

(iii) When r is even and D(-ε) — pd with d > (3e - r/2)/2, or 0;
Θ{O+{L)) = (
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Proof. Take a maximal anisotorpic vector z = ax + by in L, where
a, b G ϋ and one of them is a unit, we know τ z is in O(L) if and
only if 2B(z, L) C <2(z)#. This is equivalent to

ord(α2 + επrb2) < min{ord a, r + ord b} + e.

In fact, this inequality is the same as ord a φ r/2 or ord a = r/2,
ord 6 = 0, 0<ord((απ-'V26-1)2 + £) <e-r/2.

Case (i). When r is odd, we always have ord a φ r/2 when r is
even and ord a = r/2, we have 0 < ord(ε + (π~rl2b~xa)2) < d <
e - r/2 since D(-ε) - pd with 1 < d < e - r/2. Note FL is
anisotropic in this case, so Θ(O+(L)) = Q(FL).

Case (ii). Write -ε = l + σπd with σ G U and 2e > (3e-r/2)/2 >
d>e-r/2.

If ord a = 0, then

oΐά(σ{πrl2ba-ι)2πd) = d + r + 2oτdb

= (e + r/2 + ord b) + ord b + (d + r/2 - e)

>e + r/2 + ordb = ord(-2πr/2(6ύΓ1)(l + a~ιbπrl2))

> e + r/2 > d - e + r/2.

So

Q(z) = a2(\ + επr{a-χb)2) = a2(\-(l+ σπd)(a-ιb)2πr)

+ a-χbπrl2) - σ{a~ιbπrl2)2πd)

is in (1 +pd-e+rl2^p2 R Q(pL) .
If 0 < ord a < r/2, ord b = 0 then

ord(-2α-1όπΓ/2(l + aΓxbπrl2)) = e + r/2- ord α

> e = (e + e/2 - r/4) + r/4 -e/2>d + (r/2 - e)/2

>d-e + r/2

and

So

- 2{a-χbπrl2){\ + a~ιbπrl2) - σ(a-χbπr'2)2πd)

is in (1 +pd-e+r/2^p2
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If ord a > r/2, ord b = 0 then

= e + ord a - r/2 > e > d - e + r/2

and

oτd(-σ(ε-χb-ιaπ-r/2)2πd) = -r + 2 ord a + d > d > d - e + r/2.

So

Q(z) = επrb2(l + ε ^ - 1 ^ W / 2 ) 2 )

= επrb2{\ - (1 + σπd){ε-χb-χaπ'rl2)2)

is in e(l + pd-e+r/2)f 2 n Q(FL).
If ord a = r/2, ord b = 0, and ord(ε + (π-^ab-1)2) <e-r/2,

note

arxbπrl2)) = e + ord(l + aΓxbπrl2) >e>e-r/2

and

ord(σ(β-^π r / 2)2π r f) =d>e-r/2.

Then

- 2 a - ^ ^ / 2 ( l + a-ιbπr'2)2 - σ(ίl-
1Z)π'-/2)2πί/

+ 2cΓxbπrl2{\ + a-χbπrl2) + σ{a-χbπrl2)2πd)

ord(l - (a- 1 ^^/ 2 ) 2 - σ{a-χbπr'2)2πd

+ 2a-χbπrl2{\ + a~xbπ^2) + σ{a-χbπrl2)2πd)

ord(l + (flΓ16πΓ/2)2(-l - σπ r f)

a~xbπrl2) + σ{cΓxbπrl2)2πd)

+ 2a~ιbπr'2(l + a~xbπr/2) + σ{a-χbπrl2)2πd)

ord(l +ε(a
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So

oτά{σπd{a-χbπrl2)2{\ + <rιbπrl2)-2)

= d-2oτά{\ + a~xbπrl2) >d-e + r/2

and

ord((-2a-ιbπr/2)(l + a-χbπr'2)-χ) = e - ord(l + a~xbnrl2)

>e-{e-r/2)/2 >d-e + r/2.

