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SYMMETRIES IN THE FOURTH PAINLEVE
EQUATION
AND OKAMOTO POLYNOMIALS

MASATOSHI NOUMI anp YASUHIKO YAMADA

Abstract. The fourth Painlevé equation Pry is known to have symmetry of the
affine Weyl group of type Agw with respect to the Bécklund transformations.
We introduce a new representation of Pry, called the symmetric form, by taking
the three fundamental invariant divisors as the dependent variables. A complete
description of the symmetry of Pryv is given in terms of this representation.
Through the symmetric form, it turns out that Pry is obtained as a similarity
reduction of the 3-reduced modified KP hierarchy. It is proved in particular that
the special polynomials for rational solutions Pry, called Okamoto polynomials,
are expressible in terms of the 3-reduced Schur functions.

It is known by K. Okamoto [7] that the fourth Painlevé equation has
symmetries under the affine Weyl group of type Agl). In this paper we
propose a new representation of the fourth Painlevé equation in which the
Agl)—symmetries become clearly visible. By means of this representation,
we clarify the internal relation between the fourth Painlevé equation and
the modified KP hierarchy. We obtain in particular a complete description
of the rational solutions of the fourth Painlevé equation in terms of Schur
functions. This implies that the so-called Okamoto polynomials, which arise
from the 7-functions for rational solutions, are in fact expressible by the 3-

reduced Schur functions. !

§1. A symmetric form of the fourth Painlevé equation

The fourth Painlevé equation Pyy is the following second order ordinary

Received November 4, 1996.

! After completing this paper, the authors were informed by K. Kajiwara and Y. Ohta,
that they obtained independently the expression of Okamato polynomials in terms of
Schur functions.
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differential equation

1 3 b
1'1 //:_ "\2 _3 4.t2 2t2_ _
(1.1) y 2y(y)+2y+ Yo+ 2 a)y+y
for the unknown function y = y(t), where " = d/dt and a,b € C are param-
eters. It is known by K. Okamoto [7] that equation 1.1 is represented as the
following system for the two unknown functions ¢ = y and p:

q' = q(2p — q—2t) — 2(v1 — v2),

(1.2)
P =p(2q —p+2t) +2(vy — v3).

This equation, called Hpy, is in fact a Hamiltonian system

, 0H ,  0H

1. _ o _ o
(1.3) =%, 7 9

with polynomial Hamiltonian
(1.4) H = qp® — ¢°p — 2tpq — 2(v1 —v2)p — 2(vy — v3)q.

The parameters v = (v1,v2,v3), (v1 + v2 + v3 = 0) in 1.2 and (a,b) in 1.1
are related through the formulas

(1.5) a=1+3v3, b=—2(v —wy)*

The equivalence between 1.1 and 1.2 can be checked directly, but it requires
a tedious calculation. (This calculation is fairly simplified by the “symmet-
ric” representation which we will propose in this paper. See the proof of
Theorem 1.1 below.)

It is clearly seen from 1.2 that, if vy —vs = 0 or v9 — v3 = 0, the
Hamiltonian system Hyy has classical solutions such that ¢ = 0 or p = 0.
In these cases, equation 1.2 is reduced to the Riccati equations p’ = —p? +
2tp + 2(vg — v3) and ¢ = —¢® — 2t — 2(v; — va) respectively, and they
are furthermore linearized to Hermite-Weber equations. In this sense, the
Hamiltonian system Hyy, 1.2, has invariant divisors ¢ = 0 and p = 0 along
the lines v; — v9 = 0 and vy — v3 = 0, respectively. It should be noted that
equation 1.2 has one more typical invariant divisor ¢ — p 4+ 2¢ = 0 along the
line v1 —vg = 1. In fact equation 1.2 implies

(1.6) (q—p+2t) = —(¢g—p—2t)(qg+p) +2(1 — vy +v3).
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It is known by [6] that these three polynomials ¢, p and ¢ — p + 2t generate
essentially all the invariant divisors of the fourth Painlevé equation 1.2.
Note that the three simple affine roots 1 — v1 4+ v3, v1 — v9, vo — v of type
A(QI) are already involved in these equations. We denote by

(1.7) V ={v=(v,v9,03) € C3; v + vy +v3 =0}

the parameter space for the system 1.2.

We now propose to treat the three typical invariant divisors ¢, p and
q — p + 2t equally so as to obtain a “symmetric” representation of the
fourth Painlevé equation. We introduce the three dependent variables f =
(fo, f1, f2) as follows. Fixing a nonzero complex number ¢ € C*, set

(18) fO:c(q_p+2t)v flz_cqa fQZCpu
and rescale the independent variable as x = —t/c. Then we have
f(/) - fO(fQ - fl) — 202(1 — VU1 + ’Ug),
(1.9) fi=Filfo = f2) = 2¢2(v1 — va),
fo = Fa(fr = fo) = 2¢*(va — v3),
where ’ = d/dz. With the normalization ¢ = /—3/2, we set
(1.10) ag=3(1-vi+wvs), a1=3(1—v2), az=3(v2—u3).
Then we have

THEOREM 1.1.  The fourth Painlevé equation 1.1 (or 1.2) can be writ-
ten in the following symmetric form:
fo+ folfi = f2) = ao,
(1.11) fi+ filfa = fo) = e,
[+ fofo = f1) = o,

with normalization
(1.12) fo+ f1+ fo =3z,

where ' = d/dx and ag, a1, a9 € C are parameters with og + a1 + ag = 3.
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Proof. The equation 1.11 has been derived from the Hamiltonian sys-
tem 1.2; it is clear that these two are equivalent. We will show the equiva-
lence of 1.1 and 1.11 (with normalization 1.12). This gives in fact an easier
way to establish the equivalence between 1.1 and 1.2. Taking a derivative
of the second equation of 1.11, we have

U+ filfe = fo) + f1(fs — fo) = 0.

Substituting the first and the third equations of 1.11 to this, we obtain

U+ f1(fa = fo) — 2fofofr — (@0 — a2) f1 + (fa + fo) fi = 0.

Then, by using the relations

fom fo= i —8e— fi Afofa= (Fat S0 — (o fo)

fi
we have
1f? 3 9 a1
{I - 5% - ing + 633f12 + (—§$2 — (Ozo — 042)> f1 + TIE =0.
This is transformed into the equation 1.1 by the rescaling fi = —cy, * =
—t/c, ¢ = y/—3/2 and the change of parameters 1.5, 1.10. b

We remark that our equation 1.11 has the following rational solutions:

(A) (Oé(),Oél,OéQ;fO,fl,fQ) = (]—7 ]-a 17 LE,LE,.’E),

(1.13)
(B) (Oéo,Oél,OZQ;fO,fl,fQ):(370,0;3I,070)-

From the work of Y. Murata [4], it follows that all the rational solutions of
1.11 are obtained from these two particular solutions by Béacklund trans-
formations. There are classical solutions obtained as Backlund transforma-
tions from the solutions of Riccati type along the three lines ag = 0, a3 = 0,
ag = 0. Any other solutions are non-classical in the sense of H. Umemura
[9] (see also [6], [7]). It should also be noted that our equation 1.9 reduces
to the Kac-Moerbeke integrable system [3] in the degenerate limit ¢ — 0.
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§2. Backlund transformations and the affine Weyl group

We now discuss symmetries in the fourth Painlevé equation represented
by 1.11 with the normalization of 1.12. In what follows, we regard ag, a1,
as as coordinate functions (with ag + a1 + s = 3 ) of the parameter space
V.

