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GENERALIZED SPLIT FEASIBILITY PROBLEM
GOVERNED BY WIDELY MORE GENERALIZED
HYBRID MAPPINGS IN HILBERT SPACES

MAYUMI HOJO AND WATARU TAKAHASHI

ABSTRACT. Generalized split feasibility problem governed by a widely more gen-
eralized hybrid mapping is studied. In particular, strong convergence of this al-
gorithm is proved. As tools, resolvents of maximal monotone operators are tech-
nically maneuvered to facilitate the argument of the proof to the main result.
Applications to iteration methods for various nonlinear mappings and to equilib-
rium problem are included.

1. Introduction

Let H be a real Hilbert space and let C' be a non-empty, closed and convex subset
of H. A mapping U : C — H is called inverse strongly monotone if there exists
a > 0 such that

(r —y, Uz —Uy) > a|Uz - Uy|*, Vaz,yeC.

Such a mapping U is called a-inverse strongly monotone. Let H; and H, be two
real Hilbert spaces. Let D and ) be non-empty, closed and convex subsets of H;
and H,, respectively. Let A : H; — H, be a bounded linear operator. Then the split
feasibility problem [6] is to find z € H; such that z € D N A7'Q. Recently, Byrne,
Censor, Gibali and Reich [5] considered the following problem: Given set-valued
mappings A4; : Hy — 271, 1 <4 <m, and B; : Hy — 272 1 < j < n, respectively,
and bounded linear operators T : Hy — Hy, 1 < j < n, the split common null point
problem [5] is to find a point z € H; such that

2 € (NI AT0) 0 (M5 T (B;10),
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where A;'0 and Bj_l() are null point sets of A; and Bj;, respectively. Defining
U = A*(I — Pg)A in the split feasibility problem, we have that U : H; — H; is an
inverse strongly monotone operator, where A* is the adjoint operator of A and P
is the metric projection of H, onto ). Furthermore, if DN A~1(Q) is non-empty, then
2 € DN A7LQ is equivalent to

2= Pp(I — ANA(I — Po)A)z, (1.1)

where A > 0 and Pp is the metric projection of H; onto D. Using such results
regarding nonlinear operators and fixed points, many authors have studied the split
feasibility problem and generalized split feasibility problems including the split com-
mon null point problem; see, for instance, [5,7,16,29]. In the study, they used
established results for solving the problems. In particular, established convergence
theorems have been used for finding solutions of the problems. On the other hand,
we know many existence and convergence theorems for inverse strongly monotone
mappings in Hilbert spaces; see, for instance, [9,17,19,21,25,26].

In this paper, motivated by the ideas of these problems and results, we consider
generalized split feasibility problem and then the problem governed by a widely
more generalized hybrid mapping is studied. In particular, strong convergence of
this algorithm is proved. As tools, resolvents of maximal monotone operators are
technically maneuvered to facilitate the argument of the proof to the main result.
Applications to iteration methods for various nonlinear mappings and to equilibrium
problem are included.

2. Preliminaries

Let H be a real Hilbert space with inner product (-, -) and norm || - ||, respectively.
For 2,y € H and A € R, we have from [24] that

lz + yll* < ll=]* + 2{y, = + y); (2.1)

Az + (1= Nyll* = Alle[* + (1 = Nyl = A1 = M)lz = yl*. (2.2)
Furthermore we have that for z,y,u,v € H,

2z —y,u—v) =z —v|* +lly — ull® = lz = ull® = ly — o|*. (2.3)

Let C be a non-empty, closed and convex subset of a Hilbert space H. The nearest
point projection of H onto C'is denoted by Pg, that is, ||x — Poz|| < ||x — y|| for all
xr € H and y € C. Such Py is called the metric projection of H onto C'. We know
that the metric projection Pg is firmly nonexpansive, i.e.,

| Pex — Poy||* < (Pex — Poy,z — ) (2.4)
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for all z,y € H. Furthermore (x — Pox,y — Pcx) < 0 holds for all z € H and
y € C; see [22]. Let a > 0 be a given constant. A mapping A: C' — H is said to be
a-inverse strongly monotone if (z —y, Az — Ay) > a||Az — Ay|)” for all z,y € C.
It is known that ||Az — Ay|| < (1/a) ||z —y|| for all z,y € C if A is a-inverse-
strongly monotone. Let B be a mapping of H into 2. The effective domain of B
is denoted by D(B), that is, D(B) = {x € H : Bx # ()}. A multi-valued mapping
B on H is said to be monotone if (z —y,u —v) > 0 for all z,y € D(B), u € Bz,
and v € By. A monotone operator B on H is said to be maximal if its graph is
not properly contained in the graph of any other monotone operator on H. For
a maximal monotone operator B on H and r > 0, we may define a single-valued
operator J, = (I +rB)~': H — D(B), which is called the resolvent of B for r.
Let B be a maximal monotone operator on H and let B~'0 = {x € H : 0 € Bz}.
It is known that the resolvent J, is firmly nonexpansive and B~!'0 = F(J,) for
all » > 0, where F(J,) is the set of fixed points of J.. It is also known that
| e — Juz|| < (JA = p] /A) ||z — Jxz|| holds for all A\, u > 0 and = € H; see [10,22]
for more details. As a matter of fact, we know the following lemma [21].

