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REMARKS ON SOME ALMOST HERMITIAN
STRUCTURE ON THE TANGENT BUNDLE, II

TAKASHI OGURO AND YOSHITSUGU TAKASHIMA

ABSTRACT. Tahara, Vanhecke and Watanabe constructed a family of almost Her-
mitian structure (Jq, G1) and two almost complex structures Js, J3 on the tangent
bundle TM over an almost Hermitian manifold M. In this paper, we define Rie-
mannian metrics Go and Gz on T'M which make T'M an almost Hermitian man-
ifold and determine the conditions for (J;,G;) (i = 1,2,3) so that (TM, J;,G;)
belongs to each of the sixteen classes established by Gray and Hervella.

1. Introduction

Let 7 : TM — M be the tangent bundle over a Riemannian manifold M endowed
with a Riemannian metric g. The tangent space T,,7M of T'M at each point u € T M
has a direct sum decomposition of the vertical subspace V, = ker(dn), and the
horizontal subspace H, with respect to the Riemannian connection of g. The vertical
subspace V, can be naturally identified with the tangent space Tr,)M of M at
m(u) € M. For each tangent vector X € T,M and a point u € TM with 7(u) = p,
there exists a unique tangent vector X € H, (resp. X} € V), called the horizontal
lift (resp. the vertical lift) of X, such that dr(X”) = X (resp. X) = X under
the natural identification). Tangent bundle 7'M admits a natural almost Hermitian
structure (actually, an almost Kéhler structure) (Jy, Gy), that is,

Go(X,,Y,) = Go(X,,Y,)) = g(X)Y), Go(X;,Y)) =0,
JoXH =XV JX)=-X1

for X, Y € TryM. This is perhaps the most natural almost Hermitian structure
on T'M. It is well-known that (7'M, Jy, Go) is a Kéhler manifold if and only if M is
locally flat ([1]). Therefore, this natural structure seems extremely rigid and many
almost Hermitian structures on T'M have been constructed from various points of
view by many authors.
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In [4], Tahara, Vanhecke and Watanabe constructed a family of almost Hermitian
structure (J;,Gy) and two almost complex structures J, J3 on the tangent bundle
TM over an almost Hermitian manifold. The almost Hermitian structure (J;, Gy)
is an extension of (J, G) argued in [3] and [5]. In this paper, we define Riemannian
metrics G5 and G3 on T'M which make T'M an almost Hermitian manifold and
determine the conditions for (J;,G;) (i = 1,2,3) so that (T'M, J;, G;) belongs to
cach of the well-known sixteen classes by Gray-Hervella ([2]).

2. Preliminaries

In this paper, we will use the same symbols used in [3]. Let M = (M, J, g) be an
almost Hermitian manifold of dimension 2n. We assume dim M > 4. Let X, Y be
any vector fields of M. At each point u € T'M, we have

(X", YV], =0, (2.1)

(X1 YV], = (VxY)y, (2.2)
dr([X",Y"),) = [X, Y]rq), (2.3)
K(X",Y",) = =R(Xr(u), Ya(u)U; (2.4)

where K is the connection map K : TT'M — TM which maps A € TTM to its
vertical component AV and R is the Riemannian curvature tensor of M defined by

R(X,)Y)Z =[Vx,Vy|Z =V ixyZ.
Let p* be the Ricci *-tensor defined by
1
pr(x,y) = §trace(z — R(z, Jy)Jz).

Ricci #-tensor is not symmetric but satisfies p*(JX,JY) = p*(Y,X). If M is a
Kahler manifold, p* coincides with the Riemannian Ricci tensor.

The sectional curvature H(u) of the plane in T5(,)M determined by u and Ju is
called the holomorphic sectional curvature. If H(u) is a constant for all u € T, M and
all p € M, M is called a space of constant holomorphic sectional curvature. It is well
known that the curvature tensor R of a Kahler manifold of constant holomorphic
sectional curvature H(u) = 4c is of the form

R(X,Y,Z,W) = g(R(X,Y)Z,W)
= c{g(X,W)g(Y, Z) — g(X, Z)g(Y. W) + g(X, JW)g(Y, J Z)
— g(X, JZ)g(Y, W) = 29(X, JY )g(Z, JW)}.

Next, we recall the sixteen classes of almost Hermitian manifolds established in [2].
We denote by # the set of all almost Hermitian manifolds of dimension 2n (> 6).



Let Q be the Kahler form of M = (M, J,g) € #', where Q) is defined by
QX,Y) = g(X, JY).

Making use of the invariant subspaces #4, ..., #, of the unitary representation, we
can classify # into following sixteen classes.

(1) # = Kéhler manifolds: VQ = 0.

(2) #1 = N = nearly Kéhler manifolds: (VxQ)(X,Y) = 0.

(3) Wo = ¥ = almost Kéhler manifolds: d2 = 0.

(4) #5 = N S# = Hermitian semi-Kéhler manifolds:
(VY. Z) — (VsxQ)(JY. Z) = 62 = 0.

(5) #a:

(VxQ)(Y, Z) = — X,Y)0(Z) — g(X, Z)5Q(Y)

1
— g(X, JY)0QJZ) + g(X, TZ)0QJY)}.
(6) 71U We = 2¥ = quasi-Kéhler manifolds:

(VxO)(Y, Z) + (VuxQ)(JY, Z) = 0.

(7) P U Hs:
(VxQ)(X,Y) — (VyxQ)(JX,Y) = 60 = 0.
(8) #1 U Hy:
(VxQ)(X,Y) = —Q(H—l_l){HXH?cSQ(Y) = 9(X,Y)oQ(X) = g(JX,Y)oUJIX)}.
(9) #oUWs:

S {(VxQ)(Y, Z) — (Vux)(JY, Z)} = 0Q = 0,

XY, Z

where G denotes the cyclic sum.
(10) #o U Hy:

& AV, Z) - g(X, JY)o(JZ)/(n — 1)} = 0.
(11) #5 U W, = A = Hermitian manifolds:
(Vx)(Y,Z) — (V,xQ)(JY, Z) = 0.

(12) LU Ho U Wy = ¢ = semi-Kéhler manifolds: 6Q = 0.
(13) LU W5 U W

(VxQ)(Y, Z) + (VxQ)(JY, Z) = —ﬁ{g(X, Y)50(2)
— 9(X, 2)09(Y) — (X, JY)OQTZ) + g(X, TZ)5QJY)}.



(14) L U5 U Hy:
(VxQ)(X,Y) — (VxQ)(JX,Y) =0.
(15) #o U W5 U W

& A(Vx)(¥.2) - (Vox)(JY. 2)} =0.

(16) # = almost Hermitian manifolds: No condition.

