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ON COMPACTNESS OF ISOSPECTRAL
CONFORMAL METRICS OF 4-MANIFOLDS

XINGWANG XU
§1. Introduction

In this paper, we are interested in the compactness of isospectral conformal
metrics in dimension 4.

Let us recall the definition of the isospectral metrics. Two Riemannian met-
rics g, & on a compact manifold are said to be isospectral if their associated La-
place operators on functions have identical spectrum. There are now numeruos ex-
amples of compact Riemannian manifolds which admit more than two metrics such
that they are isospectral but not isometric. That is to say that the eigenvalues of
the Laplace operator 4 on the functions do not necessarily determine the isometry
class of (M, g). If we further require the metrics stay in the same conformal
class, the spectrum of Laplace operator still does not determine the metric unique-
ly (BG], [BPY]).

Thus the problem is to know how much we can say about the metric from its
spectrum,

In dimension 2, Osgood, Phillips and Sarnak [OPS] proved that the set of isos-
pectral metrics on a compact surface form a compact family in the C” topology.
Remember that in dimension 2, all metrics on a compact Riemann surface are con-
formally equivalent.

In dimension 3, Brooks, Perry and Yang [BPY] had showed that if (M, g,)
has negative constant scalar curvature, an isospectral set of metrics g = u4g0
which are pointwise conformal to g, is compact in the C” topology. Later Chang
and Yang [CY1, CY2] had showed that this is true for general compact 3-manifold
without boundary. Recently, M. Anderson [An] and Brooks, Perry and Petersen
[BPP], independently, show that this is still true for general metrics which are not
necessary conformal to g, provided the Sobolev constants have uniform lower
bound. Therefore for dimension 3, the compactness of isospectral metrics is re-
duced to how to estimate the Sobolev constant from the spectrum.
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When the dimension gets higher (i.e., # = 4), the problem becomes much more
difficult. The reason is that at this moment we do not know how to compute all
spectral invariants. For the first few computable heat invariants, when dimension
is getting bigger, they tells us less information and so do Sobolev inequalities.
Hence we can not expect get any cheap results without further assumption. What
we can do in this paper is to show the following:

TueoREM 1. Let M be a compact 4-manifold and {g,} a negative conformal class
on M. Then for g, € {g,}, the set of the metrics g in {g,} which are isospectral to g,
is compact m the C* topology if and only if f s;;dz{g < C, for some constant C, and
M
where S, 1s the scalar curvature of the metric g.

For standard 4-sphere, the conformal group G complicates the analysis. Since
G is not compact, we can not expect to have same conclusion as Theorem 1 above.

DEFINITION.  For a positive function u on S™ and @ a conformal transformation,
define
1/
u,=u-@ldo|"”
where | do | is the linear stretch of dg measured with respect to the standard metric g,.

4/(n-2) * (u4/(n—2)

Thus u, & =0 g,). We set
— 4
[u] = {u,| ¢ € G, the conformal group of S°}.
We also will show the following
THEOREM 2. For (84, g, if g, = u?go} 1S a Sequence of isospectral metrics,

then there exist conformal transformations @; for g; such that {qo*g,-} is compact tn the

C™ topology provided there exists a constant C; > 0 such that f 4s;;dv&, < (.
s t ]

The condition we provided here is motivated by Chang and Yang's paper

[CYZ]. At the end of their paper, it was pointed out that if the condition fasﬁdvg
s

n/2+49

< C, is replaced by fsg dv, < C, for some 0 >0 and # =4 in their
s”

Theorem 1°, then their Theorem 1’ still holds. We follow from their argument to
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get pointwise estimates on conformal factors. Therefore our argument gives slight-
ly more general results than what we have stated in above. It was informed by
Paul Yang that Gursky [Gu] has gotten some estimates for higher dimensional man-
ifolds in terms of L integrals of the whole curvature tensor for p > n/2.