Lemma 2.1. Let H be a real Hilbert space and let B be a maximal monotone
operator on H. Forr >0 and x € H, define the resolvent J.x. Then the following

holds:
s—1
S
forall s,t >0 and x € H.

(Jox — Jyx, Jgx — x) > || Jex — Jux||?

We also know the following lemmas:

Lemma 2.2 ([2], [28]). Let {s,} be a sequence of nonnegative real numbers, let {ay,}
be a sequence of [0,1] with Y7 o, = 00, let {8,} be a sequence of nonnegative
real numbers with Y ", B, < 0o, and let {v,} be a sequence of real numbers with
lim sup,, ,oo 7 < 0. Suppose that

Sn+1 S (1 - an)sn + QpYn + Bn
foralln=1,2,.... Then lim,,_,o s, = 0.
Lemma 2.3 ([15]). Let {I',} be a sequence of real numbers that does not decrease

at infinity in the sense that there exists a subsequence {I',,,;} of {I'n} which satisfies
Iy, <Ty,11 for all i € N. Define the sequence {T(n)}n>n, of integers as follows:

7(n) = max{k <n: Ty < T},
where ng € N such that {k <ng: Ty <Tpi1} # 0. Then, the following hold:

(i) 7(no) < 7T(no+1) < ... and 7(n) — oo;
(11) F-r(n) S FT(TL)+1 a/n;d FTL S FT(TL)+1, v” Z ng.
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Let H be a Hilbert space and let S be a firmly nonexpansive mapping of H into
itself with F'(S) # (). Then we have that

(x — Sz, 8r—y) >0 (2.5)
for all z € H and y € F(S). In fact, we have that for all x € H and y € F(S)
(x—Sz, Sz —y) =(x —y+y— Sz, —y)
=(x—y,Sv—y)+(y — Sz,S5v —y)
> [|Sz —y|* - [|Sz — y|*
=0.

From [27], we also have the following lemmas.

Lemma 2.4. Let Hy and Hy be Hilbert spaces. Let A : Hi — Hy be a bounded linear
operator such that A # 0. Let T : Hy — Hs be a nonexpansive mapping. Then a
mapping A*(I —T)A : Hi — H, is W-mveme strongly monotone.

Lemma 2.5. Let H, and H, be Hilbert spaces. Let B : H; — 2H be a mazimal
monotone mapping and let Jy, = (I + AB)~! be the resolvent of B for A\ > 0. Let
T : Hy — Hy be a nonexpansive mapping and let A : Hi — Hs be a bounded linear
operator. Suppose that B10N ATYF(T) # (. Let \,r > 0 and = € H. Then the
following are equivalent:

(i) z= (I —rA*(I —-T)A)z

(i) 0 € A*(I —T)Az + Bz;

(iii) 2 € BT'ON A7YF(T).

Let H be a Hilbert space and let C' be a non-empty, closed and convex subset
of H. Then, a mapping 7' : C' — H is called generalized hybrid [14] if there exist
a, f € R such that

ol Tz = Tyl* + (1 — )|z — Ty||* < BTz — y|I* + (1 = B) |z — yl® (2.6)

for all x,y € C. We call such a mapping («, [3)-generalized hybrid. Notice that
the mapping above covers several well-known mappings. For example, an («, )-
generalized hybrid mapping is nonexpansive for « = 1 and f = 0, nonspreading
for « = 2 and f = 1, and hybrid for a = % and g = % Kawasaki and Takahashi
[13] defined a more broad class of nonlinear mappings than the class of generalized
hybrid mappings. A mapping S from C' into H is said to be widely more generalized

hybrid if there exist a, 5,7, 6,¢,(,n € R such that
al| Sz — Syl|* + Bllx — Syl* + Sz — yl* + d]l= — y]? (2.7)
+ellz — Sz||* +Clly — SylI* +nll(z — Sz) — (y — Sy)|* <0
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forall x,y € C. Such a mapping S is called («, 3,7, d, €, ¢, n)-widely more generalized
hybrid. An («, 5,7, 9, ¢, (,n)-widely more generalized hybrid mapping is generalized
hybrid in the sense of Kocourek, Takahashi and Yao [14] if a+ 8 = —y—Jd =1 and
e =(=mn=0. A generalized hybrid mapping with a fixed point is quasinonexpan-
sive. However, a widely more generalized hybrid mapping is not quasi-nonexpansive

generally even if it has a fixed point. We know the following theorem from Kawasaki
and Takahashi [13].

