Nihonkai Math. J.
Vol.6 (1995), 135-151

Pareto Optimum in a Cooperative Dynkin’s Stopping Problem !
Yoshio Ohtsubo

Abstract. We consider two-person cooperative stopping gameof Dynkin’s type and
find e-Pareto optimal pairs of stopping times by three methods. The first is the so—called
scalarization and the corresponding optimal value process is characterized by a recursive
relation. In the second we find an eé-Pareto optimal pair nearest to a goal, which two
players desire but may not be able to achieve. We select thirdly a Pareto optimal pair
which dominates a conservative value for each player. The set of such Pareto optimal pairs
is called core. We finally apply them to a Markov model and give simple examples.
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1. Introduction.

Let (2, F, P) be a probability space and (F,)nen an increasing family of sub-o-fields
of F, where N = {0,1,2,...} is a time space. Let W denote the family of all sequences
of random variables X = (X,)n,en defined on (Q,F, P) and adapted to (F,) such that
random variable sup,, X} is integrable and sequence (X7) is uniformly integrable, where
z* = max(0,z) and = = (—z)*. For each n€ N, we also denote by A, the class of pairs
of (F,.)-stopping times (7,0) such that n £ 7 Ao < oo a. s. , where 7 A ¢ = min(7,0).

For six random sequences X*,Y* and W' (i = 1,2) in W, we consider the following
cooperative stopping game with a finite constraint. There are two players and the first and
the second players choose stopping times 7; and 72, respectively, such that (71, 72) is in A,.
Then the ith player (: = 1,2) gets the reward

Ji(TlaT2) = X::.-I(Ti<TJ‘) + }/—,-Z-I(Tj<‘r,') + W:‘I(T,'=TJ')7 .7 = 172, ] 74 i,

where I, is the indicator function of a set A in . The aim of the ith player is to
maximize the expected gain E[J;(7;, 72)] with respect to 7;, cooperating with another player,
if necessary. However, the stopping time chosen by one of them generally depends upon
one decided by another, even if they cooperate. Thus we shall use the concept of Pareto
optimality as in the usual cooperative game or the multiobjective problem.

1 AMS subject classifications. 90D15,60G45,90E05
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Before giving the definition of Pareto optimality, we define partial orders in the two-

dimensional Euclidean space as follows: for two vectors ¢ = (z;,22) and y = (y1,¥2),

r>yifz; >y,i=12;z2yifr; 2yt =1,2;z=yifz;=y,1=12;22y

if £ 2 y and z # y. We also define a conditional expected reward for each player by
Gi(r,0)= E[Ji(r,0) | Fu), i = 1,2, and a vector by G(7,0) = ( G}(7,0),G3(7,0)) and
let e = (1,1). For the sake of simplicity, without further comments we assume that all
inequalities and equalities between random variables hold in the sense of “almost surely”.

For n€ Nand a nonnegative real number &, we say that a pair (7,,0,) in A, is e~weak
(resp. e-strong) Pareto optimal at n if there is no pair (7,0) in A, such that

G(r,0) > Gi(7.,0.) +ee (resp. Gi(r,0) 2 Gi(7.,0,) +€e).

We shall simply call a 0-weak (resp. O-strong) Pareto optimal pair a weak (resp. strong)
Pareto optimal one.
In §2 we consider an optimal stopping problem with the reward

J(T, U) = X‘rl(‘r<a) + },aI(a<‘r) + WTI(1-=0)

to maximize the expected gain E[J(r,0)] with respect to pair (7,0) in Ao, and we give
fundamental results for the problem. These play an important role though this paper. We
also define shadow optimal value process, which is optimal value process for one player,
and obtain a martingale property. The shadow optimal value processes are used to select
a Pareto optimal pair in §§ 4 and 5. We find Pareto optimal pairs by a method of the so—
called scalarization in §3, and introduce a concept of goal programming and find a Pareto
optimal pair nearest to a given goal in §4. We in §5 investigate core which is a set of Pareto
optimal pairs dominating a conservative value for each player, and in §6 consider a Markov
model as a special case.

The two—person zero-sum stopping game with a discrete time space was first introduced
by Dynkin [6], who proved that the game has a value and constructed e-saddle point, and
it was developed by Neveu [16] and Elbakidze [7]. Continuous time analogue of such a
game problem was studied by Lepeltier and Maingueneau [11], Morimoto [13], Stettner
[22] and many others. Ohtsubo [17] also investigated a zero-sum stopping game with a
finite constraint, that is, in the game pairs of any stopping times 7, o satisfy 7 A o < o0 a.
s. , and he developed the problem in [18,19,21).