3. Almost Hermitian structures on 7'M

First, we introduce the almost Hermitian structure (J;,G1) and almost complex
structures J, J3 on T'M over an almost Hermitian manifold M = (M, J, g) con-
structed in [4].

Let fi,h1, k1 : [0,00) — R be positive C*-functions such that (f; — hy)/t and
(fi — k1)/t are C* at t = 0. Moreover, let oy, 81,71 : [0,00) = R be C*°-functions
satisfying a; > 0, a; +t8; > 0, ag +ty; > 0. We define an almost complex structure
J1 and a Riemannian metric G; on T'M respectively by

[ XH — XY 4 @g(x, wu + kl%flg(x, Ju)(Ju)Y

1 hi — fi ki — fi
I XY =——XF + X, u)ull + ———=
(7 i t fil 9 ) t fiks

( G1<X£{7 YUH> = alg<X> Y) + 619(X7 U)Q(K u) + fylg(Xa Ju)g(}/a JU),
Gi1(X, YY) = 019(X,Y) + hig(X,u)g(Y,u) + &g(X, Ju)g(Y, Ju),
\ G1<X57 Yuv) = 07

9(X, Ju)(Ju)y,

for u € TM and X,Y € Ty M, where ¢ = |Jul|* and
o ! " _al(f%_h%)'f_tffﬁl ¢ _al(f%_k%)"‘tff%
1 — 99 1 — 9 — .
7 tf2hi tf2k

We may assume that k; — fi # 0. Note that (J;, G1) coincide with (J, G) in [3] and
[5] lfkl—flz")/l =0.
The almost complex structure .J; is defined by

ko — ho —
S XH = f(JX)V - 2 . ng(X, Ju)u) + Qszg(X, w)(Ju)Y,
1 ha — fo ko — fo
S XV = —(JX) 4+ = —Zg(X, Ju)ull — X, u)(Ju)H
29X, f2( )u ol 9( % ok 9(X,u)(Ju)

where fo, ho, ks 1 [0,00) — R are positive C*-functions such that (hy — f2)/t and
(ko — fo)/t are C™ at t = 0.



The almost complex structure J3 is defined by

hs — A ha — A
JsXH = \(JX)H 4 ith g(X, Ju)ull + 3t g(X,u)(Ju)H,
3

ks — ks —
JoXY = (X)) + B (X Juull + = Eg(Xw (Ju)l

where A = +1, = £1 and hs, k3 : [0,00) — R are nowhere-zero C*°-functions such
that (hs — A)/t and (ks — u)/t are C*° at t = 0. The almost complex structure J3
preserves the horizontal and the vertical subspaces respectively. We may assume
that hy — A # 0.
The triple {Ji, Ja, J3} defines an almost hyper-complex structure on 7'M if
h k
fr=Fo hiki=hky, A=-1 p=1 hy=—7 k="
2 2
Namely, the equalities
Jido=Js, Jods =, J3di = s

hold. See [4] for more details.
Now, we give Riemannian metrics G; (i = 2,3) which makes (J;, G;) an almost
Hermitian structure on 7M. We define G; (i = 2,3) by
Gi(X.Y)T) = aig(X,Y) + Big(X, u)g (Y, ) + vig(X, Ju)g (Y, Ju),
Gi(X2 YY) =o.
For Gy, we assume that as, 52,72 : [0,00) — R are C*°-functions satisfying as > 0,
g +ths >0, as + ty > 0 and put

o _oo(fF = K3) +tfi _oo(fF = h3) +tf3B

P
For G3, we assume that ag, 83,73, 3, U3, &3 : [0,00) — R are C*™°-functions satisfying
as >0, a3 +t03 >0, ag+tyz3 >0, p3 >0, 3+ ths > 0, @3+ t&3 > 0 and

s+ 103 = h3(as +ty3), @3+ ths = k3 (03 + &3).

It is easy to verify that (J2,G2) and (J3,G3) are almost Hermitian structures on
TM.

We denote by V® (i = 1,2,3) the Riemannian connection with respect to Gj.
Then, by direct computations, we have

Gi(VEu Y™, ZIh) (3.1)
=, 9(VxY, Z)+ Big(VxY,u)g(Z,u) + vi9g(VxY, Ju)g(Z, Ju)
~ S H9((Vx DY w)g(Z, Tu) + g(VxT) Z.u)g(Y. Tu)



+9((Vy )X, u)g(Z, Ju) + g((VyJ) Z,u)g(X, Ju)
- g((VZJ)X7 u)g(Y, Ju) - g((VZJ)Y7 u)g(X’ Ju)},
Gi(VuY", ZY))
= —{ajg(X,Y) + Big(X, u)g(Y,u) + 7g(X, Ju)g(Y, Ju)}g(Z,u)
- _{g<X7 Z)Q(K u) + g(Y, Z)g(Xv u)}
— S A9(X.T2)g(Y. Tu) + g(V. T Z)g(X Tu))
_ % (R(X,Y)u, Z) — %g(R(X, Yu, Ju)g(Z, Ju),
GV Y. Z))
=0ig(VxY, Z) +1;g(VxY,u)g(Z,u) + &g(VxY, Ju)g(Z, Ju)
~ SV D))o (2, T0) + g(Vx )2, (Y, T,
GV YT ZI) = —Gy(V), 27, X)),
GV V", Z))
= S {0V )X, (2, Ju) + 9((Vy D) Z, g (X, Ju)),
GV VY. Z))
= oi{9(X,u)g(Y, Z) + g(Y,u)g9(X, Z) — g(Z,u)g(X,Y)}
+ ig(X,u)g(Y,u)g(Z, u)
+&{9(X,w)g(Y, Ju)g(Z, Ju) + g(X, Ju)g(Y,u)g(Z, Ju)
- g(X, Ju)g(Y, Ju)g<Za u>}
+ @Dig(Xa Y)g(Z, ’LL)
—&{9(X, J2)g(Y, Ju) + g(Y, JZ)g(X, Ju)}.