Theorem 2.1 ([13]). Let H be a Hilbert space, let C' be a non-empty, closed and
conver subset of H and let S be an («, B,7,0,¢,(,n)-widely more generalized hybrid
mapping from C' into itself which satisfies the following conditions (1) or (2):

(1) a+B+7+6>0,a+v+e+n>0and (+n>0;

2) a+p+7+0>0,a+8+C+n>0andec+n>0.
Then S has a fived point if and only if there exists z € C such that {S"z : n =

0,1,...} is bounded. In particular, a fized point of S is unique in the case of o +
B+ ~v+0 >0 on the conditions (1) and (2).

The following lemmas for widely more generalized hybrid mappings are essential
for proving our main theorem.

Lemma 2.6 ([13]). Let H be a Hilbert space, let C' be a non-empty, closed and
conver subset of H and let S be an («, B,7,0,¢,(,n)-widely more generalized hybrid
mapping from C' into itself such that F(S) # () and it satisfies the conditions (1) or

(2):
(1) a+B8+7+0>0,+n>0and a+ > 0;
2) a+p+7+0>0,e+n>0and a+~>0.

Then S is quasi-nonexpansive.

Lemma 2.7 ([12]). Let H be a Hilbert space and let C' be a non-empty, closed and
conver subset of H. Let S : C — H be an («, 3,7, 9,¢,(,n)-widely more generalized
hybrid mapping. Suppose that it satisfies the following conditions (1) or (2):

(1) a+B8+y+0>0anda+y+e+n>0;
2) a+pf+y+d>0anda+ 5+ C+n>0.

If v, = z and x,, — Sz, — 0, then z € F(S).
3. Main result

In this section, we solve a generalized split feasibility problem governed by a
widely more generalized hybrid mapping in Hilbert spaces.
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Theorem 3.1. Let Hy and Hy be Hilbert spaces and let C' be a non-empty, closed
and convex subset of H,. Let B : Hy — 291 be a mazimal monotone mapping such
that D(B) C C and let Jy = (I + AB)™! be the resolvent of B for A > 0. Let S be
an (o, 5,7,9,¢,(,n)-widely more generalized hybrid mapping from C' into C' which
satisfies the conditions (1) or (2):

(1) a+B8+y+0>0,a+5>0and +n>0;

(2) a+B8+7+06>0,a+vy>0ande+n>0.
Let T : Hy — Hs be a nonexpansive mapping. Let A : Hy — Hs be a bounded linear
operator. Suppose that B'0NF(S)NAT*F(T) # 0. Let {u,} be a sequence in C
such that u, — u. Let x1 = x € C and let {x,} C C be a sequence generated by

for all n € N, where {\,} C (0,00), {£,} C (0,1) and {a,} C (0,1) satisfy

1
O<a§)\n§b<w, 0<e<p,<d<1,

o0
lim o, =0 and E = 00.
n—oo 1

n=

Then the sequence {x,} converges strongly to a point zo € B"'0NF(S)NA™*F(T),

where 2o = Pp-10nF(s)nA-1F(T)U-

Proof. Let z € B'0N F(S) N A™'F(T). We have that Sz = 2, Jy, 2 = 2 and
(I = T)Az = 0. Since S is quasi-nonexpansive (Lemma 2.6), J,, is nonexpansive
and (I —T) is 3-inverse strongly monotone, we obtain that for any n € N,

IS Tx, (@0 = AnA™(1 = T)Azy) — 2||* < [ s, (20 — M A™(1 = T) Az,,) — 2|
< | — MA (I = T) Az, — 2| (3.1)
= || — 2||> = 2\ @0 — 2, A*(I — T)Az,)) + (M) ||A*(I — T) Az, ||?
= ||z, — 2| = 2\ (Az, — Az, (I = T)Az,) + (M) || AT (T — T) Az, ||
< lza = 21° = A 12 = T)Azall® + (M) AP (I = T) Az
= |l = 2l* + A [IANP = D) I(1 = T) A
< fln — 21"
Let y, = apup, + (1 — ay,) STy, (x, — M\yA* (L — T') Ax,,)). We have that
[yn = 21l = llem(un = 2) + (1 = an)(Sx, (20 = A A" (I = T) Azy) = 2)|
< ap [lun = 2l + (1 = ) [l — 2]
Using this, we get that

