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THE SQUARED CHAIN LENGTH FUNCTION OF 5
OR 6-MEMBERED STRAIGHT-CHAINS WITH THE
TETRAHEDRAL BOND ANGLE

KAZUSHI KOMATSU

ABSTRACT. We provide straight-chains with the tetrahedral bond angle
cos~!(—1/3) as a mathematical model of n-membered straight-chain hydrocar-
bon molecules. We study the squared chain length function on the configuration
space of the model and determine the critical points with planar configurations
when n = 5, 6.

1. Introduction

A straight chain with n vertices is defined to be a graph in R® with vertices
{vo,v1,...,v,_1} and bonds {1, Ba, ..., Bn_1}, where (; connects v; 1 with v; (i =
1,2,...,n—1). A bond angle is defined to be the angle between two adjacent bonds
of a straight chain. In the following, we assume that bond angles are the tetrahedral
angle cos_l(—%), which is the standard bond angle of the saturated carbon atom.
The chain length of a straight chain with n vertices {vg,v1,...,v,-1} is defined to
be the distance between vy and v,_;. For simplicity, B; denotes the bond vector
v; —v;_1, where 1 =1,2,...,n— 1.

We consider straight chains in R® with rigidity as a mathematical model of

straight-chain hydrocarbon molecules.

Definition 1.1. We fix § = cos™'(—1/3) and put three vertices vy = (0,0,0),
v = (V/2/3, —/1/3,0), vs = (24/2/3.,0,0).

We define functions f;, : (R*)"™3 = R by fi(vs,va,...,vn-1) = 2(||Be]|* — 1) for
k= 37 47 N ]-a and gk - (R3)n73 — R by gk<U3,U4, s 7vn—1) = <_/8k7/8k+1> -
cos® for k =2, 3,--- ,n —2, where (, ) denotes the standard inner product in R?
and || - || the standard norm ||x|| = /(x, ). Then we define the configuration space
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M (n) of straight chains with rigidity by the following:

filp) = 9;(p) = 0
M) =< p=(vs,v4,...,051) € (R 3|i=34-- n—1
1=2,3,...,n—2

fi and g; are called rigidity maps, which determine the bond lengths and angles of
any chain in M (n). So, a straight chain in M (n) is an equilateral and equiangular
straight chain with n vertices and the bond angles # and bond lengths 1. The
dihedral angle for three bond vectors B, Bry+1 and By o is the angle between two
planes that consist of the plane spanned by the two vectors By and Bi.1 and the
plane spanned by the two vectors Biy1 and Bii2. Because the straight chains in
M (n) are parametrized by dihedral angles with the angular range of 27, we see that
M (n) is (n—3)-dimensional torus 773, We define the function & : (R*)"~3 — R by
h(vs, vy, ... V1) = ||[vo — v,_1]|?, and call the restriction h|M (n) the squared chain
length function on M (n). For convenience, we put a virtual bond 8, = vg — v,_1
without the bond angle restriction. Then, we have h(vs,...,v,—1) = || 8|

In [3], we determine the topological types of fibers of the configuration space
by chain lengths when n = 5. In [1] and [2], we prove that (h|M(n))~!(1) is
diffeomorphic to (n — 4)-dimensional sphere S™* when n = 5,6,7. We regard
(h|M(n))~%(1) as the configuration space of the model of n-membered ringed hy-
drocarbon molecules.

If the successive three bonds of a straight chain in M (n) are in one plane, these
form a planar local configuration in Fig. 1 or 2. Let ¢(k) denote a planar local
configuration in Fig. 1 of the successive three bonds By, Br11, Brre and z(k) denote
a planar local configuration in Fig. 2 of the successive three bonds By, Bri1, Brio-
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Fic. 1. a planar local Fic. 2. a planar local
configuration c(k) configuration z(k)

To detect the change in chain length, we study the squared chain length function
on the configuration space and determine the critical points corresponding to chains
which have planar configurations.



Theorem 1.1. When n = 5, the critical values of the squared chain length function
32 64 32 ”» : : -

h|M(n) are 5z, %5 and 5. All critical points have planar configurations. The crit-

ical points corresponding to chains which have planar configurations is given by the

following:

(1) If a critical value is 3 2—7, then a critical point is non-degenerate and has an
index O and a chain corresponding to the critical point has a planar configu-
ration with ¢(1), 0(2).

(2) If a critical value is 2, then two critical points are non-degenerate and have
an imdex 1 and chams corresponding to two critical points have planar con-
figurations with (1), z( ) and with z(1), ¢(2).