4. Almost Hermitian structure (J;, Gy)
For simplicity, we put

_ ar(fi = hy) +tf16

4 tfih ’
B, — ar(fi — k1) +tfim
1= 3
tfik:
hy — _ ki —
Cy :7§h1+%( 1t f1) . (B 7135 1 f1)’

(3.2)

(3.3)



'Y_i _ ay(k — f1) _ Y1l — f1) _ Tk — f1)

Dy —
! ky tfiks 2t f1hy 2tfiky
g 0= f1) B Bl = fi) 260(m = f1)
Bo=2ht = T o / r,
(k1 —fi) v mkr—fi) (P +E&) (k= f1)
p=op + QW) _ k!
! 1 tfrkq o 2t frks t GSE
041(h1 fl) 51
H - +h )
' i 2f 1
Il = Oélhl — —512f1
Bi(ky = f1)  2&(hy — f1) /
K| = h
! 2t fLk + t pUNE
b= f1) (e + &) (R — f1) )
YT oty + / +hé,
2041 ( )/
=A, ——|lo
TR\
ay +ty ki(oq + tBy)
Ri=2h{ (1 — —
! ! (Og ky > tlog +ty1) |t
S, = 2h, (log ) _ Buf N h1—f1'
fi o t

We denote by Q; the Kéhler form of (J;,G1). By direct computations, which we
omit here, we have

XHQ(YH, ZzH) = XV (v, ZH) =0, (4.1)
DIV GINAS (4.2)
= —fip{g(VxY, Z) + g(Vx Z,Y)}

— A{g(VxY,u)g(Z,u) + g(VxZ,u)g(Y, u)}

— Bi{g(VxY, Ju)g(Z, Ju) + g(Vx Z, Ju)g(Y, Ju)}

+ B{g(Vx )Y, u)g(Z, Ju) + g((VxJ)Z,u)g(Y, Ju)},
XYooy, zvy (4.3)
= _2(f1801)/9(X> u)g(Y, Z)

— 2A19(X,u)g(Y,u)g(Z,u) — 2B19(X,u)g(Y, Ju)g(Z, Ju)

— A{g(X,Y)g(Z, u) + g(X, Z)g(Y, u)}

+ Bi{g(X, JY)g(Z, Ju) + g(X, JZ)g(Y, Ju)},
XYV, zZVy =XV (vY, ZV) = 0. (4.4)



Making use of (3.1)—(3.6) and (4.1)—(4.4), we can obtain the covariant derivative
vQ,. For instance,

(Vi) (v, 21 (4.5)
= X0,y 2%y — ay (VYT 2 + G (V. 2T, Ly )

(X, Y g2, ) — (X, TZ)g(Y. ) — 29(Y. T Z)g(X. Tu)

— CugX. Tu){g(Vou)g(Z, Tu) — g, Tu)g(Z, )} + L2 g(ROX, wY 2)

B
+ S HARX, Y u Ju)g(Z, Ju) = R(X, Z,u, Ju)g(Y, Ju)}.

Similarly, we have

(V)Y ZY) (46)
- Bl(k;Tl—fl)g((VXJ)Y, w)g(Z, Ju) — %ﬁ_‘mg((vxﬂl u)g(Y, Ju)

= o (Ve D)X w)g(Z, Tu) = S g(y )2, u)g (X, Ju)

n 27_;1g<<vzj>x, WY, Ju) + ;—Jilg«vzm u)g(X, Ju)

- O ()X gl g2

_ %g«vm w)g(X, Ju)g(Z.u)

- %g((%ﬂ)& u)g(Y, Ju)g(Z, Ju)

_ %g((wm])ﬁ u)g(X, Ju)g(Z, Ju),
(Va0 Z)) 47)

= —I{g(X,Y)g(Z,u) — g(X, Z)g(Y,u)}
+ ;—];{g(X, IY)g(Z, Ju) — g(X, JZ)g(Y, Ju)}
+ Dig(X, Jul{g(Y,u)g(Z, Ju) — g(Y, Ju)g(Z, u)}
= 50X, Jg(Y, 17) = T R(X .Y, Z)

B 26_}{R(X, Y, u, Ju)g(Z, Ju) — R(X, Z,u, Ju)g(Y, Ju)}
1



901(}11 - f1)
- W{R(X’ u,u, Y)g(Z,u) — R(X,u,u, Z)g(Y,u)}

n flgf;}l‘h ! Y R(X, 0,y Ju)g(Y g2, Ju) — g(Y, Ju)g(Z,u)}

_ M{R(X, Ju,u,Y)g(Z, Ju) = R(X, Ju,u, Z)g(Y, Ju)},

thlkl

_ %g(){, Ju){g(Vy ) Z,u) — g((V2J)Y, u)}

n %{g((vyJ)X, wg(Z, Ju) — g(V21)X, u)g(Y, Ju)},

(Vi) z))

X

— fl}flg(x, Y)9(Z,u) — Hig(X, Z)g(Y,u)

2/1B1 —m 2/1B1 —m
o 9(X,JIY)g(Z, Ju) + o

+ fi&g(X, Ju)g(Y, JZ)
- Elg(X7 u)g(Y, u)g(Z, u) - Flg(X> u)Q(Y? Ju)f](Za Ju)
— Kig(X, Ju)g(Y,u)g(Z, Ju) + L1g(X, Ju)g(Y, Ju)g(Z, u)

9(X,JZ)g(Y, Ju)

+ PR Zou X) + SLR(Y Z,u, Ju)g(X, Ju)
2f1 2f1

901(h1 - fl)
_ WR(X,u,u,Y)g(Z, u)

901(761 - fl)
T g, Y Jug(Z, Ju)

h _
- glgt}lhfl)R(Y7 u, u, Ju)g(X, Ju)g(Z,u)

Lo —
_ gl(Qtlflklfl)R(Y’ Ju,u, Ju)g(X, Ju)g(Z, Ju),

(v(l) Ql) (YV ZV)

XX u ) u

_ %{g«vzm wg(X, Ju) — g((VyJ)Z,u)g(X, Ju)}
4 %{g((VZJ)X, w)g(Y, Ju) — g(Vy )X, u)g(Z, Ju)}

+ 51(2];}1_}51)9((%(]))(, ul{g(Y.w)g(Z, Ju) — g(Y, Ju)g(Z, u)}

(4.8)

(4.10)



~GUn = h) (Y (X, Ju)g(Z, )

2t filn
& — f1)
P Iy g6 gy
Gk —f1)
Y X A
2tf1k'1 ((vJU‘]) ,U)g( ) J’U,)g( ’ J’LL)
k
+ S (9,02 000X gt ).
2t f1ky
Making use of (4.5)—(4.10), we can obtain the exterior derivative d(2;. For instance,
A (XY 20 = & (V) (v 20 (411)
XY,z = u

=B & R(X,Y,u,Ju)g(Z, Ju).
XY,Z

Similarly, we have
dQ (X2 v ZY) (4.12)
= Bi{g(VxJ)Y,u) = g((Vy )X, u)}g(Z, Ju)
+ B{g((VxJ)Z,u)g(Y, Ju) — g(Vy ) Z,u)g(X, Ju)},
d0(XH Y)Y ZV) (4.13)
= Ni{g(X,Y)g(Z,u) — (X, Z)g(Y,u)}
+ Bi{g(X, JY)g(Z, Ju) — g(X, JZ)g(Y, Ju)}
+2B1g(X, Ju){g(Y,u)g(Z, Ju) — g(Y, Ju)g(Z,u)}
— 2B1g(X, Ju)g(Y, J Z),
A (XY, YV, ZV) =0. (4.14)