We consider the affine Weyl group W = (sq, s1, s2) of type Agl) with
fundamental relations
(21) 812 == 1, SiSi4+15i = Si+1S5iSi+1 (’L == O, 1, 2)

Here the subscripts are understood as elements of Z/3Z. This convention
for subscripts will be applied to other variables «;, f;, etc., as well. We

denote by W = (s, s1, s2, ) the extension of W obtained by adjoining the
following Dynkin diagram automorphism 7:

(2.2) =1, mws;=sqm (i=0,1,2).

The affine Weyl group W acts naturally on the coordinate ring Cla] of V/
through the algebra automorphism sg, s1, s2 and 7 of C[a] determined by

(2.3) si(ei) = —aq, si(ag) =aj +a; (1 #£7), () =ajp

for i,57 = 0,1,2. When we consider the action of W on the parameter space
V, we will use the action such that (w.¢)(v) = p(w™l.v) for any v € V
and ¢ € Cla]. The action of W on V is given as follows:

s0.v = (v3 + 1,v9,v1 — 1), s1.v = (v9,v1,v3),

(2.4)

52.v = (v1,v3,v2), W.V:(U3+%,Ul—%,’l}2—%).

for any v = (v1,v9,v3) € V.

One advantage of our representation 1.11 is that the action of the affine
Weyl group W on the fourth Painlevé equation can be described in a com-
pletely symmetric way on the dependent variables fy, f1 and fs. The action
of W on C|a] extends in fact to the whole differential field K = C(c; f) as
follows.
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THEOREM 2.1.  The fourth Painlevé equation 1.11 is invariant under
the following transformations sg, s1, S2 and w:

s0(fo)=fo, N s1(f1)=r1, N s2(f2)=f, N 7(fo)=/1,
so(fi)=fi — o si(fo)=fo— o s2(fo)=fo — =, 7(fi)=rfa

fo f1 fo
(2.5) 50(f2):f2+%, Sl(fo):foJr%, 82(f1):f1+%, 7(f2)=fo,
so()= — ap, s1(a1)=—aq, so(a2)= — ag, 7(o)=an,
so(ar)=a1 + ap, si(ae)=az+ a1, sa(ag)=ag+ o, 7(a1)=as,
so(ag)=as + ag, si1(ag)=ag+ a1, s2(aq)=aq + s, 7(ag)=ay.

Furthermore, these transformations define a representation of the affine
Weyl group W = (sg, s1, 82, 7). Namely, W acts on the differential field
K = C(as f) as a group of differential automorphisms.

Theorem 2.1 is proved by straightforward computations. The transfor-
mations described above will be called the Bdcklund transformations of
the fourth Painlevé equation 1.11. Note that the independent variable
x = (fo+ fi + f2)/3 is fixed under the action of W.

Note that, for any w € W, one obtains three linear functions Gy =
w(ap), f1 = w(ay), Po = w(az) in ap, a1, ay. Theorem 2.1 then implies
that, one can specify certain rational functions gy = w(fo), g1 = w(f1),92 =
w(fg) in fo, f17 fg, ap, 1, Q2 such that

(2.6) g+ 9i(git1 — git2) = B (1 =0,1,2).

Namely, if (fo, f1, f2) is a (generic) solution of 1.11 with parameters (ag, a1,
ag), then (go, g1, 92) is again a solution of the same system with parameters
(Bo, 81, B2). We give an example below to show how the dependent variables
fo, f1, fo are transformed under the action of the affine Weyl group.

EXAMPLE. For w = s159, the Bécklund transformation w(f1) =
s180(f1) is computed as follows:

(2.7) f oo, fohizoo s fAilfofi = ao)

Jo fofi + o
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Similarly we have

fo=w(w) =a—3, f1=wla)=a, [ =wla)=a+3;

go = w(fo) = (fofi +a1)(fife— 1)+ (3 —a2)f?
S FiCods o) .

If we specialize these formula to the particular solution

(29) (Od(),Oél,OéQ; f07f17f2) = (171717 .Q?,.CU,.CI?),

we obtain another rational solution

(2.10)  (ao, 1,005 fo, f1, f2)

_(-2.1.4: 2?2 +1 x(2?—1) ot +22%2 -1

(22 41)7 z(x?2+1)

).

A complete description of rational functions in x arising in this way will be
given later in this paper.

Remark. The Bécklund transformation so(f1) = f1 — %, for example,
becomes singular when applied to a particular solution such that fy =
0. This sort of problem, however, is only apparent since such a solution
arises only under the condition ay = 0 as one sees immediately from 1.11.
When ag = 0, it is natural to understand that the Backlund transformation
so becomes the identity transformation. In general, each g; = w(f;) is a
rational function in («; f) and its denominator possibly becomes identically
zero when one specializes («; f) to certain particular solutions. Such a
phenomenon occurs however only when some of the parameters ag, ai,
g are in 37Z. In such cases, critical factors in the denominator of g; =
w(f;) can actually be eliminated by specializing the parameters (ag, o, a2)
in advance. With this regularization, our Backlund transformations w(f;)
make sense for any particular solution.

§3. 7-Functions

In this section, we show that our equation 1.11 for f = (fo, f1, f2) can
be bilinearized by introducing a triple of 7-functions 7 = (79, 71, 72). We
also study the Bécklund transformations on the level of 7-functions.



60 M. NOUMI AND Y. YAMADA

We introduce the 7-functions 1y, T, T to be the dependent variables
satisfying the following equations:

fo=(log 2y va=T0 224y
T2 T T2
T T
(3.1) fi=(log=2) +z==2—-"L1q
0 T2 70
T 7 1
fo=(log=2)Y +2x==2—1 44
T To T1

We fix the freedom of overall multiplication by a function in defining 7, 71,
T9, by imposing the equation

(3.2) 2(log Tori72)" + (fo— 2)* + (fi — 2)* + (f2 — 2)> = 0.

To be more precise, we first introduce a variable g (determined from fo, fi,
f2 up to an additive constant) as an integral of the equation

(3.3) 29’ + (fo—2)’ + (fi —2)* + (fo—x)* = 0.

Then we require that the 7-functions 7y, 71, 7 should satisfy

(3.4) g = (logTomim2) = To 4+ =+ —.
To T1 0 T1

Note that, under the conditions 3.1 and 3.4, the 7-functions 7y,71,70 are
determined by the equations

log ) = = 2(9— f1 + fo),
(3.5) (logmi) = T_i = é(g—f2+fo),
log )’ = 2 = 29— fo + ),

up to multiplicative constants, respectively. We remark that the integration
constant in g has the effect of multiplying each 7; by the exponential of a
linear function in .

