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SHELLABILITY OF SEMIGROUP RINGS

ANNETTA ARAMOVA, JURGEN HERZOG AND
TAKAYUKI HIBI

Abstract. The concepts of A-shellability of locally finite posets as well as of
extendable sequentially Koszul algebras will be introduced. It will be proved
that the divisor poset of a homogeneous semigroup ring is A-shellable if and only
if the semigroup ring is extendable sequentially Koszul. Examples of extendable
sequentially Koszul semigroup rings contain all monomial ASL’s (algebras with
straightening laws) and all second squarefree Veronese subrings.

Introduction

Let A be a homogeneous semigroup ring over a field K, i.e., A is a sub-
ring of a polynomial ring over K generated by a finite number of monomials
and A is a graded algebra A = AgPA 18- -+ with Ay = K such that the mini-
mal system of monomial generators of A is contained in A;. We write X 4 for
the infinite poset (partially ordered set) consisting of all monomials belong-
ing to A, ordered by divisibility. Thus, in particular, 34 possesses a unique
minimal element 1 (€ K), and is locally finite and pure, i.e., if o, € ¥4
with o < 3, then the closed interval [, 5] = {7 € ¥4 ; a < < (3} is finite
and pure. (A finite poset P is called pure if all maximal chains (totally
ordered sets) contained in P have the same cardinality.) The infinite poset
Y4 is said to be the divisor poset of A.

It is known, e.g., [11] that a homogeneous semigroup ring A over a field
K is Koszul if and only if 3 4 is Cohen-Macaulay over K (i.e., for all « € ¥ 4,
the closed interval [1,a] of ¥4 is Cohen-Macaulay over K). See also [6].
(We refer the reader to, e.g., [3] and [7] for the detailed information about
Cohen-Macaulay posets.) In [5], the concept of strongly Koszul algebras
is introduced, and it is proved that a homogeneous semigroup ring A is
strongly Koszul if and only if, for all a € ¥4, the closed interval [1,a] of
Y4 is wonderful (locally semimodular), i.e., if 5 — u < w, f§ — v < w in
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[1,a], then © — w', v — w' for some v’ < w. (We write u — w if u is
covered by w, i.e., u < w and u < v < w for no v € ¥ 4.)
In the combinatorics on finite posets, there is the hierarchy as follows:

wonderful = shellable = Cohen-Macaulay.

(A finite pure poset P is called shellable if there exists an ordering of the
maximal chains C7,Cy,...,Cs of P such that, if 1 <i < j < s, then there
is k < j with ;N C; € Cp,NCj and §(Cy, N C;) = 6 — 1, where ¢ is
the cardinality of any maximal chain of P, and where f(Cy N Cj) is the
cardinality of C;;NCj.) It is a fundamental question to investigate the class
of homogeneous semigroup rings with shellable divisor posets. It seems,
however, unknown if there is a Koszul semigroup rings with a nonshellable
divisor poset.

A sufficient condition for a homogeneous algebra to be Koszul is that
its defining ideal possesses a quadratic Grobner basis. In [11], the shella-
bility of divisor posets of homogeneous semigroup rings is studied from the
viewpoint of noncommutative Grébner bases, and it is shown [11, Corol-
lary 3.6] that the divisor poset of a ‘quasi-poset’ semigroup ring (i.e., a
homogeneous semigroup ring whose defining ideal has a quasi-poset initial
ideal) is shellable. (An ideal I of the polynomial ring Kl[z1,x2,...,2y] is
called quasi-poset if I is generated by quadratic monomials and satisfies
the following condition: If 1 <7 < k < j < n and if z;2; € I, then ei-
ther x;x, € I or apx; € 1.) It is likely that the quasi-poset semigroup
rings form a rather small subclass of the class of semigroup rings having
quadratic Grobner bases. For example, the d-th squarefree Veronese sub-
ring of K[z1,x9,...,zy], where 2 < d < n, is quasi-poset if and only if either
(i)d=2and 3<n <4, or(ii)d >3 and n =d+1 ([8, Theorem 2.3]). See
also [10].

Our original motivation of the present paper is to find a useful criterion
for the divisor poset of a homogeneous semigroup ring to be shellable. We
introduce the combinatorial notion of A-shellability of locally finite posets
and present the algebraic concept of (extendable) sequentially Koszul alge-
bras. There is the following hierarchy in the class of homogeneous semigroup
rings:

strongly Koszul = extendable sequentially Koszul = Koszul.

Theorem 3.1, which is the main theorem of the present paper, guarantees
that the divisor poset of a homogeneous semigroup ring is A-shellable if and
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only if the semigroup ring is extendable sequentially Koszul. The class of ex-
tendable sequentially Koszul semigroup rings contains all monomial ASL’s
(algebras with straightening laws) as well as all second squarefree Veronese
subrings. See Theorems 2.4 and 2.5. In particular, divisor posets of these
semigroup rings are shellable. (Note that the shellability of monomial ASL’s
follows from [11, Corollary 3.6] since every monomial ASL is quasi-poset,
while the shellability of second squarefree Veronese subrings does not follow
from [11, Corollary 3.6].) It is remarkable that there exists an extendable
sequentially Koszul semigroup ring having no quadratic Grobner basis. See
Example 3.5 (a). We do not know if there is a quasi-poset semigroup ring
which is not extendable sequentially Koszul.

81. A-shellability of locally finite posets

We introduce the notion of A-shellability of locally finite posets (par-
tially ordered sets) and show that all rank-selected subposets of a A-shellable
poset are A-shellable.