To compute the co-derivative 0€2;, we first choose the orthonormal basis of 1%, M
of the form {e; = u/V/t,es = Jey, e3,eq4 = Jes, ..., €am_1, €2, = Jeg_1}+ and put

1 1 1
Bi=———(e)), Ey=———(e)), E,=—(e)¥,
1 \/m( 1)u 2 /—Oé1+t’71( 2)u /_041( )u
hl kl fl
E n = v E n = Va E. n+i — 7 Va
2n+1 \/m(el>ua 2n+2 \/m(62>u 2n+ \/Oé_l(e )U

ey

-----

1 f1(0
Bi= ——(edll,  Banri = 2 ey
a1(0) a1(0)
fori=1,2,...,2n. Then {E;};—1 . 4n forms an orthonormal basis of ToT'M. Taking

account of the assumptions for fi, hy and k;, we do not need to distinguish the case

.....



between ¢t # 0 and t = 0. Compute

an
S (X) = = > (VY (B, X)
i=1
directly, we obtain
SU(XH) = —{ Ry +2(n — 1)S)}g(X, u), (4.15)
J1B1 k1B

SN (XY = X, Ju)oQ(u) — ———g((VyuJ)u, X). 4.16
1( u) alklg( U) (U) fl(CYl—Ft’)/l)g(( J )u ) ( )

Now, for a constant ¢, we consider next conditions.
Pl(l) : M= (M,J,g)is a Kdhler manifold.
Pz(l) . M is a space of constant holomorphic sectional curvature 4c.

P?fl) Tocoqp — 71f12 =0.

P B =0
PV on(logay) — DL€ g
5 1(log ay) o 7
h _
Py 2hi(log f1) — = h_oc_y
t fi

P S =0,

PV fi(fi— k) 4 et =0.

Pg(l) : M is a nearly Kahler manifold.

Py Ri+2(n—1)8 =0.

P TV, XY, Z) =T (u, X,Y,Z) = 0 for any u, X,Y, Z,

where, Tl(l) and T2(1) are defined respectively by

TV (u, X,Y, Z)
= (k1 — fi{9(Y, J2)g9(X, Ju) — g(X, JZ)g(Y, Ju)}

(k1 — f1)?
+ TQ(Z Ju){g(X, Ju)g(Y,u) — g(Y, Ju)g(X,u)}
+ Uﬁ%im&g(x, IY)g(Z, Ju) — 2%R(X, Y, u, Ju)g(Z, Ju)
- %{R(Z, X, Ju)g(Y, Ju) — R(Z,Y,u, Ju)g(X, Ju)}
1
hy — f1

— 9(Z, u){R(X, u,u, Ju)g(Y, Ju) — R(Y,u,u, Ju)g(X, Ju)}
2t f1hy



ki —fi

9(Z, Ju){R(X, Ju,u, Ju)g(Y, Ju) = R(Y, Ju,u, Ju)g(X, Ju)},

 2fiky
T (u, X, Y, Z)
ki — f1
- X.JY)g(Z _— X.Y. A
S, I Y20~ g & R, Ju)g(Z, )
h _
c oD s RO, Ju) (Y w)g(Z, Tu) — g(Zw)g(Y, Ju)}.

2t f2hiky XY,z
Note that if P?fl) and P4(1) then Pél), i P5(1) and Pél) then P7(1), it Pl(l), P2(1) and Ps(l)
then Pl(ll). Further, if P4<1) and P7(1) then R; = 0 and hence Pl(é).

Making use of VI, dQy and 694, we can write down the conditions for the
sixteen classes and obtain the following.

Theorem 1. Let M = (M, J,g) be an almost Hermitian manifold of dimension
2n > 4. For the almost Hermitian manifold TM = (T'M, J1,G4),

(1) TM € 2 if and only if Pl(l)fPél).
(2) TM € # = NH if and only if Pl(l)fPél).
(3) TM € #s = X if and only if P and PV
(4) TM € #s =40 LK if and only if PV, PV, PV PV and P
(5) TM € #; if and only if PV -PV.
(6) TM € #1 U Ws =24 if and only if P\ and PV,
(7) TM € #4 U #s if and only if P, PV, PV PV and P
(8) TM € #,UW, if and only if Pl(l)fPél).
(9) TM € #5U W5 if and only if “Pl(l), Pl((l)) and Pl(ll) 7 or “P4(1) and P7(1) ”,
(10) TM € #y,UH, if and only if P4(1) and P7(1).
(11) TM € #3U Wy = S if and only if Pl(l), Pz(l), Pél) and Ps(l).
(12) TM € #1U W UWs = S if and only if “Pél) and Pl%) 7 or “Pf) and P7(1) 7,
(13) TM € #, U W5 UW, if and only if P4(1) and P7(1).
(14) TM € #,UH5U W, if and only if Pl(l), PQ(D, Pél) and Ps(l)
(15) TM € #3U W5 U W, if and only if “Pl(l) and Pl(ll) 7 or P4(1).

Thus, if we restrict to the space {(TM,Jy,G1)} of almost Hermitian manifolds,
H = NH =Wy =MW, X =D =WoUWy =W UWUWy, Ws =W UW3
and 7 = W, U W5 U H;.

FExample 1. Unless otherwise specified, we assume that the parameter functions fi,
hi, k1, a1, P1, 7 satisfy the conditions for defining (J;, G1).

(A) Let M be an almost Hermitian manifold. If
hy — ki —
o =f, B =D S k=N

"=
then TM € ¢ ([4]).

t t



(B) Let M be a Kéhler manifold of constant holomorphic sectional curvature 4c. If

 fi—d  fitat
— T ALl 1— =
fi—2tf] fi

then TM € 5. An example of f is fi = /et + [c|t.

(C) Let M be a Kahler manifold of constant holomorphic sectional curvature 4e. If
aq, 1, 71 are same as (A) and hq, ky as (B), then TM € 2 ([4]). Moreover,
if oy, By, 71 are same as (A) and fi, hy, k1 do not satisfy Pg(l) or ngl) = Pél),
then TM € o# — J# . For example,

_f12+ct B fi—ct
ho fi—2tf]

and choose a function f; satisfying hy # k1, such as f; = \/e~t + ||t.
(D) If

ha

ha ky

- {@ntDtrm-Um £ f
w=h b= h-t+2n—13 ¢ " 0. k=1
then TM € SH — X .
5. Almost Hermitian structure (J5, G5)
For simplicity, we put
A, = as(fo — ha) +tfafs
tfahy ’
B — aa(fo — ka) +tfaye
2 tfakso 7
Cy = 5%’2 + ﬁz(kzt— f2) I (52 - 72;§h2 - f2)7
Dy = 5_5 _ ay(he — f2) _ Ba(ha — f2) _ Ba(ka — fo)
ha tfahs 2t foho 2t foky
o e — o) By Balha—fo) (pat&)(he—fo)
EQ = 2142 + tf2h2 h2 + 2tf2h2 n €2h27
o @ke— o) v ek — fo)  204(ke — fo)
Fy, = 2B} + o T + 2t foks ; ks,
Hy =By — ;—2 + ka9 — 1),
2
]2 = O/Qkﬁg — 727]02,
_ Balka = fo) | (¢ +&)(ha — fo) /
T A t T haty,