Such a stopping game was extended to a nonzero-sum case and studied in many literature
(for example, Bensoussan and Friedman (2], Morimoto [14], Nagai [15], Ohtsubo [20] and
Cattiaux and Lepeltier [3]), in order to find e-Nash equilibrium point. A non-Dynkin’s
type of nonzero—sum stopping game was considered in Mamer [12] for discrete time and in
Huang and Li [10] for continuous one.

All these are noncooperative game. In the present paper we deal with a cooperative
Dynkin’s stopping game and find e-Pareto optimal pairs. On the other hand the cooper-
ative game is anologous to multiobjective optimal stopping problem in the sense of using
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the concept of Pateto optimality. Hisano [9] formulated a multiobjective stopping problem
and found an optimal stopping time, and Gugerli [8] investigated such a problem for the
class of randomized stopping times.

2. Shadow optimum and fundamental lemmas.

In this section we give fundamental results, in order to obtain properties of shadow
optimum and to use these results in the remaining sections. We first define shadow optimum
o' for the reward J; (7,0) as follows:

= ess sup Gi(r,0), n€N, i=1,2.
(T,O')GA,-,

o,
In multiobjective programming, the shadow optima are also called “ideal solution”. If there
exists a pair (7*,0*) in A, such that o}, = G}(7*,0") for every 1 = 1,2, then the pair is not
only Pareto optimal at n but also best optimal in the sense that Gi(7*,0*) = Gi(r,0)
for all (r,0) in A, and every ¢ = 1,2. However such a case seldom occurs. The shadow
optima are useful to select a Pareto optimal pair.

Now, to obtain constructive property of the shadow optima, we generally consider an
optimal stopping problem so as to maximize the expected reward G, (,0)= E[J(r,0) | F,]
with respect to (7,0) in A,, where

J(Ta U) = XTI(T<0) + },UI(O‘<T) + W‘rI(‘r':c)
for X,Y and W in W. The optimal value process 8 = (fn)nen is defined by

Bn = esssup G, (7,0), nEN.
("'ya')eAn

For n€ Nand € 2 0, we say that a pair (7,,0,) in A, is (¢, B)-optimal atnif B, < G,(7.,0,)
+e.
LEMMA 2.1. (i) The process B = (Br) satisfies the recursive relation:

Br = max(X,, Y, W, E[Bnt1 | Ful), nEN. (1)

(i1) B s the smallest supermartingale dominating the process (max(Xn, Yo, Wy))nen.
(iii) limsup,, B, = liminf, max(X,, Y,, Wy).

PROOF. The lemma is easily proved as in the classical optimal stopping problem (cf.
Chow, Robbins and Siegmund [4] or Neveu [16]). O

From this lemma it is easy to see that the process f§ coincides with an optimal value
process 3 = (8,) in an optimal stopping problem with a reward Z, = max(X,,Y,, W,,) of
time n, 1. e.

B, = ess sup E[ZT | F]-

n<r<oo

— 137 —



Hence B = f is constructive by the method of the backward induction as in [4].

For each n€ Nand € 2 0, define stopping times 75 = 75(8) and o = 0%(8) by

e =inf{k 2 n| B = max(Xr, Wi) + €}

oS =inf{k 2 n | Xi + € < Bx < max(Yi, W) + ¢}

where inf(¢) = +o00.

LEMMA 2.2. Let n€ N be arbitrary.

(i) For each £> 0, the pair (7£,0%) is (g, B)-optimal at n.
(i) The stopping time 2 A 00 is a. s. finite, the pair (12,00) is (0, B)-optimal at n.

PROOF. When ¢ is positive, it follows from Lemma 2.1 (iii) that the stopping time
7Z A 0% is a. s. finite. Thus, for ¢ 2 0, it suffices to show that inequality 8, < G, (75,0¢)+¢
holds for each n€ N. From Lemma 2.1 (i) and the optional sampling theorem, we have
Bn = E[Brenss | Fn]. Furthermore, since Sy S Xy +€ on {rf =k <02}, B S Yi+¢
on {06 =k <75} and Bx £ Wi +¢e on {7 = o5 = k}, we have the desired inequality
Bn £ Go(75,07) +e. O