Thus

Q(z) = a2{\ + {a~xbπrl2)ε) = a2{\ - (1 + σπ^)^- 1 *^/ 2 ) 2 )

= a2((l+a-ιbπr/2)2

- 2(1 + a-ιbπrl2)a-λbπrl2 - σ(cCxbπrl2)2πd)

= a2(\+ a-lbnr'2)2{\ - 2cΓλbπrl1{\ + a~ιbπr'2)-1

is in (1 +pd-e+r/2^2 n g(/ £ ) . Therefore

Θ(O+(L)) c ((1 +/? r f-e + Γ/2)JF
2nε(l + p ί / - e

Conversely, take an element /z in (1 +pd~e+r/2)F2 n Q(FL), so there
exists z in / L such that h = Q(z). We can assume z = αx+fty with
a, b eϋ and one of them is in U. We claim that τz is in 0{L). In
fact, if ord a = r/2, oτdb = 0, and ord((π-r/2αZ>-1)2 + £) >e-r/2;
note

A = <2(z) = α2(l + ε{a-χbπrl2)2) = α2(l + (-1 - σπd){a-χbπrl2)2)

= α2((l + a-χbπrl2)2 - 2aΓxbπrl2{\ + a~xbπrl2) - o{arxb%rl2)2%d)

is in (1 + pd-e+r/2^2 ? a n d ^ i s o d d ? d <2e; then

fl-1^7"/2) - σ{a-χbπrl2)2πd)

Write 1 + a~xbπrl2 = Aπs with λeU, s>0. So d>2s> e-r/2,
and

>/2(l - (A-1α-16πr/2)(2π-s) - σ μ - V W 2 ) V " 2 * ) = 1 + cπd~e+rl2

where η G U, c e ϋ. Since ί/ < e + (e - r/2)/2 < ^ + 5, that is
0<<5? — 2s < e — 5, and d — 2s is odd, we have

1 - {λ-χa-χbπrl2){2π-s) - σ{λ-χa-χbπrl2)2πd-2s)) = pd~2s

D pd-e+rl2 DD(\+ cnd~e+rl2).
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This leads to a contradiction. So τ z is in O(L), and

Θ(O+(L)) = ((1 +pd-e+r/2)F2Uε(l +pd-e+rl2)F2)Γ\Q{FL).

Case (iii). Write -ε = 1 + σπd with σ e U and d > (3e - r/2)/2.

If ord a = 0, then

ord(-2(l + α-1δπ''/2)α-1*π''/2) = έ? + ord b + r/2

>e + r/2>e- [e/2 - r/4]

and

oτά{-σ{a-χbπr'2)2πd) = 2 ord b + r + d

>r + d>d>e + [e/2 - r/4] >e- [e/2 - r/4].

So

Q{z) = a2{\ - {a~{bπrl2)2{\ + σπd))

= a2((l+a-ιbπr'2)2

- 2(1 + a-ιbπfl2)a-χbπrl2 - σ{a-{bπr'2)2πd)

is in {
If ord a > r/2, ord b = 0 then

= e - r/2 + ord α > e > e - [e/2 - r/4]

and

ordC-σCε-^^π-^α)V) = </ + 2 ord α - r

> d > e + [e/2 - r/4] > e - [e/2 - r/4].

S o

Q(z) = επrb2(l + εie^b^π-^a)2)

= επrb2{\ - (1 + σπd){ε-χb-χπ-rl2a)2)

= επrb2((l+ε-ιb-ιπ-r'2a)2

- 2(1 + e-ιb-ιπ-r'2a)(e-ιb-ιπ-r'2a)

-σ{ε-χb-χπ-rl2a)

is in ε{\+pe-\el2-rl^)F2.
If ord a<r/2, ord Z> = 0 then

ord(-2(l +a-ιbπrl2)a-χbπrl2)

= e-oτda + r/2>e>e- [e/2 - r/4]
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and

oτd(-σ(a-ιbπr/2)2πd) = r + d-2oτda

>d>e + [e/2 - r/4] >e- [e/2 - r/4].