Y2(he — f2) + 285 (ky — f2)

Loy = ko&l
2 2t fohs t + by,
N, = B, 2% (1 %)/
2 = Do f2 og f2 )
Oy = By — 2_/@ - f2€027
o + 16y ho(ag + ty2) ko
Ry = 2ky (1 — —
2 2 ( 8T, ) t(ag 4 tf3s) ’

S, = 2k, log _f272+7€2—f2_
f2 Q2 t

We denote by €, the Kihler form of (J5, Gy). The covariant derivative V)€, is
given by

(V& )V 2 (51
= _]2{9(X7 Y)g(Z7 JU) - g(X= Z)g(Y, JU)}

B 1Y )g(2.0) — 0(X. T 2)0(Y, ) — 20(Y, T Z)g(X )

— Cog(X,u){g(Y,u)g(Z, Ju) — g(Y, Ju)g(Z,u)}

fz@z{R(X Y,u,JZ) = R(X, Z,u, JY)}

n 7{R(X, Y, u, Ju)g(Z,u) — R(X, Z,u, Ju)g(Y,u)},

(Ve ) (v, 2) 82
= —f2p29((Vx J)Y, Z)

_ % (VxJ)Y,u)g(Z,u) + WQ((VXJ)Z, w)g(Y, u)

+2—f?9((VXJ)Z Ju)g(Y, Ju) — ffz (Vx )Y, Ju)g(Z, Ju)

+ Q—kzg((VyJ)X Ju)g(Z,u) + ﬁg((VyJ)Z Ju)g(X, Ju)

_ 2_f2g((v(,z(]))< ) g(Y, Ju) — 2—f29<<vJZJ)Y L u)g(X, Ju)

M;;} 2h2f2> (V) X, u)g(Y, Ju)g(Z, Ju)
_ %gwum Wg(X, Ju)g(Z, Ju)
N %g«vmx, Wy(Y, Ju)g(Z,)



Ya(ke — f2)
2t foky

(Vo) (Y, 2))
= IQ{Q(Xv JY)g(Zv u) - g(X’ ‘]Z)g(Y7 u)}

+ g((vJuJ)K u)g(X7 Ju)g(Z, u),

# g aX V)2, 0) = (X, Z)g(Y, Ju)} = Po(X.wg(Y. J2)

+ D29<X7 u){g(Y, u).g(Zv JU’) - g(Y, Ju)g(Z7 u>}

+ 2“072{3()(, JY,u,Z) — R(X,JZ,u,Y)}
2

+ f_j{R(X, J}/, u, Ju)g(Z, JU) - R(X, JZ, u, Ju)g(Y7 ‘]u)}
2
_pelha— fo)
2t foho
+ 20 ) g, Y)g(Z,) - ROX, Ju,u, 2)g(Y, 0)
2t foks
fQ(kz - f2)
2t foko

= I8 T a9y )2, ) g(V )Y )

4 %{g((vﬂ)x, w)g(Z,u) — g((VzJ) X, u)g(Y,u)},

(V) (Y, 2))

_ (A= B =B v vy g )+
2hs

+ Hag(X, 2)g(Y, Ju) — O29(X, JY )g(Z, u)

+ f2629(X, Ju)g(Y, Z)

— Erg(X,u)g(Y,u)g(Z, Ju) + Fog(X,u)g(Y, Ju)g(Z, u)

+ Kog(X, Ju)g(Y,u)g(Z, u) + Lag(X, Ju)g(Y, Ju)g(Z, Ju)

+ PRV 7, X u) — 2 R(Y, T Z,u, Ju)g(X, Ju)
2> 2fy
_ p2(h2 — f2)
2t foho
B p2(k2 — f2)
2t foks

{R(X,u,u,Y)g(Z, Ju) — R(X,u,u, Z)g(Y, Ju)}

2f2A2 B 52
2f2

R(X,u,u,Y)g(Z, Ju)

R(X,u,Y, Ju)g(Z, u)

R(Xv JU’ u, Ju){g(Y, u)g(Zv ‘]u) - g(K Ju)g(Z7 u)},

9(X, JZ)g(Y, u)

(5.4)

(5.5)



§a(ha — fa)
2t foho

ok — fa)
2t foks

(Vo )(vy, 2Y)

R(Y,u,u, Ju)g(X, Ju)g(Z, Ju)

R(Y, Ju,u, Ju)g(X, Ju)g(Z, u),

= %{g((vﬂj)x, wg(Z, Ju) = g((Vy2J) X, u)g(Y, Ju)}

# 3 (9((V oy DZ,0g(X, Tu) = (T2 )Y g (X, Ju)

Sk — fo)
2t foky

&b — fr)
2t foho

§a(ha — f2)
2t foho

Ea(ka — fo)
2t foky

Sk — fo)
2t foky

The exterior derivative df2, is given by

dQZ(X’LIL—I7 YH7 szl)

u

:fZSOQ 6 R(X,Y,U,JZ)+A2 6 R(X,Y,U,JU)Q(Z,U),
XY, Z XY, Z

9(Viu ) X, u){g(Y,u)g(Z, Ju) — g(Y, Ju)g(Z,u)}

9(Vu )Y, u)g(X, Ju)g(Z, Ju)

_|_

9(VuJ)Z,u)g(X, Ju)g(Y, Ju)

g((vJuJ)}/a u)g<X7 Ju)g(Z, u)

g((VJuJ)Z, u)g(X, Ju)f](Y? u)

d%(X, Y, Z))

= —fop2{g((Vx )Y, Z) — g((Vy J) X, Z)}
— Bo{g((Vx )Y, u) = g(VyJ) X, u)}g(Z, u)
+ A{9((VxJ)Z,u)g(Y,u) — g((Vy)Z,u)g(X,u)},

A0 (X, Y, Z,))

= —No{g(X, JY)g(Z,u) — (X, JZ)g(Y, u)}
+ Ao{9(X, Y)g(Z, Ju) — (X, Z)g(Y, Ju)}
+2459(X, u){g(Y,u)g(Z, Ju) — g(Y, Ju)g(Z, u)}
= 2429(X,u)g(Y, J Z),

dQy (XY, YV, ZYV) =o.

