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SMOOTHNESS CRITERION FOR NAVIER-STOKES EQUATIONS IN
TERMS OF REGULARITY ALONG THE STREAMLINES*

CHI HIN CHANT

Abstract. This article is devoted to a regularity criterion for solutions to the Navier-Stokes
equations in terms of regularity along the streamlines. More precisely, we prove that if u is a

suitable weak solution to the Navier-Stokes equations on [0,T] x R3 satisfying the condition that
|lu-VF|
[ulY

with 0 <y < %, then it follows that u is smooth over (0, 7] x R3.

< A|F)|, in which F = div(‘—z‘), A is some given constant, and « is some positive number
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1. Introduction. In this article, we consider the Navier-Stokes equation on R?,
given by

Ou— AMu+divfu®u)+ VP =0 1

div(u) =0 (L.1)
in which u is a vector-valued function representing the velocity of the fluid, and P is the
pressure. Note that the pressure depends in a non local way on the velocity u. It can
be seen as a Lagrange multiplier associated to the incompressible condition div(u) =
0. The initial value problem of the above equations is endowed with the condition
that u(0,-) = ug € L?*(R3). Leray [12] and Hopf [8] had already established the
existence of global weak solutions to the Navier-Stokes equations. In particular, Leray
introduced a notion of weak solutions for the Navier-Stokes equation, and proved
that, for every given initial datum ug € L?(R3), there exists a global weak solution
u € L>°(0,00; L2(R?)) N L2(0, co; H'(R?)) verifying the Navier-Stokes equation in the
sense of distribution. From that time on, much effort has been devoted to establish the
global existence and uniqueness of smooth solutions to the Navier-Stokes equations.
Different Criteria for regularity of the weak solutions have been proposed. The Prodi-
Serrin condition (see Serrin [16], Prodi [14], and [17]) states that any weak Leray-Hopf
solution verifying u € LP(0, c0; LY(R3)) with 2/p+3/q =1, 2 < p < o0, is regular on
(0,00) x R3. The limit case of L°°(0, 00; L3(R?)) has been solved very recently by L.
Escauriaza, G. Seregin, and V. Sverak (see [7]) (see also the work [21] of Y. Zhou, in
which a regularity criterion is obtained with a type of Prodi-Serrin condition to be
imposed on only one velocity component) . Here, we just mention a piece of work [4]
by Ch.-H. Chan and A. Vasseur which is devoted to a log improvement of the Prodi-
Serrin criterion in the case of p = ¢ = 5. Other criteria have been later introduced,
dealing with some derivatives of the velocity. Beale, Kato and Majda [1] showed the
global regularity of solutions under the condition that the vorticity w = curl u lies
in L>(0, 00; L'(R3)) (see Kozono and Taniuchi for improvement of this result [10]).
Beirdo da Veiga proved in [2] that the boundedness of Vu in LP(0, 00; L4(R3?)) for
2/p+3/¢g =2,1 < p < oo ensures the global regularity (see also [22], [11], and
[23]). In [5], Constantin and Fefferman gave a regularity criterion with a condition
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involving only the direction of the vorticity (For further works along this direction,
see, for instance, the works [24], and [25] of Y. Zhou and the references therein).
Here, let us mention that there are also some regularity criteria established under
some conditions to be imposed on the pressure term. For instance, in [15], G. Seregin
and V. Sverak established a regularity criterion for solutions to the Navier-Stokes
equations under the condition that the pressure term has a certain lower bound. On
the other hand, regularity criteria in terms of Serrin-type conditions imposed on the
gradient of the pressure are obtained in the works [26], [27] of Y. Zhou.