So

Q(z) = a2{{\+cΓιbπrl2)2-2{\+a-ιbπrl2)a-ιbπrl2-σ{a-χbπrl2)2πd)

is in (1 + pe-le/2-r/4]^2 I f o r d a = r/2, Ord b = 0, and

ord(fi + ψ-χaπ-rl2)2) <e-r/2,

note

oτά{σ{a-χbnrl2)2πd) = d>e + (e/2 - r/4) >e>e-r/2

and

ord(2(l +a-ιbπr/2)(a-1bπr/2)) = e + oτd{l +a~1bn^2) >e>e-r/2

Then

= ord((l + crxb%rl2)2 - 2(1 + a-χbπrl2){a-χbπr'2)

-σ{a-χbπr'2)2πd

+ 2(1 + a-χbπrl2){a-χbπrl2) + σ{a-χbπrl2)2πd)

= ord((l + ε{a-χbπrl2)2) + 2(1 + a^bπ^a^bπ'l1)

+ σ{a-ιbπr'2)2πd)

= ord(l + e{a-ιbπfl2)2) <e-r/2.

So

ord(-2(l +α- 1 έπ r / 2 )- 1 (α" 1 ^π r / 2 ))

= ί? - ord(l + α-1έπ r/2) > e - [e/2 - r/4]

and

oτd{-σ(a-ιbπr'2)2πd(l + a~ιbπr/2)-2)

= d - 2ord(l + a~xbπrl2) >d-e + r/2>e- [e/2 - r/4].

Consider

β(z) = α2(l + a-χbπrl2)2{\ - 2a~xbn^2(l + a~xbπrl2)-χ

- σ{a-χbπr'2)2πd{\ + cCxbπrl2γ2)

is in (1 +pe-[eβ-rl4])p2. Therefore

Θ(O+(L)) C (1 +^-[«/2-r/
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Conversely, take an element h = 1 +cπe^el2-rl^ in ( )
and write c = λπk with λeU, k>0. If 0<k< [e/2 - r/4], there
exists η in U such that

σπd-e-le/2-rμ)+kη2 + 2π-eη + χ = Q

by Hensel's lemma. Put z = (-1 + η-χπ^el2-rl^-k)πrl2x + y when
- l + //-1π^/2-r/4l-A: is in £/,note

ord(-σπrf) = J > e + [e/2 - r/4] > 2[ί?/2 - r/4] > 2[e/2 - r/4] - Ik

and

ord(-2>/-1πt<?/2-r/4]-fc) = e + [e/2 - r/4] - k > 2[<?/2 - r/4] - 2k

So

0Γd((-l + η-i
= OΓd(l + η-2π2le/2-rμ]-2k _ 2η-lπ[e/2-r/4]-k _ j _ (y%d)

π2^2-r^-2k - 2η-ιπ^2~r^~k - σπd)

= 2[<?/2 - r/4] - 2k < 2[e/2 - r/4] <e-r/2.

Thus, τz is in O(L), and

Q(z) = π r((-l + η-i
ιπ^2-r/^-k - σπd)

If /c > [e/2 - r/4], there exists η in U such that

V + (2π~e

σπd-e+k-[e/2-r/4] =
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by Hensel's lemma. Put z = ηnrl2^el2-r'^-kx + y, note r/2 +
[e/2 - r/4] - k < r/2, so τz is in O(L), and

r/4]-2fc(^ + πk-[e/2-r/4ψ + ne+k-[e/2-r/4]

r/4]-2*^ + π*-[e/2-r/4])2 + πe+k-[e/2-r/4]

x (V k^2

Therefore

Θ(O+(L)) = (

REMARK 1. Suppose two units ε, η with Z)(ε) = ps and JD(ι/) =
pι, where 5, ί are odd integers, and s + t > 2e\ then the Hubert
symbol (ε, η)p = 1. This fact can be proved by an argument similar
to that of the case (iii) of Proposition 2.2 or [5, Lemma 4]. On the
other hand, consider a unit ε with D(ε) = ps where s is an odd
integer. For any positive odd integer t, if s = t < 2e, then there
exists a unit f/ with /)(*/) = pι and the Hubert symbol (ε, η)p = - 1 .
This result can be obtained from [5, Lemma 3].