REMARK 2.1. In the above thorem, it remains true even if the pair (7%, 0%) is replaced

n'n
by pairs (7%, 6%) or (75,0%), where

¢ =inf{k 2 n | Y +¢€ < B £ max(Xy, W) + ¢}
5¢ = inf{k 2 n | B < max(Y, Wi) +€}.
However other pair (75, 6%) is not necessarily (e, 5)-optimal.
3. Scalarization and Pareto optima.
In this section we find Pareto optimal pairs by the method of the well-known scalariza-
tion.
Let S denote the set of vectors A = (A1, Az) in R? satisfying A > 0 and A\; + A\, =1, and
So the set of A in S such that A > 0. For given X!, Y, Wiin W and A in S, we define

sequences of random variables by
Xa(A) = M X2 4 0Y2, Yo(A) = MY2 4+ A XZ, Wo(X) = MW+ 2, W2
random variables by,
J(r,0;0) = MJi(1,0) + Ao Jo(1,0), G,(1,0;X) = E[J(r,0;)) | Fv],
and a maximum value process by

V.(A) = esssup G,(1,0;1), nEN.
(r0)EAR
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Then we have relations

J(T,O’; )‘) = XT(/\)I(T<0) + Y:f(/\)l(cr<‘r) + Wr()\)](fza),
G, (1,0;0) = MGM(1,0) + MG 2 (7, 0).

We also define stopping times for the process V(A) = (V,,(A)) as follows:
¢ = 75(A) = inf{k 2 n | Vi()) £ max(Xx(A), Wi(A)) +¢€}

0f =o(A) =inf{k 2 n| Xi(A) + € < Vi(X) £ max(Yi(A), Wi(A)) +¢€}

for n€ Nand ¢ 2 0. The following theorems are immediate results of Lemmas 2.1 and 2.2.

THEOREM 3.1. Let A in S be arbitrary.
(i) The process V(X) = (V,(A)) satisfies the recursive relation:

Va(A) = max(Xa(A), Ya(A), Wa(R), E[Var1(A) | Ful), neN. (2)

(ii) V(A) is the smallest supermartingale dominating the process Z(A) = (Zn())), where
Z,(A) = max(X,(A), Ya(A), Wa(X)).

THEOREM 3.2. Let n€ Nand A € S be arbitrary.
(i) For each € > 0, the pair (1£,0¢) is (¢, V(A))-optimal at n in the sense that V,()\) <
G, (t5,05; ) + €.

b n)

ii) If the stopping time 1O A 00 is a. s. finite, the pair (72,02) is (0, V()))-optimal at n.
n n

The general lemma below is a well-known result in multiobjective problem.

LEMMA 3.1. LetneN, e = 0 and A\ € S be arbitrary. If a pair (7,,0,) in A, satisfies
inequality V,,(A\) £ G, (7.,0.;A) + €, then the pair (1,,0,) is e~weak Pareto optimal at n.
Furthermore when X is in Sy, the pair (1.,0,) is e-strong Pareto optimal at n.

PROOF. We suppose that the pair (7,,0,) is not e~weak Pareto optimal. There then
exists a pair (7,0) in A, such that G}(7,0) > G(7,,0,)+¢e, thatis, Gi(7,0) > Gi(7,,0,.)+
¢ for every ¢ = 1,2. Thus we have

G.(1,0;0) = MGi(7,0) + WG i(T,0)
> AIGJ(Ts,as) + A2G3(T;’Ue) +e€
= Gn(Taa O¢; /\) + g,

so that V,(A) > G, (7.,0.; A) +¢, which is a contradiction. Hence the pair (7,,0,) is e-weak
Pareto optimal. Similarly, the statement for A > 0 is proved. O
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For each n€ N, let a subset G, in R? denote the set of all vectors G;(7,0) satisfying
(r,0) € A,. Then the set G, is not in general convex in our problem. If G, is a convex
set, we can discuss the converse of Lemma 3.1, that is, if a pair (7,,0,) is e-weak Pareto
optimal at n there is a vector A in S such that V,(A) £ G, (7, 0;A) + € (cf. Aubin [1}]).

Theorem 3.2 and Lemma 3.1 immediately imply the following theorem.

THEOREM 3.3. Let n€ Nand A € S be arbitrary.
(i) For each £> 0, the pair (15,0%) is e~weak Pareto optimal at n ; if in addition X is in
So then the pair (15,0%) is e-strong Pareto optimal at n.
(ii) If the stopping time T2 A a? is a. s. ﬁnite, the pair (12,09) is weak Pareto optimal at
. if in addition X is in Sy then the pair (12,00) is strong Pareto optimal at n.

4. Pareto optimum nearest to a goal.

In order that each player selects a convincible Pareto optimal pair, we introduce in this
section a concept of goal programming in multiobjective problem (cf. Cohon [5]).

