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Introduction

Let A and B be commutative rings with an identity. In this paper we
investigate the following question raised by M.J. O’Malley [4]. Can there be
an isomorphism of 4 onto B whenever the formal power series rings A[[X], -,
X,]] and B[[Y,, -+, Y,]] are isomorphic? We shall say that A is n-power
invariant if whenever C is a ring and 4[[X], -+, X,]]=C[[Y,, :**, Y,]], then we
have A=C. A ring 4 will be said to be strongly n-power invariant if whenever
C is a ring and @ is an isomorphism of A[[X], -+, X,]] onto C[[Y}, -+, Y,]],
then there exists a C-automorphism +» of C[[Y,, -, V,]] such that o(X;)=
V(Y;) for 1<i{<n. The present paper consists of three parts. In the first
part we shall give a characterization of A4-automorphisms of A[[X], -+, X,]].
The second part will deal with higher derivations on a complete local ring and
we shall determine a necessary and sufficient condition in order that a com-
plete local ring A is isomorphic to a formal power series ring A [[X]]. M.]J.
O’Malley has proved that semisimple rings (the Jacobson radical=(0)) are
strongly 1-power invariant [4]. In the last part we shall show that semisimple
rings are strongly zn-power invariant for any positive integer #. In particular
an affine domain over a field is strongly n-power invariant for any #n. Next we
shall prove that if 4 and B are local rings which may not be noetherian (see
[2], p. 13) and A[[X,, -+, X,]]=B[[Y}, -**, Y,]] under ¢, then there is either a
B-automorphism +r of B[[Y,, -+, V,]] satisfying o(X;)=+(Y;) for 1=<i=<n or
A(resp. B) is isomorphic to a formal power series ring A,[[X]] (resp. B,[[Y]]).
From this we shall easily conclude that a local ring 4 which may not be noe-
therian is either strongly n-power invariant for any », or A is isomorphic
to a formal power series ring A,[[X]]. Furthermore we shall show that any
noetherian local ring is n-power invariant for any z.

Throughout this paper all rings are assumed to be commutative and contain
an identity.

1. A-automorphisms of A[[X;, -+, X,]]
We denote the Jacobson radical of a ring 4 by J(4). In this section let
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us suppose that a ring 4 satisfies the condition N J(4)"=(0). As is well-known
we have ﬁS‘(A)"'=(O) when A is noetherian.
m=1

Proposition 1. Let B be a ring and let ¢ be an isomorphism of A[[X,, -+,
X,]] onto B[[Y,, -+, Y,]]. Let p(X;)=b;+b:,Y,++b: Y+ for 1=i=m,
where b;, b;;=B. We set B=(b,, --+, b,), the ideal of B generated by b,, -+, b,.
Then we have

(1) mfi%(B)"’:(O) and BCX(B),

(2) B is complete in the B-adic topology,

(3) for any power series Dla; -+ ;, X X A[[X,, -+, Xall, 2?’(0;1,..;,.)
P(X,)p(X,)" is a well defined power series in B[[Y,, ---, Y,]] and we have
¢(Ea‘-x_._i”Xl“---X,‘,"):Z(p(a,-l,,,,-,,)¢(X1)“'°'<p(X,,)"".

Proof. (1) Since J(A[[X,, -, X ])=S(A[[X,, - Xa]]+(Xs, -+, X») and
n (A)"=(0), we get 1 (AI[X,, -+ X,]))"=(0). On the other hand p(J(A[[X,,
e, X,])=3(BI[ ¥, -, ¥,]]) and hence NS(BILYy, -+, Va]l)"=(0). Then it
is easy to see that ’ﬁlS{(B)"‘z(O). In orde;r1 to show BCJ(B), we have only