The proof given here is similar to the proof given by Chang and Yang for
three dimensional case ([CY1]). Since we restrict ourselves to the same conformal
class, in order to get control on curvature tensors, we have to get estimates on
conformal factors. Our starting point is to get pointwise lower bounds of confor-
mal factors which will be given in next section. Once we have lower bounds of
conformal factors at hand, we can employ them to get upper bounds too. Detail of
this argument will provide in our section three. Section 4 will simply contribute to
L integral bound of full curvature tensors. With all those estimates done, we can
apply Cheeger-Gromov’s Compactness theorem ([C], [G]), reduce our compactness
to get pointwise control on our curvature tensors and their higher derivatives.
That will follow from higher order heat invariants whose leading coefficients have
been computed by P. Gilkey [G2]. This is our main content in section five.

§2. Lower bounds of conformal factors

Notation first. Let M be a compact manifold of dimension # with metric g,.
dv, will be used to denote the volume element of g, and s, the scalar curvature of

n+2 4/ (n—2)

(M,go).Letj):n_z and g = u

8, for some positive function #. Then it

is standard calculation that the volume element and the scalar curvature of g are

given by

(1) dv = u’dv,
and

(2) sy = u " (squ — c,Au)

where ¢, = 4(n — 1)/(n — 2) and A4 is understood to take with respect to the
metric g,.

First of all, we consider the negative conformal class. Without loss of general-
ity, we can assume that g, is a negative constant.

Lemma 1. If 5, <O and f ssdv, < C,, then there exists a constant C, > 0
M

such that u > C, where g = u’g,.
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Proof. Using (2), we can get
C, = L sudv,
= f L™ (s — c,Aw)1*u’dv,
M
= fsgu_4dvo - 24sgfz]uu—5dvo + 216s§f (Aw)’u”dv,
M M M
(3) — 864s, f (Auw)’u”"dv, + 1296 f (Aw)*u " dv,
M M
-4 4 3 -5
=fu Sedv, — 24sofu (4w) dv,
M M
— 216 [ (Aw)'uls, — 24ul’dv, + 432 [ ™ (4" dv,
M M
Since s, < 0, s; < 0. Also

_[”u_sAu=5Lu_aqul2>O.

Thus in (3), each term on the right hand side is positive. In particular, we get

(4) f utdv, < Cysy?
M

and

(5) Lu—S(Au)"dvo < C,.

Now from the identity,
Aw™) = — uAu+ 2u”° |Vu |,

it is easy to see that for any poivnt pEM,
-1
-1 _ -1 — .2 -3 2
6) u (@) (j}; dvo) j;u dv, _/A;G(p, Q= u"Au + 2u”" | Vu|"1dv,,

where G(p, ¢) is the Green’s function on M which can be assumed to be positive
everywhere on M. The well known fact is that the Green's function on a
4-dimensional manifold is L integrable for p < 2. Thus combining (4), (5) and
Holder inequality, the equation (6) simply implies that there is a constant C, > 0
which does not depend on # such that #(p) = C, > 0. We have thus finished the
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proof of Lemma 1.
Now we consider the sphere (S*, g,) case.

Lemva 2. On (S, &), fg= M2g0 is a conformal metric satisfying
a, = f  u'd, f I's, | u'dvy < a,, 2,(0) >A>0
S 54

where 0 < 0, < 2 and A > 0 are two constants, then there ave a constant C,, =

Crlay, ay, 0y, A) > 0 and a conformal transformation ¢ such that v = u, satisfies v
2 C12'

Proof. Applying Lemma 1 of [CY2], we have a v € [u] such that

f v'z,dv, = 0
54

for y=1,2,..., 5 where z; are the ambient coordinates of S* The key point is
that uzgo is isometric to vzgo. Thus they have same geometry, for example, the
same volume and the same first eigenvalues. Thus if we denote vzgo by g again, we
have

f~v4xj2dv0 < [Rl(g)]—lf |V, Sv'dv,
g4 gt .
(7) .

< [A,@17" .[;; v |V, |f,odvo.