Let two processes M* = (M:),i = 1,2, be in W, and we define a vector process M = (M,,)
by M, = (M}, M?). This M} is a goal (target value) for the ith player when he starts the
game at time n, but it may be impossible that he achieves the goal. For n€ N, (7,0)€ A,
and u = (1, p2) > 0, a distance from M,, is defined by

Di(7,0) =|| M, - Ga(r,0) ”(u,P),

where || z ||(up= (Th, s | 2 P)V/P for £ = (z1,22) and 1 S p < o0, and || & [|(u0)=
max;—; 2(p: | z; |) for p = oo, which are called Minkowski’s norm, and a minimum value
process DP = (DP) for the distance is defined by

D? = D?(u,M) = ess inf Di(T,0).

7,0)EAn

For each neN, u > 0,1 £ p £ oo and € 2 0, we say that a pair (7,,0,) in A, is (&;p)-

optimal at n if D}, 2 D*(7,,0,)—¢

LEMMA 4.1. Suppose that M 2 a, i. e. M. 2 o} for each n€ Nand every i = 1,2,

and let n€ Nand € 2 0 be arbitrary.

(i) Let u be in S (resp. So). If a pair (7,,0,) is (¢;1)-optimal at n, then the pair (7,,0.)
is e-weak (resp. e-strong) Pareto optimal at n. :

(ii) Let p = (1,1). If a pair (7,,0,) is (€; 00)-optimal at n, then the pair (7,,0,) is e-weak
Pareto optimal at n.

(iii) Let p be in S (resp. So) andl < p < oo. If a pair (74, 0,) is (0; p)—optimal at n, then
the pair (1,,0,) is weak (resp. strong) Pareto optimal at n.

PROOF. We shall prove only statement (ii). Other statements are similarly proved. We
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suppose that the pair (7,,0,) is not e-weak Pareto optimal, so that there is a pair (1,0) in
A, satisfying G¥(7,0) > G}(7.,0.) + €e. Thus we have

D (r,0) = II_I?.)Z({M,: - G;(Taa)}
< max{M, - Gi(r,,0,) — ¢}
Dw( 5, C) €.

Hence D3 < Dp°(,,0,) — €, which is contrary to (¢; co)-optimality of (7., o). O

We shall consider a case p = 1 in the remaining part of this section, characterize the
minimum value process D! = (D) and select e~Pareto optimal pair by using the process

D'. For p >0,k 2 nand M* (¢ =1,2) in W such that M > a, we define sequences of
random variables by

Xi(n) = pa (M2 — X}) + pa(M? — Y2) = My + paM?E — X (),
Yi(n) = i (M} — Y1) + po(M? — X?) = iy M} + p2M?2 — Yi(p),
Wi(n) = ua(My — W) + pa( M7 = W) = i M2 + g M — Wi (u),

where Xy (u), Yi(4) and Wy(u) are given in §3 by replacing A by g, as well as G,.(r,0;u)
and V,(u) below. It then follows that for (7,0) € A,

Drlz(T: 0') = E[Xf(n)I(TQr) + 1Aft’(n)I(¢7<T) + I/‘V’r(n)I(Tm'r) l -Fn]
= ﬂ'lM:, + l‘2M3 - l‘lGr%(T’ 0’) - #2G3(T’ 0)
= mM, + p2 M2 — G, (7,0 ). (3)

THEOREM 4.1. Suppose that M*(i = 1,2) in W are martingales and M > «, and let
p=0.
(i) The process D' = (D}) satisfies the recursive relation :

D! = mln(Xn(n) Y, (n), W, w(n), E(D},, | F.]), neN. (4)

(ii) D? is the largest submartmgale dominated by the process 7 = (Z,), where Z, =
min(Xn(n), Ya(n), Wa(n)).

PROOF. From (3) we have

D} = py M} + poM? — ess sup G, (ryo51) = g My + pa M2 — V,, (p).

7,0)EAn
Since M* are martingales, we also have
b

E[D},, | Ful = p1M} + paM?E — E[V,11(1) | Fl-
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Thus the relation (4) is equivalent to

Va(p) = max(Xn(p), Ya(p), Wa(p), E[Vas1(k) | Fa))-

Hence the proof of this theorem is reduced to that of Theorem 3.1 or Lemma 2.1. O

REMARK 4.1. If the shadow optima o' (¢ = 1,2) are martingales, we may be take
o' as M’. Also constant processes M* = E[sup,¢y{max(X},Y;:, Wi)}t], ¢ = 1,2, satisfy
conditions in Theorem 4.1.

We define stopping times 7¢ = 75(u, M) and o0& = o%(u, M) for the process D! by
¢ =inf{k 2 n| D} 2 min(X(k), Wi(k)) — €},
ot = inf{k = n | Xi(k) — € > D} 2 min(Vi(k), Wa(k)) — €}.