to prove that b;=J(B) for 1<i<n. For each b= B, 14+ ¢ '(b)X; is a unit of
A[[X,, -+, X,]] and hence (149 '(0)X;)=(1+bb;)+bb;, Y, 4 - +bb; Y+ -
is a unit of B[[Y,, -+, V,]]. Therefore 1+5b; is a unit of B for each b= B and
s0 b;=J(B) as asseretd. If B is B-adic complete, B[[Y, -+, V,]] is complete
in the (B[[Y,, -+, Y,]]+(Y,, -+, Y,))-adic topology. Then the assertion (3)
is obvious. Thus it is sufficient to prove (2). (2) We set B,=(b1, -+, bs),
the ideal of B generated by %, ---, bt. The sequence of ideals {8,} defines
a topology on B which is equivalent to the B-adic topology on B. Let {c.}
be a Cauchy sequence of B in the B-adic topology. Then {c;} is a Cauchy
sequence with respect to the topology defined by {8,}. Itis therefore immediate
to see that there exists a subsequence {d,} of {c,} such that d,=>1;_(7:,b{+
weo4-7;,b5) for each k, where r;;&B. Let f;;=¢ '(r;;)€ A[[X,, -, X,]] and we
set f=2 ([0 Xi+ -+ +fisX}) which is a well defined power series in A[[X,,
-+, X,]]. If B* is the B-adic completion of B, then we have the canonical
injection ¢: B[[Y,, .-+, YV,]]=>B*[[Y,, -, Y,]]. We shall identify B[[Y,, -,
Y,]] with the subring ((B[[Y, -, Y,]]) of B*[[Y,, -, Y,]] and for h€B
[[Y,, -+, Y,]] we shall denote ¢(h) by A. The sequence {>3i_y(7:@(X,)'+ -
+7:49(X,)")} x is obviously a Cauchy sequence of B[[Y,, -, ¥,]] under the
(B[[Y,, -+, Y,]]+(Y,, -+, Y,))-adic toplogy. Hence X 7. (r:;y@(X,)+-+7in
@(X,)) is a well defined power series in B*[[Y,, -+, ¥,]]. On the other hand
we have
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¢)(f)—2§=o(r‘-1¢(X1)"+ e +rin(p(Xn)i)
= @(f)—P(i-o( [ X{ -+ +/inX2))
= @27k (f X1+ HfiaX2))
= (X Ptk [ XTTH )+ + (X ) (i
fnXa ¥ N EM®B[[Y, -, Ya]l+H(Y,, -+, V)
in B[[Y,, ---, Y,]]. Hence we get

P(f) = 20=orn@(Xy) + o +7ip( X))
= 230=oribi - F7:abn)+g
in B¥[[Y,, ., Y,]], where g&B*[[Y,, -+, Y,]] and g has no constant term.
Hence we see that {d,}—c, the constant term of @(f). Since ¢(f)eB[[Y,, -,

Y,]] we have c€ B. Thus {c,}—c and it follows that B is complete in its B-
adic topology.

Theorem 2. Let Y;=a;+a; X, +++a;, X+ €A[[X,, -+, X,]] for 1=
i=n. We set N=(a,, -+, a,), the ideal of A generated by a,, -, a,. Then
there exists an A-automorphism @ of A[[X,, -+, X,]] such that o(X;)=Y; for
1<i<n if and only if the following conditions hold:

(1) AcCK(A4) and A is complete in the W-adic topology,

(2) the matrix

Gy Gy Gay
Ay Qyy **° Qg

Ayy Qpy *** Apy
is tnvertible.

Proof. We assume that there exists an A-automorphism ¢ of A[[X], -,
X,]] satisfying @(X;)=Y; for 1<i<n. Then it follows from Proposition 1
that ACJF(4) and 4 is complete in the A-adic topology. Let @ }(X;)=b;+
b, X+ +b;,X,+ -+ for 1<i<n. Then we get

X; = o7 (@(X3))
= a£+ai1¢_1(X1)+"'+ain(p-1(Xn)+”'

by Proposition 1 applied to an isomorphism @~'. Comparing the coefficients
of X’s we have