Remember z” + x4+ -+« + 22 =1 and |Va, P+ - - - + |Vx, [° = 4(= 1,(S,
g,)). Summary the inequality (7) from j = 1 toj = 5 to get

oy = f w'dy, = f vidy, < D77 f 4v°dv,.
st st st
That is,
(8) f vidvy 2 4 A = C, > 0.
sl

Let = (C,/Q2vol(g))1"* > 0 and 2 = {x = S*| v(x) = 5}. Then we have esti-
mate

0<C < L v'dy, = j;,vzdvo + ~£4\9 v’do,
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< (j{; 1)4dv0>1/2(vol(Q))U2 + n’vol(S*\ Q)

G

< aol/zvol(g)uz + 5

Therefore we have

2

Gy
9) vol(Q) = m > 0.

0
Now let 0 < d < —(ﬁ be chosen later, multiply the equation (2) with n = 4
0

by "% and apply integration by parts to get

-5 2 _ 0, 2-28 (5230) -2
GLIVv Idv, = T 28 Lsgv dvo+——(1+25) v dv,.

Now let 4,(g,) = 4, denote the first eigenvalue of 4 acting on functions, i.e., 4, =
4 then by the Rayleigh-Ritz characterization for A,, we get

J; v ?dv, < (vol(S4))'1<fS“ v—ﬁdvo)2 + A/4) L4 7o~ Pdo,.

41 -6 ? 5230 ~25
(10) < vol(S") <JS‘4U dvo) +m£‘v dl)0
_ o 220
64,1 + 20) Jou ¥ %o

From the equation (9), we should have

-5 _ -3 -0
js"v dvo—_/‘;v dvo+L\Qv dv,

(11) 1/2
< 77 vol(@ + ( L . v d,)  (vol(S'\ )"

Hence, by taking the square in equation (11) and being divided by the volume and
using Holder, we have

4

vol(S \4[2) f 2y,
(sH

for all positive 7. Now as vol(2) = C, > 0, vol(S*\ ) = (1 — 26)vol(S? for

some 6 = 0(vol(2)) > 0. Therefore we can take 7y small enough such that

A+79A—26 <1-— 0. Now combining the equations (10) and (11), we

obtain

vol(s“)‘l( fs v_6d110>2 <A+1/9 I Vol@% + A+ p
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o%s a5
-26 _ -28 0 25
Lv dv, < C,(1—0) £4v dv, +4—(621(1 ¥ 25)) Lv dv,
o
_— d
12 62,1 + 20) fs SN
- 5 -
20 20
SC4+(1*‘0)_£4Z) +ﬂ1—m7£40 dvo
5 PP T
< 5xd T2y L s ™ du).
, . 9,
Now make the choice of arbitrary constant d. Choose 0 < ICEA) such that
0:

6’ 1
(13) 20 +28) ~2°

And also by Holder inequality and the assumption we know that

I 2_25_#
s 1}(2+50)v (2+4,) de
54 €
1
@430 2(8p—0(2+48) 143,
< [f s, [7*%* 1)0] ’ { v T duy(2+s,
S‘

can be bounded by some constant C; > 0. Thus the equation (12) tells us that

—25 2C, o
fsﬂ’ dv, < ==+ 66/2 T +20 ¢
2¢, 1
<SP+ 15 G

E C60

Let G(p, ¢) denote the Green's function for 4 with singularity at p. We may
add a constant and assume G(p, ¢) is positive. Then we have

a1 i
®» = olSH Lv “dv, — f G, @ Av "dv,(q)

= 1 — — l 2-a —a
B VOI(S4) ,/;4 v dv, 6 js“ Go, 9 [asgv SeQ
+ 6a(1 + a)v™"* | Vv ["1dv,(g)

1 -a _ (aso) —a
vol(S*) L‘v v, ~ Lv G, @dv,

(14)

IN
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o -
~ % G, @) s,v* " dv,.
Now by Holder inequality, we have

(15) fs LV GR, 9dy, < [ fs ) v“”/"“’dvo] (HW[ fs G0, 9 dvo] v

200 (r — 1
If we choose 1 <7< 2 and a < %——) where 0 > 0 is determined in the

equation (13), then equation (15) says that the second term in the right hand side
of the equation (14) is bounded. Also, using Holder inequality, we get

‘ fs Glp, @5 dv,

_ 4/(2+8y)  2—a—4/(2+3¢)
= IL G, Ps,v v dv,

< [j;4 G (p, Q)dvo] 1/7[1;4 | s, |2+6°U4dv0] 1/2+6)

(r(2+39)—Q2+8p+7)

(7 (2—a) (2+6¢) —4)
. f VT2 —<2+‘°_ao+r)5 dvo 7 (2+8,)
54

(16)

Now we first choose 7 such that

@2+ 4,y

2>7’>-(1—+—50)".