Using Lemma 4.1 and Theorem 4.1 and making argument analogous to Theorem 3.3 or
Lemma 2.2, we have another main theorem in this section.

THEOREM 4.2. Suppose that M* (i = 1,2) in W are martingales and M 2 a, and let
n€Nand p € S be arbitrary.

(i) For each > 0, the pair (75,0%) is e—weak Pareto optimal at n ; if in addition u is in
So then the pair (75,0%) is e-strong Pareto optimal at n.

(ii) If the stopping time 10 A 02 is a. s. finite, the pair (12,00) is weak Pareto optimal at
n ; if in addition u is in So then the pair (72,0%) is strong Pareto optimal at n.
5. Core. ,

In this section, we introduce a core which is a subset of Pareto optimal pairs. For given
Zi =(Z:),i=1,2,in W and € 2 0, we define e-core C5(Z) at time n by the class of all

pairs (7,,0,) in A, such that (7,,0,) is e-weak Pareto optimal at n and inequality
G;(Tmae) g Zﬂ —€e¢ (5)

holds, where Z, = (Z}, Z2). This Z® is one called threat functional and is interpreted as a
minimum value which the ith player is able to compromise with. By the definition of core,
if a pair (75,0¢) in Theorems 3.3 or 4.2 satisfies inequality (5), then the pair (73,0%) is an
element of e-core C:(Z).

In general e~core C%(Z) may be empty, even if ¢ is positive and Z: < o}, (i = 1,2). For
example, when X! = Wi =a, Y} =band Z: = c (i = 1,2, n€N) for constants a,b and c
satisfying a < ¢ < b, we have G,, = {(a,b), (b,a),(a,a)}, n€ N, and vectors (a, b) and (b, a)
correspond weak (and strong) Pareto optimal pairs. However, since there is no pair (7,,0,)
satisfying (5) for sufficiently small e, e-core C(Z) is empty.
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In this section we first give necessary and sufficient conditions for e~core C5(Z) (e > 0)
to be nonempty. To end this, for given other processes M* (¢ = 1,2) in W and a pair (1, 0)
in A,,, we define random variables by, if these exist,

M:z — G,i(T,O’)
Mi—2Z.

Pn(7,0) = max (1,(7,0), 7a (7, 0)),

*yfl(r, o) = i=1,2,

and a minimum value process ¥* = (7};) by

Yo = (M, Z) = essinf Yn(T,0).
(T0)EAR

Here M* may be goéxls as in §4. The following assumption is natural in our problem.

ASSUMPTION 5.1. M 2 a 2 Zand M > Z.

If Assumption 5.1 is satisfied, v is nonnegative, but it is not necessarily less than or
equal to 1. Indeed, in the above example, letting M} = b, i = 1,2, n€ N, we have v, =
(b—a)/(b—c)>1, neN.

ASSUMPTION 5.2. Processes M* — Z*' (¢ = 1,2) are bounded from above, that is, there
is a constant L such that M — Z! < Lforalli=1,2 and all neN.

THEOREM 5.1. Suppose Assumptions 5.1 and 5.2 are satisfied. For each n€ N, the
following conditions are equivalent :

(a) For each € > 0, e—core C5(Z) is nonempty.

(b) For each € > 0, there exists a pair (7,,0,) in A, satisfying inequality (5).

(m =1 |
Furthermore, if one of conditions (a),(b) and (c) is satisfied, a pair (7,,6.) in A, such that

v 2 Yu(Fe,0e) — /L is an element of CE(Z) for each n€ Nand every € > 0.

PROOF. By the definition of e~core C5(Z), the implication (a) => (b) is immediate.
(b) = (c). From inequality (5), we have vi(7,,0,) < 1+¢e(M: — Z;)™! for every i = 1,2,
so that

Tn S Yal7e0.) S 1+ emax(M, — Z,)7".

erYe
=1,

Letting as € | 0, we have the desired inequality v < 1.