In order to describe the differential equations to be satisfied by the 7-
functions, we recall the definition of Hirota’s bilinear equations. Let P(0y)
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(0y = d/dz) be a linear differential operator in the z-variable with constant
coefficients. Then Hirota’s bilinear operator P(D,) is defined by

(3.6) P(Dy) F(z) - G(z) = P(9y)F(z +y)G(x = y)ly=o,
for a given pair of functions F(z), G(z).

THEOREM 3.1.  The fourth Painlevé equation 1.11 for fo, f1, fo, to-
gether with the integral g of 3.3, is equivalent to the following system of
Hirota bilinear equations for the triple of T-functions 19,71,72:

(D — D, ao_al)m'ﬁ:o,

al] —
(3.7) (Dg—xDx— 13 2) T -T2 =0,
(D§—$Dx—a2;a0)7'2'7'0:0

Proof. Note first that, in terms of the logarithms F; = log7; (i = 0,1, 2)
of 7-functions, the dependent variables fy, f1, fo are expressed as follows:

fo=F —-Fy+x, fi=F—-F+x, f=F—-F+x,

B8) Rt H R

The three equations of Theorem are rewritten into the following equations
for Fo, Fl, ng

Fy + F{ + (Fy — F})? = a(Fy — F) - === =0,
(3.9) Fl + F + (F| — F)? — o(F] — F}) — 2. ; @2 _,
FY + F + (F,— F)? — a(F) - F) — 22 3 2 o,

Taking the sum of these three equations, we have
(3.10) 2(Ey + FY' + Fy) + (F] — F3)* + (F3 — Fp)? + (Fy — F{)* =0,

which corresponds to the equation 3.3 for g. By subtracting the third
equation of 3.9 from the first, we have

(3.11) F —F —(F{-Fy+2)2F,—F - F})) —ap+1=0,

which corresponds to the differential equation for fy. Similarly we have the
equations for f; and fo from 3.9. It is also clear that the equations 3.9 are
recovered from 3.10 and the three equations which correspond to 1.11. []



62 M. NOUMI AND Y. YAMADA

Remark. Consider the differential field K(g) = C(«; f)(g) obtained
from K = C(a; f) by adjoining a variable g on which the derivation ’
acts by the formula 3.3. Then Theorem 3.1 implies that this differential
field is isomorphic to the differential field C(«)(z, F{, Fy, F) defined by
the relations 3.9. Note that, by 3.9 and 3.10, each second derivative F’
(i =0,1,2) can be expressed in terms of x and Fjj, F}, Fi:

Q41 — Q42
(3.12) F{' +a(Fiyq — Fo) + (F] — F 1) (F] — F1o) + % =0
for i = 0,1,2. This system is also equivalent to the equation 3.7 for the triple
Ty, T1, T2 of 7-functions. Note that the differential field of our 7-functions
is defined as C(«)(z, 70,71, 72, T, 71, T5) by 3.12, regarded as equations for
T-functions.

One important fact is that the action of the affine Weyl group on the
f-variables lifts to the level of T-functions.

THEOREM 3.2.  The 7-functions (10,7T1,72) allow an_action of the
affine Weyl group W which is compatible with the action of W on fo, f1, f2
of Theorem 2.1. Their Bdcklund transformations are again expressed by
Hirota’s bilinear operators as follows:

1

s0(10) = —(Dy + )11 - 1o = —(T{T2 — T1TH + XT1T2),
70 70

1 1
s1(11) = —(Dy +x) 72 - 19 = — (1570 — T2T) + TT270),

(3.13) T1 T1
1

s2(m) = —(Dy +2) 10 - 71 = — (7411 — T0T| + TTOTL),
Ty Ty

si(Tj) =Tj (27éj)7 W(Tj) = Tj+1 (i7j:0a172)7
while sg, $1, 82 and ™ act on ag,a1,as in the same way as in Theorem 2.1.

Proof. We first extend the action of W on C(a; f) to C(e; f)(g), or
equivalently to C(«)(z, Fj, F{, F3). From 3.3 we have

(3.14) so(d) =9+ (- fQ)% B (%)2 =4 - ozo;_(%

by 1.11. Hence we have

fi (i=0,1,2), w(¢)=4d.

(3.15) si(d) =g — ozl-f—i2
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In view of these, we define the action of W on g by

(3.16) sz-(g)=g+% (i=0,1,2), 7(g)=g.

2

One can check that 3.16 gives rise in fact to a representation of W on
C(a; f)(g). On the variables F{, F|, F}, equation 3.5 together with 3.16
immediately implies

These formulas justify the definitions of 3.13 other than those for s;(7;)
(1 =0,1,2). As to so(1p), we compute

/ /
(3.18) so(F) = Fy+ 0 =B+ 20 fy— fy = R+ B+ B+ 0.
fo fo fo
This leads to the definition
LT TTo T T 1
(3.19)  so(m0) = ifo = g(—1 —- 2 +z)=—(Dg+ )71 - 2.
70 0 T1 ) 0

One can check by straightforward computations that the definition 3.13 thus
obtained defines an action of W on the differential field C(a)(z, 19, 71, 72, 7,
71,74) as a group of differential automorphisms. 0

We remark that the Bécklund transformations s;(7;) of Theorem 3.2
possibly become zero for solutions reducible to Riccati equations, while
they can be applied repeatedly as long as the 7-functions remain nonzero.
If (19,71, 72) is a generic solution, we obtain the Backlund transformations
(w(7o), w(r1), w(rz)) for any w € W, by Theorem 3.2.

From the formula 3.19 in the proof of Theorem 3.2, we have

COROLLARY 3.3. In terms of the T-functions 1y, T1, T2, the depen-
dent variables fo, f1,fo of the fourth Painlevé equation 1.11 are expressed
multiplicatively as follows:

(3.20) fo= 7o 50(70) f=0 s1(71) fo 52(72)

T1 T2 ’ T2 70 ’ T0T1

The relation between the f-variables and the six 7-functions in Corollary 3.3
can be represented graphically as in Figure 1. Note also that 3.20 implies

(3.21) T&So(To)—|—T1281(7'1)+7'2282(7'2) :3$7071T2.
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s0(70)
\ f2 /
Figure 1: Six 7-functions

EXAMPLE. As to the rational solution 2.9 the corresponding 7-func-
tions and their adjacent Backlund transformations are given by

(3.22) (10,71, 72) = (1,1,1), (so(70),51(11), 52(T2)) = (z,x, x).
As to the rational solution 2.10, we have

(10,71, 72) = (22 +1,2,1),
(3.23) )

(s0(10),51(11), 82(12)) = (1,22 — 1,2 +22% — 1).

These are examples of Okamoto polynomials which will be discussed in the
next section.