We then choose a sufficiently small for a fixed # so that

261+ 6) — (24 8)) + 26,71 [26(r — 1)]}
@2+ ) ! 7 )

a7 o<a< min{25,

Finally by Holder inequality, the first term and the third term in the right hand
side of the equation (14) are bounded in terms of something which does not de-
pend on the point p. Thus there is a constant C;, > 0 such that # = C,,. Thus
this proves Lemma 2. )

§3. Upper bounds of conformal factors

The main purpose of this section is to show the following

LEMMA 3. Suppose that 2,(4,) = A >0, f s> %y, < C, and f w'dv, = a,
M M



ISOSPECTRAL CONFORMAL METRICS 85

Denote the Sobolev constant by C, and the geometry by the constant C,. If the function
u = C > 0 for some constant C, then there are a constant €, = &,(A, a,, C,, Cy, C,,
C) > 0 and a constant C, = C,(A, C,, a,, C,, C,, C) > 0 such that

(18) [ ut*an, < C..
M

Remark. 1t will be used to get the pointwise upper bound of function .

Proof. Letw = #'**. From the Sobolev inequality for w ([Au]), we have

(19) ( fM w4dv0>1/z <, L |V |2 dv, + C, -/;, w'dv,

where C, and C, depend only on the geometry of M, C, is called the Sobolev con-
stant.
On the other hand, multiply (2) by ¥ form = 4, to obtain,

(20) 6(Au)ul+25 + sgu4+2£ — 80u2+25.

And now integrating (20) and using integration by parts, we get

(1 + 2¢) 2 2 2
2 — .
(21) (1+€) f|l7 *dv, = j];sguwdvo soj;lwdvo

Notice that for ¢ <1, f wzdv0 is bounded by some constant multiplying
M

f u'dv,. We conclude that
M

4 1/2 1 2 )
(22) (_]A;w dvo> < C FS((I_-FF—‘gZ)s)) Msguzw dv, + C,(e).

For any > 0,let E = {x € M||s,| > (Cn™HY%}. Then
C, = f | 's, 17" %u* dv,
M
> fl s, |72’ dv,

= Con~ fsgu dv,.

Therefore we have
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(23) f sau'dv, < 7,
E
and
(24) I's,| < €)% on M\E.

This implies that

2 2
‘fsguwdvo
M

(25) < Ll sg|1,vzuza‘lv0

1/2
C;/aon—1/60Lu2w2d00 + 7}1/2 [.[1; w4dvo] )

\%

To estimate ./1:, u’w’dv,, we apply the Rayleigh-Ritz characterization of 4,4,

) < LIV(/’ |zu4dvo
o ( g) = j}; l¢)_ (VOI(M)—1L¢u4dUo]2u4dvoy

(26)
or equivalently,
2
’ 2 4 -1 4 -1 2 2
(26) fM¢uduos(vol(M)) (L¢udvo) +A fMu|V¢)|dv0
to ¢ = u° to obtain

- 1-1r 12
fuzwz < fu4dvo fu“edvo +/1_1fu2|Vus * dv,
M Ly 1 WUy ! M

2

I o, 17T are, 12 3 2
= Jﬂ;udvq Jl;u dvo_ +—-———*~(A(1+8))L|Vw| dv,

2

1 o, 17T P 3 2 2
= Jﬂ;udvo_ Lu dvo' +—_—_(6A(1+25)) Un;sguwdvo

— S, j}; wzdvo],

where we have used the equation (21) to obtain the second equality.