2 h18ikbe; =3;; (mod. J(4))

where §;; denotes the Kronecker’s symbol, because the coefficients of X’s in
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o (X)) (X, "0+ -+ +i,=2) belong to the ideal (b,, -, b,)CI(A).
Then det(a;;)det(d;;)=1 (mod. J(A)) and hence det(a;;) is a unit of A as as-
serted. Conversely we assume that the conditions (1) and (2) are satisfied.
Since A4 is complete in the -adic topology, A[[X,, :--, X,]] is complete in its
A[[X,, -, Xa]]+(X,, -+, X,))-adic topology and hence >Ya;..;,Y (Y. is
a well defined power series in A[[X,, -+, X, ]]. If we set (X a;,...:nX (' X"
=>;1..inY i1 Y, then we see that @ is an A-endomorphism of A[[X], -+,
X,]] satisfying @(X;)=Y; for 1</<n. In fact we shall show that ¢ is an
automorphism. Let us consider an A-endomorphism 7 of A[[X,, -, X,]]
defined by 7(X;)=X;—a; for 1<{<n. . It is immediate to see that 7 is an au-
tomorphism and hence we have only to show that @7 is an automorphism in
order to complete our proof. Since @7(X;)=a;X,+ -4a;,X,+:+ for
1<i<mn, it is sufficient to prove assertion under the additional assumption:
a;=0 for 1<i<n. The matrix (a;;) being invertible, we can resolve X;=
b;, Y+ +b,, Y, +fi(X,, -+, X,) for 1<i<n conversely, where the non-zero
terms of f;(X,, -, X,) are of degree=2 in X,, -, X,,. Now we have f;(X;,
oy X)) =fi(brn Yot oo b Yok ful( Xy -+ Xy o by Yot oo b Vb fu (X oo,
X,,))z?‘_;c‘f,,) Y;Y,+g(X,, -+, X,). Here the non-zero terms of gi(X,, -+, X,)

are of degree =3 in X, -+, X,,. We repeat this procedure and eventually we
can write X;=>3;, ., YY" Since ;=0 for 1=/=n, we must have
b,...,=0. Then it is easy to see that ¢ is a surjection. Next we shall prove that
@ is an injection. 'To the contrary, let us suppose that there is a non-zero power
series f(Xv ] X,,)EA[[X” R Xn]] satiSfying ¢(f(Xv ) X,,))=f( Yy, Yn)
=0. Let k be the degree of first non-zero terms in f(X,, -+, X,). Since a;
=0 for 1=<7=<n, we have f(0, :-,0)=0 and hence 2>0. Asis (Y, -, Y,)
=0, we get > ha,-l,,_,-,,(aqu—l—---—f—al,,X,,)“---(ale—l—---—i—a,,,,X,,)i”zo, with

some a;,..;,+0. Now the matrix (a;;) is invertible by our assumption and
therefore we have A[X,, .-+, X, |=A4[a,, X+ +a,uX,, =", @ X, + +0puX,.].
This implies that a, X, 4+ a, Xy, -+, @ X, + " +a,X, are algebraically
independent over 4 by the proof of (1.1) in [1]. Thus we obtain a contradic-
tion and our proof is complete.

2. A condition that a complete local ring is isomorphic to a formal
power series ring

Let A be a ring. A higher derivation on A4 is an infinite sequence of en-
domorphisms D= {§,, §,, §,, ---} of the underlying additive group of 4 satisfying
the conditions: (1) §,=the identity mapping of 4 and (2) §,(ab)= 3" §;(a)

itj=n

8,(b) for any a, b= 4 and n.

Lemma 1. Let A be a ring and let D={3,, 8, 8,, -} be an infinite se-
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quence of mappings of A into itself. Then the following conditions are equivalent:
(1) D is a higher derivation on A. ' ‘
(2) The mapping @: a—5y(a)+8,(a)t+3,(a)t*+ -+ is a ring homomorphism
of A into A[[t]] such that np(a)=a for every ac A where = is the homormophism:
Na;ti—a,.

Proof. The equivalence between (1) and (2) is nothing but a reformula-
tion of the definition.

Lemma 2. Let A be a ring and let A be an ideal of A such that (A"
m=1

=(0). Suppose that A is complete in the N-adic topology and let D={3,, 3,, 5,,
.-} be a higher derivation on A. We assume that there exists an element ucU
such that §,(u)=1 and 8,(u)=0 for i=2. Then A contains a subring A, having
the following properties : (1) u is analytically independent over A, and (2) A is the
power series ring A[[u]].