The co-derivative 0€)s is given by

6 (XH) = {Ry +2(n — 1)Sy}g(X, ),

(5.6)

(5.9)

(5.10)

(5.11)



2= k2 o s0u) + 2222 (X, Ju)sa(Ju)

tfako Q2
9((vu‘])uv X)

(X)) = i(SQ(X) +
fa

o hedy

folag + tBs)

Now, for a constant ¢, we consider next conditions.
Pl(z) : M= (M,J,g)is a Kdhler manifold.
PQ(Q) : M is a space of constant holomorphic sectional curvature 4c.
P3(2) ©ocop — ﬁ2f22 =0.
Pf) : Ay =0.

PP folfs—ho) +ct = 0.

P9(2) : M is a nearly Kahler manifold.

P1((2)) : M is a semi-Kahler manifold.

PP Ry+2(n—1)8 =0.

P2 TP, X,Y,2) =T (u, X,Y,Z) =0 for any u, X, Y, Z,
where, T1(2) and TZ(Q) are defined respectively by

T (u, X,Y, Z)
= —(ha — fo){9(X, Z)g(Y,u) — g(Y, Z)g(X, u)}

+ %g(z, Ju){g(X, Ju)g(Y, Ju) — g(X,u)g(Y, Ju)}

n %g()@ JY)g(Z, Ju) — 2—]112R(X, Y u, Ju)g(Z, Ju)

T 2ifQ{R(JZ, X,u, Ju) — R(JZ,Y,u, Ju)g(X,u)}

_ f;f;hfj 9(Z, JTW{R(X,u,u, Ju)g(Y,w) — R(Y,u,u, Ju)g(X, u)}
N ’Zj;ézg(z, W{R(X, Ju,u, Ju)g(Y,u) — R(Y, Ju,u, Ju)g(X, )},

T (u, X, Y, Z)



hy — f2 1
= X, JY)g(Z - — RY.Z u,J X, J
Foha X,%,Zg< ) )g< 7“) 2f22h2 X,%,Z ( ) 45 Us u)g( ) U)

ko — fo
— R(X J Y, Z,Ju) —g(Z Y, Ju)}.
2t kg x5 7 T Wt JuRg(Yow)g(Z, Ju) = (2, u)g (Y Ju)}
Note that if P{” and P{*) then P, if P!¥ and P{* then P{? | if P*¥, P{* and P{¥
then PS). Further, if P4(2) and P7(2) then Ry = 0 and hence P1(12).
Making use of V®@Q,, dQy and 69, we have the following.

_|_

Theorem 2. Let M = (M, J,g) be an almost Hermitian manifold of dimension
2n > 4. For the almost Hermitian manifold TM = (T'M, Jo, G5),

TM € 2% if and only if P1(2) 7P6(2).

TM e Wy, = AN if and only if P1(2) fPéQ).

TM € Wy = X if and only if P1(2), Pf) and P7(2).

TM € W= NS% if and only if Pl(2), P2(2), P6(2), P8(2) and Pl(f).

TM € W, if and only if P1(2) fPé2).

TM e W UWs = 2% if and only if P1(2), P4(2) and P7(2).

TM € #, U ¥ if and only if P2, P, P P and P

TM € # U Wy if and only if P1(2) 7P6(2).

TM € #5 U W5 if and only if “P, P and P27 or “P{® and P,

TM € Wy UW, if and only if Pl(z), P4(2) and P7(2).

TM e Ws UWy = if and only if P1(2), P2(2), PéQ) and PS(Q).

TM € Wi UWoUWs =S if and only if “P9(2) and P1(12) 7 or “Pl(g), P4(2) and
P

TM € #1U Wy UH, if and only if P1(2), P4(2) and P7(2).

TM € #U W5 W, if and only if P1(2), PQ(Q), Péz) and P8(2)

TM € Wy UWsUW, if and only if “Pl(Q) and P4(2) 7 or “Pl(Q) and P1(22) 7,

Thus, if we restrict to the space {(TM, Jy,G2)} of almost Hermitian manifolds,
H = NH =Wy =Wy, dH =20 =WoUWy=WUWUWy, W =W UW3
and F = W, U W5 U H;.

=~~~ —~
O© 00 I O Ut = W N
O Y N N N N N

—
[S—
]

—
—_
N\

[ G S —Y
Ot = W
N N N

Example 2. Unless otherwise specified, we assume that the parameter functions fs,
ha, ko, e, Pa, 72 satisfy the conditions for defining (J, Gs).

(A) Let M be a Kéhler manifold. If
ha — f2 ke — 2

T2 =

Q2 = J2, = ) )
2= fa, D2 . .

then TM € <1 .

(B) Let M be a Kéhler manifold of constant holomorphic sectional curvature 4c. If

 fita it
fa Jo—2tf5

o ko



then TM € 7. An example of fy is fo = y/e™t + |c[t.

(C) Let M be a Kéhler manifold of constant holomorphic sectional curvature 4c. If
a, P2, Yo are same as (A) and ho, ko as (B), then TM € J#. Moreover, if ay,
Ba, 72 are same as (A) and fy, ha, ko do not satisfy P3(2) or P5(2) = Péz), then
TM € ¥ — % . For example,

[ o — fi+ct

CR-2h R
and choose a function f, satisfying hy # ko, such as fo = y/e=t + |c|t.

(D) Let M be a semi-Kéhler manifold. If ag, 52, 72 are same as (A), then TM €
% . In particular, if M is an a Kahler manifold, then TM € ¢ .

(E) Let M be a nearly Kahler manifold. If

ha

{@n+1)t+2n—1}ky  fo fo
= — — __ 72 h _
as = fa, [2=0, 7 (20— Ut +2n— 1}t o =
then TM € % — % even if M is a Kahler manifold.
6. Almost Hermitian structure (J3, G3)
For simplicity, we put
Oég()\ — h3) + )\tﬁg
A3 = )
Aths
B — w3(p — k) + ptys
s =
ptks
_ _ /
Oy = Bs(ks — 1) 4 Bs(hs — A) o &’
[,l,tk’g 2t kg
Do — 73(k’3 —M) _ 73(}13 - )\) _ 7_§
3 /j,t]{j?) 2Aths ]{?37
6/ o (hg - /\) 73(]13 - /\) o (hg - )\) 63(]13 - )\)
By =245 — Ayhy — =2 — =2 - 3
3= 243 = Vs n o T ahs | 2nths
Py (ks —p) (@ +&3) | 2p3(ks — )
Fy= 2B, — ehky — 3
3 3 53 3 kg t * ,utk’g
B3 A3
Hy=A3 — — — =
3 3 2h3 9 )
/ —
IS:B3_M£3+%I€ %7
3
K — (ks —p)(Bs —73) B | (hs — A)(205 + f3s)
5 2t hs 2\ths ’
Ly— (ks — M)Q(tﬁ:a —3) Ay + (hg — A);ioéé + ’73)7



_A
Ctas t(as +tBs)’

Rs = — (log(as + £85) (s + t3))’