27)

To estimate f u4+edvo, first of all, by assumption we have C > 0 withu — C
M

= 0. Apply this to get
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Lu“edvo = fl; ' — CHu'dv, + C4Luedvo
< UA; (u* — C4)u2£dvo] v U}; (u'* — C4)dvo] v + ¢t Lusdvo,

where inequality comes from Cauchy-Schwartz inequality and the positivity of
#* — C*. Thus we have

[ fM u“edvor <a+p| fM (' = Chu¥dv,) | fM (' = CYdv|

+ (1 + %) c* u‘; uedvo]z,

where 7 will be chosen later. But

j}; (' — CYdv, = a_/n;u“dvo

(28)

C'vol
where a =1 — (—4(& is a positive constant less than 1 and we conclude
f u dv,
M
that
4 - 4 2
[f u dvo] [f u +8dvo]
M M 2
€
(29) 1\ U u d”O]

<1+ T)aUI; (u' — C4)u26dvo] + <1 + —)C

[fi w'd,|
1> c* U,:, “ed”or

= (1+Pa fM u*du,+ [(1+ = W — C' A+ Pa fM dvy).
0
M

Since we assume ¢ <1 and a, = f u4dv0 > 0, we get the conclusion that the
M

second term in the right hand side of the inequality (29) is bounded by some con-
stant. Choosing 7 so that (1 + y)a = (1 — ) < 1, from (27) we then have

2
2 2 _ 2 2 € 2 2
Luwdvoé(l B)Luwdvo+CB+——(6A(l+2£))L3guwdvo.

It is equivalent to

2

2 2 1 € 2 2 2
(30) Luwdvosﬁmllsguwdvo-l—ﬁcs.
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Combine (30) and (25) to obtain
f sguzwzdv0
M
L2 2 2 4 vz
< Clop o uwdvo—i-n[fwdvo]
M M

(03/500—1/5062) . (C1/50 —1/500 ) 1/2
[6BA(L T 20)] J,, S W dvo T+ U v dv"}

IA

Therefore

(1 - %) Lsguzwzdvo <7y u‘; w4dvo] v + C,

C Voo =1o0
where C9=(O—nﬁ———8)-. From the equation (22), if we set pu=

(Coua,,n—l/aoez)
(6BA(1 + 2¢))°

(6(1 + 2¢)) .
DYl C S0 dv,
gy (Ga+o) # [wa v]

6(1 + 2¢)

<7 [L w4dvo]m FA=0GE T

1
Now we choose 11 = ol where C, is a Sobolev constant given in (19). Then choose
1

¢ > 0 small enough such that

1
< 3
Finally we have reached the following
6(1+2
(6¢( s)z) R —
(C,1+ 8%
60 +29) 1 1 _ 1 [@2—¢) 4]
caton2 GG : >0
(C(1+s)) 1 1 1+

because 0 < ¢ < 1. Hence from equation (31).
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[ j}; w“dvo] 172

A =pC + )@~ &) +49)]

(€, + &

= (C)?.

This completes the proof of Lemma 3.

Now we can state our main conclusion at this section as

ProposiTioN 1. Let a, = f w'dv, a, = f sj”“ u'dv, and A4y 2A>0,
M
u = C > 0. Then there exists a constant C;y = Cyo(ay,, ay, A, C) > 0 such that

(32) u < Ch.
Proof. Applying Green’s function to equation (2), we have

u@® = vol ™ [ udv,= [ (= 40 (@G (b, P vy(g)
M M
(33) 1
= gjl; (s u’ — squ) Gdv,.
Since vol(M)—lf udy, and f uGdu, are a priori bounded, to bound #(p), it
M M

suffices to bound f s,u’ Gdu,,
M

K
It is well known that | G(p, ¢@) | < —dz( ) for some constant K [Au, p.108].
b, q

z
Recall the following estimate [Au, p.37]: for A(y) = f‘"—f(“)W dx, we have
R r—y

(34) Ial, < C@r

1 1 1 1 1
where — =5+ 5 —1=— — 5 withr> 1.

r 2 r r 2

We will iterate this estimate with a sequence of suitable choice of #; and
7,(2 + 0,)

r]. Start with »; = m—ﬁ, 7, = 4 + 4e for 4¢ < 4¢,, we have
0

7a1+30)