Proof. The mapping o: A—A, given by o(a)=>17-((—1)8:(a)u’ is a
ring homomorphism. We put Im (¢)=4, A4, is a subring of 4. From
the definition of o it follows that a=q(a)+38,(a)u—3§,(a)’+-- for acA.
Similarly we see 8,(a)=a(3,(a))+ 83 (a)u—38,5,(a)u*+--+ and therefore we can
write a=ao(a)+o(3,(a))u+(83(a)—8,(a))’+(—38,8,(a)+38,(a)w’++. Proceed-
ing in this way we have a=>7.,a;#f with a;& 4,. Next we shall prove that
u is analytically independent over 4,. Since §,(#)=1 and §;(u)=0 for {=2,
we get ucKer(s). For as A4, there exists b 4 such that a=a(b)=5b—35,(b)u
+8,(b)u*—---. Thus it follows that a=b—uc for some ccA4. If acKer
(e)N A4,, we obtain b=a-+uceKer(s) and hence a=qg(b)=0. Let us suppose
that > a4'=0 with a;€4,. Since ay=—7-1a4' " and ucsKer(o),
we have g, Ker(c)N 4,=(0). By induction it will be shown that all a;=0.
If we assume ;=0 for 0<i<n, we get 0=a,, 4"+ a, u**+--. Then we
have 0=38,,(@p+ 4" '+ ay "’ ++-)=a,,+ub for some b= A and therefore
a,.,€Ker(c)N 4,=(0) as desired. Hence A4 is the power series ring 4,[[«]].

An ideal % of a ring 4 is said to be differential if we have §,(A)cA for
every higher derivation {§,,§,,8,, -} on A.

Theorem 3. A complete local ring A is isomorphic to a formal power series
ring A,[[X]] if and only if the maximal ideal WM of A is not differential.

Proof. We assume that A4 is isomorphic to a formal power series ring
A[[X]]. Then 4, is a complete local ring. Let M, be the maximal ideal of
4,. Tt is well-known that the maximal ideal of A4,[[X]] is WM, [[X]]4(X). We
consider a mapping 3, of A,[[X]] into itself defined by &,(37-.@:X*)=217-,
($)a; Xi~" where (3)=0 for i<n. It is easy to see that {3,,8,,0, -} is a
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higher derivation on A4 [[X]]. Since §,(X)=1, the ideal M, [[X]]4-(X) is not
differential and hence M is so. Conversely we assume that the maximal ideal
M of A4 is not differential. Then exists a higher derivation {3, §,, §,, -**} on
A such that §,(x) is a unit of 4 for some uMM. By Lemma 1 the mapping
@: a—>27,8;(a)t is a ring homomorphism of A4 into the power series ring
A[[#]]. We shall set s=8,(u)t+0,(u)t*+---. Since §,(x) is a unit of 4, we
can resolve t=u,s+u,s"+---(u;E A) conversely, where u,=8,(x)"' is a unit of
A. Obviously s is analytically independent over 4 and we have A[[t]]=A[[s]].
For ac A we shall define d,(a)= A4 by the following identity:

a—+38,(a)t+5,(a)t*+ -+ 8, (a)t"+ -+
= a+08,(a)(u,s+u,5"+ )+ 8,(a) (us+u, s+ -y +-+-
= a+d,(a)s+d,(a)s*+ -+ +d,(a)s"+ - .

Then the mapping +r: a—a-d,(a)s+d,(a)s’+ - is a ring homomorphism of
A4 into A[[s]]. It follows from Lemma 1 that {d,=1,d,,d,, -~*} is a higher
derivation on A. Since u-38,(u)t-+38,(u)*+---=u+s, we have d,(u)=1 and
d;(u)=0 for =2. Hence by Lemma 2 we see that 4 is isomorphic to a formal
power series ring A,[[X]].

3. Power invariant rings and strongly power invariant rings

Let A be a ring. We say that 4 is n-power invariant if whenever B is
a ring and A4[[X,, ---, X,]]=B[[Y,, ---, Y,]], then we have A=B. A is said
to be strongly m-power invariant if whenever B is a ring and A[[X,, -+, X,]]]
=B[[Y,, -+, Y,]] under @, then there exists a B-automorphism +r of B[[Y,
-, Y,]] such that o(X;)=+y(Y;) for 1<i<n. We first observe that if A
is strongly m-power invariant and A[[X,, ---, X,]]=B[[Y,, :*, Y,]] under o,
there is a B-automorphism + of B[[Y,, -+, ¥,]] such that @(X;)=+(Y;) for
1<7<n and hence '@ is an isomorphism of A[[X,, :--, X,]] onto B[[Y,,
-+, Y,]] satisfying »"'p(X;)=Y; for 1<i<n. Hence we have

A%A[[Xl, ) Xn]]/(Xv ) Xu)gB[[Yv ) Yn]]/( Y, -, Yn)
=~B.