N3

ks
1 ,uBg
So = —(1 g )
’ k’3( o8 a3<p3) k33

We denote by €3 the Kihler form of (.Js,G3). The covariant derivative V3 is

given by
(V) (v, 221
= —dazg((VxJ)Y, 2)

_ 2A3 — 3hs
2

+ (T 1)X gl Z,w) — 6((T2T) X, u)g(V,w)

GV I)Y, Tu)g(Z, Tu) — o(Vx ) Z, Tu)g (Y, Tu)
—g(Vy ) Z, Ju)g(X, Ju) + g(VzJ)Y, Ju)g(X, Ju)
= 9(Vay )X, u)g(Z, Ju) + g((V2J) X, u)g(Y, Ju)
— (Vv ) Z g (X, Tu) + ((V 12)Y. u)g(X. Ju)}

9(Vx )Y, u)g(Z,u) — g(VxJ)Z,u)g(Y,u)}

_ 73(;;}; N (Vud)Y, u)g (X, Ju)g(Z, Ju)
%g’;_ﬁ;%((vmz, W)g(X, Ju)g(Y, Ju)
08 =8 (7 1) X, w)g (V) 2. )
N W;_t—”g«vjmz, w)g(X, Ju)g(Y, u)
_ W;_t—”g«vmx, W)g(Y, Ju)g(Z,u)
_ W;_t”)g«vjm w)g(X, Ju)g(Z.u),
(Ve (Y, 2))
_ _%g(x, Y)g(Z. Ju) + Aayg(X, JY)g(Z.w)
. %g(x, 2y Ju) + PTG 5210 w)

+ 5O gy 209y~ AT (v 12)0(x, 0

(6.1)

(6.2)



+ C39(X, u)g(Y,u)g(Z, Ju) + D3g(X, Ju)g(Y, Ju)g(Z, Ju)
+ K3g9(X, u)g(Y, Ju)g(Z,u) + Lsg(X, Ju)g(Y,u)g(Z, u)

A
+ MT%R(X, Y,u,JZ) + %R(X, JY,u, )

B A
+ RO Y,u, Ju)g(Z,u) + %R(X, JY,u, Ju)g(Z, Ju)

p3(hs — A)

S R w0 2)g(Y, Ju)

+ g05"’“2—;»3()(, Ju,u, Z)g(Y, 1)

E3(hs — A)

X Y, Ju)g(Z

o, R(X, u,u, Ju)g(Y, Ju)g(Z, Ju)
+ 808 28 g, Ju)g(Yu)g(Z. ),

(V)Y , 2V

(2 u

= —np3g((VxJ)Y. 2)

_ 283 ; 3k {g(Vx )Y, u)g(Z,u) — g(VxJ)Z,u)g(Y,u)}
_ %53 g(Vx )Y, Ju)g(Z, Ju) — g(VxJ)Z, Ju)g(Y, Ju)},

= —H3{g9(X,Y)g(Z, Ju) — g(X, Z)g(Y, Ju)}
— H3{g(X,JY)g(Z,u) — 9(X, JZ)g(Y,u)}
— E3g(X,u){g(Y,u)g(Z, Ju) — g(Y, Ju)g(Z,u)}

(VO Q) (VH, 2
(

A
+ %{R(Y, JZ, X, u)— R(Z,JY, X, u)}

_ %g(X, Ju){R(Y, JZ,u, Ju) — R(Z, JY,u, Ju)}
_ w3(hs — )\){R(X,u,u,Y)g(Z, Ju) — R(X,u,u, Z)g(Y, Ju)}
2Aths

+ 903(h;t— /\){R(X,u,Y; Ju)g(Z,u) — R(X,u, Z, Ju)g(Y,u)}
&(hs — A)

v R(Y, u,u, Ju)g(X, Ju)g(Z, Ju)
E3(hs — )

_ fs(h;;t— A)R(Y, Ju,u, Ju)g(X, Ju)g(Z,u)




3(hs — A)
2t
(V) (v, Z)) (6.5)

u

- %g((vYJ)X, u)g(Z, u) + %&g((VYJ)Zv Ju)g(X> Ju)

2V D)X, w)g(Z, ) + 9((T oy ) Z, w)g (X, )
&3(hs — A)
2Aths
3(hs — N)
2Aths
&3(hs — A)
2t
E3(hs — A)
2t
(V) (v, 2)) (6.6)
- _IS{Q(X7 Y)g(Zv JU) - g(X> Z)g(Y> JU)}
— (Bs — pp3){9(X, JY)g(Z, u) — g(X, JZ)g(Y,u)}
— Fyg(X,u){g(Y,u)g(Z, Ju) — g(Y, Ju)g(Z,u)}.

+

R(Z, Ju,u, Ju)g(X, Ju)g(Y,u),

9(VuJ) X, u)g(Y, Ju)g(Z, Ju)

9(VuJ)Z,u)g(X, Ju)g(Y, Ju)

g((vJuJ>X7 u>g(Y7 U’).g(Z7 Ju)

+

g((vJuJ)Z7 u)g(X7 Ju)g(Y, u),

The exterior derivative d{23 is given by

dQs( X2 Y 77 (6.7)
= AdQ(X, Y, Z) = A3 & {9((VxT)Y,u) = g((Vy )X, u)}g(Z,v),

dQs(XH YE 7V (6.8)
=2 39(X, JY)g(Z, u)

— 2A5{g(X, w)g(Y, Ju) — g(X, Ju)g(Y,u)}g(Z, u)

— As{g(X, 2)g(Y, Ju) — g(Y, Z)g(X, Ju)}

+ As{9(X, JZ)g(Y,u) — (Y, JZ)g(X,u)}

+ ppsR(X, Y, u, JZ) + BsR(X, Y, u, Ju)g(Z, u).
dQ(XHE Y)Y, ZV) (6.9)
= —pp3g((VxJ)Y, Z)

— B3{g((VxJ)Y,u)g(Z,uv) — g(VxJ)Z,u)g(Y,u)},
dQu(X,), Y, Z)) = =2(Bs — pg3) & _9(X,JY)g(Z,u). (6.10)



The co-derivative 0§23 is given by

5Q(XT) = XQ(X) + s t_ A 9(X, u)dQ(u) + %g(x, Ju)6Q(Ju)
3

Ah3As
— ———9(VuJ)u, X),
(V). X)

00(X,) ) = {Rs +2(n — 1)S3}g(X, Ju)

+ @3N39(R(U, Ju)“a X) - t2§3N3H(U)g(X, JU)

A A
280X )+ 22, w)g (X, ).
3

as

Now, for a constant ¢, we consider next conditions.

P1(3) :

M = (M, J, g) is a Kéhler manifold.
M is a space of constant holomorphic sectional curvature 4c.

aél{ig + C)\((,O3 + t?/)3) = 0.