(3) If a critical value is ==, then a critical point is degenerate and a chain cor-

responding to the crztzcal point has a planar configuration with z(1), z(2).
Note that Theorem 1.1 explains the result of [3] from a Morse theoretic viewpoint.

Theorem 1.2. When n = 6, the critical values of the squared chain length function

1107 89 255 49+20f 121
h|M(n) are 81’ 277 37 277 9
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values except for =55 have planar conﬁgumtzons. The critical points correspond-

and 17. The critical points with the critical

ing to chains which have planar configurations is given by the following:

(1) If a critical value is g7, then a critical point is non-degenerate and has an

index O and a chain corresponding to the critical point has a planar configu-
ration with ¢(1), ¢(2), ¢(3).

(2) If a critical value is 12%7, then two critical points are non-degenerate and
have an index 1 and chains corresponding to two critical points have planar
configurations with c(l) c(2), 2(3) and with z(1), ¢(2), ¢(3).

(3) If a critical value is 2, then two critical points are non-degenerate and have
an idex 1 and chams corresponding to two critical points have planar con-
figurations with c(1), 2(2), 2(3) and with c(1), 2(2), ¢(3).

(4) If a critical value is %, then a critical point is non-degenerate and has an
index 1 and a chain corresponding to the critical point has a planar configu-
ration with z(1), z(2), ¢(3).

(5) If a critical value is 121 , then a critical point is non-degenerate and has an
index 2 and a chain correspondmg to the critical point has a planar configu-
ration with z(1), ¢(2), z(3).

(6) If a critical value is 17, then a critical point is non-degenerate and has an
index 3 and a chain corresponding to the critical point has a planar configu-

ration with z(1), z(2), z(3).

Note that by Theorems 1.1 and 1.2, all planar configurations appear in the critical
points when n = 5, 6.



In Theorem 1.2, note that chains corresponding to two critical points have non-

planar configurations with ¢(3) as in Fig. 3 and its mirror image with respect to
4942016
5.

xy-plane when a critical value is

F1G. 3. a non-planar configuration with ¢(3)

2. The proofs of Theorems 1.1 and 1.2

Proof of Theorem 1.1. Due to [4] for a function on a manifold embedded in Eu-
clidean space, p € M(n) is a critical point of h|M(n) for h : (R*)"™3 — R if and
only if (grad h), = 327, a;(grad fi)p—l—zg.:g bj(grad g;), for some nonzero a;, where

(grad f), = <887];(p)> . It is convenient to decompose gradient vectors of f;, g; and
k

h into 1 x 3 blocks. We have the following forms:

(grad f3), = (Bs,0),

(grad f4)p = (—B4,84),
(grad g2), = (=P2,0),

(grad g3), = (B3 — Ba, —B3),
(grad h), = (0,—203;),

where B denotes bond vectors of the closed chain corresponding to p € M(5),
0=(0,0,0).

We assume that p € M(n) is a critical point of h|M(n). So, (grad h), =
S ai(grad fi)p+2?:_22 b;(grad g;), for some nonzero a;, b;. The first 1 x 3 blocks
of gradient vectors implies the equation (—bs)Bs+(a3+0bs)Bs+(—as—b3)Bs = 0. The
second 1 x 3 blocks of gradient vectors implies the equation —b33s + a,84 = —205.
Then, we have the following case (a) or (b) for the configuration corresponding to
the critical point p € M(5) of h|M(5):

(a) B, B, ..., 35 are in one plane,

(b) Bs, ..., Bs are in one plane and by = 0, ag = ay = —bs.



In the case (b), we have the relation 85 = %(8; + 34). With some computations,
we obtain that the chain has a planar conﬁguratlon with 2(1), z(2).

Now, we check up all the planar configurations of chains.

If a chain has a planar configuration with ¢(1), ¢(2) (Theorem 1.1 (1)), we have

the relation Bs = 63 +2 $B4. Then, a squared chain length is 5= and we see that
by = and a4 = —%.

If a Chaln has a planar configuration with ¢(1), 2(2) (Theorem 1.1 (2)), we have
the relation 35 = B4 Then, a squared chain length is % and we see that b3 =0
and a4 = %.

If a chain has a planar configuration with z(1), ¢(2) (Theorem 1.1 (2)), we have
the relation 85 = —% ﬁg Then, a squared chain length is & and we see that by = %
and a4 = 0.

If a chain has a planar configuration with z(1), 2(2) (Theorem 1.1 (3)), we have
the relation B35 = —2083 — 2(3,. Then, a squared chain length is 32 and we see that
bs = —4 and a4 = 4.