First, we recall some fundamental materials on finite posets. See, e.g.,
[12] for the detailed information. Let P be a finite poset. A chain of P is a
totally ordered set C' of P. The length of a chain C of P is §(C) — 1, where
#(C) is the cardinality of C' as a finite set. A pure poset is a finite poset
any of whose maximal chain has the same length. If o, 8 € P with a < (3,
then the closed interval [«, 5] is the subposet {y € P ; a < v < 3} of P.
We write a — ( with «, 8 € P for the covering relation of P, i.e., a < 3 in
Panda <y < pffornoye P. Achain C:ap<o3 <---<agof Pis
called saturated if a;_1 is covered by ay, i.e., a;—1 — ; for all 1 <i¢ <gq.

A finite pure poset P is called shellable if there exists a total ordering
(called a shelling) of the maximal chains C1,Cy,...,Cs of P such that,
if 1 <14 < j < s, then there is &k < j with C; N C; C Cp, N C; and
8(Cy N Cj) = 6 — 1, where 0 is the cardinality of any maximal chain of P.
See [1] and [2] for the foundations on shellability of finite posets.

A locally finite poset is an infinite poset > any of whose closed interval
is finite. A locally finite poset ¥ is called pure if every closed interval of X
is pure.

We work with an infinite poset ¥ which is locally finite and pure and
which possesses a unique minimal element 1. Let M,(X) denote the set
of saturated chains of 3 of length ¢ starting from 1, in other words, every
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chain belonging to M,(X) is of the form
l—a —ay— - —ay

with each «; € X.
Let Q denote a totally ordered set (say, Z). A chain-edge labeling of ¥
is a map

A U My(E) — U 0,
q=1 q=1

which associates a saturated chain
Cil=ap—ar —ay— - —aqy
belonging to M, (X) with
MC) = (MCia0 = 1), MCya1 — az),..., MCiaq-1 — ag)) € Q,
satisfying the following condition:

If p < g and if a saturated chain C' : 1 — a3 — --- — «,; belonging
to M, (%) is a subchain of a saturated chain C: 1 - a; — -+ —
ap — Qpy1 — -+ — g belonging to My(X), then \(C";05-1 —
;) = MC;ai—1 — ;) for all 1 <i <p.

A chain-edge labeling A\ of ¥ is said to be a A-labeling if the following
conditions are satisfied:

AN)IEC:1=a) — a1 = - = ag € My(X) and if ay — [ and
ag — v with 8 # v, then A(CU{B};aq — B) # MC U {~v};aq — 7);

(A-2)LetC: 1= — a1 — -+ — ag_1 — 0g € My(X), and let oy —
S and ay — v with 8 # . If 3 covers an element o € ¥ with ag—1 — o/
satisfying A((C\{aq})U{c'}; -1 — o) < AN(C; aq—1 — ) and if 7 covers
no element o € ¥ with oy — o satisfying \((C'\ {aq}) U{'};a4-1 —
o) < MCiag-1 = ag), then A(C'U{B};aq — B) < MC U {7};04 — 7).

A chain-edge labeling A of ¥ is said to be a A-shelling if X is a A-labeling
and if, for all @ € ¥, the total ordering C4, Cs, ..., Cy of the maximal chains
of the closed interval [1, a] with

)\(Cl) <lex )\(02) <lez  <lex )\(Cs)



SHELLABILITY OF SEMIGROUP RINGS 69

defines a shelling of [1, a]. Here, <, is the lexicographic order on 29 (and ¢
is the length of any maximal chain of [1, &), i.e., (a1, ..., aq) <jeg (b1,-..,bq)
ifag =b1,...,0;_1 = bj_1 and a; < b; for some 1 <17 <q.

An infinite poset ¥ which is locally finite and pure with a unique min-
imal element is called A-shellable if > admits a A-shelling.

Let X be an infinite poset which is locally finite and pure with a unique
minimal element 1. The rank-selected subposet of ¥ of order d with 0 <
d € Z is the subposet of ¥ which consists of those elements o € ¥ such
that the length of any maximal chain of the closed interval [1, o] belongs to
{0,d,2d,3d,...}.

THEOREM 1.1. All rank-selected subposets of a A-shellable poset are
A-shellable.

Proof. Let ¥ be a A-shellable poset with a A-shelling X, and let (<)
be the rank-selected subposet of ¥ of order d. If C: 1=y — a7 — --- —
oy € My (2@), then we write C for the maximal chain of [1,a,] in ¥ with
a; € C for each i such that, for any maximal chain C’ of [1,q,] in ¥ with

a; € C' for each i, we have \(C') <y, A(C'). If
o e (d-1)

._>Oéi_1_>Oé’i71_>a’i71_>“'—>ai*1 — QG —>
then we define A (C; a;_1 — o) € Q9 to be
()\(C'; o1 — 0451_)1), AC; 0451_)1 — az(i)l), S Y(ek oz(d_zl) — ozi)).

i

This technique enables us to obtain a chain-edge labeling

Q)

3

1

A U My (D) —
q=1

q

of £(@, which satisfies the condition (A-1).

Let C' and C’ be maximal chains of the closed interval [1,u] of %(?)
with A9D(C) <jep XD (C"). Then A\(C) <jer A(C”). Hence there exists a
maximal chain Cy of the closed interval [1,u] of 3 such that A(Cpy) <jes
)\(C_ﬂ), cnC' c Co NC' and ﬂ(Co N C,) = ﬁ(é) — 1. Since )\(Co) <lex )\(C_',),
it follows that C’\ Cy € X(@. Thus the maximal chain C” = Cy N (¥
of [1,u] of B satisfies A(D(C") <pp AD(C), CNC" € C"NC" and
t§Cc"nC’) =4(C) - 1.
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Hence A turns out to be a A-shelling of (@) provided that A(@
satisfies the condition (A-2). Let C: 1 =) a1 — -+ — ag—1 — g €
My (2@D), and let o, —  and oy — v with 3 # v in ©(@. Suppose that
3 covers an element o/ € %@ with a,_; — o satisfying A9 ((C'\ {a,}) U
{'};a1 — o) < XD(C;a,1 — a,) and that v covers no element
o € 2 with a,1 — o satisfying XD ((C'\ {a,}) U{a'};00-1 — o) <
AD(Cray-1 — ag). Let G = CU{B}, Ca = CU{y} and C3 = (C'\
{agHu{,B}. Let oy — 3" in C1, oy — ' in C2 and o’ — « in C. Since
AM(C3) <ieq M(Ch), the shellability of [1,4] in ¥ guarantees the existence
of ¢ € ¥ with o’ — ¢ — # in ¥ and with A\(C'\ {ag}) U {£};0” —
£) < MC;a” — ). Since there is no ¢ € %@ with o/ — ¢ — 4/ in ¥
and with A((C'\ {a,}) U {}0” — &) < AMC;a” — a), it follows that
AC U {#}0q — ) < NCU {7/} — 7). Hence AB(C U {8); 04 —
B) < XD(CU{y};a, — 7), as desired. U