Another corollary of Theorem 3.2 is the Toda equations for our 7-
functions.

COROLLARY 3.4. The fourth Painlevé equation 3.7 for the triple of
T-functions 1y, 71, To itmplies the following equation of Toda type:

o] — Qg 81(7'1)82(7'2)

(3.24) (log 70)" + z? + = 3 )
3 75
namely,
1 ap — o
(3.25) (ED?C + 22+ 221 1 = s1(m1)s2(72).

Proof. From Corollary 3.3, we have

(3.26) fifp = Slm) oa(m)

70
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On the other hand, substitution of the formulas
(327) FQ,—F(;:fl—.’E, Fé—F{ :fg—.’E, F{—FQI :233—f1—f2

into 3.12 with ¢ = 0 gives

a1 — Q3
3

(3.28) F) + 2% + = fifo.
Equating 3.26 and 3.28 we obtain the equation of Corollary as desired. []

Our 7-functions are slightly different from those introduced by K.
Okamoto [7]. In our formulation, the 7-function in the spirit of Okamoto,
say TOk, can be defined through the integral of a “Hamiltonian” as follows:

(3.29) H = é(f0f1f2 +anfo — anfr) = (log 7K.

Note that this implies (log TOk)” = H' = f1fs. Let us introduce the triple
of 7-functions of Okamoto type by

(3.30)  (logroX) = Hy, (logr%) = Hy, (log r9K) = Hy,

where we define Hy = H, H, = w(H), Hy = w2(H) by rotation. This
implies

Tlok / TQOk /
fo = (log E) +apz, f1 = (log ﬁ) + oz,
(3.31) s 70
-
fo = (log ﬁ)' + asx.
1

(Compare these formulas with our definition 3.1.) From 3.28 we also see

that
(332) T(?k _ 6x4/12+(a17a2)12/6 0

up to the multiplication by the exponential of a linear function in zx.

§4. Rational solutions

In this section, we give an explicit description of the rational solutions
of the fourth Painlevé equation 1.11 in terms of Schur functions.
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Before discussing the rational solutions, we introduce a family of 7-
functions (7y,n)m nez for the fourth Painlevé equation 3.7. A similar treat-
ment of the lattice of 7-functions has been given by K. Okamoto [8]. We
consider the elements

(4.1) T1 = TS2S51, TQ = §17S9

of the (extended) affine Weyl group W. Note that these T} and T} represent
the following parallel translations in the parameter space V respectively:

2 1 1 12 1
(4.2) Tl.v:V—i_(_’——’ T2'V:V+(—§7§’_§

373 _§)’ )

for v.€ V. For the triple of 7-functions (9,71, 72) of the fourth Painlevé
equation 3.7, we introduce an infinite family of dependent variables 7, ,
(m,n € Z) as the Backlund transformations

(4.3) Tmn = 11" 15 (10) (m,n € Z).
Note that
(4.4) Tl(To) =171, TQ(T()) = 81(7‘1) and TQTl(T()) = TQ(Tl) = T79.
By these formulas, we have
(4.5) T0,0 =70, T1,0=T1, Ti,1 = T2, 7’0,1251(7'1)-
The triple of 7-functions (79, 71,72) is transformed into (7, Tm+1n,
Tm+1n+1) by T3, and into (Twmn, Tmnt1, Tmt1,n+1) by T1 T3 s1, respec-
tively. The following propositions are obtained immediately from the results
of the previous section, by using the action of W.
PROPOSITION 4.1. (1) For any m,n € Z, the triples
(46) (Tm,na Tm+1,n, Tm+1,n+1) and (Tm,na Tmn+1, Tm+1,n+1)

represent the Bdcklund transformations of (19,1, 72) for the parameters

(g +3m, a1 +3(n —m),a2 —3n) and

4.7
( ) (ao+a1+3n,—a1+3(m—n),a1—|—ag—3m),
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/NN N

Tmfl,nJrl—» Tm,n+1 —_ Tm+1,n+l—> Tm+2,n+1

NSNS\

Tm—1n—— Tm,n Tm4+1,n—»

/NN N

T™m—-2n—1t—» Tm—1n—1+——» Tmn—-1 —» Tm+1,n—1
Figure 2: 7-Functions on the As-lattice

respectively.
(2) The corresponding f-variables are given respectively by

< TmnTm+2n+1 ’ Tm+1,n7—m,n+1’ Tm+1,n+17—m,nl) and

Tm+1,nTm+1n+1 Tm+1n+1Tmn TmnTm+1,n

< TmnTm+1n+2  Tmn+1Tm+1,n Tm+1,n+17—m1,n)
Tmn+1Tm+1,n+1 ’ Tm+1,n+17—m,n’ TmnTmmn+1 .

(4.8)

PROPOSITION 4.2. (1) The family of T-functions Tmn (m,n € Z) sat-
isfies the following three types of bilinear equations:

(D2 +2) Timn * Tm+1,0 = Tmon—1Tm+1,n+15
(4.9) (Dz + ) Tmmn " Tmmn+1 = Tm+1n+1Tm—1,n,
(Dy + ) Tinn * Ti—1m—1 = Tm—1nTmn—1-
(2) The family of T-functions T, (m,n € Z) satisfies the following three
types of Toda equations:
201 + ag

2 2
(§Dax +x° - +2m — n) Tmn " Tmmn = Tm+1nTm—1n,

3

1 a] — o
(410) (§D§ —+ CC2 + % —m + 2n) Tm’n . Tmm‘ = Tm,n+l7—m,n717

9 o1 + 2an
“Dita'+—————m—n)Tmn Tmn = Tm—1n—1Tm+1n+1-

(2:E 3
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Remark. As we already remarked in the previous section, Béacklund
transformations for 7-functions possibly become singular, when applied to
particular solutions which are reducible to Riccati equations. In such cases,
we need to restrict the indices (m,n) for 7, , to a region of Z? bounded by
certain lines on which 7, ,, = 0.

All the rational solutions of 1.11 are obtained from

(A) (0, a1, 025 fo, f1, fo) = (1,1, 1; w,2,2), or

(4.11)
(B) (Oéo,Oél,OZQ;fO,fl,fg) :(3)07053$7O;0)

by Bécklund transformations. We will determine the 7-functions 7,,, ,(m,n
€ Z) for these rational solutions.

In the case of Backlund transformations of the rational solution (A) of
4.11, the 7-functions 7, ,, (m,n € Z) turn out to be polynomials, which we
call the Okamoto polynomials. We recall that the 7-functions for (A) are
given by
(412) (040,041,042;7'0,7'1,7'2): (1,1,1;1,1,1).