Note that we have the relation 38 — 2841 + 3Br12 = 0 for a planar local con-
figuration c(k) (Fig. 1) and By = Biio for a planar local configuration z(k) (Fig.
2). When a chain has a planar configuration, we can calculate as, by concretely
from the relation of the first 1 x 3 blocks. Then, we can see that (grad h), =
S ai(grad f), + Z?:Q b;(grad g¢;), for some nonzero a;, b;.

For a critical point p € M(n) of h|M(n), we define a matrix H, = P(H(h), —
S aiH(f)p— 307 biH (g:),) P, where P : (R*)"3 — T,(M(n)) is the orthogonal
projection and H(f), denotes the Hessian matrix ( 01 (p)) ~of f at p. Due to

i.j

O, 0z
[4], a critical point p is non-degenerate if and only if rank H, = n—3, and for a non-
degenerate critical point, its index is equal to the number of negative eigenvalues of
H,.
It is convenient to decompose the Hessian matrices of fi, g; and h into 3 x 3
blocks. We can easily check the following:

H(fy), = (108> H(f1), = (_II‘II> ,

H(h), = (%) ,

where [ denotes 3 X 3 unit matrix and O denotes 3 x 3 zero matrix.



The tangent space T,(M(5)) of M(5) at p is equal to the orthogonal
complement {Span {(grad f;),, (grad g;),)}* of Span ((grad f;),, (grad g;),), where
Span {(grad f;),, (erad g;),) denotes the linear subspace of (R*)"~% spanned by
(grad fi),, (grad g;),. We put W = Span (B8, ...,85)". We have that T,(M(5)) 2
W @ W. Because Span (B, ...,35) is zy-space, we have that dim(W @ W) = 2.
Because the gradient vectors (grad f3),, (grad fi),, (grad ¢2),, (grad g¢3), are lin-
carly independent, we see that dim 7,,(M (5)) = 2. So, we obtain the decomposition
T,(M(5)=Wea W C (R

0 00
Let A = 0 0O be the matrix of the orthogonal projection from R? to
0 01
W C R3 the orthogonal complement. Then, we have the matrix of the orthogonal
projection P relative to the standard basis as the following:

~(52)

Thus we have the following form of matrix H, relative to the standard basis:

—(a3 + a4 + 2b3)A ‘ (a4 + b3)A
(s +b)A [ 2—aAd )

Since A has the above form, by basic matrix operations we can obtain the following

H =

p

matrices with the same rank and the same number of negative eigenvalues as Hp:

( —(as + ag + 2b3) a4 + b3 )

a4—i—b3 2—a4

We can calculate the rank and the number of negative eigenvalues concretely by

substituting the calculated values of a;,b;, and we obtain the result of Theorem

1.1. U

Proof of Theorem 1.2. We prove Theorem 1.2 by the similar argument in the proof
Theorem 1.1. It is convenient to decompose gradient vectors of f;, g; and h into
1 x 3 blocks. We have the following forms:

(grad f3), = (Bs,0,0),
647/647 )7
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where B denotes bond vectors of the closed chain corresponding to p € M(6),
0 = (0,0,0).

We assume that p € M(6) is a critical point of h|M(6). Then, (grad h), =
S ai(grad fi)p+2j:2 b;(grad g;), for some nonzero a;, b;. The first 1x3 blocks of
gradient vectors implies the equation (—bg)B2+ (a3 +b3)Bs+(—as—bs)Bs+bs485 = 0.
The second 1 x 3 blocks of gradient vectors implies the equation (—b3)B8; + (ay +
by)Bs + (—as — by)Bs = 0. The third 1 x 3 blocks of gradient vectors implies the
equation —byBy + a505 = —20. Hence, we have the following three cases (a), (b)
and (c) for the configuration corresponding to the critical point p € M (6) of h|M (6):

(a) B1, B, ..., B are in one plane,

(b) B4, .., Bs are in one plane and bs = 0, ay = a5 = —by,

(¢c) Bs, B4, ..., B are in one plane and by = 0.

In the case (b), we have the relation G = %4(64 + (35), and we see that B4 + Bs,
B> and B3 are in one plane from the relation of the first 1 x 3 blocks. With some
computations, we obtain that there exsits no such a chain.

Note that we have the relation 38, — 28,1 + 38rs2 = 0 for a planar local con-
figuration c(k) (Fig. 1) and By = Bgio for a planar local configuration z(k) (Fig.
2).

If a chain has a local configuration ¢(3) in the case (c), we get the relation a5 = 0
from the relation of the first and second 1 x 3 blocks. So, we have the relation
Be = %‘[‘Ll. With some computations, we obtain that the chains have non-planar
configurations as in Fig. 3 and its mirror image with respect to zy-plane with squared
chain length w.