0(2+389)
37 246, 4 2+" ol TR
f | s,u’|dv, < [f | s, |7 "u dvo] ’ [f w 20070
M M
7 143y s
248, 4 2+'5o 7 2+5o
= ([ selutan) ™ ([ wan)

(35)
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Thus applying (34), we get

1
, 1 , 7
f wdv,n < C(r) [f | s’ I"’dvo} *+C,
M M

where C,, is a constant and -il- = ;,107 - %, ie.,
(27)

ho = 74
_ 22 + d)r,
T 4+60,+ 27, — (24 6)7,
_ 22 + 0y,
T4+ 20, — 4¢0,
> 7,

Note that if we can choose ¢ such that 4 + 2, — 4¢d, < 0, then 4 +4¢ > 6

4
+ 5 Thus 75 > 2, we are done already from estimate (35) and Holder inequality.
0

If 4 + 20, — 4e0, = 0, then we can replace ¢ by ¢ < e So we have 4 + 2§, —
4¢’d, = 40,(¢ — &) > 0. Thus we can assume that 4 + 2§, — 4ed, > 0.
Continue this process with

. 2@+ 0d)r, @2+ b8)n
¥ =20 +0) —4ed, " T 2+35, +r°’

2, 204 8)r.,
e T o =y T 4+ 26, — 4ed,’
, @A+ an,

Yer T 21735, + 7,

Notice that

_ 2€0,
T T T 25, — deg, 7 O
. . 4 4
Thus there will be a k, with 7, > 6 + 5 and 7, <rn < - <7, <6+ 5
0 0

< 7, with

, 2+ o7,

T = 235, + 7, 2

So at the end of the iteration, we can find a bound for || u “,k y 2 <7, <2+ 0,
0
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This, together with Holder inequality, implies that # € L”,

lul, < Nul, + Isa’l, 161,

1 1
where " + 7 = 1 with ¢’ < 2. This finishes the proof of Proposition 1.
ko

§4. L' bounds of full curvature tensors

What we are going to prove in this section is the following

ProposITION 2. Suppose g = uzgo on a 4 dimensional Riemannian manifold M

without boundary. If 0 < C, <u < C; and f s:u4dvo < C,, then f R'dv =
M M

f | R|*u'dv, < C,; where R is the full curvature tensor of metric g and C,5 is a
M

constant depending only on Cy, Cy, Cy and the geometry of metric g,.

Proof. It is well known that the curvature tensor R, can be decomposited
_ 1
(36) Ry = Wiy + n—2 (8.8, — 8By
s
+ By&, — Bugy) + nn— 1) (g8 — 8u&w)

where Wi, By, s, gy are called the Weyl conformal curvature tensor, the trace-
less Ricci curvature scalar curvature and metric tensor respectively. On a four
dimensional manifold, if g = uzgo, then

(37) Wi = “Z(Wo)ijkn

", uu; 1 (Au |V ul
@) b= By =2l 2t - g (S 2T e
See [B].

First of all, from (2)

1
4
jﬁ; [Au]"dv, = ?L (sou — s,u’) dv,

3
24
< E [ j}; squ'dv, + -L; s;u”dvo]
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1 C,
< 7 S5 j}; w'dv, + 9—2‘9 fn; squ'dv,
< ays; + C,C,
= Cy,.

Then by elliptic theory, there exists a constant 8, such that
(39) jn; | Vou |'dv, = j}; (2 ul)’dv, < ,BOL (Aw)'dv, < C,,.
From (38), Sobolev inequality and Holder inequality, we have
[Lqulsdvo]%S CILIVIVulzlz—I-CZLIVuI"de
<4c, fM |Vu 2| V2u | Fdv, + C, fM |V *do,
< 4(C, [_/I;IVu |4dv0]% [-/1:4 |Vu |4dvo]%
< cz(clfMlvzuPdvﬁ csz|Vu|2)2

<ac|c, [ |Vulds, + G, [ |7uln,| ct,

" 2C2[C12< jﬂ; | 7 |2dvo>2 + C: <f;l |Vu lzdvo)z]

S C18

where we have used the fact that

j};qu v, = — -/1; (Auw)udv, < U,;, (Au)zdvo]% UA; uzdvo]%

is bounded. Thus we obtain
(40) fM \Vul® dv, < CZ.
Now since
S Biu'=3 Bl —4Z Byhy; +43 0,

where
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2um; 1 (Au |Vul?
R ey L

from (37) and (38), it is easy to see that
L1Blav= [ (= BYutdv, <

for some constant C,.
But

L| W u'd, < C,;"jl;l W, |'u*dv,

<crct fM | W, [*u*dv,
= (.