THEOREM 4.3.  The T-functions Ty, n(x) for the solution 4.12 are poly-
nomials in x. These polynomials Ty n(x) = Qmn(x) (m,n € Z) are char-
acterized by the Toda equations

1
(QD:% + ‘TQ —1+4+2m— n) Qm,n : Qm,n = Qerl,anfl,na
1
(413) (QD;% + ‘TQ —m+ 2”) Qm,n ' Qm,n = Qm,nJrlQm,nfla
1
(QD:% + ‘TQ +1—m— n) Qm,n . Qm,n = mel,nleerl,nJrl

with initial condition
(4.14) Qoo=Qio=Qi1=1 Q21 =2

We remark that Qp,(z) = Qmo(x) and Ry, (z) = Qm+1,1(x) (m € Z) are the
original Okamoto polynomials discussed in [1]. In fact, they are determined
by the recurrence relations

(115)  (3D2 442+ 2m 1) Q- Q= Quir@nr (M)



FOURTH PAINLEVE EQUATION 69
with initial condition )y = @1 = 1, and by
1
(4.16) (§D§ +224+2m)Ry - Ry = Rpy1Rm-1  (m € Z)

with Ry = 1, Ry = z, respectively. The fact that 7,,, ,(x) are polynomials
will be proved in Section 5 in the course of the proof of Theorem 4.5 below.
The other statements in Theorem 4.3 are consequences of Proposition 4.2.

The 7-functions for the rational solution (B) of 4.11 are given by
(417) (Oé(), o1, 9570, T1, 7‘2) = (3, 0,0; e,x4/12’ e*$4/12+$2/27 efx4/12712/2).

THEOREM 4.4.  The 7-functions Tp n(x) for the solution 4.17 are de-
fined for (m,n) € Z* with m >n > 0. They can be written in the form

4
-2
(4.18) Typ(z) =exp (_:c_ + m i

12 5 -TQ) Hmfn,n (m >n > 0)’

for some polynomials Hy, ,(x). These polynomials Hy, n(z) (m,n > 0) are
characterized by the Toda equations

L2
(§ng + 3m) Hm,n ' Hm,n = m—f—l,nHm—l,na

1
(§D§ =3n) Hon - Hyp = Hypv1 Hpn—1,

(4.19)

with tnitial condition

(420) H070 == Hl,O == H071 =1 and Hl,l = 3x.

We remark that H,, 1(z) and H;,, (m=0,1,2,...) coincide with the Her-
mite polynomials up to rescaling. We will call H,,,(z) (m,n > 0) the
generalized Hermite polynomials. The fact that 7, ,(x) are expressed as in
4.18 will be proved in Section 5 in the course of the proof of Theorem 4.6
below.

The Okamoto polynomials Qp,n(z) (m,n € Z) and the generalized
Hermite polynomials Hy, ,(x) (m,n > 0) are in fact expressible in terms
of Schur functions. We recall the definition of Schur functions in order to
make this statement precise.

A partition X = (A1, Ag,...) (or a Young diagram) is a sequence of non-
negative integers such that Ay > Ay > --- > 0 and that \; = 0 for 7 > 0.
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The number of nonzero parts J; is called the length of A and denoted by ().
For each partition A\, we define the Schur function Sx(t) = Sx(t1,te,...) by

(4.21) Sx(t) = det (p)\l'*iﬁjj(t))lgi,jgl()\)?

where p,,(t) are the polynomials in ¢ determined by the generating function

(4.22) exp <Z tkzk> = an(t)z”.
k=1 n=0

(We set p,(t) = 0 for n < 0.) Note that p,(t) can be defined equivalently
by
(4.23) pa(t) =)

We say that a subset M C Z is a Maya diagram if

k1 k2 kn
thghz .. ¢k
k1+2ko+--+nkn,=n k‘1|k2| e knl

(4.24) meM (m<0) and mgM (m>0).

To each Maya diagram M = {...,m3,ma,m1} (--+ < mg < mg < mq),
one can associate a unique partition A = (A1, g, ...) such that m; —m;11 =
Ai — Aip1 + 1 for ¢ = 1,2,.... Note that all the Maya diagrams M + k =
{...,ma+ k,m1 + k} (k € Z) obtained from M = {...,m3,ma,m1} by
shifting define the same partition by this correspondence. For each pair
(m,n) of integers, we define the Maya diagram M (m,n) as follows:

(4.25) M(m,n) = 3Dy, U (3D, + 1)U (3Dy + 2),
where
(4.26) Di={neZ|n<l} (leZ).

We denote by A\(m, n) the partition corresponding to M (m,n). Partitions of
the form A(m,n) (m,n € Z) are called the 3-reduced partitions. We remark
that a partition A is 3-reduced if and only if A has no hook with length of a
multiple of 3. Also, Schur functions Sy, »)(t) for 3-reduced partitions are
called 3-reduced Schur functions. Tt is known that a Schur function S)(t)
is 3-reduced if and only if

(4.27) O, SA(t) =0 forall n=1,2,---.
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THEOREM 4.5.  FEach Okamoto polynomial Qp,n(x) (m,n € Z) is a
monic polynomial of degree m? + n? —mn — m with integer coefficients. It
is expressed by the 3-reduced Schur function as

1
(4.28) Qmn () = NS (mn) (T, 3 0,0,...),
where Ny, n, 15 a positive integer determined by the hook-length formula.

EXAMPLE. The Maya diagram M (3,2) is obtained from Ds, Dy, Dy as
follows.

.- =101 2 -
D3 o/o/o0o/00 0|0
Do o/ ojoo|o0|0
Dy o/olo0|0
M(3,2)
—4 —101 2|3 456 ---
—>  “Je[e[e[e[e[e] [e[e] [o[ [ ||

Hence we have M (3,2) ={...,—2,-1,0,1,3,4,6} and

(4.29) A3,2) = (2,1,1) = Hj

In this case, the Schur function S5 1)(t) and the Okamoto polynomials
ngg(ﬂ?) are

Sen(t) = 5t — 3tite — 383 + 14,
(430) 8 2 3

Qs2(z) = 2t — 222 — 1,
respectively. A typical sequence of 3-reduced partitions is given by
(4.31) A(m,0) = (2m —2,2m —4,...,2) for m >0,
which corresponds to the Okamoto polynomials @,,(z) for m > 0. For
other examples, see Figure 3 in the next section.

The generalized Hermite polynomials H,, () are expressed by the
Schur functions for rectangular Young diagrams A = (n™) = (n,n,...,n,0,
0,...).
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THEOREM 4.6. FEach generalized Hermite polynomial Hy, »,(z) (m,n>
0) is a polynomial of degree mn with rational coefficients. It can be written
as

1
(4.32) Hppn(x) = CrnSenmy (, 6 0,0,...),
where the normalization constant is given by
(4'33) Cm,n _ (_1)n(n—l)/23(m+n)(m+n—1)/2(m +n— 1)!
with n' = nl(n —1)(n —2)!--- 2111,

The relationship between the sequences Hj ,,(x), Hy, 1(z) and the ordinary
Hermite polynomials Hy,(x) is obvious since

> 1
ZS ,...)z”:exp(xz—FEzQ),

(4.34) n=0

ZS 9:—00 )™ —exp(xz—é22>,

m=0

while the Hermite polynomials have the generating function
— 1
(4.35) Z ﬁHn(x)z” = exp (2zz — z2) .