If a chain has a local configuration z(3) in the case (c¢), we get the relation a5 =
—2b, from the relation of the first and second 1 x 3 blocks. So, we have the relation
Be = b4(% B4+ Bs). With some computations, we obtain that there exists no such a
chain.

Now, we check up all the planar configurations of chains.

If a chain has a planar configuration with ¢(1), ¢(2) ,¢(3) (Theorem 1.2 (1)), we

have the relation B = —%,64 + %ﬁg). Then, a squared chain length is sir and we
see that by = —2% and as = —2%.

If a chain has a planar conﬁguration with ¢(1), ¢(2), 2(3) (Theorem 1.2 (2)), we
have the relation Bs = 2 584 — 65 Then, a squared chain length is M and we see
that by = = and as = 398

If a ohaln has a planar conﬁguration with z(1), ¢(2), ¢(3) (Theorem 1.2 (2)), we
have the relation B¢ = ,84 + 2 3Bs. Then, a squared chain length is L" and we
see that by = —32 and a5 = — 1

9 3



If a chain has a planar configuration with ¢(1), z(2), 2(3) (Theorem 1.2 (3)), we
have the relation B¢ = —g,@ — B5. Then, a squared chain length is % and we see
that by = —% and as = 2.

If a chain has a planar configuration with ¢(1), 2(2), ¢(3) (Theorem 1.2 (3)), we
have the relation G = —%,64 — Bs. Then, a squared chain length is % and we see
that by = —% and a5 = 2.

If a chain has a planar configuration with z(1), 2(2), ¢(3) (Theorem 1.2 (4)), we

have the relation B = —%54 + 265. Then, a squared chain length is 252 and we

27
see that by = —% and as = —%.

If a chain has a planar configuration with z(1), ¢(2), 2(3) (Theorem 1.2 (5)), we
have the relation B¢ = —%B;, Then, a squared chain length is %
by =0 and a5 = 2.

If a chain has a planar configuration with z(1), z(2), 2(3) (Theorem 1.2 (6)), we
have the relation B = —23, — 335. Then, a squared chain length is 17 and we see
that by = —4 and a5 = 6.

When a chain has a planar configuration, we can calculate all a;,b; concretely
from the relations of the first and second 1 x 3 blocks. Then, we can see that
(grad h), = 327, a;(grad fi), + Z§:2 b;(grad g;), for some nonzero a;, b;.

It is convenient to decompose the Hessian matrices of f;, g; and h into 3 x 3

and we see that

blocks. We can easily check the following:

I|lo]o I |-1]0
H(f3)p: O O O 7H(f4)p: -1 I O s
olo|o Ololo
olo | o ololo
H(fs)py=| O] I |-I |.H®h=| 000 |
O|-1]1 0|00
2] |-1 |0 O|-1]1
H(QS)p = -1 O |0 ,H(g4)p = =1 |2 | -1 )
0|00 I |-1]0
0ololo
H(h)p: O|l0| O
0|0 |21

~—

The tangent space T,(M(6)) of M(6) at p is equal to the orthogonal comple-

ment {Span ((grad f;),, (grad g;),)}* of Span ((grad f;),, (grad g;),). We put W =
Span (B1,. .., Bs)t. We have T,(M(6)) 2 W& W & W. Because Span (31, ..., 36)
is xy-space, we have that dim(W @ W @ W) = 3. Because the gradient vectors
(grad f3)p, ..., (grad f5),, (grad ga2)p, - .., (grad g4), are linearly independent, we see



that dim 7,,(M (6)) = 3. So, we obtain the decomposition T,,(M(6)) = WeWaW C
000

(R?)2. Let A= 0 0 0 | bethe matrix of the orthogonal projection from R? to
001

W C R3 the orthogonal complement. Then, we have the matrix of the orthogonal
projection P relative to the standard basis as the following:

A O O
P=1 0O A O
O 0O A
Thus we have the following form of matrix H, relative to the standard basis:
—(az+as +2b3)A | (as+bs+bs) A —bs A
Hp = (CL4 —|—b3 +b4)A —(CL4 +(l5 +2b4)A (CL5 +b4)A
—bs A (a5 +bs) A (2—as5)A

Since A has the above form, by basic matrix operations we can obtain the following
matrices with the same rank and the same number of negative eigenvalues as H:

—(ag + as + 2b3) ay + bs + by —by
as + bz + by —(ag +as+2by) as+ by
—b4 as + b4 2 — as

We can calculate the rank and the number of negative eigenvalues concretely by
substituting the calculated values of ag, b, and we obtain the result of Theorem
1.2. O
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