REMARK 2. Suppose £ i s a finite extension of F and L is the
lifting of L to £ , then we can check NE/F(Θ(O+(L))) C Θ(O+(L))
by the results obtained in [5], [10] and this section. These can give an
alternative proof about spinor genus extension of binary lattices (see
[2], [4]).

3. Main results. In this section let L be a lattice with d imFL > 3
and Jordan splitting L = ϋx\ ± ϋx2 JL _L ϋxn where Q(x\) = 1,
Q(Xi) = ε, π r ' , n e Z, ε/ e C/, / = 2, 3, . . . , n and 0 < r, < r / + 1 ,
/ = 2 , 3 , . . . , Λ — 1. We assume ri = 0, εi = 1. First we generalize
[3, Th. 2.2] to an arbitrary dyadic local field.

THEOREM 3.1. Suppose there is at least one k with 1 <k<n—\ for
which rk+i - r^ < 2e + 1 and rk+ί - rk is odd. Then ifθ<rs-rt<4e
and rs - rt is even for any s, t = 1, . . . , n, we have Θ(O+(L)) = F.
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Proof. Put Lk+ι k = ϋxk _L ϋxk+ι. When rk+x - rk = 2e + 1, then

Θ{O+(L)) = ((1 + p)F2 U επ(l +p)F2) n β([l

= ( t / F 2 U πtΛF2) n β ( [ l , ekek+iπ]) =

by case (i) of Proposition 2.2. When r^+1 — r̂  < 2e, we also obtain
θ(O+(Lk+uk)) = Q([l, ε^έ^+1π]) by case (i) of Proposition 2.3. Note

is a subgroup of F with index 2 which does not
contain Δ.

Put Lst — ϋxs ± ϋxt. By cases (ii), (iii) of Proposition 2.2 and
Proposition 2.3, we check Δ in Θ{O+{LSJ)). Hence Θ{O+{L)) = F .

Let S(L) be the group generated by symmetries in O(L) (see [7]).
We need the following lemma.

LEMMA 3.2. If ri+\ - rz > e, for all i = 1, 2, . . . , n - 1, with at
most one exception, then O(L) = S(L).

Proof. First we assume r2>e, otherwise we scale the dual lattice of
L by εnπ

rn and obtain the lattice L' which satisfies this assumption,
and we know O(L) = O(Lf).

Take σ in O(L). Suppose σx\ = Σ"=γ aiXi, α, eϋ. So

\i=\ / ί=l

If ord(αi - 1) <e, then

ί ) 2 ^ord β ( σ x i — jcr) = ord ί (a\ - I ) 2 + ^ α?β/7ΓΓ' ] = ord 2(αi - 1)

and

2B(σxx - xx, L)d = 2(ax - l)ϋ = Q[px\ - x\)ϋ.

Thus, τσXχ-Xχ is in O(L).

If ord(αi - 1) > e, then ord(αi + 1) = ord(2 + (a\ - 1)) = e, and

ord Q(σxi + Xi) = ord I (a\ + I) 2 + ^ α2ε/πr' j = ord 2(αi + 1)

and

2B(σxx +xl9 L)ϋ = 2(ai 4- ί)ϋ = Q(σxχ
Thus, τejv+v is in O(L).
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Since τσx -x σ and τx τσx +x σ can be regarded as elements in
O{K) where K = ϋxi -1 J_ ϋxn, by induction on n, we obtain
O(L)=S(L).

Now we deduce the Kneser-type result about spinor norms.