§2. Extendable sequentially Koszul algebras

We introduce the concept of extendable sequentially Koszul algebras
and show that all ASL’s (algebras with straightening laws) as well as all
second squarefree Veronese subrings are extendable sequentially Koszul al-
gebras.

Let K be a field and A = Ag® A1 & --- a homogeneous K-algebra. Let
G = {s1,...,5,} be a minimal system of generators of A with each s; € A;.

(1) We say that a subset {s;,,...,s;,} of G has linear quotients if there
exists an ordered sequence

S = (Sjl,...,qu)

of {si,,...,si,} such that, for all initial sequences (sj,...,s;,) of s, the
colon ideal

I(s;p) = (SjN ce ’Sjpfl) “ S5
is generated by a subset G(s;p) of G.

(1) We say that a subset {s;,,...,s;,} of G has extendable linear quo-
tients if there exists an ordered sequence

s =(8j,,---,55,)

of G with

{siss--sigy = {85151 55,}
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such that, for all initial sequences (sj,,...,s;,) of s, the colon ideal

I(sip) = (Sjl’ cee ’Sjpfl) * S5y
is generated by a subset G(s;p) of G.

(2) We say that a subset {s;,, ..., s;, } of G has linear quotients of second
level if there exists an ordered sequence s = (sj,,...,5;,) of {si,...,5i,}
such that, for all 1 < p < g, the colon ideal I(s;p) is generated by a subset
G(s;p) of G and, in addition, G(s;p) has linear quotients.

(2') We say that a subset {s;,,...,s;,} of G has extendable linear quo-
tients of second level if there exists an ordered sequence s = (s;,,...,s;,) of
G with {s;,,...,5,} = {sj,,...,5,} such that, for all 1 < p < n, the colon
ideal I(s;p) is generated by a subset G(s;p) of G and, in addition, G(s;p)
has extendable linear quotients.

(3) We say that a subset {s;,,...,s;,} of G has linear quotients of p-th
level if there exists an ordered sequence s = (sj,,...,5;,) of {si,...,5i,}
such that, for all 1 < p < g, the colon ideal I(s;p) is generated by a subset
G(s;p) of G and, in addition, G(s;p) has linear quotients of (p—1)-th level.

(3") We say that a subset {s;,,...,s;,} of G has extendable linear quo-
tient of p-th level if there exists an ordered sequence s = (sj,,...,s;,) of G
with {ss,...,8i,} = {sj,...,8j,} such that, for all 1 < p < n, the colon
ideal I(s;p) is generated by a subset G(s;p) of G and, in addition, G(s;p)
has extendable linear quotients of (p — 1)-th level.

DEFINITION 2.1. (a) A homogeneous K-algebra A = Ay & A; & --- is
called sequentially Koszul (resp. extendable sequentially Koszul) if A admits
a minimal system of generators G = {s1,...,s,} (C Aj) such that G has
linear quotients (resp. extendable linear quotients) of p-th level for all p > 2.

(b) A homogeneous semigroup ring is called sequentially Koszul (resp.
extendable sequentially Koszul) if its minimal system of monomial genera-
tors has linear quotients (resp. extendable linear quotients) of p-th level for
all p > 2.

Recall from [5] that a homogeneous K-algebra A = Ay ® A; & --- is
called strongly Koszul if A admits a minimal system of generators G =
{s1,...,8n} (C A1) satistying the following condition:

(x) For all subsequences s;,,...,s;, of (s1,...,8,) with iy <--- <
ig and for all 1 < p < ¢, the colon ideal (sil,...,sipfl) D s, 18
generated by a subset of G.
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Moreover, a homogeneous semigroup ring is called strongly Koszul if
its minimal system of monomial generators G = {si,...,s,} satisfies the
condition (%) above. It follows from [5, Proposition 1.4] that a homo-
geneous semigroup ring with its minimal system of monomial generators
G = {s1,...,5n} is strongly Koszul if and only if the colon ideal (s;) : s; is
generated by a subset of GG for all 4 # j. Thus, in particular, any strongly
Koszul semigroup ring is extendable sequentially Koszul.

In [5, Theorem 1.2] it is proved that every strongly Koszul algebra is
Koszul. The technique appearing in the proof of [5, Theorem 1.2] can be
applied to sequentially Koszul algebras and we obtain

THEOREM 2.2. A sequentially Koszul algebra is Koszul. (Thus, in par-
ticular, every extendable sequentially Koszul algebra is Koszul.)

One of the most distinguished classes of extendable sequentially Koszul
algebras is the class of ASL’s. First of all, we recall some fundamental
materials on ASL’s from [4]. See also [3] and [7]. Let K be a field and
A=Ay ® AL ® Ay @ - -- a graded algebra over Ag = K. Let P be a finite
poset which is a subset of A; and suppose that A is generated by P as
an algebra over K. A product of the form ajas--- a4 with each o; € P
is called a standard monomial of A if oy < ag < --- < ay. Then A is an
algebra with straightening laws (ASL for short) on P over K if

(ASL-1) The set of standard monomials of A is a basis of A as a vector
space over K;

(ASL-2) If @ and 8 in P are incomparable and if
aB =" riviy Yis:
%

where 0 # r; € K and v;, < 7,, is the unique expression for a3 in A as
a linear combination of standard monomials guaranteed by (ASL-1), then
vi, < aand y;, < 3 for every 1.