(41)

Therefore we have obtained

fli‘udv0 Cf(|W|4+|B|4+|S ) ' dv,
M

S C(Cy t+ Cpp + Co)
= Cys-

This finishes the proof of Proposition 2.

§5. Proof of Main Theorem

In this section we will prove the theorems stated in Section 1. To get C” com-
pactness, the very common means is to use Gromov's compactness theorem. Let
denote the space of smooth Riemannian metrics on a fixed smooth manifold M,
modulo the action of the diffeomorphism group. We define the C k, or C k’a, topolo-
gy on Jl via convergence of the sequences. Thus a sequence {g;} converges in the
c* topology on M if and only if there are diffeomorphisms f; : M — M, such that
the metrics f,-*g,-, when expressed as metrics in a smooth atlas for M, converge in
the C* topology on functions on domains in R”. In the same way, we define the
Holder C** topology.

The C* version of the Cheeger-Gromov compactness theorem then states that
the space of # dimensional Riemannian manifolds satisfying the bounds

(42) VR0 < AW, <k
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(43) volM, g =V>0,

(44) diam,(g) < D

is (pre)compact in the cHie topology on J{. More precisely, given any a <1
sequence of metrics {g;} on M satisfying bounds (42), (43) and (44) has a sub-
sequence converging in the cH topology, for a’ < a, to a limit C**"* Rieman-
nian metric g on M.

Thus one would like to use the specreum to control the quantities in (42),
(43) and (44). To this end, the main tool one could use is the heat invariant, i.e.,
the coefficients a; in the asymptotic expansion of the trace of the heat kernel
1 — 2 a,t
4nt)?

as t— 0. The coefficients a, are spectral invariants with the first few given by

20 =S =

LEMMA 5.
a,(g) = volM, g ;
1
a,(g) = g_/l;Sgdvg;

1 6—n 50° — Tn + 6
az(g)=1TSO,£,[IW|2+n—2|B|2+—2n(7;_1_)—sz]d”z'

Proof. 1t is well known.

From Lemma 5 and Proposition 1, it can be easily seen that (43) and (44)
hold.

Now our theorems stated in Section 1 have been reduced to the following
main result in this section:

ProOPOSITION 3.  Suppose (M, g) is a compact 4-dimensional Riemannian

manifold without boundary. If f | R |4dvg < C, and
M

la,| <b, k=34,...

and there is a constant A > 0 such that 0 < 317 'g, < g < Ag,. Then

f |V*R |%dv < C(k)
M
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for some constant C(k) depending k, b,, C,;, A and geometry of g,.

Proof. The exact form for a, is also know (|G1], [S], [T]), but we do not need
it, we will not copy it here. The higher coefficients @;(g) become rapid increasing-
ly complex and difficult to compute. However, the exact forms of the heat in-
variants @; are not so important for our purpose. What is important is that they
have the general leading coefficients [G2]

45 a9 = (—1" f (| VPRI + a, |V s, D) dv, + f Q.dv,
M M

where ¢, and d, are positive constants and @, is a lower order term involving
covariant derivatives of R and its contractions of order at most k — 3. More pre-
cisely, @, is a polynomial of weight 2k in contractions of R, with | I'| < k — 3,
with coefficients depending only on the metric g. Each monomial in @, is a pro-
duct of contraction of R, ; of weight 2k, where the weight of R,;,,, is defined to
be II! + 2 and the weight of the monomial is the sum of the weights of the fac-
tors. ’

First of all, since the coefficients ¢,, d, in (45) are positive, the bound on a,
gives a bound

(46) fleelzdv < gy + hZSLIRPdu,

3
i 1
By Holder inequality, one sees that f | R Pdv, < (f | R |4d0g> Vol (M) 4, ie.,
M M

[ 17RI'ds, < €3
M

3
where C3) = hy, + hyy(CH)vol (D,

Next, bound on a, gives a bound
(47) j; |V°R |dv, < h,, fM | R |'dv, + h, j; \VRI| R dv, + hs,.