[2n1 = 2]
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= [1Bn(an = 2) + (1 = Ba)(yn — 2l
< Bullzn =2l + (1= Ba) llyn — 2
< B llan = 2| + (1= Bu)(an [lun = 2] + (1 = an) [l = 2[])
= (1 = an(l = Bo))llzn — 2|l + an(1 = Ba)[lun — 2.
Since {u,} is bounded, there exists M > 0 such that sup,,cy ||u, — 2|| < M. Putting
K = max{|lzy — z||, M}, we have that ||z, — z| < K for all n € N. In fact, it is
obvious that ||z; — z|| < K. Suppose that ||z, — z|| < K for some k € N. Then we
have that
[eer1 — 2] < (1= ar(l = Bz — 2l + cr(l = Bi)lur — 2|
By induction, we obtain that ||z, — z|| < K for all n € N. Then {z,} is bounded.
Furthermore, {Azx,}, {y,} and {J,, (x, — \yA*(I — T)Ax,)} are bounded. Putting
zn = Jn, (I — \A*(I — T)A)x,, from the definition of {z,,} we have that
Tpt1 — T = Bpxn + (1 = B){anu, + (1 — a)Sz} — 2

and hence
Tpr1 — Tn—(1 = Bn)anty, = Bpzn + (1 — Bo)(1 — ) Sz, — zp
= (1 =B ){(1 — an)Sz, — zn}
=1 —=6){S2n — xn — @, Sz, }.
Thus we have that
(Tpr1—n — (1 = Bn)antn, T, — 2o)
= (1= Bn){(Szn — Tp, Tp — 20) — (1 = Bp){nSzn, T — 20) (3.2)
—(1 = Bn)(xn — Szn, xn — 20) — (1 = Br)an(Szn, Ty — 20).
From (2.3) and (3.1), we have that

2xn — S2n, Tn—20) = |70 — 20||> + |S2n — @ull® = [|S20 — 20]?
> [len = 2ol + 1520 = zall® = ll2n — 20]” (3.3)
= |19z, — x,||%.

From (3.2) and (3.3), we have that
—2(Tp — Tpy1, Tn — 20) = 2(1 — Bn)an (Un, T, — 20)
—2(1 = Bp){xp — Szn, xn — 20) — 2(1 — Bn)an(Szn, Tn — 20) (3.4)
< 2(1 = Bn)an (Un, Tn — 20)
— (1= B)IS2n — xal|* — 2(1 = Bo)an{(S2zn, Tn — 20).
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Furthermore, using (2.3) and (3.4), we have that

201 — 2o)* =20 — 2nia I — Iz — 20]1?
S 2(1 - 5n)an<una Ly — ZO)
— (1= B)||Szn — $n||2 —2(1 = Bn)an(Szn, Tn — 20)-

Setting T',, = ||z, — 20||?, we have that

FnJrl - Fn - Hxn - xn+1”2
— (1= B)S2n — > — 2(1 — Bn)an(Szn, n — 20).

Since

H-fEn—i-l - xn“ = H(l - ﬁn>an(un - Szn) + (1 - anszn - '%n)H (3'6)
<(1- ﬁn)(HSZn — Ty || + o ||t — San),

we have that
|z sr=all* < (1= B2 ([1S20 — @all + anlltn — Szul)”
= (1= 80)%)1S20 — 2al? (3.7)
+ (1 - ﬁn)z(zanHSZn - anHun - SZnH + O‘i”un - SZnHz)-
Thus we have from (3.5) and (3.7) that

Loi1=Tn < 20 — 2 |* + 2(1 = Bp)avn (un, 7 — 20)
— (1= B)lISzn = @al® = 2(1 = Bu)an(Szn, 70 — 20)
< (1= B2)% (1820 — al®
+ (1= Ba)?* (20n[1Sz — @allllun — Szall + allun — Szal?)
4+ 2(1 — Bp)on (U, Tn — 20) — (1 — Bp)||S2n — 2,
—2(1 = Bn)an(Szn, xn — 20)

and hence
LCop1=T0 + Bu(1 = B,)[|S2, — anQ
<(1- Bn)2(2an||szn — Zp||lun — Szall + O‘?zHun - SZnHQ) (3.8)
+ 2(1 — Bp)an (U, T, — 20) — 2(1 — Bn)an(Szn, Tn — 20)-

We will divide the proof into two cases.
Case 1: Suppose that there exists a natural number N such that I',,.; < T, for
all n > N. In this case, lim,_,, [',, exists and then lim,, o (I';,41 — ') = 0. Using
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lim, 0o, =0 and 0 < ¢ < 3, < d < 1, we have from (3.8) that

1111—>I£lo 1Sz, — x| = 0. (3.9)
From (3.6) we have that
lim ||z,41 — x| = 0. (3.10)
—00
We also have that
lyn — Sznll = [Jantn + (1 — ) Sz, — Sz| (3.11)
= ap|ju, — Sz,|| — 0.
Furthermore, from [y, — n| <[y — Szull + [[S20 — 2|, we have that
T lyn — ]| = 0. (3.12)
We show lim,, ., ||Sz, — z,|| = 0. Since || - ||? is a convex function, we have that

|1 = 200" < B 2 = 20l|* + (1= Ba) [lym — 20]1” -
From (2.1) we also have that
1y = 20ll* = llotn(un — 20) + (1 — ) (S2n — 20)|I”

< (1= an)?|1S2n — 201* + 200ty — 20, Yn — 20)

