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1. Introduction

Let X7 be a fractional Brownian motion with index v (0 < v < 1). That is, X”
is a real-valued centered Gaussian process such that

E[X7(6)X(s)] = %{t” +8M -t -5}, 8,220,
or equivalently,
X7(0)=0, and E[(X(t) - X"(s))?] =|t-s|*", s,t>0.

If v = 1/2, then X" is the ordinary Brownian motion. From the definition of frac-
tional Brownian motion, it is easy to see that it has self-similarity, i.e., {X7(ct)} £
{c"X7(t)} for every ¢ > 0.

A d-dimensional fractional Brownian motion is defined to be an R%-valued Gaussian
process

X () = X7U(t) = (X7 (1), X3 (1), ..., X] (1))

where X[, X7, ... are independent copies of X7. We shall consider only the case
when fractional Brownian motion has jointly continuous local times which means the
sample paths are point recurrent case, i.e., 0 < yd < 1.

Let d > 2. Suppose f(z) > 0 be a bounded integrable function on R? such that
f = fRd f(z)dz # 0. We denote by £., 4(t,z) the local time of fractional Brownian
motion X%, then putting a = 1 — vd,

= " HX s £ / AFVX (w)du

1
= a1 /Rd F(ANz)l, q(t, x)dz
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1 y\dy
oot L tta(t )

= [ 1w

(1.1) i»/ Fy)dyl, 4(t,0)  as A — oo
]Rd

over the function space C([0, 00)).
The aim of the present paper is to extend (1.1) for a certain class of Gaussian
process instead of fractional Brownian motion.

2. Main Theorem

Let £(t) be a centered Gaussian process with stationary increments and £(0) = 0.
Put o(h) = E[(£(t+ h) — £(t))?] for every ¢, h > 0. We shall assume that ¢(t) varies
regularly at infinity, that is ¢(t) = t27L(t), where L(t) is a slowly varying function,
i.e., lim¢_,oo L(ct)/L(t) = 1 for every ¢ > 0. We also assume that (t) is concave
on [0,00). Notice that a fractional Brownian motion X7 with v < 1/2 satisfies this
condition with L(t) = 1.

As the same way as we defined a d-dimensional fractional Brownian motion, de-
fine R%-valued Gaussian process

Y(t) = (N(t), Ya(d), ..., Ya(t)),

where Y; (t),...,Y4(t) are independent copies of £(t). Throughout the paper we shall
assume that all components are equally distributed, though it is not essential. In fact
the independence of the coordinates is not crucial, either. However, for simplicity, we
shall not go into details here. Our main result is the following.

Theorem. Let d > 2, and 0 < vd < 1. Suppose f(z) > 0 be a bounded inte-
grable function on R? such that f := Jge f(z)dz # 0. Then

/2 At
(2.1) Ax(t) := M FOY (w)du =5 f0,4(¢,0), as A — oo,
0

where "L" denotes the convergence in law on the function space C([0,00)), and
€.,.4(t,0) is the local time of a fractional Brownian motion X% as before.

We remark that €., 4(¢,0) in Theorem is not the local time of Y, but that of frac-
tional Brownian motion X4,
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3. Proof of Theorem

DerintTioN 3.1, Throughout the paper, we set 5 = 0 and let 0 < t; < ty <
...<t,, and Atj :tj —tj_l,j_—‘ 1,...,n.
We denote by C(t;,ts,...,t,) the covariance matrix of

(E(t1) = £(t0), E(t2) — (1), - E(tn) — E(tn-1)),
and for every A > 0, we put
Cx(t1,ta, ... tn) = C(Mt1, Ao, ..., Aty).
We also denote by Cy(ty,t2,...,t,) the covariance matrix of

Y (A1) = Y (M), Y (Atg) = Y (Ata), ..., Y (Atn) = ¥V (Abn_y)).

Since Y;(1 < j < d) are equally distributed, Cy(t1,...,t,) is the nd x nd matrix

such that
Ch O
C)

0

Let z; = (z(.l),...,zgd)) eR%j=1,...,n, then

oD
(1)

Cy =

x=| @& | €eR™,

So,

d

(Caltry- o t) 7% %) =3 3 (Calty, - ) izt

k=11,j=1

Without loss of generality, we may and do assume that f(z) vanishes outside a com-
pact set (see Kono [5]). By the assumption that f(z) > 0, the continuity of the lim-
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iting process leads to the tightness. Therefore, it is enough to show the weak con-
vergence of all finite-dimensional distributions. To this end, we shall use Bingham’s
method(see [1]), which is to show the convergence of the Laplace transforms.