Until more recently, in a short paper [20], A. Vasseur gave another regularity cri-
terion which states that any Leray-Hopf weak solution u to the Navier-Stokes equa-
tions satisfying div(ﬁ) € LP(0,00; LY(R?)) with % + % < 3 is necessary smooth on
(0,00) x R3. As we can see, the regularity criterion given in [20] is the one with some
integrable condition imposed on div(ﬁ). However, the goal of this paper is to obtain
the full regularity of a suitable weak solution v under some suitable assumption about
the smoothness of div(‘—zl) along the streamlines of the fluid. More precisely, the goal
of this paper is to prove the following theorem

THEOREM 1.1. Let u be a suitable weak solution to the Navier-Stokes equation
on (0,T] x R® which satisfies the condition that |“YE| < A|F|, in which A is some

[u”

positive constant, and 7y is some positive constant for which 0 < v < % Then, it
follows that u is a smooth solution on (0,T] x R3.
w-V]u|

[ul >
and hence is the derivative of |u| along the streamlines of the fluid. Then, the
condition appearing in the hypothesis of Theorem 1.1 can be seen as a constraint on
the second derivative of |u| along the streamlines. Theorem 1.1 itself shows that such
a constraint on the second derivative of |u| along the streamlines is enough to give
the full regularity of the solution.

As for Theorem 1.1, we note that F = div(ﬁ) can be rewritten as F' = —

Before we proceed any further, let us say something about the term suitable weak
solution. The concept of suitable weak solutions for Navier-Stokes equations was first
introduced by Caffarelli, Kohn, and Nirenberg in [3] for the purpose of developing the
partial regularity theory for solutions to the Navier-Stokes equations. By a suitable
weak solution for the Navier-Stokes equations, we mean a Leray-Hopf weak solution
u € L>(0,T; L*(R3)) N L?(0,T; H'(R?)) which satisfies the following inequality in
the sense of distribution on (0,7) x R3.

Juf? Juf? Juf?

3t(7) + div(Tu) + div(Pu) + |Vul? — A( 5 )

N

0. (1.2)

Here, we decide to work with suitable weak solutions instead of just Leray-Hopf
weak solutions because suitable weak solutions satisfy some very nice properties such
as the partial regularity Theorem due to Caffarelli, Kohn, and Nirenberg in their joint
work [3] (see also the related works of F. Lin [13], A. Vasseur [19], G. Tian and Z.
Xin [18] ). Now, let us turn our attention back to Theorem 1.1. Indeed the conclusion
of Theorem 1.1 will follow at once provided if we can prove the following proposition.

PROPOSITION 1.2. Let u be a suitable weak solution to the Navier-Stokes equa-
tions on (0,1] x R which satisfies the condition that |“YE| < A|F|, where A is

[ul”

some positive constant, and 7y is some positive number satisfying 0 < v < % It then
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follows that w is essentially bounded over the region [%7 1] x R3. That is, we have
H’U’HLN([QJ]XRS) < 00.
4

Before we devote our effort to prove proposition 1.2, let us first explain why
proposition 1.2 will lead to the conclusion of Theorem 1.1 as follows. Assume that
proposition 1.2 is indeed true. Without the loss of generality, let us assume that u
is a suitable weak solution to the Navier-Stokes equations on (0,1] x R? satisfying
the hypothesis of Theorem 1.1 (we note that if our suitable weak solution u is over
(0,T] x R3, with T to be some positive number other than 1, we can always rescale
our weak solution u). Now, proposition 1.2 automatically tells us that u is essentially
bounded on the region [%, 1] x R3. So, over such a region, we can apply the Serrin
criterion with p = ¢ = oo to conclude that u is smooth over (%, 1) x R3. So, the only
question remains is how to justify that u is also smooth over (0, %) x R3. So, to finish
our job, let 7 € (0, %) be arbritary chosen and fixed, and let us consider the function
ux(t,z) = Mu(A\?t, A\z), with A = (877)%. Notice that uy is then another suitable weak
solution on (0,1] x R?, which satisfies the same hypothesis of Theorem 1.1(with a
different constant Ay, of course). So, we can invoke proposition 1.2 again to conclude
that uy is essentially bounded over [%, 1] x R3. However, this means the same thing
as saying that our original suitable weak solution wu is essentially bounded over the
region [677, 877] x R3, and hence u must be smooth over the region (67", 877) x R3. Since
the number 7 € (0, %) is arbritary chosen in the above argument, we conclude that u
must be smooth over (0,1) x R3, provided that proposition 1.2 is valid. So, it is clear
that the main task of the whole paper is to prove proposition 1.2, which is what we

will do in the following sections.