(c) = (a). By the definition of 4, there is a pair (7, ) in A, such that v} 2 y,(f,6.) —

/L. Thus since 7% £ 1, we have

Gi(fe,6.) 2 Z8 —e(M: - Z})/L 2 Zi —e, i=1,2,
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which implies that the pair (7.,6.) satisfies inequality (5). Next assume that this pair
(7, 6.) is not e-~weak Pareto optimal at n, that is, there exists a pair (7,0) in A, satisfying
Gi(r,0) > Gi(%.,6.) +¢ for every : = 1,2. Then we have

N(7,0) < Ai(Fey6e) — €/L S YulFey ) —€/L, i=1,2,
so that

Tu(T,0) < Yn(Te, Oc) — e/L = Yns

which is contrary to the fact that in general v,(7,0) 2 7;. Hence the pair (7., 6. ) is e—~weak

Pareto optimal at n, and it is in C5(Z). Therefore e—core C;(Z) is nonempty.
The proof of the second statement is given in that of the implication (c) = (a). O

In the following theorem, we give a characterization of an element in C3(Z).
THEOREM 5.2. Suppose that Assumption 5.1 is satisfied and that vi = 1 for every
n€N. For each n€ N, a pair (T*,0*) in A, satisfies v;, = vn(7*,0") if and only if
Gi(r*,0*) 2 (L =M, + 72, i=1,2, (6)

where the equality holds for at least one i. Furthermore, such a pair (7*,0*) is in C2(Z).

Proor. If 4% = v.(7*,0%), we have
T 2 W(m0%), i=1,2,
where at least one i have equality (as well as in the inequality below), and hence
Gi(r*,0%) 2 M} —vi(M — Z,) = (1 = )M + 722, i=1,2.

Conservely, if a pair (7*, 0*) satisfies (6), it is clear that v = y.(7*,0*). Next, by argument
analogous to the proof of Theorem 5.1 it is easy to see without Assumption 5.2 that the
pair (7*,0*) is in C3(Z). O

Now the threat functionals Z¢ are important when we consider core. Hence Z* must be
significant and we hope that Z* are able to analyze. We shall take minimax or maximin
value processes for each player in a zero-sum stopping game as one of threat functionals.
These value processes V' and V* (i = 1,2) in our problem are defined by

= ess inf ess sup Gi(m,72), V. = esssupessinf Gi(n,m2), j=1,2, j #1.

[/t
n

75 T 5 T
(Tl ,n)GAn (‘rl ) T2 )eAn

Such a zero-sum stopping game with a finite constraint was investigated in [17,18,19,21].
The processes V* and V' are also called conservative value for the ith player. We shall
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recall results for V'* and V*, and give sufficient conditions for e-core C%(Z) to be nonempty,
when threat functionals Z* are Vi or V.
The following assumptions are necessary when we consider the zero-sum stopping game.

ASSUMPTION 5.3. Random variables sup,(Y;})~ (¢ = 1,2) are integrable, and inequali-
ties X; < W} < Y} are satisfied for each n€ Nand every i = 1, 2.

ASSUMPTION 5.4. limsup, X! 2 liminf, Y.

PROPOSITION 5.1. Suppose Assumption 5.3 is satisfied. Then
(i) For each n€ Nand every i = 1,2, inequalities V; < V! hold, and both V' and V'

satisfy the recursive relation :

Vo, = med(X:,Y}, E[Vo41 | Fu]), n€N, (7)

n n?

where med(a, b, c) is median for real numbers a, b and c.
(ii) For each n€ Nand every € > 0, stopping times 7¢ and 6° defined by

fe=inf{k 2 n |V} S Xi+e}, 65=inf{k2n|V2 < X2+¢)
are a. s. finite and satisfy inequalities
Vi S Ga(is, o) +e, VIS Girél)+e, (8)

for all stopping times T and o.
(iii) If Assumption 5.4 is satisfied for some i, then Vi = V* (= V¥, say) for the i and V'
is the unique process satisfying the recursive relation (7).

We can find the proof of this proposition in Proposition 2.1 of [17] for statement (i), in
p.597 of [17] or Lemma 3.3 of [19] for (i), and in Theorem 2 of [21] (or [18]) for (iii).

COROLLARY 5.1. Suppose Assumption 5.3 is satisfied. For each n€ N and every e > 0,
e~core C;(Z) is nonempty, if one of the following conditions is satisfied :

(a) Assumptions 5.1 and 5.2 for Z' = V* (i = 1,2) hold.

(b) Assumptions 5.1,5.2 for Z' = V* (i = 1,2) and Assumption 5.4 for every i = 1,2
hold.