The relations mentioned in (ASL-2) are called the straightening relations.
It then follows that if w = 3155 -+ is a nonstandard monomial of A and if

T
%

with 0 # r; € K and with 7;, < v, < --- is the standard monomial
expression of w, then v;, < 3; for all ¢ and j.
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A poset ideal of a finite poset P is a subset I of P (possibly, empty)
such that @ € I and 3 € P together with 8 < avin P imply g € I. If A is an
ASL on P over K and if I is a poset ideal of P, then the ideal ({{ ;& € I})
of A generated by I has a K-basis consisting of those standard monomials
YirVig - With 5 < yi, < -+ and with y;, € 1.

LEMMA 2.3. Let I be a poset ideal of P and o € P\ I. Suppose that
I'U{a} is a poset ideal of P. Then, in A, we have

({&;6el}):a=({ e P;(Za}).

Proof. First, if ¢ € P with ( 2 «, then (a belongs to ({£ ;£ < a}) by
(ASL-2). Thus, Ca € ({¢: € € I}) since ({¢: € < a}) © ({¢5 € € 1)),

Second, suppose that § € A belongs to ({£ ; &€ € I}) : « and let
d = >, T Vi, be the standard monomial expression of § with 0 #
ri € K and with v;, <y, < --- for each i. Let § = {i ; a < ;,} and
T = {i; a £ v,}. Then, for each i € S, the monomial a-y;, i, - is
standard with oy, v, -+ & ({§ ;5 &€ € I}). If i € T, then every standard
monomial appearing in the standard monomial expression of oy, i, - -+ i8
of the form n;,n;, --- with n;;, <n;, <--- and with n;, < a. Since I is a
poset ideal of P, it follows that ad belongs to ({¢ ; £ € I}) if and only if
S=0. Thus, ({{;€€1}):aC ({C€P;CZa}). [

THEOREM 2.4. Fvery ASL is extendable sequentially Koszul.

Proof. Let P = {ai1,as,...,a,} be a finite poset and suppose that
1< jifa; < ;. Let A=Ay ® A1 ® Ay ® --- be an ASL on P (C Al)
over a field K = Ag. We will prove that the minimal system of generators
P = {a,as,...,a,} has extendable linear quotients of p-th level for all
p =2

Since {a1,@9,...,a;} is a poset ideal of P for every 1 < i < mn,
Lemma 2.3 guarantees that

(041,042,. .. ,Oéi) Q0G4 = ({Ozk ; Ok 2 Oéz‘+1})

for every 1 < i < n. Let {ay ; ap 2 i1} = {oyy, ;... a5, } with
1 <j1 <jo<-<Jg <n. Wewrite (ap,,p,,...,aqp,) for the ordered
sequence (Oéjl,an,...,Oéjqi,atl,atQ,...’Oétniqi) of Pwitht] <to < -+ <
tn—q;- Since {0y, 0p,, ..., qp, } is a poset ideal of P for every 1 < i < n,
it follows that (ap,,ap,,...,0p,) : o, = ({3 o 2 ap.,,}). Now,
continuing such procedures enables us to see that P has extendable linear
quotients of p-th level for all p > 2, as desired. 0
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We next present a class of extendable sequentially Koszul semigroup
rings. Let K[xi,z9,...,x,] be the polynomial ring in n variables over a
field K and write R, 2 for the subring of K[z1,x2,...,2,] generated by
all squarefree quadratic monomials. We call R, 2 the second squarefree
Veronese subring of K[zy,x2,...,xy,]. It is known [13] that R, 2 has a
squarefree quadratic Grobner basis and, in particular, is normal and Koszul.

THEOREM 2.5. The second squarefree Veronese subring R, 2 is extend-
able sequentially Koszul.

We will prove in fact that R, 2 is extendable sequentially Koszul with
respect to the lexicographic order x1x9 > x123 > -+ > 12, > Toxy > - - -
of the generators.

In order to simplify notation we write (ij) for ;x;. If all integers 4, j,
i', j' are different, then we call (ij), (i'j') a bad pair.

LEMMA 2.6. If a sequence L = ((i171),- -, (imJjm)) with (i1j1) > -+ >
(imJjm) satisfies the following condition:

(xx) For every bad pair (ij) > (kl) in L, at least one of the elements
(ik), (il), (jk), (51) belongs to L and is bigger than (kl),

then L has linear quotients and ((4171), ..., (ig—1Jq—1)) : (iqjq) satisfies (xx)
for every 2 < g < m.

Proof. First we compute all colon ideals of the form (i'j’) : (ij) with
(i'3") # (ij). There are two cases to be considered:

Case 1. The number of elements of the set {i',j" 4,5} is 3. We may
assume that i = i. Then (ij) : (ij) = ((§'k) ; k # 7', 7).

Case 2. (i'4"), (ij) is a bad pair. Then (i'j") : (ij) = ((¢'5"), (k) (j'k) ;
k£, 4, 5).

In Case 1, let a € (ij') : (ij) be a semigroup element. Then a(ij) =
b(ij'") for some other semigroup element b. It follows that (kj’) is a factor of
a for some k # j'. If k # j, we are done. Assume k = j. Suppose all factors
(igje), 1 < £ < r, of a contain j. Then j has to appear (r + 1)-times in b,
which is a contradiction. Therefore, a = (5'5)(¢"5")--- where i # j # j".
Since i’ # j”, we may assume i" # j'. Then a = (5'")(jj”)---. This
completes the proof of Case 1.

