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Introduction

In this paper we construct a random motion of mutually reflecting hard
balls of diameter p in R? by solving certain stochastic differential equation (ab-
breviated: SDE) with a kind of singular drift. For simplicity we first consider
the motion of mutually reflecting Brownian balls of diameter p. In order to
construct such a motion we pose the following problem. Let W denote the
space of continuous paths in R%. Given w,, -, w,EW satisfying

1) l0,(0)—w;(0) | =p, 1=i<j<n,

solve the equation
(2 Ei(t) = w.-(t)+j=KZ"* N S; (Ei()—E,(5)) dpsj(5), 1<i=Zn,

under the following conditions (3) and (4).
(3) E:EW) lglén’ and lgl(t)_E](t)l gP: léi<]§na tgo .

(4) ¢;;’s are continuous non-decreasing functions with ¢;;(0)=0, ¢;;(t)=4i(t)
and

$is() = |, LUEG—EO) d9i9),
where 1,(r)=1if r=p, and =0 if r¥p.

A pair (&, ¢) of functions or simply a function £ is called a solution of
(2) provided that (2), (3) and (4) are satisfied. One of the main results in this
paper is that there exists a unique solution of (2) for given w,, +--, w,. By taking
w,, **, W, to be independent d-dimensional Brownian motions satisfying (1), we
obtain a process (&,(¢), -**, £,(t)). This is what we call the motion of mutually
reflecting Brownian balls. &,(¢) denotes the center of the 7-th Brownian ball at
time . In analogy with Skorohod’s equation for a 1-dimensional reflecting
Brownian motion ([3] [5] [7]), the equation (2) may be regarded as Skorohod’s
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equation for the motion of mutually reflecting Brownian balls.
We next consider the SDE on a probability space (Q, &, P):

) dX,(1) = o(Xi(£)) dBi(t)+b(Xi(t)) dt

+ 3} (X()—X,1) di(t), 1=i=n,

7=1CEFH
where
c:RC—>R°QR* b: R'— R’

are given, X;(0)’s are &y-measurable initial values satisfying | X;(0)—X;(0)| =p,
1=i<j=m, and B(t), 1=i=n, are independent d-dimensional &F,-adapted
Brownian motion with B;(0)=0. Here {Z},2 is a right continuous filtration
on (Q, &, P) such that each &, contains all P-negligible sets. As in (2), X(?)
and ®,;(t) should be found under the following conditions (6) and (7).

(6) Xi(t)’s are F;-adapted continuous processes with | X;(£)—X;(#)| =p, 1=i<
j=mn, t=0.

(7) D,;j(t)’s are F,-adapted continuous non-decreasing processes with @;;(0)=
0, @;;(t)=;i(2) and

i) = [, LX)~ X,0)) 429

The equation (5) may be considered as Skorohod’s SDE for mutually reflecting
diffusion balls with coefficients o and . Another main result of this paper is
that there exists a unique solution of (5) provided that o and b are bounded and
Lipschitz continuous.

Our method for solving (2) and (5) is to make use of the results of [6] con-
cerning Skorohod’s equation for general domain. Skorohod’s equation for a
multi-dimensional domain D with reflecting boundary (a precise formulation is
explained in 1) was discussed by Tanaka [8] when D is a convex domain and
then by Lions and Sznitman [4] when D is a general domain satisfying Condi-
tions (A) and (B) (see 1) together with the additional condition that D is admis-
sible, which means roughly that D can be approximated in some sense by smooth
domains. Recently, Frankowska [2] and Saisho [6] amplified Lions and
Sznitman’s result by removing the additional condition. Now the present
discussion is based on the fact that Skorohod’s equation (2) (or SDE (5)) is
equivalent to Skorohod’s equation (or SDE) for the domain

(8) D = {(x), *>, %) ER™: |00;—x;| >p, 1Zi<j<n} .

So the crucial point of our discussions is to prove that the domain D of (8)
satisfies Conditions (A) and (B). In solving Skorohod’s SDE for D we make
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use of Theorem 5.1 of Saisho [6].