T H E O R E M 3.3. If ri+ϊ - n > 4e, for all i=l,2,...,n-l; then

Θ(O+(L))=
k even

Proof. Take a symmetry τz in O(L), where z is a maximal aniso-
tropic vector in L. Then 2B(z, L)ϋ c Q(z)#. Write z = X)?=1 α/X/
with α, € d, so

ord Q(z) = ord > afβiπr< < min {r, + ord aΛ + e.
V } yj-f ι J ~ \<i<n

Choose k so that ord(α^ε^π^) = mini<z <Λ{ord(α?β/πΓ«)} . Then

2 ord ak + rk < ord Q(z) < min {rt + ord αz} + e <Γj + ord α7 -

for 7 = 1, 2, . . . , n . When we take j = k, ord ak < e is obtained.
When 7 < /c, we have

ord((ε7ε^1)(α7α^1)2πr-/~^) = 2 ord α ; - 2 ord α^ + r/ - rk

= 2(ord α ; - 2 ord ak- rk + r ; + e) + 2 ord α^ + (r^ - r7) - 2e

>(rk-rj)-2e>2e.

When j > k, consider

ord((ε7ε^1)(αJ α^1)2π^~ rO = 2 ord 0/ - 2 ord α^ + r7- - rk

> rj — rk — 2 ord ak > Tj — rk — 2e > 2e.

So

/ k-\

Q(z) = 2

ί=\

i=k+\

is in ekπ
rkF2 by the Local Square Theorem. By Lemma 3.2, we obtain

Θ(O+(L)) = Uneven ̂  ' ' ̂ i/^'"^^ .
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4. Application. In this section we will show that the restriction in
[1], that F be a ramified quadratic extension of Q2, is unnecessary.
In fact we have the following theorem.

THEOREM 4.1. Suppose ϋ is the ring of integers of dyadic local field
F with e = ord 2 = 2. Let L be a regular ϋ-lattice with sLCϋ and
rank L > 3. // oτd(dL) < 3 then Θ(O+(L)) D UF2.

Proof. Let L = L\ ± - ± Lt be a Jordan splitting of L. We can
assume t > 2 and dimFL, < 2, i = 1, . . . , f, by [8, 93:20], and
2sLj c nLi by [5, Lemma 1], i = 1, . . . , t. Since oτd(dL) < 3,
ί < 3 .

(1) L = L\ _L L2 with rank L\ = rank L2 = 2, so Li is unimod-
ular and sL2 = /?. By [8, 93:17] we may write Lf = #JCZ + #>>/ with
Q(Xi) = ai9 Q{yi) = - ^ α " 1 , £(*/,?/) = π ^ 1 , and aφ =

If «L t = psLi = p, we only need to consider D{—dL\) = /?3 by
[5, Prop. C], and 0(0+(L0) contains Δ in this case by [5, Prop. B].

Suppose nLi = PSL2 = p2. Put K = #Xi ± z?X2 Consider any
maximal vector of K, say z, which is then also a maximal anisotropic
vector of L. We can check that 2B(z, L)d c Q(z)ϋ, so τ z is in
O(L), and 0(O+(L)) 3 β ( [ l , άiα 2 ])F 2 which is a subgroup of F
with index 2 and does not contain Δ. Therefore Θ{O+(L)) = F.

Suppose «L2 = ££2 = i7 P u t K = % i -L ̂ 2 > by taking the same
argument as above, we obtain Θ{O+{L)) = F again.

If «Li = sL\ = # , then 0(6>+(Li)) contains Δ by the results
obtained in [5] and [10].

Suppose nLj = psLi = p2. By [5, Prop. C], we only need to treat
the case of D(-dL2) = p5. Put # = ϋxγ _L ̂ 2 Note any maximal
vector of K, say z, which is also a maximal anisotropic vector of
L, satisfies 2B(z,L)ϋ c β(z)d . So τ z is in O(L), Θ(O+(L)) D
Q([ί, 0^2]) which does not contain Δ. Therefore Θ(O+(L)) = F.

Suppose nL 2 = sL2=p. Put A: = dxi ± d x 2 . Then (9(O+(L)) =
F .

(2) L = L\ JL L2 with rank L\ = 2, rank L 2 = 1, so L\ is
unimodular.