Thus a strongly m-power invariant ring A is m-power invariant.

Theorem 4.% A semisimple ring A (the Jacobson radical of A=(0)) is
strongly n-power invariant for any n.

Proof. Let B be a ring and let @ be an isomorphism of A[[X], -+, X,]]
onto B[[Y,, -, Y,]]. By Proposition 1 we have

* This result is essentially due to M.J. O’Malley [4].
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¢(X,) = bi'l"bil Y1+"'+binYn+"'(1§i§”) >
¢—1(Yi) = ai‘1X1+"' +aian+"'(1 éién)
where b,=J(B), b;;€B, a;;€ A and B is (b,, --+, b,)-adic complete. Let ¢(a;;)

=b;;/+b;;, Y+ 4b;;y Yyt -+ for 1=¢,j<mn, where b,;;/,b;;,B. Then by
Propositon 1

Y; = o(e7'(Y)))
= @(a;,)p(X,)+* +P(ain)P( X))+ -+
= 205+ 20 b Yt ) (b, 200 e Vit o)+

Equating the coefficients of Y’s we have

SV_10: /b= 8:,(mod. J(B))

because the coefficients of Y’s in @(a)p(X,)"' - p(X,) " (aE 4, i+ - +1,22)
belong to J(B). Then it is immediate to see that the matrix (;;) is invertible.

Thus it follows from Theorem 2 that there exists a B-automorphism +r of
B[[Y,, -+, Y]] satisfying @(X;)=v(Y;) for 1<i<n.

Corollary. An affine domain A over a field is strongly n-power invariant
for any n.

Proof. By Hilbert’s Nullstellensatz we see that J(4)=(0). Now our
assertion follows from Theorem 4.
From now on we exclusively consider local rings which may not be noetherian

(see [2], p. 13) and for such a ring 4 we denote the unique maximal ideal by
M(A).

Theorem 5. Let A be a local ring which may not be noetherian and let
@ be an isomorphism of A[[X,, -+, X,)]] onto B[[Y,, -++, Y,]]. Then we have the
Sfollowing facts:

(1) B is a local ring which may not be noetherian.

(2) There is either a B-automorphism +y of B[[Y,, -, Y,]] satisfying
o(X,)=(Y;) for 1=<i=<mn, or A(resp. B) contains a local ring A(resp. B,) which
may not be noetherian and an element a=R(A) (resp. b= WM(B)) such that a (resp.
b) is analytically independent over A(resp. B,) and A=A,[[a]] (resp. B=B,[[b]]).

Proof. (1) It is obvious by Proposition 1.
(2) By Proposition 1 we can express

P(X;) = b+, Y+ -+ b YVt (150 =0),
¢-1(Yi) = ai+ai1X1+"'+aian+ '"(1 éién)

where ;& M(A4) and b, M(B) for 1 <i<n. Here 4 is(a,, -+, a,)-adic complete
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and B is (b,, -+, b,)-adic complete. Let
o(a;) = b/ +b;' Y+ +b, Yt (1Si<m),
P(ai;) = bi,/"+ b Vi oot by Voo (1<, j <) .
We see that 4 is in M(B), as is q;&M(A4). If the matrix

bu blz s by,

bzn bzz o bzn
(#) ------

bﬂl bnz o bml

is invertible, then it follows from Theorem 2 that there exists a B-automorphism
V¥ of B[[Y,, -+, YV,]] satisfying o(X;)=+y/(Y;) for 1<i<n. To the contrary
we assume that matrix (#) is not invertible. From Proposition 1 we have

Y = p(e7(Y1))
= @(&;)+P(a:,)P(X)+ -+ + (i) P( X))+
= (bi’+22=1bik’ Yk+ "')+Z’J‘=1(bij”+2”=1bijla le+ )
b+ 20 b Yt o)+ oo
Comparing the coefficients of Y’s we get