< (1= 0n)*llzn — 20/l + 200 (un — 20, Y0 — 20)

< zn — 20|1* + 200 (Up — 20, Yn — 20)

< l#n = 20" + Al AP = 1) (T = T) Az ||

+ 20, (U, — 20, Yn — 20)-

Using (3.13) and (3.14), we have that

|2ns1 = 20ll* < Bu llwn = 2oll” + (1 = Ba) |z — 20]°

(3.13)

(3.14)

+ (L= Ba) Al AP = 1) [|( = T) Aza||” + 20 (un — 20, Y — 20)

= ||z — 20l* + (1 = Bu) A (Al Al = D ||(1 = T) Az, ||?
+ 20, (U, — 20, Yn — 20))-
Thus we have that

< HIn - Z0||2 - H37n+1 - Zo||2 + (1 - ﬁn)QOéan —20,Yn — ZO)-

Then we have that
lim ||(I — T)Az,|| = 0.
n—oo

Since Jy, is firmly nonexpansive, we have that

2||zn—zo\|2 =2||Jx, (xp — M\A (I — T)Ax,) — J,\nzo||2
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< 2(xy — MAT (I — T)Ax,, — 20, 20, — 20)
= l2n — A AT = T) Ay — 20|” + [|2n — 20"
— ||z — MA (I = T) Az, — 20 — (20 — 20)||?
< |z = 20/ + [l2n = 2ol|*
—ln — 20 — MAT(L — T) Az, ||
= ||z — 20ll” + |20 — 20lI* = ln — 2al|”
+ 20, (T — 29, A*(I — T)Ax,)) — (N2 A*(T — T) Aw,||2.
Thus we get that
120 = 20l* < |z = 2001 = [l = zall”
4+ 20 (T — 20, A*(I — T) Axy)) — (N)2||A*(I — T) Az,||2.
Using (3.14), we obtain
ns1 = 20017 < Ball2n — 2ol|* + (1 = Ba)llym — 2ol
< Bulln = zoll* + (1 = Bu)(llz — 20/1” + 200 {un — 20,y — 20))
< Bu lltn = 20l” + (1 = Ba) |z — 2o|”
— (1= Ba) 10 — 2all” +2(1 = Bu) A (T — 20, A*(1 — T) Az,,)
— (1= Bu)A2 |A* (I = T) Az ||* + 2(1 = Ba) i (tn — 20, Yn — 20)
= |lzn = 20l* = (1 = Ba) lln — 2al|”
+2(1 = Ba) M (T — 20, AT(I = T)Azy) — (1 — Bo) A2 | A*(I — T) Ax, |
+2(1 — By)an (U — 20, Yn — 20),
from which it follows that
(1=Ba) l2n = zall* < |20 — 20"
— ||l Zns1 — 2olI” + 201 = Bo)An (@0 — 20, A*(I — T) Azy,)
— (L= BN [ A*(I = T) Aza||* +2(1 = Br)cvn{ttn — 20, Yo — 20)-
Then we have that

lim ||z, — 2,|| = 0. (3.18)
n—oo
Since || Sz, — zn|| < ||Szn — @u|| + ||z — 2|, we have that
lim || Sz, — z,]| = 0. (3.19)
n—oo

Take \g e Rwith0<a <)\ <b< W. Put s, = (I — \,)A*(I —T)Axz,. Using
2 = I, (I — N\A*(I —T)A)x,, we have from Lemma 2.1 that

| Jng (I — XgA* (I — T)A)x,, — 2, ||
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= | Tag (I = MA* (I = T)A)y — Jr, (I — MA*(I — T) Az, ||
= (| Jao (I — Mo A™(I — T)A)zp — Jag (I — AA*(I — T) A,

+ Iy (I = MA* (I = T)A)zy — Iy, (I — MeA*(I = T)A)z,|| (3.20)
<N = XA (I —T)A)x,, — (I — NA (I —T)A) x| + | IrgSn — Ia, Snll
)\0 - )\n‘

< o = AJIA*(T = T) A, | + [ rg8n — sall

Ao
We also have from (3.20) that
|zn — Jag (I — XNgA* (I — T)A)z,|| (3.21)
< lwn = 2nll + 120 = I (I = Ao A™(L = T) A)z|.
We will use (3.20) and (3.21) later.