2. Basic setting of the whole paper. In order to prove proposition 1.2, we
would like to use the method of energy decompositions with respect to a sequence
of cutting functions vy = {|u| — R(1 — 55)}+ as introduced by A. Vasseur in [19].
Indeed, A. Vasseur was the first to use such a method of energy decompositions
inherted from De Giorgi [6] to give a new proof of the famous Partial Regularity
Theorem of Caffarelli, Kohn and Nirenberg (see [19]). So, we would like to introduce
some notations first. Then, we will state one lemma and one proposition which are
related to the proof of proposition 1.2. So, let us fix our notations as follow.

e for cach k >0, let Qi = [Tk, 1] x R?, in which T}, = 2 — .
o for each k >0, let v, = {|u| — R(1 — 5¢)}+.
R(1—2%) v
0, let dk = 72]CX{@|>R(172%)}|V|U||2 + —’“|Vu|2

e for each k m i

>
1

e for each k > 0, let Uy, = %Hka%w(Tk’l;LQ(RS)) + ka Jgs dida dt.

With the above setting, we are now ready to state the lemma and proposition which

are related to proposition 1.2 as follow.

PROPOSITION 2.1. Let u be a suitable weak solution for the Navier-Stokes equa-

tion on [0,1] x R® which satisfies the condition that |“‘uv|f| < A|F|, where A is some

. ey . e . . 1
finite-positive constant, and y is some positive number satisfying 0 < v < 5. Then,
there exists some constant Cy, g, depending only on 1 < p < %, and B > %,and
also some constants 0 < a, K < 00, which do depend on our suitable weak solution u,

such that the following inequality holds
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lf)k 1 2(1—-1) ﬂ
Uk gCvp 52 { 310_8p _2-p Hu||LOO(0T:1;L2(R3))U]€g_pl+
R 3p P

1 _1
(1+ )1+ =) (1 + K72)(1+ [Jull pe o122 29))) X (2.1)

1 1 & 1 5
(Goris )" U + s Uialh

for every sufficiently large R > 1.

Here, let us make some important comments on the conclusion of proposition 2.1.
As indicated by the inequality which appears in the conclusion of proposition 2.1, it is
1n1portant for us to emphasis that those terms such as R & Smr- it R 5 —2pA+1-7— L
and R ~297 should all appear in the denomerator. But unfortunately, the standard
approach of carrying out decompositions on both the energy and pressure by using the
same sequence of cutting functions vy = {|u| — R(1 — 55 )} is not powerful enough to
ensure such a result as promised by proposition 2.1. So, in proving proposition 2.1, we
will carry out the decomposition of the pressure P by introducing another sequence
of cutting functions wy = {|u| — R?(1 — 3)}4, for k > 1, where § > 2 should be

some suitable index sufficiently close to % (for more detail, see inequalities (4. 3)
10k

4.4), and (4.5) ). We remark that the inequality ||x{w,>0}|lza( 2 50 C, U3q ,
{wi>0} | La(Qry) S k—1

ﬁ 10
for ¢ > 1 provides us with the term —iz which decays to 0 in a way niuch faster
R3a
than —7 as R — oo, and this is the reason why we use the cutting functions wy,

R34
instead of vg in carrying out the decomposition of the pressure P.

Let us first show that Proposition 2.1 provides the result of Proposition 1.2. First,
we show that the sequence {Uy}r>1 converges to 0, when k goes to infinity. We can
use for instance the following easy lemma (see [19]):

LEMMA 2.2. For any given constants B, 3 > 1, there exists some constant Cg
such that for any sequence {ay}r>1 satisfying 0 < a1 < C§ and ay, < Bkag_l, for any
k> 1, we have limg_,scar =0 .

With the assistance of lemma 2.2, we will derive the conclusion of proposition 1.2
from proposition 2.1 in the following way. Let u be a suitable weak solution which
satisfies the hypothesis of proposition 1.2. Then, according to inequality (2.1), which
is the conclusion of proposition 2.1, we know that if the number p with 1 < p < 2

is chosen to be sufﬁmently close to 1, and if the number g > 6 3;

sufficiently close to 3 5, it follows that the sequence {Uy}32, will satlsﬁes the following
inequality

is chosen to be

D 10k

5-p 5 5

in which the constants D and ®(p, 3,) are given by

2(1-1) 1
e D= Cpﬁ”””po(gﬂ;p(@)) +(1+A4)(1+ é)(l +K! »)(1+ ||U||L°°(O,1;L2(R3)))

)

®(p, B,7) = min{ B(*5

) — 22 (D —2pB+1—y—p)L, (R -28-7)}
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Notice that the constant D depends on the choice of the suitable weak solution
u but independent of R , and ®(p, 8,+) is some positive index which depends only on

p, 3, and 7.