In 1 we state briefly the results of Lions and Sznitman [4] and Saisho [6]
concerning Skorohod’s equation for a general domain. We prove that the
domain D of (8) satisfies Condition (B) in 2 and (A) in 3. We solve Skorohod’s
equation (2) in 4 and SDE (5) in 5.

1. Some known results on Skorohod’s equation for an N-dimen-

sional domain with reflecting boundary

Let D be a domain in R” and define the set J, of inward normal unit vectors
at x€0D by

m-‘ = Uoﬂzx,r ’
r>
AN,.,= {neR": |n|=1, B(x—rn,r)ND=¢ },

where B(z,r)={yER": |ly—z|<r}, zER". In general it can happen that
Jl,=¢. In what follows <+, «> denotes the usual inner product in R¥. We
introduce two conditions on the domain D.

Condition (A) (uniform exterior sphere condition). There exists a constant
7,>>0 such that

N,=J,,+¢ forany x&dD.

Condition (B). There exist constants §>0 and B(1=[8< o) with the fol-
lowing property: for any x<0D there exists a unit vector Z, such that

{d,n>=1/B forany ne

yEB(x,3)noD

RemArk 1.1. For any fixed »>0 and a unit vector n the following two
statements are equivalent.

(i) B(x—rn,r)ND=¢.
(i) <y—x, n)—}——il—ly—xlng for any y€D.
r
ReMark 1.2. D satisfies Condition (B) if it satisfies the following condi-

tion.

Condition (B'). There exist 8>0 and a(0=a<1) with the following pro-
perty: for any x&€0D there exists a unit vector Z, such that

C(w, 1., 2)NB(x,8)cD, VyeB(x,8)NaoD,

where C(y, L., &) is the convex cone with vertex g, defined by
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C(y, 1, a) = {zeR": {z—y,lp2alz—y|} .
Denote by W(RY) (resp. W (D)) the space of continuous paths in R¥ (resp.

D). Skorohod’s equaticn for D with reflecting boundary is written in the form

t
(1) E() = w(t)+-| n(s) dp(s),
where wEW(RY) is given and satisfies w(0)ED; a solution (£, ¢) of (1.1)
should be found under the following conditions.
(1.2) eew(D).

(1.3) ¢ is a continuous non-decreasing function such that ¢(0) = 0 and
¢
60 = || 1€ ) d(5).

(1.4) n(s)€Tleyy if E(s)€0D.

The following theorem was proved by Lions and Sznitman [4] under the
additional condition that D is admissible. Frankowska [2] and Saisho [6] re-
moved this additional condition. Frankowska’s result is of a general type but
contains what we need only in a less explicit form, so we state the theorem in
the form of Saisho [6].

Theorem 1.1. If the domain D satisfies Conditions (A) and (B), then there
exists a unique solution of (1.1) for any given we W(R") with w(0)ED.

Next, given
o:D—R'®RY, b:D—>R",
we consider Skorohod’s SDE
(1.5) dX(t) = o (X(8) dB(t)+b(X (1)) dt+n(t) dD(2),

where the initial value X (0)ED is assumed to be Fy-measurable and B(2) is an
N-dimensional &;-adapted Brownian motion with B(0)=0. Here {Z} is a
right continuous filtration on (Q, &, P) such that &, contains all P-negligible
sets. A solution (X(z), @(¢)) should be found under the following conditions

(1.6)—(1.8).
(1.6)  X(2) is a D-valued F,-adapted continuous process.

(1.7)  @(t) is a continuous non-decreasing process with ®(0)=0 and

() = (| 120(X()) 4205
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(18) n()&Txw if X()E0D.

In addition to Conditions (A) and (B), Lions and Sznitman [4] introduced the
following Condition (C) and discussed the existence and uniqueness of the
solution of (1.5).

Condition (C). There exists a function f in C*RY) which is bounded
together with its first and second partial derivatives such that 3y>0, Vx&0dD,
VyeD, VreJl,

y—x, n>+%<Vf<x), n>ly—x|?20.

The following theorem was proved by Lions and Sznitman ([4: Theorem
3.1]) under Condition (C) and the admissibility of D; however, recently Saisho
([6: Theorem 5.1]) removed these additional conditions.