PROOF. Under condition (a), inequalities (8) imply condition (b) in Theorem 5.1. Hence
g—core C;(Z) is nonempty. From Proposition 5.1 (iii) and condition (b), we have V* = V*
(¢ = 1,2), to which condition (a) is applied. O

6. Markov model.
In this section we consider a Markov model as a special case, and give simple examples.
Let (Xn,Fn, P:) be a time-homogeneous Markov process on phase space (E,B), and let
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B(E) be the class of bounded B-measurable functions on (E,B). We give six functions
fi, gi and h; (¢ = 1,2) in B(E). For a pair of stopping times (m1,72) in Ao, the reward
function of the ith player (i = 1,2) is

G;(7'177'2) = Ez[fi(Xf.')I(‘rKf,') + gi(Xf,‘)I(T,-<T.') + hi(XT.')I('r.:‘rj)]v J=12, j#1, z€E,

where E, denotes the expectation operator with respect to P;. For € 2 0, we say that a
pair (7,,0,) in Aq is e-weak (resp. e-strong) Pareto optimal if, for any z € E, there is no

pair (7,0) in Aq such that
G:(r,0) > GX(r,,0,) +ee (resp. Gi(1,0) = G;(T,,0,)+ €e),
where G2(,0) = (G)(r,0),G2(r,0)). We define the shadow optima as follows:

a;(z) = ess sup Gi(r,0), 1=1,2, z€E,
(r.0)ENO
and we then have the recursive equation for o; ( = 1,2) which corresponds to the rela-
tion(1):
a;(z) = max(fi(z),9i(z), hi(z),Tai(z)), z€E,

where operator T is a semigroup, that is, Tf(z) = E:[f(X1)] for z€ E and f € B(E).
For given \,up € S, 1 £ p < oo and M;,Z; € B(E),i = 1,2, we can similarly define
fA(-T), g,\(:v), hA(z), G;:.(T,O'; A)a V,\(.’E), fk(x)a gk(w)7 i”k(“’)? Dp(m) = Dp(m;ﬂ, M)a 71'(7., 0')
and v*(z) = v*(z; M, Z), which correspond to X,(A), Ya(A), Wa(A), Gi(r,0;), Va(X),
Xi(n), Yi(n), Wi(n), D2 = D2(p, M), Yu(7,0) and v; = 7;(M, Z), respectively, where
M= (Ml,Mg) and Z = (ZI,ZQ).

For any Z = (2, Z,) satisfying Z; € B(E) (¢ = 1,2), we next define a core Co(Z) by
the class of all pairs (7,0) in Ao such that (7,0) is 0-weak Pareto optimal and inequality
G:(r,0) 2 Z(z) holds on E. We also define minimax and maximin values for the ith
player by

p:(z) = infsup Gi(n,72), vi(z)= supinf Gi(n,m), j=1,2, j#1.

TJ T

(m1,m2)€A0 (n ,Tz)TJEAo
We then have the following recursive equations and inequalities corresponding to the rela-
tions (2), (4), (7) and (6), respectively,
Va(z) = max(fi(z), 9x(2), ka(z), TVa(z)),
D;(z) = min(fo(2), §o(z), ho(z), T D1(x)),
v(m) = med(fi(x)a gi(r)aTU(z))v (9)
Gi(*,0%) Z (1 =77 (2))Mi(z) + 77(2) Zi(2). (10)
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Also we can give Markov versions of Theorems 3.3, 4.2, 5.1 and so on.

We shall next give simple examples for the Markov model.

EXAMPLE 6.1. Let the state space F consist of three states 1,2 and 3, and the transition
probability matrix P be given as follows:

2/3 1/3 0
P=|1/2 1/2 ©
1/2 1/3 1/6

The set of states {1,2} is then a recurrent class and state 3 is transient. We also give the
functions f;,¢; and h; by

fl(l) = 2’ fl(z) = —2’ f1(3) = _3’ f2(1) = _27 f2(2) = 05 f2(3) = —31
a(l)=4, a1(2)=0, @a@B)=2, (1)=2 q@2)=4 g¢(3)=6/5,
hl(].) = 2, h1(2) = -—1, h1(3) = —1, h2(1) = —‘2, h2(2) = 0, h2(3) = —2,

and, for z€ E, let a subset G(z) in R? denote the set of all vectors G(7,0) satisfy-
ing (1,0) € Ao. It then follows that G(1) = G(2) and it is a subset of convex hull
of S;, and G(3) is a subset of convex hull of S;, where S; is the set of six vectors
(2,2),(-2,4), (4,-2),(2,—2),(-1,0) and (0,0) and S, is the union of S; and {(-3,6/5),
(2,-3),(—1,—2)} (see Figure 1). Note that the covex hull of S; coincides with the closure
of G(1) = G(2).