In Case 2, let a € (i'j') : (ij) be a semigroup element which contains no
factor (¢'5'). Then a = (¢i1)(5'51) ---. If i1 # j1, then a = (¢'5")(4171) - -~
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which is a contradiction. Hence i1 = j; and a = (i'i1)(j’i1) ---. Suppose
i1 = ¢. Then any factor of @ must be (¢i) with ¢ # i, because a contains no
factor (i'j'). Thus, we get the contradiction a & (i'j") : (ij). This completes
the proof of Case 2.

Let now I = ((i11),- .-, (ig—1Jq-1)), 2 < ¢ < m, and a € I : (iqj,) be
a semigroup generator of the colon ideal. Then a € (i,jp) : (iqjq) for some
p < q. If (ipjp), (iqjq) is not a bad pair, then by Case 1, the element a is of
degree 1 (in the algebra).

Now suppose that (ipjp), (iqjq) is @ bad pair. Then by Case 2, if a is
not of degree 1, then a = (i,k)(jpk). By condition (%), at least one of the
two factors (ipk), (jpk) of a belongs to I : (i4j,). Therefore this colon ideal
is linear.

It remains to show that I : (iyj,) satisfies condition (#*). From the
preceding arguments it follows that I : (i4j,) is generated by all ((ipjp) :
(iqjq)) such that (ipjp), (i47q) is not a bad pair. Set i =44, j = j,, assume
i < j, and take a bad pair a, bin I : (ij). Then there exist (isjs), (4¢Ji) € I,
is < Js, i < ji such that (isjs), (ij) and (ij;), (ij) are not bad pairs, and
a € (isJs) : (ij) and b € (i¢jy) : (ij). Therefore a and b are of the form as
described in Case 1. Altogether there are six possibilities to be considered.
We treat one of them, the other cases being similar.

So let ¢ = i; and j = js; then

Qs = (is]) = (i) = ((isk) 1 k # is,9), Qe = (ije) : (i7) = (ki) 3 k # J, je)-

Therefore a = (isk1) for some ky # is,1, and b = (koj;) for some ko # 7, jy.

There are four cases to be considered.

(a) is < k1 and ko < jy. If (isk1) > (k2ji), then iy < ko, and so is < j;.
Since i < jy, it follows that (isj;) € Qs and (isj;) > (k2ji)-

If (isk‘l) < (ijt), then ko < is, and so (kQ’is) € Qs and (kQ’is) > (iskl).

(b) is < k1 and kg > 7. If (iskl) > (jtk‘Q), then iy < j; < ko. Since
i < jg, it follows that (isji) € Qs and (isji) > (jek2).

If (isk1) < (jikz2), then j; < is < k1, and so (jiis) € Qs and (jyis) >
(isk1).

(C) is > k1 and ko < j;. If (k?l’is) > (k‘gjt), then k1 < ko, and so k1 < j;.
Since k1 < j, it follows that (k1j;) € Q; and (k1j;) > (kaji)-

If (k1is) < (kaji), then ko < ki, and so ko < is. Since ko < i it follows
that (k?g’is) € Qs and (k?g’is) > (k‘lis).

(d) is > k1 and ko > ji. If (k1is) > (jiekz), then k; < ji, and since
k1 <is <i < j,it follows that (k1) € Q¢ and (ky1j¢) > (jika)-
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If (k1is) < (jik2), then j; < k1, and so j; < is < i. Hence (jiis) € Qs
and (jiis) > (k1is).

Thus we see that in all four cases condition (xx) is satisfied. This
completes the proof of the lemma. 0

Proof of Theorem 2.5. Fix a semigroup element (i;j;1) and consider the
ideal I} = ((kl) ; (k1) > (i1j1)). In what follows, we call ideals of this form
generated by an initial sequence. By Lemma 2.6 the first quotient J; = I :
(i171) is linear and J; has linear quotients with respect to the lexicographic
order of the generators. Let (i1j1) > (i2j2) > -+ > (iuju) > --- be all

the generators which are not in J; and set I = (J1, (4141),-- - (lp—1Ju—1))
with © > 1. We have to show that Jo = Iy : (iyj,) is linear and has
linear quotients. Then we consider I3 = (Jo, (p1q1), - - -, (Pv—1Gv—1)), where

(p1q1) > -+ > (pvyqv) > --- are all the generators which are not in Jo and
we have again to show that I3 : (p,q,) is linear and has linear quotients.
We continue this procedure which, of course, is finite.

Thus, assume that I = I, for some ¢ > 1 is linear and let (ij) be the
biggest element which is not contained in I. Assume that J = I : (ij) is
linear and that J has linear quotients (with respect to the lexicographic
order of the generators). Let (i1j1) > (i2j2) > --- be all elements which
are not in J, and set L = (J, (4171),- .., (iu—1Ju—1)) and (pq) = (i,j,) with
@ > 1. Note first that by definition of L one has:

(a) if (tk) > (pq), then (tk) € L;

(b) if (tk) < (pq), and (tk) € L, then (tk) € J.

We will show:

(1) L : (pq) is linear;

(2) L : (pq) has linear quotients (with respect to the lexicographic order
of the generators).

In what follows we refer to Case 1 and Case 2 from the proof of
Lemma 2.6, and to condition (%) of the same lemma.

(1) Let a € L : (pq) be a semigroup generator of the colon ideal. Then
a € (rs) : (pq) for some (rs) € L. If (rs),(pq) is not a bad pair, then by
Case 1 the element a is of degree 1 (in the algebra).

Now suppose that (rs), (pq) is a bad pair. Then by Case 2, if a is not
of degree 1, then a = (rk)(sk) for some k # r,s,p,q. If (rs) > (pq), then
t = min{r,s} < p and ¢t < g, therefore (tk) > (pq) which implies that
(tk) € L. Hence a factor of a is in L : (pq).