Theorem 1.2 ([6]). Let D satisfy Conditions (A), (B) and assume that o
and b are bounded and Lipschitz continuous. Then for any initial value X(0)ED
there exists a unique (strong) solution of (1.5).

2. D satisfies Condition (B’)

Let D be the domain in R* defined by (8). We are going to prove the
following proposition.

Proposition 2.1. The domain D satisfies Condition (B'), that is, there exist
constants 8>0 and a(0=a<<1) with the following property : for any x<=0D there
exists a unit vector 1, such that

(2.1) C(w, 1, )N B(x,8)cD
holds for any y<= B(x, 8) N 0D.
For a non-empty subset 7 of {1, 2, -+, n} and x=(x,, ***, x,,)Eﬁ we set
x(I) = {x;: 1€} .

DEerInNITION 2.1. Let I, I’ be non-empty subsets of {1, 2, --«, n}.
(i) x(I) and x(I’) are said to be separated if

(2.2) INI'=¢ and |x;—ux;| =2p, Viel, VjeI'.
(i1) x(I) is called a cluster if

(2.3) for any 7,jE€1 with i) there exist 7(=7), 7, ***, 45—y, 1,(=j) in I such
that |x;,_ —x;,|<2p, 1Sk=<p.
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Remark 2.1. If x(I) is a cluster, then
(2'4) |xi_xi| <2(1l—1) P Vi}]EI ’
1
(2.5) o —2; | = EIE (ri—2))|
<2(n—1)p, Viel,

where x,=(#I)™' X3 <; x; and #7 is the number of elements in I.
Let x=(xy, --*, x,). Then {x, -+, x,} can be represented as the sum of
mutually separated clusters:

(2.6) {w, -+, b = 0 x(L).

Here 1=m=n. In what follows we assume that x€8D and keep it fixed, so
I, +++, I,, appearing in (2.6) are also fixed. Let ¢>1 be a constant which will
be determined later and set

{‘u,- = ij“!_c(x,'_xlh), iEIk, 1§k§m )
u=(u, ,u,) ER™.

Also we set for y=(y, ***, y,) ER™

{ v; =y, +c(yi—y1,), €L 1=k=m,
U= (v, ", 0,) ER™ .

We are going to prove Proposition 2.1 with

_ _u—x
T lu—x]’
2.7) 8=- &
4(c—1)+2"°
a=cos @,

where ¢, & and @ are constants determined by

(c—1) (n—1) =18,

@5 &= (c—1) pl#,

.6 &
(2.9) sin —- = Se—D)vn (i—D)p’ 0<f==/2.

From now on let ¢, § & be constants determined by (2.7) and (2.8). Let y=
B(x, 8)N 9D and set

z=y+(u—x).
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Lemma 21. |u—x|=|z—y|<2(c—1)vV/n(n—1)p.
Proof. Since &1, for some &, we have
(2.10) lu;— ;| = (c—1)|%;—2x7,| <2(c—1) (n—1) p
by (2.5), and hence we obtain the lemma.
Lemma 2.2. (i) For any u'EB(u, €), v'EB(v, €) and 0<t=1,
v = (1—t)x+tu'eD, v'=(1—t)y+tv'eD.
(i) B(u,&)cD, B(v,&)cD.

Proof. Since (ii) can be proved by setting z=1 in (i), it is enough to prove
(i), that is,

|wl! —u} | >p, ol —0}|>p, 1=5i<j=<n.
Case (1): 7, jE I, for some k. Since
ui’ —uwj = (1—1) (wi—2x;)+ £ {(ui—u;)+-(ui—u;) — (wj—u;)}
= {I+(c—1) &} (w—x;)+t{(wi—u)—(uj—u} ,
we have
luf’ —uf | Z {1+(c—1) &} p—26t>p),

and a similar inequality for |v!—v}|.
Case (I1): i€1,, j1,(k+1). Since

ul! —x; = t(ui—x;) = t(u;—x;)+t(ul—u;) ,
we have
|0l —a;| < |uy—2x; |+ |ul—u;|  (setting £ =1)

<2(c—1) (n—1) p+& (by (210)),

and hence, making use of the inequality |x;—x;| =2p which is a consequence
of the assumption that x(I;) and x(I;) are separated, we have

[uf’—u;'/l = lxi—le — |l —ax;| — |u§’—xj|
>2p—4(c—1) (n—1) p—26>p .