G3(r,0)
A 4 a(z)
F
\‘H
v(2) B v(1)
v(3)
Ol5(2) D |4 Ur o
\ 7(3) o(1) Gz (r,0)
LC
FIGURE 1
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Since f; £ h; £ g; on E, the shadow optimum a(z) = (a1(z), az(z)) is minimum solu-
tion to the recursive equations o;(z) = max(gi(z), Tei(z)), =€ E, so that we have a(1) =
a(2) = a(3) = (4,4). We easily see from Figure 1 that 0-weak (and 0-strong) Pareto
optimal pairs correspond vectors on segments AB and BC, where A = (-2,4),B = (2,2)
and C = (4,—2). For example, a weak Pareto optimal stopping pair (74,04) correspond-

ing the vector A is represented by 74 = inf{k 2 0 | Xx = 2} and 04 = +00. Also, we
can check that when A = (A1, A;) € S satisfies 2X; < Az the pair (74,04) coincides with
(10(A), 00(A)), where

70(A) = inf{k 2 0| Va(Xy) = max(fr(Xk), hr(Xk))}
oo(}) = inf{k = 0| fr(Xx) < Va(Xs) = max(ga(Xa), ha(Xe))}-

Indeed, we have fy(z) > max(gx(z), hx(z)) and Vi(z) = f1(2) = 4 — 6], z€ E. Similarly,
when a goal M is a constant vector (c,c) with ¢ > 4 and p = (p1,1 — p,) satisfies 1/3 <
p1 < 2/3, (0;1)-optimal pair (7o(g, M), 00(p, M)) corresponds to the vector B.

Next let us consider core, when we take the minimax value ¥; or the maximin v; as
threat functins Z;. Since f;, g; and h; (i = 1,2) satisfy Assumption 5.3, value functions
v; and v; satisfy the recursive equation (9). Also, since Assumption 5.4 for : = 1 holds,
i.e. limsup, f1(X,) = 2 > liminf, ¢;(X,) = 0 a. s., it follows from Proposition 5.1(iii)
that 9;(z) = v,(z) (= vi(z), say) for all z€ E and it is the unique solution to (9), so that
v1(1) = 2,v,(2) = 0 and v,(3) = 6/5. On the other hand, Assumption 5.4 for ¢ = 2 is not
satisfied, as limsup, f2(X,) = 0 and liminf, g2(X,) = 2 a. s.. Hence ¥;(z) (resp. v,(z))
is the smallest (resp. largest) solution to the equation (9), and we have v;(z) = 0,z€ E,
v5(1) = v,(2) = 2 and v,(3) = 6/5. Let o (z) = (v1(2),v2(z)) and v(z) = (v1(2), v2(2)),
that is, 9(1) = (2,0), v(1) = (2,2) and so on. We first take v as a threat function Z.
Then the core Cy(v) is the set of all (7,0) for which G}(7,0) is on segment DB if z = 1,
on DB or BF if £ = 2, and on DB or BH if ¢ = 3, where D = (3,0),F = (0,3) and
H = (6/5,12/5). Also, if M = a, it is easy to see that v*(1) = 3/4, v*(2) = 1/2 and
~v*(3) = 5/8. For example, we define a pair (7*,0*) as follows :

when X, =1,
T‘ _ 1 Oﬁ‘ Ql 0’* _ T1 on Ql
" | 40 on 9y, " | 400 off Q,,
when Xo = 2,
= inf{k 20| Xy =1}, 0" =-oo,
when Xo = 3,

PN B off sy T on Q,
| 400 on Q,, " 4oo off Q,
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where

leinf{k z Tlekzl}, T2=inf{k _Z_ Ole::2}’
Ql = {X72+1 = 2)XT2+2 = 1}’ Q2 = {X7’2+1 = XT2+2 = 2’ X‘rz+3 = 1}

Then we can easily check that G;(7%,0%) = (5/2,1) if z = 1, = (2,2) if z = 2, and
= (9/4,3/2) if z = 3. Thus, since inequalities (10) (as a matter of fact, equalities) are
satisfied, Theorem 5.2 implies that y*(z) = v,(7*,0*), € E, and the pair (t*,0*) is in
Co(?). Secondly, let Z = v and M = a. We similarly see that the core Co(v) is nonempty,
and 7*(1) = 1, v*(2) = 3/4 and v*(3) = 5/7, though Assumption 5.4 for i = 2 is not
satisfied.

In the following example, core Cy(v) is empty.

EXAMPLE 6.2. Let E = {1,2} and let the transition probability matrix P = (pi;) be
Pij =0ifi=jand p;j = 1ifi # j. Also let f;,g; and h; be satisfy fi(z) = hi(z) = a and
gi(z) = b, € E, for constants a and b (a < b). Then we have G(z) = {(a,b), (b,a),(a,a)}
and v(z) = (b,b),z € E. Thus, since there is no pair (7, ) in Ao such that G;(7,0) 2 v(z)
for all z € E, the core Co(v) is empty.
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