Write Lx = ϋxι+ϋyι with Q(x{) = ax, (2(^0 = - ^ α f 1 , 5 ( ^ , yi)
= 1, and nLi =axϋ9 D{-dLx) = δxϋ by [8, 93:17]. Let L 2 = ϋx2

with β(x2) = a2 € p. If 72Z4 = p^Z î = p , by [5, Prop. C]5 we only
need to consider D(-dLx) = p3, and 0(0+(Li)) contains Δ in this
case by [5, Prop. B].
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When Q(x2)ϋ = a2ϋ=p,ρut K = ϋyx ± ϋx2. Then Θ(O+(L)) =
F. When Q(x2)ϋ = p2, put K = ϋxx ± flx2. Then Θ(O+(L)) = F.
When Q(x2)ϋ = />3, put K = ϋyx ± ϋx2. Then Θ(O+{L)) = F.

If nL\ = 5L1 = ϋ, [5, Prop. C], we only need to consider δxϋ = p
or p 3 , and we know that θ(O+(Lχ)) contains Δ in these two cases
by [5, Prop. B,E]. When Q(x2)ϋ = p, put K = ϋxi ± ϋx2. Then
Θ(O+(L)) = F. When Q(x2)ϋ = p\ put K = ϋx{ ± ϋx2. Then
Θ(O+{L)) = F. When Q(x2)ϋ = p2, and δxϋ = p, put K = ϋyt ±
ϋx2. Then Θ(O+(L)) = F. When Q{x2)ϋ = a2ϋ = p2, and^fl = p3

we know (1 + p2)F2 C Θ{O+{LX)) by [5, Prop. E]. Write a2 = σπ2

with σ eU, -ά^ιδ\ = ηπ3 with η &U. Take an element 1 +λπ in
1 +p with λeU.

Suppose λση~ι = ζ2 + επd with ξ, εeU and d > 4 then there
exists / in ϋ such that a\t2-\-2π~2ξt-ηεπd~x = 0 by HenseFs lemma.
Put z = π2tx\ + ξy\ + x2, which is a maximal vector of L, and

Q(z) = πAt2ax + 2π2ξt + ξ2ηπ3 + σπ2

= π4ηεπd~ι + ξ2ηπ3 + σπ2 = ηπ3(ξ2 + επd) + σπ2

= λσπ3 + σπ2 = σπ2(l + λπ).

So 2B{z,L)ϋ C Q(z)ϋ, and τz is in O(L). Then (1 + λπ) is in
Θ(O+(L)). Suppose λση~ι = ξ2+επd with £ , ε € t / a n d l < α ? < 3 ,
and d is odd. Put σ~xηε = ω2 + δπh with ω, δ e U. Then
there exists t in # such that σ~xaxt

2 + (2π-2)σ~ιξt - δπd+h~x +
(2π"2)ωπ(</+1)/2 = 0 by HenseΓs lemma. Put z = π2txx + ξyx +
(1 + ωπ(-d+x^2)x2 which is a maximal vector of L, and

Q(z) = τ4t2ax + 2π2tξ + ξ2π3η + (1 + ωπ^d+x)l2)2σπ2

= σπ2{π2{σ~xaιt
2 + 2π~2σ-χξt)

+ σ-χξ2πη + 1 + 2ωπ^d+x^2 + ω2πd+ι)

= σπ2(δπd+h+x - 2ωπ(-d+x^2 + σ~xξ2πη

+ 2ωπ(d+χV

= σπ2(l + σ-χξ2ηπ + πd+x(ω2 + δπh))

= σπ 2(l + σ~xηπλση~x) = σπ2(l +λπ).

So 2B(z,L) C Q(z)ϋ, and τz is in O(L), then (1 + λπ) is in
Θ(O+(L)). Therefore, Θ(O+(L)) D (1 +p)F2 = UF2.
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(3) L = L\ JL L2 with rank L\ = 1, rank L2 = 2. We scale the
dual lattice of L by π and reduce to case (2).