The proof of Theorems 4.5 and 4.6 will be given in the next section.

§5. Proof of Theorems 4.5 and 4.6

The Hirota bilinear equations for our 7-functions (Theorem 3.1) arise
naturally from the so-called modified KP hierarchy [2] by certain similarity
reduction (see also [5], [10]). This fact is the key to the proof of Theorems
4.5 and 4.6.

Consider two functions Gg(t1,t2) and Gi(t1,t2) in the two variables
(t1,t2), and suppose that they satisfy the following Hirota bilinear equation

(5.1) (Dt21 + Dt2) Go(tl,tg) . Gl(tl,tg) =0.

Introducing the degrees of t1,t2 by degt; = 1 and degty, = 2, we assume
that each G; is homogeneous of degree d; € C for i =0, 1:

(52) (tlﬁtl + 2t28t2)Gi(t1, tg) = diGi(tl, tg).
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Fixing a constant k € C*, we define the functions 79(z), 71 (z) in one variable
by
(5.3) 7i(x) = Gi(z,k) (ke C*; i=0,1).

Formally, each Gj is recovered by the formula

o e (k)

Then it is easy to check

LEMMA 5.1.  Under the similarity condition 5.2, the equation 5.1 for
the pair Go(t1,t2), Gi(t1,t2) is equivalent to the Hirota bilinear equation

(5.5) (QkDg —aDy +dy — di) 10(x) - T1(x) =0,

for o(x), T1(z).
From this lemma with k = 1/2, we immediately have
PRrROPOSITION 5.2.  The fourth Painlevé equation 3.7 for the triple of

T-functions to(z), 71(x), 2 (x) is equivalent to the similarity reduction of the
Hirota equations

(5.6) (D?l + DtQ) Gi(tl,tQ) . Gi+1(t1,t2) =0 (2 =0,1, 2)

for three functions G;(ti,t2) (i = 0,1,2) in two variables. The similarity
condition is given by
3]

\/%) (i=0,1,2),

(5.7) Gyt t2) = (2t2)4/% 7, (

and the parameters are related by
ag =1—2dy + dy + ds,
(5.8) a1 = 1+dy— 2dy + da,
as =1 +dy+di — 2ds.
Recall that the (first) modified KP hierarchy [2] is the following system

of Hirota bilinear equations for a pair of 7-functions 79(¢) and 74 (¢) in infinite
time variables ¢t = (t1,t2,...):

(5.9) Y pu(—25) puta(Dr) exp (Z sttm> To(t) - 71(t) =0,

n=0 m=1
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where s = (sq, s9,...) are parameters and D; = (Dy,/1,D;,/2,...). The
constant term of 5.9 with respect to s implies the bilinear equation

(5.10) (D} + Dy,) 1o(t) - 71(t) = 0,

which is nothing but the equation 5.1 discussed above. For the proof of
Theorems 4.5 and 4.6, we will recall the following fact about Schur functions
from the theory of KP hierarchy. Let X,,, = X,,,(¢; ;) (m € Z) be the vertex
operators of the KP hierarchy defined by the generating function

(5.11) X(z) = Z Xmz™ =exp (Z tkzk> exp (—Z T@,g,g) .
k=1 k=1

meZ

Then we have

LEMMA 5.3.  For any partition A and k € Z, the pair 1o(t) = Sx(t) and
T1(t) = X Sa(t) solves the first modified KP hierarchy 5.9. In particular we
have
(5.12) (D} + Dy,) 7o(t) - 71 (t) = 0.

We will give a proof of this lemma in Appendix for completeness.

All the Schur functions Sy (t) are obtained from Sy(¢) = 1 by applying
vertex operators repeatedly:

(5.13) San(t) = Xy, -+ X, 1,

n

for any partition A = (A1,..., A, 0,...). The action of vertex operators on
Schur functions can be computed by 5.13 together with the commutation
relations

(514) X X; = _leleJrl’ X 1=0 (k < 0), Xp.1=1,

where k,l € Z. (See Appendix.) A more systematic way is to use Maya di-
agrams. For a given Maya diagram M, let A be the corresponding partition
and suppose that [(\) < n. Then we have

+S,(t)  if k+n¢ M,

(5.15) X 92 () = { 0 if k+neM,

for each k € Z. Here p stands for the partition corresponding to the Maya
diagram M U {k +n}. The sign in this formula is determined by the parity
of the number of integers m € M such that m > k 4 n.
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Proof of Theorem 4.5 for Okamoto polynomials. By using the formula
5.15, one can compute how the 3-reduced Schur functions are transformed
by vertex operators.

LEMMA 5.4. As to the action of the vertex operators, we have the
following two types of cyclic relations among 3-reduced Schur functions

Xom—n 'S)\(m,n) (t) = iS}\(m-i-l,n)(t)v
(5.16) Xon—m -Sx(m+1,n) (1) = E\m+1,n+1) (1),
X—m—n -Sk(m-i—l,n—&-l)(t) = iS}\(m,n)(t%

and

Xon—m+1 'S)\(m,n) (t) = :l:S)\(m,n+1)(t)7
(5.17) Xom—n—1-Sximn+1)(t) = £Sxtm+1,n+1) (1),
X-m-n -SA(m-i—l,n—&—l)(t) = iS}\(m,n)(t)v

for any m,n € Z.

ExAMPLE. Consider the 3-reduced partitions A\(3,1) = (3,1), A(4,1) =
(5,3,1) and A(4,2) = (4,2,1,1). For this triple of partitions, we have a
‘cycle’ of 3-reduced Schur functions

[ 1]
|

X_4/ X_,
B:D X\ [TT11

s O
which is an example of 5.16 for (m,n) = (3,1). Notice also that the index

of each vertex operator Xj represents the difference of degrees of Schur
functions.

From Lemma 5.4 together with Lemma 5.3, we obtain two types of
triples of 3-reduced Schur functions satisfying the bilinear equations of
Proposition 5.2. Note that the 3-reduced Schur function Sy ) is ho-
mogeneous of degree

5.18 dmn = [AMm,n =m?+n>—mn—m
( b
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with respect to the degree defined by degt; =14 (i =1,2,...). Set
1
2 )

for any m,n € Z. Then, by combining Lemma 5.4 and Proposition 5.2, we

(5.19) Smn(T) = Sxmm) (7, 5,0,0,...)

have

PROPOSITION 5.5. (1) For any m,n € Z, the triple
(5.20) (S (@) St 10 (0): Sy 11 ()
solves the fourth Painlevé equation 3.7 with the parameters
(5.21) (o, a1,02) = (3m+1,3(n —m) +1,-3n +1).
(2) For any m,n € Z, the triple
(5.22) (S () St (0): Sy 1 ()
solves the fourth Painlevé equation 3.7 with parameters

(5.23) (o, a1,00) = (3n+2,3(m —n) — 1,—3m + 2).