DV _10:;"b 4 +b; = 8:4 (mod. IY(BY))

because the coefficients of Y’s in @(a)p(X,)" (X, ) (as 4, i,++ +i,=2)
belong to M(B). Thus we have

b, by - by, b, blz v by, 1-b, —b,/ - —by
bu” by v by b,, bzz o by _ —b,’ l_bzz, s —bg
bt by buw) (bpy bpy -+ bun —by/ —bu o 1—by

(mod. M(B)). By our assumption the matrix (4) is not invertible and so det
(b; ;)€ M(B). Since det(S;;—b;;") =det(d;;”")det(b; ;) (mod. M(B)), we must have
det(3;,—b;;/)=MM(B) where §;; is the Kronecker’s symbol. Hence there exists
a b;;EM(B). Then it is easy to see that the matrix

1
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is invertible. Now we shall show that B is (b,/)-adic complete. Let {c,} be
a Cauchy sequence in B under the (b;)-adic topology. Then there is a sub-
sequence {d;} of {c;} such that d,=31}_.7;b,// for each k, where r,&B. Let
fi=@ (r;) and we set f=2>17_.a;7f; which is a well defined power series in
A[[X,, -+, X,]], because A is (a,, -, a,)-adic complete. Then o(f)=>15-,
@(a;)’r;=>35-7;b/’+g in B¥[[Y,, -, Y,]], where B* denotes the (4,")-adic
completion of B and g has no constant term. Since @(f)eB[[Y,, -, Y,]], we
see that >\7.7,;b// B, that is, {d;} converges in B and hence {c,} converges
in B. Together with b,/ TY(B), it follows from Theorem 2 that there exists a
B-automorphism o of B[[Y,, -+, Y,]] such that o(Y;)=ep(a;) and o(Y,)=Y,
for k=j, thatis, @(a;) is analytically independent over B[[Y,, ---, Y,_,, Y.,
+, Y]] and B[[Y,, -, Y,]I=B[[Y,, -+, Y-, p(@), Yjuy, -+, V,]]. We con-
sider the following sequence of ring homomorphisms:

@
A i) A[Xn °tty Xn]] = B[[Yn °tty Yn]] = B[[Yn **% Yj—-1 ’

¢(ai)’ Yi+1’ ) Y,,]] _T) B[[Yn ) Yi—v (p(a,-), Yi+u "ty Yn]]

-1

[[4]] = A[[X,, - X [[£] — A[]]

where (a)=a for ac 4, @ is the given isomorphism, 7(¢(a;))=(a;)+t, 7(Y})
=Y,+t for k=*j, $7' is the ismomorphism induced by ¢, and »(X;)=0
for 1<i<n. We set p the composite of these homomorphisms. Then p
is a ring homomorphism of 4 into A[[#]] such that zp(a)=a where = is the
homomorphism: >%a;t*—a,. Thus we can express p(a)=a-3,(a)t+38,(a)t’ ---.

Thence {1,3,,3,, -} is a higher derivation on 4 by Lemma 1. Since p(a;)
=a;+t, we have §,(a;)=1, §;(a;)=0 for j=2 and by Lemma 2 we see that 4
contains a subring 4, satisfying the properties: a; is analytically independent
over A, and A=A,[[4;]]. It is obvious that A4, is a local ring which may
not be noetherian. On the other hand

X; = ¢~ (p(X}))
= @ (b)) + 2 (b)) (Y)+ + o by (Yu)+ - .

We set

¢—1(b1) = al,—l_all, 1+"' +a1n’ ,.+---(1.§l§n) N
¢_1(blm) = @+ mX,+ "'+a1man+"'(1 < mén) .

Here a,’ is in M(A4), as is b,=MM(B). Thus

XI = (a1,+2'l:=1alk,Xk+ "')+2:‘»=1(alm”+2'l:=xalkalc+ )
(am+2,l:=1akak+"‘)+“’ .
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Comparing the coefficients of X’s we get

SV iGim O +a1 = 8, (mod. M(A4)) .
In the matrix notation

(@) (a:;)= (8:;j—a;;’) (mod. M(A)) .