(6.11)

(6.12)

A= L.

cp3 = —As.

90§, = pBs.

g - Ps(ks — ) n Bsks(hs — ) chists(2hs — \) — 3cpsks(hs — )\)'

put 2t 2t

2thy — (h3 — 1)ks = 0.

T (u, X,Y,Z) =0 for any u, X,Y, Z.

T, X,Y,2) + T (u, X, Y, Z) = 0 for any u, X,Y, Z.
M is a nearly Kahler manifold.

M is a semi-Kéahler manifold and A; = 0.

(6.12) = 0,

where, Tl(g) and T2(3) are defined respectively by

T (u, X, Y, Z)

25 (R(X,u,u, JZ)g(Y, Ju) — R(Y,u,u, JZ)g(X, Ju)}

~ Niuths

+ Sii{R(X, Ju,u, JZ)g(Y,u) — R(Y, Ju,u, JZ)g(X, u)}
14

+ PR(IX uu, Z)g(Y, Ju) = R(JY,u,u, Z)g(X, Ju)}

ths



ﬁ{R(X,u, u, Z)g(Y,u) — R(Y,u,u, Z)g(X,u)}

)\thg{R(X w,u, Ju)g(Y, Ju) — R(Y,u,u, Ju)g(X, Ju)}g(Z, u)

+ —{R(X, Ju,u, Ju)g(Y,u) — R(Y, Ju, u, Ju)g(X,u)}g(Z, u)

thg{R(JX u,u, Ju)g(Y, Ju) — R(JY, u,u, Ju)g(X, Ju)}g(Z, Ju)

+ E{R(X,u,u, Ju)g(Y,u) — R(Y,u,u, Ju)g(X,u)}g(Z, Ju)
p3(hs — A)

4 Tth(Z, u, u, Jul{g(X,u)g(Y, Ju) — g(X, Ju)g(Y, u)}
n WH(U)@(X, wg(Y, Ju) = g(X, Ju)g(Y, u)}g(Z, Ju),
3 (u, X, Y, Z)
_ _%{g@, WY, Z) — gV, u)g(X, 2)}
+ B X, Tg(, ) = 9. T (X, T2)
A = N7 (X, gV ) — 9o )g (X, T}

Note that if P4(3)—P7(3) then Pé?’), if P1(3), P2(3) and P4(3) then PQ(S). Further, if P1(3)—P§3),
P¥ and P* then P
Making use of V® Q3. dQs and §Q3, we have the following.

Theorem 3. Let M = (M, J,g) be an almost Hermitian manifold of dimension
2n > 4. For the almost Hermitian manifold TM = (T'M, J3,G3),

(1) TM € ¢ if and only if P*” 7P7(3).
(2) TM € W, = ANH if and only ifP
(3) TM € #s = X if and only if P ), P¥ and PP,
(4) TM € Wy = NIKH if and only if Pf?’), P®. P®. P® and PP
(5) TM € #, if and only if PP
(6) TM € #1 U Ws =24 if and only if PP, P5 and P&,
(7) TM € #; U#s if and only if P&, PP ), Pg( ) P and P
(8) TM € #,UW, if and only if P(3) P( )
(9) TM € #5U W5 if and only if P1(3), PlO and Pl(;’ :
(10) TM € #yU#y if and only if P1(3) P?E ), ng:)’) and Pég)
(11) TM € #35U Wy = S if and only if Pl(g), P4(3), P8(3) and Pg(?’).
(12) TM € #1U W UWs = S if and only if “Pl(i’) and Pl(g) 7 or “PS’) and Pl(g) 7
(13) TM € #, U W5 UW, if and only if Pl(g) —ngg), PEE?’) and Pé?’)



(14) TM € #,UH5U W, if and only if Pl(g), P4(3), PS(S) and Pg(g)

(15) TM € #U W5 U W, if and only if Pl(g) and Pl(g’).

Thus, if we restrict to the space {(TM,J3,G3)} of almost Hermitian manifolds,
K = NH =Wy =WNIW,, X =D =WoUWy=WUWoUWy, Ws=W1UW3
and 7 = W, U W5 U H;.

FExample 3. Unless otherwise specified, we assume that the parameter functions f;,
hs, ks, as, Ps, 73, 3, s, & satisfy the conditions for defining (J3, G3).

(A) Let M be a Kéhler manifold of constant negative holomorphic sectional curva-
ture 4c¢ (¢ < 0). We assume that hs, k3 are positive functions. If

hs —1
A=p=1 ag=1—cte", fp3= 5 — ce'(2hz — 1),

thks + ks — 1)t
903:€t7 ?/13:< 3+t3 )67

then TM € % .
(B) Under the same conditions as (A), we find that 7'M is a Kdhler manifold if and
only if 2thy = (h3 — 1)ks. Thus, for example, if

1
hy=2t+1, Fky=—
3 + 3 3 t—|—1’
then TM € % . Moreover if
1
hs = ——, k3=2t+1,
3 P 3 +

then TM € ot — % .
(C) Let M be a Kéhler manifold of constant holomorphic sectional curvature. If

)\:,uzl, h3:2t—|—1, k’gz—,

then TM € 5.
(D) Let M be a Kahler manifold of constant holomorphic sectional curvature 4c.
Then, the condition Pl(g’) becomes

4Ch3 ((,03 + t?/)3)

Ry +
T k2 (as + t55)

+2(n — 1){53+ M} 0.

063]{332’
If ¢c <0 and

A:M:17 &3:€ta S03:6_t7 63:¢3:07
ct(2e' +n —1)

hs=¢e', ky=1
3 =€, 3 (n—1)e2t

then TM € LK% — X .

Acknowledgement. The authors would like to thank the referee for the careful
review and the valuable comments.



References

[1] P. Dombrowski, On the geometry of the tangent bundle, J. Reine Angew. Math.
210 (1962), 73-88.

2] A. Gray and L.M. Hervella, The sizteen classes of almost Hermitian manifolds
and their linear invariants, Ann. Mat. Pura Appl. 123 (1980), 35-58.

[3] T. Koike, T. Oguro and N. Watanabe, Remarks on some almost Hermitian
structure on the tangent bundle, Nihonkai Math. J. 20 (2009), 25-32.

[4] M. Tahara, L. Vanhecke and Y. Watanabe, New structures on tangent bundles,
Note di Mathematica 18 (1998), 131-141.

[5] M. Tahara and Y. Watanabe, Natural almost Hermitian, Hermitian and Kdhler
metrics on the tangent bundles, Math. J. Toyama Univ. 20 (1997), 149-160.

Division of Science, School of Science and Engineering, Tokyo Denki University, Saitama, 350-0394,
JAPAN

E-mail address: oguro@mail.dendai.ac. jp

Received September 19, 2013