We remark that, in the coordinates (v1, vy, v3) of the parameter space V as
in 1.10, the triples of T-functions in this proposition give rise to solutions
with parameters

1 1 2 1 1 12 1
.24 = (= —m(=, —=. —=)—n(—=, =, —=
(5 ) (v17v27v3) (37 y 3) m(37 3’ 3) 7’L( 33 3)
and 11 12 1 2 1 1
(5'25) (1}1,1)2,7)3) = (07 ga _5) —m(—g, gu _5) _n(ga _57 _5)5
respectively.

It is clear that each triple of 7-functions of Proposition 5.5 defines a
rational solution of 1.11 in f-variables. For each («g, a1, ) of this propo-
sition, the fourth Painlevé equation 1.11 has a unique rational solution by
[4]. Hence we conclude that each s, ,(z) is a constant multiple of the
r-function 7, () for the solution (A) of 4.11. This shows that 7, ,(z)
are in fact polynomials in z. The assertion that the Okamoto polynomials
Tmn(Z) = Qmn(x) are monic polynomials with integer coefficients follows
either from the Béacklund transformations or from the Toda equations of
Proposition 4.2.



FOURTH PAINLEVE EQUATION 7

Proof of Theorem 4.6 for generalized Hermite polynomials. By the for-
mula 5.15, we have

LEMMA 5.6. Under the action of vertex operators, we have the follow-
ing relations among Schur functions for rectangular Young diagrams:

X?m,S((n_,'_l)m)(t) = (—1)mS(nm)(t)7
(5.26) Xn—m-S((n+1)m)(t) = (—1)mS(n(m+l))(t)a
XSy () = Spomn)) (8),

form,n > 0.

For each m,n > 0, let

1
~,0,0,...)

(5.27) b () = Smy (2, G

be the specialization of the Schur function S)(t) = S,,m)(t) associated with
rectangular Young diagram A = (n'™). Then by Lemma 5.1 (with k£ = 1/6),
we have

LEMMA 5.7.

(Dg — SZEDx + Sm) hm,n+1 . hm,n = Oa
(5.28) (D2 = 32D, + 3(m — n)) b st - Bt = 0,
These relations do not fit directly for the triple of 7-functions as in 3.7

since they do not make a ‘cycle’. This problem can be repaired however by
changing the normalization of h,, , as follows:

2t m—n ,
2 - M .
(5.29) U (T) = €xp < 12 + 5 v > hann ()

Then we have

PROPOSITION 5.8.

(Di —zD, +m+2n + 1) Umont1 * Umpn =0,
(5.30) (D2 — 2Dy +m — 1) U1, - Uyt = 0,

(D2 zD, —2m —n — 1) Um,n * Um+1,n = 0.

—
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Namely, the triple

(5.31) (70, 71, 72) = (Um,ns Um+1,n5 Umn+1)
solves the fourth Painlevé equation 3.7 with parameters
(5.32) (v, a1,a2) = (3(m +n+1),—3m,—3n).

Proof. Note that the Hirota bilinear equations have the following for-
mulas of Leibniz type:

Dy (g1us - gauz) = Dy(g1 - g2)urug + g192 Dz (u - u2),
DZ(giw1 - gous) = D2(g1 - go)urua + 2D (g1 - g2) D (uy - u2)
+9192D7 (uy - uz).

Applying these to g; = exp(x?/12 + a;2%/2) (i = 1,2), we have

(D? — 32D, + 3)(g1u1 - gous)
= g192{D? 4 (2a12 — 3)zD, + (2 — 3a12 + a35)x? + (a1 + az) + B}uy - us,

where a2 = a; — as. The equations 5.30 can be checked easily by using
this formula. []

We remark that, in the coordinates (v1,va,v3) of V, the solutions of

Proposition 5.8 have the parameters
2 1 1 1 12

5.33 =-m(z,—=,—= — = =0,1,2,...).
( )(’1)1,’1)2,’1)3) m(37 3’ 3)+7’L( 373) (mvn s Ly 4y )

As in the case of Okamoto polynomials, we see that each 7, , (m >
n > 0) for the solution (B) of 4.11 is a constant multiple of wy,—p, by
comparing the parameters. Hence we see that 7,, ,(z) has the expression
of 4.18. The only problem remaining is to fix the constant factors. The
leading coefficient of the polynomial Hy, ,(x) is given by

(5.34) (—1)™=D/2( — 1) — 1)'3(mtm)(mtn=1)/2

which can be determined inductively by the Toda equations of Theorem
4.4. On the other hand, the leading coefficient of hy, ,,(x) is determined as

(5.35) (m—1)}'(n—1)"/(m+n-1),
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/\/\/K/R/?
NAVAVAVAN
/\/\/K/\/
/\/\/\/\
AVAVAVAYA
NAVAVAVAN

Figure 3: Okamoto polynomials on the As-lattice

by the hook-length formula. Hence we have Theorem 4.6.

We show in Figures 3 and 4 below how the 7-functions for rational
solutions are arranged on the As-lattice. Also, we include some examples
of Okamoto polynomials and generalized Hermite polynomials of small de-
grees.

Okamoto polynomials. In the following, we use the notation Qy(z) =
Qm.n(z) for the Okamoto polynomial associated with the 3-reduced parti-
tion A = A(m,n). We give below some examples of Okamoto polynomials

Qx(z).

Qo=Qi=1, Qu=Ri=z Qg=Qs=1+a?
Quy =-1+2% Q@i =Ry=-1+22%+2",

Q211 =—1- 202 4 24, Q@11 = —br + z°,

Qu2 =0Q3=5+ 502 4 52t 4 29, Q211 =5+ 522 — 5zt 4 25
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Qb—, nnn}

/\4\/\
/\4\/\/

/\4\/\/\%

e

/\/\/\/\/

Figure 4: Generalized Hermite polynomials on the As-lattice

Quainy = —T7— Ma* +2%  Qp31) =Ry = —352 + 142° + 82" + 27,
Q(.31,1) = 25 — 752% — 502" — 102° + 52° + z'°
Qo.2) = Qu = 175 + 35022 + 1752 + 1402° + 652° + 1420 + 212
Q(75.31) = Ra = 1225 — 4900z° — 4900z" — 9802°

+3502% + 420210 + 140212 + 202 + 216
Qs.6.42) = Q5 = 67375 + 13475027 + 2021252" + 1078002°

+423502% + 20020210 4 8050212 + 22002 + 355216 + 3028 + 220,

Note that the original Okamoto polynomials are given by

Qn = Qon-22n-1,.42 @M>0), Q=Qun. 2211 (n=0),
R, = Q(Qn 1,2n-3,...,3,1) (TL > 0)7 R_, = Q(n,n—l—l,n—l—l,...,l,l) (n > 0)

Generalized Hermite polynomials. The polynomials Hy, 1(x) and
Hj ,,(x) coincide with the ordinary Hermite polynomials up to rescaling.