Let us show that limsup,,_,. (z0 — u, z,, — 29) > 0. Put

¢ =limsup (zg — u, T, — 2o) -
n—oo

Without loss of generality, we may assume that there exists a subsequence {z,,} of
{z,} such that ¢ = lim; ,, (20 — u, x,, — 20) and {z,,} converges weakly to some
point w € C. From ||z, — z,|| — 0, we also have that {z,,} converges weakly to
w € C. On the other hand, from {\,,} C [a,b] there exists a subsequence {)\nij}
of {\,,} such that Ani; = Ao for some Ay € [a,b]. Without loss of generality, we
assume that z,, — w and \,, — Ag. From (3.19) we know lim,, . ||Sz, — z,|| = 0.
Thus we have from Lemma 2.7 that w = Sw. Since \,, — Ao, we have from (3.20)
that

| Jao (I — N A (I = T)A)xp, — 20, || — O.
Furthermore, we have from (3.21) that
|0, — Jag(I — XA (I = T)A)x,,|| — 0.
Since Jy, (I — \gA*(I —T')A) is nonexpansive, we have that
w = Jy, (I = XNA* (I —T)A)w.
This means that 0 € B~'0N A F(T'). Thus we have
we F(S)NBONATTF(T).
Then we have
= Zliglo(zo — U, T, — 20) = (20 — U, w — 29) > 0. (3.22)
Since Yy, — 20 = (U — 20) + (1 — ) (Sz, — 20), we have

lym — 20l1* < (1 = )?||S2n — 20|” + 20 (tn — 20, Yn — 20) -
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Thus we have from (3.1) that
lyn = 201" < (1 = an)® [z = 20l* + 200 (n = 20,y — 20)
Consequently we have that
i1 = 2ol < Ballo — 20l + (1 = Ba) llgn — 20
< B llzn = zoll” + (1= Ba) (1= )? [l = 20lI” + 200 (1 = 20,y — 20))
= (B + (1= Ba)(1 = an)?) |z — 20l + 2(1 = Ba)vn (wn — 20, Yn — Z0)
< (Bn+ (1= Ba)(L = ) [l — 20/ +2(1 = Bu)an (wn — 20, Yo — 7o)
= (1= (1 = Bu)awm) len = 20l* + 2(1 = Br)an (tn — 20, Y — 20)
= (1= (1= Bu)an) 10 = 20ll* + 2(1 = Ba) ey (tn — 1, yn — 20)
+2(1 = Bn)am (u — 20, Yn — 20) -
By this inequality and Lemma 2.2, we obtain that z,, — 2, where
20 = PF(S)melomAle(T)U-

Case 2: Suppose that there exists a subsequence {I',,;} C {I';,;} such that I, <
I, 41 for all © € N. In this case, we define 7: N — N by

7(n) =max{k <n: T < Tk}

Then we have from Lemma 2.3 that I';(,) < I';()11. Thus we have from (3.8) that
for all n € N,

Brn) (L=Bra) IS zrm) — Trm |1
< (1 = Brw)* 200 1S 27 () = Trullltry — Szr |
+ (1= Brw)? 2 (lltir(ny — Szryll® (3.23)
+ 2(1 = Br(w)) Qr(n) (Ur(n), Tr(n) — Z0)
= 2(1 = Brn))@r(n) (SZr(n)s Tr(n) — 20)-
Using lim,, ;oo , =0 and 0 < ¢ < 3, < d < 1, we have that
lim ||Szr(n) — -yl = 0. (3.24)

n—oo

As in the proof of Case 1 we have that

T |27y 1 = 27| = 0 (3.25)
and
T lyr(n) = Szrm [l = 0. (3.26)

Since [|Yr(ny — Trm)ll < N|Yrm) — Szrm) || + 1522y — T2 ||, we have that
nlljlolo ||y.,-(n) - CE.,-(n)H = 0. (327)
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For 20 = Pp-10np(s)na-1r(ryu, we show that limsup,, ., <zo — Uy Yr(n) — zo> > 0.
Put

¢ = lim sup <zo — U, Yr(n) — zo> :

n—o0

Without loss of generality, there exists a subsequence {y-(n,)} of {y-(n)} such that
¢ = lim;_, o <u — 20, Yr(ng) — zo> and {y-(n,) } converges weakly to some point w € C'.
From ||Yr(n,) — Ty || = 0, we also have that {x(,,)} converges weakly to w € C.
As in the proof of Case 1 we have that w € B~'0N F(S)NA~'F(T). Then we have

0= 1im (20 =, Yr(n;) = 20) = (20 — u,w — 2) > 0.
1— 00
As in the proof of Case 1, we also have that

97y — 20]|”" < (1 = tr()? ||y — 20]|” + 2000(n) (Urim) = Z0, Yoy — 20)

and then

|22y 1 = 20[1% < Brmy [[Ermy = 20]|” + (1 = Brioy) [[Yrmy — 20|
< (1= (1= Brtw)rmy) ||y — 20|
+ 2(1 - ﬁf(n))a‘r(n) <u‘r(n) — 205 Yr(n) — ZO> .