Next, to prove the inequality for |v}’—2%/|, we notice that=

|Gy =)l = i)y 3 ()]

<2 —x,| <2|y— 28,
=< 1rénﬁzgcnlyﬁ x| S2|ly—x| <
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from which it follows that
| ¥i—yr,) <l|x;—2x;,| +28<2(n—1) p+28 (use (2.5)).
Therefore
lvi—y:l = (=) | yi—y1,| <2(c—1) (n—1) p+-2(c—1) 3,
and hence
|0 —yi| St|vi—y;| +t]|vi—v;| <2(c—1) (n—1) p4-2(c—1) 54-€.
Thus we have

oV —o} | 2 | yi—yil — | o¥ —y;| — |0 —yp;]

= |%—x;| — | yi—x:| — | yj—x;| — [o —y;| — |0 —p;]
>2p—28—4(c—1) (n—1) p—4(c—1) 8—2¢
>p.

The proof of the lemma is finished.
Lemma 2.3. |z—v|<E&/2.

Proof. Taking I, such that i€}, we have

[2;—v;| = [(c—1) (%;—y:)—(c—1) (%r,— 1) |
é(c—l)lx;—yil+(c——1)lxz,,—yz,,| s

and hence
(2.11) |z—o|? = 3 |z—vi?
<2(c—17|x—p+-2(c—1) 32 #L 1w, —y1, |*

Because |x;,—yr,|*=(#;)~ S‘_;, |x;—y;|? we have
JEI,

é} $L )%~y |x—yl?,
and (2.11) yields
|z—v| =2(c—1)|x—y | <2(c—1) 8<E&/2.
The proof of the lemma is finished.
Proof of Proposition 2.1. By (ii) of Lemma 2.2 and Lemma 2.3 we have
B(z,&2)CcB(v,€)CD,
and hence by (i) of Lemma 2.2
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(2.12) DDthe convex hull T" of the set B(z, &/2)U {y} .
We have also
(2.13) |z—y| = |lu—x| =E>28,

because x €& B(u, ) by (ii) of Lemma 2.2. Therefore, if 6 is defined by (2.9),
then (2.12) combined with Lemma 2.1 and (2.13) implies that

(2.14) CW, 1., cos 0)NB(y, 28)cTcD.
Since B(x, 8)CB(y, 28), (2.14) implies (2.1) with a=cosd. The proof of
Proposition 2.1 is finished.

3. Dsatisfies Condition (A)
For 1=i<j=mnlet D;; be the domain defined by

D;; = {x = (%), -+, x,) ER™: |x;—x;| >p} .
The domain D of (8) is expressed as
D= n_D,

1Si<jsn

and x€8D implies x&€ N 8D;;, where
G,HeL

L=L,={4j): 1=5i<j=m, |x;—x;| = p} .

Obviously, if x&D then x&8D is equivalent to L,+¢. For (i, j)E L, we define
a unit vector n;; in R* by

X;—X; Xj—X;

n;; = {0, «,0, =227 0, ..., 0, 2220, -, 0},
! V'2p V' 2p
(z—th) (j—th)

let @(0=a<1) be the constant appearing in Proposition 2.1 and set

rosz—‘l——Z_—a—z-

Proposition 3.1.  The domain D satisfies Condition (A) with ry=p \/ =,
and for any x€08D ?

3.1 JN.={n= Lij Ty ¢;;=0, |n| =1} .

G,je

Lemma3.1. (i) B(x—2""%2pn;;, 272 p)ND;;=¢, x<8D,;.
(i) B(x—2"%pn,, 272 p)\D=¢ for any (i,j)€L,, x€0D, that is, n,c
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N, 2-1/2, for any (2, §) E L.

Proof. Since (ii) follows immediately from (i), it is enough to prove (i).
We set

Y= x—27'~ PR;j
that is,

_ {(x,-—l—x,-)/Z for k=1i,j,
T 1w for k#i,j.