(4) L = L\ J_ L2 -L L3 with rank Z4 = rank L 2 = rank L3 = 1.
Let Li = ϋXi, Ϊ = 1 , 2 , 3 ; so β(jc/)d = p ^ 1 , 1 < / < 3. Therefore
Θ(O+(L)) = F by Theorem 3.1.

(5) L = Li _L L 2 -L L3 with rank Li = 2, rank L2 = rank L 3 = 1.
So Z,! is unimodular, and L, = ftx, with β(Λ:/)d = /7Z~!, / = 2.3.
Since Δ is in θ(O+(Lι)) by the results obtained in [5] and [10], put
K = ϋx2 ± ϋxi, obtain Θ(O+{L)) = F.

LEMMA 4.2. Suppose ϋ is the ring of integers of a dyadic local field
with e = ord 2 = 2. Let L be a regular ϋ-lattice with sL c ϋ and
rank L > 4. If ord{dL) < 7, then Θ(O+(L)) D UF2.

Proof. Using the above theorem, considering components and dual
lattices when necessary, there remain two cases to be treated.

(1) L = L\ -L L2 where L\ is binary unimodular, L2 is binary
/?2-modular. Write L\ = ϋx\ ± ϋy\ with Q(x\) = a\, B(x\ 9 y\) =
1, QtV!) = -δxa-\ and /1L1 = α ^ , D(-dLx) = δxϋ 9 and L 2 =
ϋx2 + ϋy2 with Q{x2) = a2, £ ( x 2 , yi) = π1, β(y2) = - ^ ί " 1 , a n d
nL2 = α 2 d. D(-dL2) = δ2ϋ by [8, 93:17].

We know that L, has an orthogonal base if and only if nLt =
sLi (i = 1,2). Using the above theorem, considering components
and dual lattices when necessary, we assume nL\ = p{sLχ) = p ,
and nL2 = p(sL2) = p3. By [5, Prop. C], we only need to consider
D(-dLι) = p3, and Δ is in 0(0+(Li)) by [5, Prop. B] in this case.
Put K = ϋy{± ϋx2 . Then Θ(O+(L)) = F .

(2) L = L\ ± L2 where L\ is binary unimodular and L2 is binary
p3-modular. We know L, has an orthogonal base if and only if wL, =
J L | (z = 1,2). Using the above theorem, considering components
and dual lattices when necessary, we assume nL\ = p(sLχ) = p and
nL2 = psL2 = p4 . Write L\ = ϋx\ + ϋy\ with Q(x\)ϋ = nL\ = p,
and L2 = ϋx2+ϋy2 with Q(x2)ϋ = nL2 = p4, note Δ is in θ(O+(Lχ))
by [5] and [10], put K = ϋxx± ϋx2, then Θ(O+(L)) = F.

By using Theorem 4.1, Lemma 4.2 and Theorem 3.1, we can also
prove [1, Lemma 3.4] and [1, Theorem 3.5] when ϋ is the ring of
integers of a dyadic local field with e = ord 2 = 2. Finally we consider
an example.

EXAMPLE 4.3. The bound ord(dL) < 1 given in Lemma 4.2 cannot
be unconditionally improved. Consider the lattice L = L\ LL2 over
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the ring of integers of a ramified quadratic extension of Q2, where
Li = ϋxx + ϋyi with Q(xλ) = 1, Q{yx) = π 3 , B(x{, yx) = 1, and
L2 = ϋx2 + ϋy2 with Q(x2) = π4, Q{y2) = π1, B{x2, y2) = π4. We
claim Θ(O+(L)) = (1 + p2)F2 c UF2.

First we prove that O(L) is generated by symmetries of L. Note
Li has an orthogonal base (/ = 1,2), and write L\ = ϋz ± ϋw.
Put K = ϋw JL L2. Then O(K) is generated by symmetries of K
by the proof of Lemma 3.2. Let σ e O(L), and σz = az + bw + u
with u € L2, so Q(z) = α2β(z) + b2Q(w) + Q(u) and β(σz - z) =
2(1 - a)Q(z), Q(σz + z) = 2(1 + a)Q(z).