From I';(,y) < I'7(ny41, we have that
2
(]- - B‘r(n))ar(n) HIT(n) - ZOH S 2(]— - BT(n))aT(n) <u7(n) — 20y Yr(n) — ZO>-

Since (1 — Br(m))arm) > 0, we have that

||x7'(n) - ZO||2 < 2<UT(n) — 20 Yr(n) — ZO)

= 2<u7'(n) — Uy Yr(n) — ZO> + 2(“’ — 20, Yr(n) — ZO)-

Thus we have that

lim sup HxT(n) — ZOH2 <0
n—oo

and hence |-, — 20|| = 0. From (3.25), we also have that z.(,) — Zr(n)41 — 0.
Thus ||Z7()11 — 20| = 0 as n — co. Using Lemma 2.3 again, we obtain that

[0 = zoll < l|#r(m)+1 = 20/l = 0

as n — 0o. This completes the proof. O

— 139 —



4. Applications

Let H be a Hilbert space and let f be a proper, lower semicontinuous and convex
function of H into (—oo, 0o]. Then the subdifferential Of of f is defined as follows:

of (@) ={z€ H: f(z)+(2,y —x) < f(y), Yy € H}

for all x € H. By Rockafellar [18], it is shown that df is maximal monotone. Let C
be a non-empty, closed and convex subset of H and let ic be the indicator function

of C, i.e.,
, 0, ifxeC,
ic(z) = .
00, ifeegC.

Then i¢ : H — (—o0, 0] is a proper, lower semicontinuous and convex function on
H and hence 0i¢ is a maximal monotone operator. Thus we can define the resolvent
Jy of di¢c for A > 0 as follows:

I = (I 4+ Nig) 'z, Voe H, A>0.

On the other hand, for any u € C, we also define the normal cone N¢(u) of C' at u
as follows:

Noe(u)={z€ H:(z,y—u) <0, Vy € C}.
Then we have that for any x € C
dic(x) ={z € H tic(x) + (z,y —x) <icly), Vy € H}
={2€H:{(z,y—2) <0, VyeC}
= N¢(x).
Thus we have that

u=J\x < (I+\ic) 'z =usx€ut \ic(u)
& x€ut ANg(u) < x—u € ANg(u)
s (r—uy—u)y <0, VYyecl
& Po(z) = u.
Putting B = Jic in Theorem 3.1, we have .J, = Po. Thus we obtain the following

theorem from Theorem 3.1.

Theorem 4.1. Let Hy and Hy be Hilbert spaces and let C' be a non-empty, closed
and convexr subset of Hy. Let S be an («,f3,7,9,¢,(,n)-widely more generalized
hybrid mapping from C' into C which satisfies the conditions (1) or (2):

(1) a+B8+7y+0>0,a+5>0and (+n>0;

2) a+B8+7+06>0,a+vy>0ande+n>0.
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Let T : Hy — Hs be a nonexpansive mapping. Let A : Hy — Hs be a bounded linear
operator. Suppose that F(S)NATF(T) #0. Let {u,} be a sequence in C such that
U, — u. Let 1 =x € C and let {x,} C C be a sequence generated by

for all n € N, where {\,} C (0,00), {B,} C (0,1) and {a,} C (0,1) satisfy
1

O<a§)\n§b<w, 0<e<p,<d<1,

o0
lim o, =0 and E Q= 00.
n—oo 1

n=

Then the sequence {x,} converges strongly to a point zg € F(S) N A~'F(T), where
20 = PF(S)QA*F(T)U-

Proof. Set B = 0i¢ in Theorem 3.1. Then we have that J, = P¢ for all A > 0. Thus
we have the desired result from Theorem 3.1. O

Replacing a widely more generalized hybrid mapping in Theorem 3.1 by a gener-
alized hybrid mapping, we have the following theorem.

Theorem 4.2. Let Hy and Hy be Hilbert spaces and let C' be a non-empty closed
convex subset of H,. Let B : H, — 2\ be a mazimal monotone mapping such that
D(B) C C and let Jy = (I + AB)™! be the resolvent of B for X > 0. Let S be a
generalized hybrid mapping from C into C. Let T : Hy — Hy be a nonerpansive
mapping. Let A : Hy — Hy be a bounded linear operator. Suppose that B~'0NF(S)N
ATYE(T) # 0. Let {u,} be a sequence in C such that u, — u. Let vy =z € C' and
let {x,} C C be a sequence generated by

for all n € N, where {\,} C (0,00), {B.} C (0,1) and {a,} C (0,1) satisfy

1
O<a§)\n§b<W, 0<c<pB,<d<1,

o0
lim o, =0 and E Qy, = 00.
n—oo 1

n=

Then the sequence {x,} converges strongly to a point 2o € B~'0NF(S)NA~'F(T),

where 20 — PB—loﬁF(S)ﬂA—lF(T)u-
Proof. Since S : C' — (' is generalized hybrid, there exist s, € R such that

sl|Sz — SylI* + (1 — s)llo — Syl* < tl|Sz —ylI* + (L — )]z — y]®
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for all x,y € C. This implies that
SISz = Syll? + (1 = )l — SylI2 — tl|Sz — ylI* — (1 = D)z — g <.