It remains the case (rs) < (pg). According to (b) we have (rs) € J.
Since by assumption J is linear, from the arguments above it follows that J
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is generated by all (uv) : (ij) such that (uv) € I and (uv), (ij) is not a bad
pair. Thus, there exists (ml) € I such that (rs) € (ml) : (ij) and (ml), (ij)
is not a bad pair. By Case 1 we may assume that (ml) = (ir). Then if
k # j, we have (rk)(ij) = (ir)(kj) € I, therefore (rk) € J. If k = j then
(ra)(iJ) = (ir)(gj) € I, 50 that (rg) € J C L. Since (rj)(pa) = (pJ)(rq).
one obtains that (rj) € L : (pg). This completes the proof of (1

(2) We show first the following claim:

Let (rs) € L : (pg) and assume that (rs) ¢ L. Then we have the
following:

(c) All the elements of the set {r, s, p, q} are different.

(d) If r < s, then (pr) € L or (qr) € L.

Since L : (pq) is linear, as before it follows that (rs) € (ml) : (pq) where
(ml) € L and (ml), (pq) is not a bad pair. By Case 1 we may assume that
(ml) = (pr). Then s # ¢,r and r # p,q, s, and since (pr) € L and by
assumption (rs) ¢ L one has p # s. This shows (c).

Let now r < s. By (c¢) we have r # p,q. Since L : (pq) is linear,
as before it follows that at least one of the elements (pr), (¢r), (ps), (¢s)
belongs to L. If L is generated by an initial sequence, then it is clear that
the claim is true. So, we can assume that (c) is true for all quotients of the
form L' : (p'q') C L, L' # L, which are obtained by the same construction
as L.

Suppose now that (pr) ¢ L and (qr) ¢ L. Then (ps) or (gs) belongs
to L. We may assume that (ps) € L. By (a) one has (pr) < (pq), so that
g < r < s. Therefore (ps) < (pqg). By (b) one obtains that (ps) € J.
Since (pg) ¢ L and (pq) > (ps) € J C L, (ps) does not belong to any ideal
contained in L which is generated by an initial sequence. Therefore there
exists a quotient L’ : (p'q') C L such that (ps) € L' : (p'¢') and (ps) ¢ L’
for some (p'q’) > (pq). Since (ps) € J C L and (ps) ¢ L' one has L' # L,
so that by assumption (p'p) € L' or (¢'p) € L'. First assume (p'p) € L'
Then if ¢ # ¢/, one has (pq)(p'¢') = (p'p)(¢'q) € L', therefore we obtain
the contradiction (pq) € L' : (p'q’) C L. Hence ¢ = ¢’. But then r # ¢/,
so that (pr)(p'q") = (p'p)(rq’) € L'. Hence (pr) € L' : (p'q’) contradicting
our assumption. Suppose now that (¢p) € L’. Then if ¢ # p/, one has
(pq)(p'd") = (¢'p)(ap’), and if ¢ = p', then (pr)(p'q’) = (¢'p)(p'r). In each
case we get a contradiction which shows (d).

We will show that L : (pq) satisfies condition (*x). This will imply that
L : (pq) has linear quotients, see Lemma 2.6.

If L is an ideal generated by an initial sequence, then by Lemma 2.6,
L : (pq) satisfies condition (%), so we may assume that .J satisfies (xx).

).
£l =
1.
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Let a = (st) > b = (ml) be a bad pair in L : (pg). Since L : (pq) is
linear, as we noted already, we have a € (wwv) : (pq) and b € (u/v') : (pq)
with (uv), (u'v’) € L such that (uv), (pg) and (u'v'), (pq) are not bad pairs.
We may assume that (uv) = (gs), so that ¢ # p. There are two cases:
(u'v") = (pl) and (u'v') = (gl). We will consider the first one, the other
one being treated similarly. So, assume b € (pl) : (pq), (pl) € L. Since
(sl)(pq) = (pl)(¢gs) € L, one obtains that (sl) € L : (pq), therefore if
(sl) > b we are done. Hence we may assume (sl) < b = (ml), i.e., m < s.
Then since a > b, one obtains t < s, t < m and ¢ < [. Therefore (tl) > b.
If t # g, then (tl)(pg) = (pl)(tq) € L, so that (tl) satisfies the desired
condition. So, we may assume that t = ¢. Thena € L. If m =pthenb € L
too. Since (gp) > a > b, by (b), a,b is a bad pair in J and by assumption
J satisfies (xx). Therefore (gl) or (ps) belongs to J C L. Hence we may
assume m # p. Then (ms)(pq) = (¢s)(mp) € L, so if (ms) > b we are done.

Thus it remains the case a = (¢s) € L, ¢ < 1 < s, ¢ < m < s, and
p # q,s,m,l. We have to show that (¢/) € L : (pg) or (¢gm) € L : (pq). If
(ql) > (pq) or (gm) > (pq) then by (a), (¢l) € L or (gm) € L. Therefore
we can assume (¢l) < (pq) and (gm) < (pq), i.e., p <l and p < m. Then
a < (pq), so that by (b), a € J. Since a is not contained in any ideal
generated by an initial sequence and included in L, there is a quotient
I' : (i'3") € L such that a € I' : (i'j') and a ¢ I'. According to (d) one
has (i'q) € I' or (j'q) € I'. We may assume that (i'q) € I'. Since m # [,
one of m, [ is different from j', say I # j'. Then (¢l)(Vj) = (Vq)(lj') € I,
therefore (ql) € I' : (i'4") C L. [

§3. Shellability of divisor posets

The purpose of the present section is to show that the divisor poset of
a homogeneous semigroup ring is A-shellable if and only if the semigroup
ring is extendable sequentially Koszul.