Hog=1, Hig=1, Hyo=3, Hzo=2'3% Hyo=2%3",
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3 1 2
H071 =1, H171 = 3x, HQJ =3 (—g +x ),
1
Hzp =2'3%(—x 4 23), Hyy= 22311(5 — 222 + 1),
1
Hpp= -3, Hip= —33(3 + %), Hyp= —36(§ + 2%,
5 10 8

H3’2 = -2 310(3 + z? — 2 + $6), H472 = —22316(§ + ?$4 3%6 + )
Hosz=—2'3%, Hyz=-2'3%z+2?),

1 -5
Hys = —21310(—g + a2 4ot +2%), Hyz=-2231("- 3 x + 22° + 2%),

25 50 25 20
Hys = 23322(27 9x2_§x4_§x6+5x8_2x10+x12)’
1
Hoq=2%3", Hyy= 223“(5 + 222 4 2t),
5 10 8
H24 — 22316(§ 4+ 3564 4+ 5566 —|—CCS)
25 50 25 20
Hsz 4 = 23322(27 + §$2 — §x4 + §x6 + 52° 4 2210 4 212),
875 3500 50 20
Hyy = _ 94330 4 9V g 12
44 Gt e e g% tyr t)

8A. Appendix

In this Appendix, we give a brief summary of relevant facts on Schur
functions and their relation to KP-hierarchy for the sake of reference.

A.1. Schur functions.

A partition A = (A1, Ag,...) is a sequence of non-negative integers
such that \y > Ay > --- > 0 and that A\; = 0 for ¢ > 0. The number of
nonzero \; is called the length of A and denoted by I()\). For each partition
A, the Schur function S)(t) = Sx(t1,te,...) is defined as follows:

(A.1) Sa(t) = det (pa,—i+j (t))1<i j<in)

where p,(t) are the polynomials defined by the generating function

(A.2) exp <Z tkzk> = an(t)z"
k=1 n=0
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Usually, the Schur functions are defined as the following character polyno-
mials of the general linear group GL(N,C) (N > l()\)):

(A.3) ( ) dettay )
. sx(x1,...,ZN) = ——————
A T det(ed)

where 6; = N —i (i = 1,...,N). The polynomials S)(t) and sy(z) are
related by S)(t) = sx(z), where ty = Y.  (2¥)/k. In this context, the
formula A.1 above is the Jacobi-Trudi formula representing sy(z) in terms
of complete homogeneous symmetric functions.

The coefficients of Sy (t) with respect to the ¢-variables are related with

irreducible character 7 of the symmetric group &,, of degree n = |\| =
> ;i as follows:

(A4) S)\(t) = Z 7T>\(1m12m2 )tl_ t,

mq! mo!
m1,ma,...>0 172

where 7 (1712™2 ...) is the character value on the conjugate class of cycle
type (1"12™2...), In particular, the coefficient of ¢} is given by the hook-
length formula

m(1") 1
(A.5) 7*71! = ];[Aw

where h(s) = A\; + A} —i — j + 1, X' being the conjugate partition, denotes
the hook-length of A at s = (i, j).

A.2. (Modified) KP hierarchy
In the following, we use the notation

(4.6) =Yty 0= 0,
n=1 n=1

Consider the operators Vj, = Vj.(z,t) (k € Z) defined by
(A.7) Vi, = HE(t) o —kE(=1,0)

For each m € Z, we define the operators X,, and X, as the coefficient of
2™ in V7 and V_;, respectively:

Vi(z,t) = X(2,t) = Y ez Xm2™,
Voi(z,t) = X*(2,t) = >, 0q X 2™

meZ “*m

(A.8)
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By using the formula

(A9) Vil Vil 1) = (1= 2) " el meton el a0,

z

we obtain

LEMMA A.l. The vertex operators X,, and X}, (m € Z) satisfy the
following anti-commutation relations:

XXy + anleJrl = 07
(A.10) XnXr+ X, 1 X5, =0,
XmX;; + X:L+1mel = 5m+n,0-

PROPOSITION A.2.  For any partition A = (A1, Mg, ...) of length [(\) <
[, we have

(A.11) Sx(t) = Xy, -+ Xy, 1.

l

Proof. By using A.9, we have

1 0o
(A12) X (z1,) - X(z,t)1= ][] <1 - z—f) [[exp (Z tnzf> .
v=1 n=1

1<i<j<l
By taking the coefficient of 2* = zf‘l e zf‘l of this expression, we obtain the
formula A.1. []

The KP hierarchy is a system of nonlinear partial differential equations
for an unknown function 7(t) = 7(t1,t2,...) including the Hirota bilinear
equation

(A.13) (D} — 4Dy, Dy, + 3D )7(t) - 7(t) = 0.

The whole system of the KP hierarchy is represented by the following bi-
linear relation:

(A.14) 7{ B ot (1) X (2 8)7 () = 0.

2mi

PROPOSITION A.3. For any partition X\, the Schur function Sx(t) is a
solution of the KP hierarchy.
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Proof. Note first that the bilinear equation A.14 can be rewritten as
follows:

(A.15) ( Z X;@XH>T®T:0.
m+n=—1

Here 7 @ 7 = 7(t')7(¢) is regarded as an element of C[[t']] ® C[[t]]. By the
anti-commutation relation A.1, one has

(A.16) ( > X;®Xn> X, @ X,

m+n=-—1

= Xier1 ® Xjp1 < > X;®Xn>—1®xklxk,

m+n=—1

and the last term Xj;_1X; vanishes. Hence, by applying the operator
Xit1 ® Xp—1 to A.15, it follows that Xy7(t) is also a solution of the KP
hierarchy. Starting from the solution 7(t) = 1, we see that all the Schur
functions are solutions of KP hierarchy by Proposition A.2 U

PROPOSITION A.4. Let 19(t) = 7(t) be any solution of the KP hierar-
chy, and put
(A.17) T1(t) = X (w, t)7(t).

Then, we have

(A.18) 7{ B2 Xt ¥y ro(F) X (2,87 (t) = 0.

211

Proof. Apply X (w,t) to the second factor X (z,t)7(t) of the bilinear
relation A.14. Then one obtains A.18 by using the relation

(A19) X(w, )X (z7(t) = ——X (2, )X (w,)7(t) = ——X(z,)m (1)
as desired. [

The formula A.18 is the bilinear relation of the first modified KP hier-
archy.

By the change of variables t — ¢t — s and ' — ¢ + s, the relations A.14
and A.18 can be rewritten into the following systems of Hirota bilinear
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equations

(A20) > pu(—28)pus1(Dy)exp | > smDy,, | 7(t) - 7(t) =0,
n=0 m=1

(A21) > pu(—28)pusa(Dy)exp | > smDy,, | 7o(t) - 7a(t) =0,
n=0 m=1

where ﬁtn = Dy, /n. These are the Hirota bilinear equations for the 7-
functions of the KP hierarchy and the first modified KP hierarchy, respec-
tively.
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