Now we have det(@~'(b,,,))=det(a;,,”) (mod. (X, :+-, X,,)). Since det(@~'(b,,,))
=@~ '(det(d,,,)) and det(d,,,)=M(B) by our assumption, it is immediate to see
that det(a;,,”")=M(A4). Thus the same argument as above implies that some
a1,y EM(A) and we have A[[X,, -+, X, ]]=A4[[ X}, X1 @7 (02)y X1y » X -
Then we see that B contains a subring B, satisfying the properties: b, is an-
alytically independent over B, and B=B,[[§;]]. Obviously B, is a local ring
which may not be noteherian and our proof is now complete.

Theorem 6. Let A be a local ring which may not be noetherian. Then
we have only one of the followings:

(1) A is strongly n-power invariant for any n.

(2) A is isomorphic to a formal power series ring A,[[X]].

Proof. We assume that 4 is not strongly z-power invariant for some #.
Then we have a ring B and an isomorphism ¢: A[[X,, -+, X,]]=B[[Y,, -,
Y,]] such that there is never a B-automorphism + of B[[Y}, :--, ¥,]] satisfying
o(X;)=y(Y;) for 1=i<mn. Now Theorem 5 implies that 4 must be isomor-
phic to a power series ring 4,[[X]]. Conversely it is easy to see that a power
series ring A,[[X]] is not strongly m-power invariant for any =.

Thus a local ring which may not be noetherian can simply be called to be
stronly power invariant without reference to the number 7 of variables.

Corollary 1. An artinian local ring is stromgly power invariant.

Proof. An artinian local ring 4 is not isomorphic to a power series ring
A,[[X]] and hence A4 is strongly power invariant.

Corollary 2. Let P be a point on an irreducible affine algebraic curve over
an algebraically closed field k and let A be the local ring of P. Then the following
conditions are equivalent:

(1) P is a singular point.

(2) The completion A is strongly power invariant.

. Proof. Let us suppose that P is non-singular. Then it is obvious that
A is isomorphic to the power series ring k[[X]] and hence by Theorem 6 A is
not strongly power invariant. Conversely we assume that A is not strongly
power invariant. Then it follows from Theorem 6 that A is isomorphic to a
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formal power series ring 4,[[X]]. Since A is reduced and dim A=1, 4, is
reduced and dim 4,=0. Now it is immediate to show that A,=~k and there-
fore A=k[[X]]. Hence P is non-singular.

Corollary 3. Let V be an irreducible affine varety over a field of character-
istic zero and let A ée the local ring of a component of the singular locus of V.
Then the completion A is strongly power invariant.

Proof. If A is not strongly power invariant, Ais isomorphic to a formal
power series ring A,[[X]]. Then we can obtain a contradiction by the same
argument as that of Theorem 5 in [5].

Theorem 7. Let A be a complete local ring. Then A is strongly power
invariant if and only if the maximal ideal W(A) of A is differential.

Proof. The assertion follows from Theorem 3 and Theorem 6 immediately.
Theorem 8*¥ A noetherian local ring is n-power invariant for any n.

Proof. Let A be a noetherian local ring. We shall prove our assertion
by induction on Krull dimension of 4. If dim A=0, then 4 is strongly power
invariant by Corollary 1 of Theorem 6 and hence A is n-power invariant for
any 7z according to the remark preceding to Theorem 4. Let us suppose dim
A>0. Let B be a ring and let A[[X,, ---, X]]|=B[[Y,, ---, Y]] under . If
there exists a B-automorphism +» of B[[Y}, -+, Y,]] such that @(X,)=y(Y;)
for 1=<:<n, then A=B by the remark preceding to Theorem 4. Unless such
an automorphism exists, it follows from Theorem 5 that A(resp. B) is a power
series ring A [[a]] (resp. B,[[b]]). Here 4, and B, are local rings. Thus we
have an isomorphism A4[[a, X,, :-+, X,]]=B,[[b, Y}, -+, Y,,]]. Since dim A4,
< dim A, our induction hypothesis means that 4, is z-power invariant for any
n. Hence we have 4,~B, and A=A [[a]]=B,[[b]]=B, as desired.
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