Given a homogeneous semigroup ring A over a field K, we write 34 for
the infinite poset consisting of all monomials belonging to A, ordered by
divisibility. Thus, for monomials v and v of A, we have u < v in X4 if and
only if v = uw for some monomial w of A. Then X4 is locally finite and
pure, and possesses a unique minimal element 1 (€ K). The infinite poset
Y4 is called the divisor poset of A.

We now come to the main theorem of the present paper.

THEOREM 3.1. Let A be a homogeneous semigroup ring and X4 its
divisor poset. Then A is extendable sequentially Koszul if and only if Y4
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1s A-shellable.

Proof. (“only if”) Let G = {s1,..., Sy} denote the minimal system of
monomial generators of A. First, since A is extendable sequentially Koszul,
we can find an ordered sequence sy of G which has extendable linear quo-
tients of any level. Second, for each 1 < p < n, let s1(p) denote an ordered
sequence of GG, which has extendable linear quotients of any level, aris-
ing from the colon ideal I(sg;p). Note that s;(1) = sg. Next, for each
1<p<nand1l<p <n,let so(p,p’) denote an ordered sequence of G,
which has extendable linear quotients of any level, arising from the colon
ideal I(s1(p);p’). Note that so(p,1) = s1(p). Continue these procedures,
and we obtain an ordered sequence s, (p1, p2, - . ., pq) of G, which has extend-
able linear quotients of any level, for all ¢ > 0 and for all (p1,p2, ..., p,) with
each 1 < p; < n. The ordered sequences sq(p1, p2, ..., pq) of G occurring in
the step ¢ are called the g-th derived sequences of G.

Now, for each saturated chain 1 = ug — uy — --- — u4 of ¥4 of length
q starting from 1, we associated a ¢-th derived sequence of G as follows.
First, for the unique saturated chain of length 0 starting from 1, we associate
the 0-th derived sequence sg. Second, noting that each element u of X4
has n covering elements uG = {usy,...,us,}, if sq_1(p1,p2,...,Pg—-1) =
(Siyy---»Si,) is the (¢ — 1)-th derived sequence associated with 1 = uy —
up — -+ — ug—1 and if ug = ug_1s;,, then the g-th derived sequence
associated with 1 = ug — u; — --+ — 14 will now be the ordered sequence
sq(P1,p2; - -, Pg—1,p) of G arising from the colon ideal (s;,...,5:, ) : 8i,.

fC:1=mwuy— u — --- — uy is a saturated chain of ¥4 of length
q starting from 1 and if sy(p1,p2,...,pq) is the ¢g-th derived sequence as-
sociated with C, then we define A(C') € Z? to be A(C) = (p1,p2,---,Pq)-
Then A is a chain-edge labeling of ¥ 4. We claim that the map A is a A-
labeling of ¥ 4. The condition (A-1) is obviously satisfied. To see why A
satisfies the condition (A-2), fix a saturated chain C : 1 = ag — a1 —

- — ag-1 — o of ¥y with AM(C) = (p1,p2,...,pq), and let oy —
and oy — 7 with § # 7 such that § covers an element o/ € ¥4 with
ag-1 — o satisfying A((C'\ {ag}) U{d'}aq-1 — ) < MCsa4-1 —
a,) and that 7 covers no element o’ € Y4 with ay—1 — o satisfying
MC\A{ag}) U{d' }saq-1 — o) < MCiaq-1 — ag). Let (siy,...,,) de-
note the (¢ — 1)-th derived sequence associated with C'\ {a,} and o =
ag-15;,- Let o/ = ay_1s;, with a < b and suppose that § covers o/. Then
Blog € (si,) t Siy, C (Siys---28iy_q)  Siy, While v/ag & (Siy, .., Siy_y) © Siy-

Hence, if (siy,...,8, ,) : si, = (8j,,...,84.) with j1 < --- < j., then
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AMCUA{B};aq — B) <c < MCU{v};a4 — 7), as desired.

We now prove that the A-labeling A is a A-shelling of X 4. Let u € X4
and M (u) the set of maximal chains of [1, u].

Let § be the cardinality of any maximal chain of [1,u]. Let C,C" €
M (u) with A(C") <jez A(C) and §(C' N C) < § — 1. We must show that
there exists C” € M (u) with A(C") <jez A(C) such that C’'NC c C"NC
with C'NC #C"NnC. Let C : 1 =wuy — uy — -+ — us = u and
C'":1=wvy — vy — -+ — vs =u. Let g denote the smallest integer for
which ugy1 # vgy1 and let p denote the smallest integer with ¢ < p for
which u, = v,. If p = ¢+ 2, then

C”:lﬁu1—>"'—>Uq—>Uq+1—>Uq+2—>"‘—>u6

is a desired maximal chain of [1,u]. Next, suppose that p > ¢+ 2. Let s =
(Siyy---,Si,) denote the g-th derived sequence associated with the saturated
chain 1 — u; — --- — wuy of length ¢q. Let vy41 = VgSi; and ug41 =
ugS;,. Then j < k since A(C") <jez A(C'). Hence, w = wup/uqg41 belongs to
(Sirs-w-sSip_y) ¢ Sip- Let 8 = (sj,,...,sj,) denote the (¢ + 1)-th derived

sequence associated with the saturated chain 1 — uy — -+ — uy — ug41
of length ¢ + 1 and suppose that the colon ideal (s;,...,s;, ,) : s;, is
generated by {sj,,...,s;,}. Then w = w's;, for some 1 < r <t and for
some w’' € ¥ 4. Let sj, = ugta/ug41.