If ord( 1 - a) = 0, then 2£(σz - z, L) = Q(σz - z)ϋ, and τ σ z _ z e
0{L). If ord(l-α) = 1, then b2Q(w) = (l-a)(l+a)Q(z)-Q(u)ep,
and ord b > 1. So 2£(σz - z, L) = Q(σz - z)ϋ, and τ σ z _ z e O(L).

If ord(l -a) = 2, then ord(l + a) = ord(2 - (I - a)) > 2,
and b2Q(w) = (1 + α ) ( l - α ) β ( z ) - Q(u) e p4, so oτdb >2, and

2B(σz - z,L) = Q{σz - z)ϋ. Thus τ σ z _ z € O(L) .
If ord(l -a) > 2, then ord(l + a) = ord(2 - (I - a)) - 2,

and b2Q(w) = (1 + α)(l - β)fi(z) - β(«) € /?4, so ord b > 2, and
25(σz + z, L) c β(σz + z)d .Thus τ σ z + z e O(L).

Note that τ σ z _ z σ and τ z τ σ 2 + z σ can be regarded as elements in
O(K) which is generated by symmetries of K. Therefore O(L) is
generated by symmetries of L.

Now we calculate Θ(O+(L)). Let τt G O(L) where t is a maxi-
mal anisotropic vector of L, write t = cx\ + dy\ + fx2 + gy2 with
c,d,f,geϋ.

When ord c < 1, then 2c"1 d + c~2 d2π3 is always in p2 whenever
c and d are units or not. So

= c2(l + (2c-1 </ + c-2 </V) + c - V ( / 2 + 2/g + # 2 π 3

0(0 = c2(l + (2c-1 </ + c-2 </V) + c-V(/ 2 + 2/g + #2π3))

is in (1+p 2 )/- 2 .
When ord(ύ?) = 0, and ord(c) > 1 then ord Q(t) = 3, and

2B(t, L) = p2 D Q{t)ϋ, contradicting the assumption that τt is in
0{L).

When ord(/) = 0, ord(rf) > 0, and ord(c) > 1 then ord(c) > 2,
and the inclusion 2B(t, L) c 0(Od forces orά{d) > 2.

Suppose ord(c) = 2. Then ord(c2 + f2π4) > 5. So

ord 0(0 = ord((c2 + / 2 π 4 ) + led + d2π3 + 2π4fg + g2πη) > 5

and 2B(t, L) = p4 D 0(0^, a contradiction.
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Therefore ord(c) > 3, and

β(ί) = / 2π 4(l + Γ2c2π-4 + 2f-2cdπ-4 + d2r2n~l

+ 2f-ιg + f-2g2π3)

is in (ί+p2)F2.
When ord(g) = 0, ord(/) > 0, oτd(d) > 0,and ord(c) > 1 then

ord(c) > 2, and ord(d) > 2.
Suppose ord(c) = 2. Then

Q(t) = c2(ί + 2c~ιd + (c~ιd)2π3 + c~2π\f2 + 2fg + g2π3))

is in (1 + p2)F2.
Suppose ord(c) > 3. Then ord(c) > 4 and ord(d) > 4.
If ord(/) = 1, then 2f~ιg + {f~lg)2n3 ep2, and

= / 2π 4(l + (Γιcπ-2)2 + 2cdf-2π~4 + d2f~2n-1

is in (l+p2)F2.
If ord(/) > 2, then ord β(ί) = 7, and 2£(ί, L) = p6 D Q(ήϋ.

But τ̂  is in O(L) and Ms a maximal vector, a contradiction. In
any case, we have Θ(O+(L)) c (1 + p2)F2. On the other hand,
0(0+(L)) D (9(0+(Li)) 2 (1 +P2)F2 by [5, Prop. E]. Thus, we con-
clude θ{O+(L)) = {l+p2)F2.
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