By assumption, the first term on the1 right hand side of (47) is bounded. To bound
the second term, choose n = 2(C,,)2Ch,, > 0 where C, is Sobolev constant with
respect to metric g which can be chosen only depend on the metric g, and A since
g is equivalent to g,. Now let 2 = {x € M, | R|(x) = 1} and B, a constant. Then
we have
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thMWRIZlRIdvg:h34fg|VR|2|R|dvg+h34fM\9|VR|2|R|dug
<y, (fglRlzldvg>%(L|VRl4dvg)%+h34nL|VRl2dvg
< by, ( fg |R|2|dvg>% [cs fM |V°R [ dv, + B, j; IVRIZdvg]
+ g L |VR dv,
s—h—?—ci(fg|1e|“dug)%fM|Vlezdvg

+ b ([ \RPd0,) ([ \VR o) + by [ IVRF a,

1
< by, C,C27 fM \V’R [ do, + h,s

-

which implies, by combining (47),
(48) [17°R[ dv, < C@).
M

Now apply (48) to get

< L de%f < C, [u |VR* "dv, + B, fM R'dy,

<4C, | R*|VR|dv, + B, | R'dv
M £ M €

< ac, [ R4dvg)% ( LIvr |4dvg>%+ 8. [ Ran,

1

<4c fM R'av,)’ (c, j; |V*R I'dv, + B, fM I7RI) + B, fM R'd,
= Cpe

Next we bound f |V°R Izdvg and f |VR |8dvg in essentially the same way.
M M

Namely, as above, the bound on @, gives a bound

fM|V3R|2dvg <y + hzs_/;llvzze ?IR|do,
(49)

+h35LlVZR||VR|2dug+h45fM|VR|21R|2dvg+h55fM|R|5dvg.

The last three terms on the right side of (49) are bounded from above estimates,
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Holder inequality and Sobolev inequality. The second term can be bounded as
above. Repeat above argument to have

(50) [ 7R l'av, < C,,
M

and

(51) f VR [*dv, < C,,.
M

The proof is now completed by induction in a similar fashion. Thus suppose
we have bounded

(52) [1VRFay, < ca+2),1<k-1,
M

with £ = 4. We claim that

(53) fM IV*R [ dv, < Ck + 2).

To see this, note first by Sobolev embedding that (52) implies the bounds:

(54) j;, VR I dv, < C,,

(55) V"R, < Cpy for m <k — 4,
and

(56) L |V ’R " dv, < C,,.

Since the heat invariant a,,, is bounded, the bounds (54) follows from the ex-
pression (45) and a bound on the terms containing @,., in terms of (55), (56), (54)
and (52). Now recall that @,,, is a polynomial of weight 2k + 4, each monomial
being a product of terms which are contractions of Ry, , with | I| < k — 1, the
weight of Ry, being |I|+ 2. Thus modulo terms of the form R, , with
| I| £ k — 4, which are bounded by (55), @,,, at most contains terms of the form:

Q) IV*"'RI’| R|
(ii) V'RV | VR
(i) V"RV R R
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(iv) V2RIV RI(VRIIR] + |V°R]) or |[V*?RIP| R
(v) VR itk=14

(vi) le—sR P (some terms with derivatives of order < k — 4) with p < 3.

Then it is not hard to see that terms (iii)-(vi) are easy to bound in terms of (52),
(54), (55) and (56). For (ii), we have

f V'RV RI|VR | dv,

M

S k-1 2 k=2 4 4
fMlv R| dvg+j;|V Rl +LlVR|dvg

which is bounded by (52), (54) and (56). Now for term (i), it follows from (52),
(54) and (55) since | R |oo < Cy.
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