Since (1) a+p4+v+d6 = s+(1—s)—(1—t)—t =0, a+8 =s—(1—s) = lande+n =0
in Theorem 3.1 are satisfied, we have the desired result from Theorem 3.1. 0

We also get the following theorem from Theorem 4.2.

Theorem 4.3. Let H; and Hy be Hilbert spaces and let C' be a non-empty closed
convex subset of Hy. Let S : C'— C' be a nonexpansive mapping and let T : Hy — H,
be a nonexpansive mapping. Let A : Hy — Hs be a bounded linear operator. Suppose

that F(S) N ATYF(T) # 0. Let {u,} be a sequence in C' such that u, — u. Let
r1 =2 € C and let {x,} be a sequence in C' generated by

for all n € N, where {\,} C (0,00), {£,} C (0,1) and {a,} C (0,1) satisfy

1
O<a§)\n§b<W, 0<e<p,<d<1,

o
lim o, =0 and E oy, = 00.
n—00 .

n—=

Then the sequence {x,} converges strongly to a point zy of F(S) N A™F(T), where
20 = PF(S)QA*F(T)U-
Let C be a non-empty, closed and convex subset of a real Hilbert space H, and

let f:C xC — R be a bifunction. Then we consider the following equilibrium
problem: Find z € C' such that

flz,y) >0, VyeC. (4.1)
The set of such z € C' is denoted by EP(f), i.e.,
EP(f)={2€C: f(zy) 20, Vy € C}.

For solving the equilibrium problem, let us assume that the bifunction f satisfies
the following conditions:
(A1) f(z,z) =0 for all z € C;
(A2) f is monotone, i.e., f(x,y) + f(y,z) <0 for all z,y € C;
(A3) for all z,y,2z € C,
limsup f(tz+ (1 — t)x,y) < f(x,y);
t—0

(A4) f(x,-) is convex and lower semicontinuous for all x € C.

We know the following lemmas; see, for instance, [4] and [8].
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Lemma 4.1 ([4]). Let C be a non-empty closed conver subset of H, let f be a
bifunction from C' x C to R satisfying (A1)-(A4) and let r > 0 and x € H. Then,
there exists z € C' such that

Fep) 4y — 22— 2) 2 0

forally e C.

Lemma 4.2 ([8]). Forr >0 and x € H, define the resolvent T, : H — C of f for
r >0 as follows:

T,nx:{ZGC’:f(z,y)—ir%(y—Z,Z—DC)207 VyGC}-

Then, the following hold:
(i) T is single-valued;
(ii) T} is firmly nonexpansive, i.e., for all v,y € H,
||T7»£L‘ - TryHQ S <Tr$ - Try7x - y>;

(iii) F<Tr) = EP(f);
(iv) EP(f) is closed and convex.

Takahashi, Takahashi and Toyoda [21] showed the following. See [1] for a more
general result.

Lemma 4.3 ([21]). Let C be a non-nempty, closed and convex subset of a Hibert
space H and let f: C x C'— R be a bifunction satisfying the conditions (A1)-(A4).
Define Ay as follows:

{ZEHZf(ZE,y)Z<y—J],Z>7 \V/:UGO}, ifoC,
Ap(z) = .
0, ife & C.

Then EP(f) = AJIl(O) and Ay is mazimal monotone with the domain of Ay in C.
Furthermore,

To(x) = (I +rAf) Yz), Vr>0.
We obtain the following theorem from Theorem 3.1.

Theorem 4.4. Let H; and Hy be Hilbert spaces and let C' be a non-empty closed
convex subset of Hy. Let f : C'x C — R satisfy the conditions (A1)-(A4) and let Ty,
be the resolvent of Ay for A, > 0 in Lemma 4.5. Let S be an (o, 5,7,0,¢,(,n)-widely
more generalized hybrid mapping from C into C' which satisfies the conditions (1)
or (2):

() a+p+7+5>0,a+8>0and(+n>0;

2) a+p+7+0>0,a+v>0ande+n>0.
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Let T : Hy — Hs be a nonexpansive mapping. Let A : Hy — Hs be a bounded linear
operator. Suppose that EP(f)NF(S)NA'F(T) # 0. Let {u,} be a sequence in C
such that u, — u. Let xv1 = x € C and let {x,} C C be a sequence generated by

Toit = Batin + (1= Ba)(ontin + (1 = ) STy, (I — N A*(I — T)A)z,)
for all n € N, where {\,} C (0,00), {£,} C (0,1) and {a,,} C (0, 1) satisfy

1
O<a§)\n§b<W, 0<c<pB,<d<1,

o
lim o, =0 and E Qa, = 00.
n—o0 1
n—=

Then the sequence {x,} converges strongly to a point zg € EP(f)NF(S)NA™1F(T),

where 2o = Ppp(f)nr(s)na-—1F(1)U-

Proof. Define Ay for the bifunction f and set B = Ay in Theorem 3.1. Thus we
have the desired result from Theorem 3.1. ]
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