Then for any z&€B(y, 277 p) we have

[2i—2;| = |2i—y; | + [yi—y;l+1y;i—=;l
= |zi—y:l+12j—yi| =V 2 |z—y | <p,

and hence z& D;;, completing the proof.
Lemma 3.2. Let JI., be the right-hand side of (3.1). Then
NnN.cIy,, xsadD.

Proof. By Remark 1.1 it is enough to prove that for any n& J1;,
=%, >+ x—y[*20, VyeD.
o

Let I=1, be the unit vector appearing in Proposition 2.1. Then by Proposi-
tion 2.1
C(x,1, )N B(x,8)cD
from which it follows that
3.2) x—J,.cC(x, I, a)*,
where C(x, I, a)* is the dual cone of C(x, I, @), that is,

C(x,l, a)* = {zeR": {z—x,y—x>=0, VyeC(x, I, a)}
= {zeR": {z—x, - D=V 1—-a? | z—x|} .

From (ii) of Lemma 3.1 and (3.2)
x—n;eC(x, I, a)*, V(,j)eL,,
and hence

(3.3) my;, D=V1—a?, V(,j)EL,.
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Now let nE Jl}, be expressed as

n = E Ci; Ny C,'jzo.

(i,5)eL
Then by (3.3)
1=<n, l>— > ,,(n,,, D=V1i—a2 3 Cij

G,/)EL

and hence

1 1 1
= — ———; — 2 Cij .
2r, V2pVi—a? V2p wier "’

Therefore, for any y=D

{y—=x, n>+~—|x—yl2
27,

12
= 3 oy xn,,>+\/zp(2”c.,lx vl

= Clj{<y X, ntl>+ Ix_ylz} =0

e \/—
by (ii) of Lemma 3.1 and Remark 1.1. The proof of Lemma 3.2 is finished.

Lemma 3.3. For any §0<€<1) and x<0D there exists 8’0 such that

{,N_,Cis(x, &)y NB(x,8)cDU {x},
where
Cii(x,8) = {yeR": {y—x,n;;>=E|ly—x|}, (i,j))EL.
Proof. Let y=Ci;(y, €), y#=x. Then y can be expressed as
y=x+z, <z,m;p=E|z|>0,

and hence

Iyi_yj |2 le—x] l2+2<xz —%js 2‘,-——2_,->+ |2‘,~—2j ’
="+ 2{z—z), xi—x>>p",

because

0< <z; nij> - i Xi—X >+ \/— <z;9 Xji— x£>

\/— TR

= ——XKR%;i—R;, Xi—X;) .
\/Zp< ! %12
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Therefore C;;(x, &)CD;;U {x}, and hence
(3.4) (LQEZC:;(JC, §)C {(,_,QeLD,- iU {x} .
Since |x;—x;|>p for any (7,j)€& L,, there exists 8'>>0 such that for any y&
B(x, 8')
|yi—y;jl>p forany (i,j)€& Lx.
This combined with (3.4) implies
{G,gELC,-,-(x, EYNB(x,8")cDU {x} .

The proof of the lemma is finished.

Proof of Proposition 3.1. We make use of Lemma 3.3 and then Corollary
in [1: p. 11] to obtain

— . o * i 22 *
x—J1,.C {(;,QELC, i(x, &)} (-‘.;z);szc’ i(x, €)%,
where 2 means the vector sum. Thus

x—TJ.C N {3 Ciyx, €)% .

<e<1 (,)EL

But the right-hand side of the above is the convex cone with vertex x spanned
by {x—n;j, (¢,j)E L.}, so we have

N.c I,
which combined with Lemma 3.2 implies
Ny = T,y = T

This means that Proposition 3.1 holds.

4. Mutually reflecting Brownian balls

Since the domain D satisfies Conditions (A) and (B’) (and hence (B) by
Remark 1.2), Theorem 1.1 guarantees the existence and uniqueness of the solu-
tion of Skorohod’s equation for D:

1
(+.1) E(1) = w(t)+ | n(s) do(s),
where w=/(w,, ***, ,), GEW, 1=k=mn, and |w;(0)—w;(0)| =p, 1Si<j=n. A

solution of (4.1) is a pair (§, ¢) of functions satisfying (4.1), (1.2), (1.3) and (1.4).
The component-wise expression of (4.1) is
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4.2) E) = w,,(t)—I—S: m(s) d(s), 1<k=n.