We distinguish the two cases; one is the case with s;, € (s4,,...,54,_,):
si, and the other is the case with s;, & (si,...,si,_,) : si,. If 55, belongs
to the colon ideal (s;,,...,si, ) : si,, then s;,s;, = s;,, 5, for some m and

n’ with 1 <m < k. Let w41 = u48;,,. Thus ugyo = wgy15,. Then
C//:1_>u1_>,.._>uq_>wq+1_>uq+2_>..._>u6

is a desired maximal chain of [1,u|. If s;, & (si,...,%i ,) : Si, then
r <t </l Let wgto2 = ug415j5,. Then wyis < up in X4 since uy = ugpw =
Ugr1w'sj, = w'wgyo. We choose any maximal chain wgyo — wgyg — -+ —
up of [wy42,up]. Then

C//:1_>u1_),.._>uq_)uq+1_)wq+2_)wq+3_)...
T Uy > Uppl UG

is a required maximal chain of [1,u].

(“if”) Let ay, ..., a, denote the monomial generators of A and A a A-
shelling of 3 4. First, supposing that A(1 — a1) < -+ < A(1 = ), we will
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prove that the sequence a = (o, ..., a;,) has linear quotients. Write I; for
the colon ideal (o, ...,q;—1) : o; for each 1 < i <n. Let w be a monomial
of A belonging to I;. Then wa; = w'a; for some 1 < j < i and for some
monomial w’ of A. Let u = wa;. Then o; < w and o < u in X4. Let
C:1— a; — (— -+ — ube the maximal chain of [1, u] such that (xx*x) for
all maximal chain C’ (# C) of [1, u] with a; € C’, we have A\(C') <jep A(C”).
Since A(1 — o) < A(1 — o), it follows that the maximal chain C cannot
be the first maximal chain of [1,u] with respect to <j,. Since A is a A-
shelling, we can find a maximal chain C” of [1,u] with A(C”) <je; A(C) and
with $(C"”" N C) = ¢ — 1, where ¢ is the cardinality of any maximal chain of
[1,u]. Let ap € C”. Then, by (xxx) and by A(C") <jep A(C), we have k # i.
Hence k < i. Moreover, since §(C”" N C) = § — 1, we have 1 — a;, — (.
Let 8 = ooy with 1 < ¢ < n. Since € (ay) with k < i, we have ay € I;.

Moreover, w € (ay). Hence I; is generated by a subset of {aq,...,a,}, as
desired.
Second, for each 1 < i < n, write I; = (o, ... ,osz(i)) with
)\(C}l;ai — OziOéjl) < e <K )\(Cjz-pm;ozi — OziOéjp(i)),
where Cé is the saturated chain 1 — «; — «ajap of ¥ 4. Let {aji’ ey (,)}
n—p(i

denote the set of all ;’s with a; ¢ I; and suppose that

)\(C’;i;ai — oziozji) << )\(C’-;_p(i);ai — oziozj;l_p(i)).
By virtue of the technique appearing in the first paragraph, in order to
show that the ordered sequence

(Otjl, ce ,ajp(i),aji, e ’Oéj;z—p(i))

of {a1,...,a,} has linear quotients, noting that A is also a A-shelling of
[aij, 00) in the obvious way, it is enough to show that )\(Cji»q; a; — oy, ) <
MO — azoy) for all 1 < ¢ < p(i) and for all k € {j],... ,j;ﬁp(i)}. Since
a;, belongs to I;, there is j < ¢ with 1 — «a; — a;a;,. Moreover, since
ap € I;, there is no j < i with 1 — o — a;0y. Hence, by (A-2) we have
)\(Cji»q; a; — oo, ) < A( ,i; a; — a;ay), as required.

Now, repeated application of the discussion in the second paragraph
completes the proof of the “if” part of the theorem. 0

Let A be a homogeneous semigroup ring and P the minimal system of
monomial generators of A. Then A is called a monomial ASL if A is an ASL
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with respect to a partial order on P over K. See [10]. Since a monomial
ASL is an extendable sequentially Koszul semigroup ring (Theorem 2.4),
we immediately obtain

COROLLARY 3.2. The divisor poset of a monomial ASL is A-shellable.

Let A= Ay ® A1 @ --- be a homogeneous K-algebra. Recall that the
d-th Veronese subring of A is the subalgebra AD = Ag D Ay ® Aoy ® - - -
of A. If A is a homogeneous semigroup ring with the divisor poset X4,
then the divisor poset of its d-th Veronese subring A(® is the rank-selected
subposet of ¥ 4 of order d. Hence it follows from Theorems 1.1 and 3.1 that

COROLLARY 3.3. All Veronese subrings of an extendable sequentially
Koszul semigroup ring are extendable sequentially Koszul.

It is known [5, Proposition 1.4] that a homogeneous semigroup ring is
strongly Koszul if and only if its divisor poset is wonderful (locally semi-
modular). Since a strongly Koszul semigroup ring is extendable sequentially
Koszul, we have

COROLLARY 3.4. A wonderful divisor poset is A-shellable.
We conclude this paper with a few examples and questions.

ExXAMPLE 3.5. (a) The homogeneous semigroup ring [9, Example 2.2]
is extendable sequentially Koszul, but not strongly Koszul. This semigroup
ring is generated by the squarefree cubic monomials

L1X2T3, T1X3T4, T1L4X5, L1L2T5, L2LILE, L4L5L6, L3L4XL7, L2T5LT7.

Hence the divisor poset of this semigroup ring is A-shellable, but not won-
derful. Moreover, this ring possesses no quadratic Grobner basis. Thus
we can obtain an example of a homogeneous semigroup ring having no
quadratic Grébner basis whose divisor poset is A-shellable.

(b) Since the second squarefree Veronese subring R, o is extendable
sequentially Koszul for all n, its divisor poset ¥g, , is A-shellable. It is
shown [8, Theorem 2.3], however, that R, is quasi-poset if and only if
n < 4. Hence the shellability of ¥ g, , with n > 5 does not follow from [11,
Corollary 3.6].
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QUESTION 3.6. Is the divisor poset of a sequentially Koszul semigroup
ring shellable?

QUESTION 3.7. Is there a Koszul semigroup ring whose divisor poset
is nonshellable?
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