3.1 lim s .. / / ZSJ‘JEAA(tI) CAx(tn)]dty ... dt
—00
s,,/ / e 2% FRE[L, 4(t1,0), ..., €y a(tn, 0)]dty . .. dtn
0 0

Let us consider the special case of fractional Brownian motion, in which case we have,
by (1.1), that Ay(t) — f€, 4(t,0). Therefore, we shall evaluate the left side of (3.1)
compared with the case of fractional Brownian motion X>¢ and show that (3.1) holds
for a certain class of Gaussian process Y.

Integrating by parts, the left side of (3.1) may be rewritten as

(3.2) A11_)120/000.../Om<p(,\)"ﬂ'/2e—Z‘*i‘fE[Hf(Y(,\t,-))]altl...alt,,
j=1

Here, we define

(33)  ¢W(s1,...,8n) = / o / ¢(A)"d/2e-25fth[ﬁ f(Y(/\tj))] dty ...dt,

0<t; <...<tp =

By the symmetry of domain of integration in (3.2), it is enough to calculate the val-
ue of limy_ e ¢$3‘)(51, ..., 8n). Considering that Y'(t) is a Gaussian process, we have
only to evaluate the following:

(3.4) lim / / A)d/2e= 20 5ty
A—00

0<t1<...<tn

/ /exp{ 1/2(Cx(ty, ... ")*1x,x)}
2m)"d/2(det C',\(tl,--wtn))d/2

Xf(x1)...f(x1+ ... +z,)dzy ... drpdty ... dt,

Lemma 3.1. For every M > 1, let
G(n,M) = {(tl,...,tn) eR" | Atj > M,\Vj = 1,...,n},
then for every K > 1,

lim sup sup{(C(ti,...,tn) " z,z) |z € R",|z| < K} =0.
M-—)oog(n M)
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Proof. As in the proof of Lemma 3.7 in [3], we have

2nnn—1
P(M)

|z|?,

(Cltr, - tn) '2,2) < 2" lzw(mk

which proves the assertion. Od
Lemma 3.2. For 1<14, j<mn, and for every 0 < t; < ... < tp,

. Oa(t1, - tn)ij
65 Jim =00

1
= §{|t,~_1 — 7+ [t — tica [P — |t — 6P — o1 — tia )

Proof. By the definition of Cy(t1,...,t,) and the property of regularly varying
function, we have

. C)\(tl,...,tn)ij
g (p()\)
)\l—boo 230 /\) {(,0 Atj 1 — At ) +(,0(/\t — Ati— 1)
- QO(/\tj - /\tz) - ()\tj_l - /\ti—l)}
1
= 5{ltio =t + 1t — tia |

= |t; = t:l* — |tj—1 — tica [P} O

Notice that the right side of (3.5) is exactly the same element of covariance matrix
of {X"(t;) — X" (tj—1)}j—;, where X7 is the fractional Brownian motion as before.

Lemma 3.3.  For sufficiently large )\, and every ¢ > 0 such that ¢ < (2/d —
27) A (27),

w(/\)nd/Z < C 1
(2m)n4/2(det Ca(tr, - - ., ta)) /2 ~ 1H§-':1 AL A ALY

where C7 > 0 is some constant which does not depend on \.

Proof. Applying Lemma 3.3 in [2], we have

n

detC,\(tl,. . ,tn) _>_ 2_'1(]:1 (p(Atj - )\tj_l)) .
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Therefore,
PN/
(2m)4/2(det C(t1,- .- tn))3/?
I U Y O e ) s e/
— (2m)nd/2(det Ca(tn, - - -, )42 [TG= {0(At; — At;_1)}4/?
2" L(\)"4/?

= @i TG — )P LG — 6 )2

Notice that L(A)/L(AAt;) is also a slowly varying function. When AA¢; is small,
the following inequation is shown in [6]: Consider y(< 1) an arbitrary positive small
number. Then for every n (0 <n < 1),

Y L(z) ‘ /
dt| <M | t7"dt,
J, T
where M does not depend on y. According to (3.6), we have only to consider the
case when AAt; is large enough. For some C; > 0, every ¢ > 0, and sufficiently

(3.6) lim sup

T—r00

large AA¢;,
L(X) 1\ ¢ 1\
v <02{(zz;) “(as) }
Therefore,
L(A)nd/2 < ﬁ ( >—ev <_1__)€ d/2
- (A8 LAY 2 ~ m At
Cnd/2
HJ lAt"d(At“ A At5)#/2

and this proves the assertion. O

Now we are ready to prove Theorem. From Lemma 3.3, we can apply domina-
ted convergence theorem to (3.4). From Lemma 3.2, we obtain that (3.4) has the same
limiting law as the case of fractional Brownian motion, i.e., Y (t) = X74(t), for v <
1/2; and thus the assertion follows.
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