In this section we prove the following theorem by showing that (4.2) is equi-
valent to the equation

@ a0 = w3, [ GO—E6) o), 1ksn.

Theorem 4.1. There exists a unique solution of Skorohod’s equation (2) for
the motion of mutually reflecting Brownian balls.

Proof. By Proposition 3.1 we have

(4.3a) n(s) = Clj(s) n;(E ),
o &m—a» E)—EL) |
(4.3b) n;;(E(s)) = (O, -+, 0, Jap 0, :,0, Vip 0, -, 0),
(7—th) (j—th)
(4.3¢) (920, 1=i<j==n,
(4.3d) c;i(s)=0 for (i,5)&E Ly -

The component-wise expression of n(s) is

“@—.jwﬁéQJﬁLkzuué%%%ﬂ'

Therefore if we define ¢;(s) for £>j by ¢;;(s)=c;i(s), then we have
E»(S) E,(S)

ms) = Iu( ) =~
and hence
Et) = w,‘(t)—}—igz‘F S cri(s )M dé(s) .
So if we set
1 ¢
Pii(t) = VZp So i (5) do(s)
we have

(44) i) = P ut)
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(45) o) = || LUEO—£,0)) dbu),

because ¢,;() can increase only when |£,(t)—&;(¢)|=p by (4.3d). Thus (4.1)
finally yields (2). Recalling (3.1), we see easily that (2) also implies (4.1) with

n)= 3 a@nEO) S _a®nEO,
dp(t) =V 2P1 %) _ au(®) my(E®)145(0),

where <l—>(t)=1§_2‘..S ¢;;(¢) and a;;(¢) is the Radon-Nikodym derivative of d¢;;(t)
iI<jsn
with respect to d(¢). The proof of Theorem 4.1 is finished.

5. Skorohod’s SDE for mutually reflecting diffusion balls

Let By(t), 1=i=<mn, be independent d-dimensional &,-Brownian motions
with B;(0)=0 defined on a probability space (Q, &, P) with a filtration {ZF} ;2.
We assume that each &, contains all P-null sets and ;= N <,,,. Given the
coefficients >0

o: R° - R°QR’, b: R°— R?,

we consider the following Skorohod’s SDE for mutually reflecting diffusion
balls:

(5.1) dX(t) = o(X(2)) dBi(t)+b(X,(2)) dt
+ 3 (X(O)—X,(0) d®ii), 1Sisn,
where the initial values are assumed to be &fj;-measurable random variables

satisfying | X;(0)—X;(0)|>p, 1=i<j=n. The solution X;(t), 1 =i=<n, should
be found under the following conditions.

(5.2) X;(t)'s are F;-adapted continuous processes with |X;(£)—X;(t)|=p,
1=si<j=n, t=0.

(5.3) @;; (t)’s are F,-adapted continuous non-decreasing processes with ®;;(0)
= O, (b”(t) = ¢I1(t) and

t
(1) = || 1010~ X,(0) ) dis(5)
In this section we prove the following theorem.

Theorem 5.1. Suppose o and b are bounded and Lipschitz continuous.
Then there exists a unique strong solution of (5.1).

Proof. Let
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D = {x = (x,, -+, x,) ER": |x;—x;| >p, 1=Zi<j=<n},
and for x= (x, -+, x,)ER™ set

a(x) = [o(x)) 0 7, b(x)=b(x)
d(xz) H

0 (%) b(x)
Then as in 4 the SDE (5.1) can be regarded as Skorohod’s SDE for D
(5.4) dX(t) = o (X(t)) dB(t)+b(X(2)) dt+n(t) dD(t),

where B(t) is an nd-dimensional & ;-Brownian motion. The solution X(f) is
to be found under the following conditions.

(5.5) X(t) is a D-valued continuous process.
(5.6) n(t)EJly, if X()€oD.
(5.7) (2) is a continuous non-decreasing process and
t
(1) = | 1o(X () d(s).
But since D satisfies Conditions (A) and (B), it follows immediately from Theorem

5.1 in [6] that the Skorohod’s SDE (5.4) has a unique strong solution. The
proof is finished.
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