Now, let us apply Lemma 2.2 to deduce that there is some constant Cjj , such that

5—p
for any sequence {ax}52 satisfying 0 < a; < Cf and ag < 215" aksflfor all k > 1, we
have limg_ar = 0. We then choose Ry > 1 to be sufficiently large, so that we have

% < 1, and that U; < min{%, C§}. Then, notice that di, and d; are related by

thoe following inequality

Ro(l - L,c) Bo Vi
2 _ ) 3 2 2
dj; = TWX{W|>R0(172%C)}|V|U” + m|vu|
2
o [Ju] — £
<22 ’ 2 2 It 2
{|U|X{\u|>%}|v|u|| + |u| |Vu| }

< 242,

which, together with the definition of Uy and the condition U; < min{ %, Cs}, will
imply that

Up <2U1 € = < 1,Vk > 1. (2.3)

N =

Since 5;—;’ < 35—p < 2 is valid for 1 < p < 2, it follows from (2.3) and the condition

% <1 that the following estimation is valid for all k > 2
Uk < W2 THUN AU + U < W2 TUT <27 U
0 0

With this choice of Ry, we see that the sequence {U}72, will satisfy the con-

10k

5—p
ditions that U; < Cf and U, < 275 Ukipl, for all £ > 2. Hence it follows that
limy U = 0. However, because for almost every t € [%, 1], we have

/ lu(t, z) — Ro|*dx < 2limy_.ooUy = 0.
R3

It follows at once that |u| < Ro, almost everywhere over [3,1] x R3. This
indicates that u is essentially bounded over [2,1] x R3. Hence, we see that the

conclusion of proposition 1.2 follows provided that proposition 2.1 is indeed valid.

For this reason, the main task of this paper is to give a detailed proof of proposi-
tion 2.1, which is what we will achieve in the following sections. More precisely, after
we have given some preliminaries in section 3, we will actually carry out the proof
of proposition 2.1 in section 4. Moreover, the proof of proposition 2.1 as presented
in section 4 will be splitted into five successive steps. In step one, we will derive the
inequality of the level set energy which gives an estimate of Uy with respect to the
pressure term f;;k—l | ng %uVPdadds. In step two, we will decompose the pressure P

into P = Py + Pya+ Pi3 by using the cutting functions wy, = {|u|—R?(1— 2%)}+, with
8> % to be some sutiable index sufficiently close to % (for more detail see equations
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(4.3), (4.4), and (4.5)). Here, we remark that Py and Pys represent the effect of large
velocity values [u|X > rs(1- 1)) on the pressure, while Py represents the effect of
2

those velocity values smaller than RP(1 — —) on the pressure. Step three is dedicated
to the control of the two pressure terms involving big velocity values. Thanks to the
introduction of the cutting functions wy = {Ju| — R?(1 — 5 )} in the decomposition
of the pressure, the control on these two terms can then be performed successfully In

step four and step five, we will control the pressure term le | ng JuPy1dx|ds

which depends on those velocity values smaller than R%(1 — Qi,c) In step four, we

will show that such a pressure term depending on those velocity values smaller than
RP(1 — J&) can be controlled by a weighted |F|log™|F| norm of div(‘—gl). We will
finally show in step five that, in some specific way, we can eventually control the
pressure term fjlﬂkil | ng |u‘)qu1dx|ds successfully by employing the hypothesis

|u-VF|
[ul”

\UI

< A|F)| of proposition 2.1.

3. Preliminaries for the proof of proposition 2.1.

LEMMA 3.1.  There exists some constant C' > 0, such that for any k >
1, and any f € L*>(Ty,1;L*(R3)) with Vf € L*(Qg), we have ||f|| L% 00 <

2 3
O piz2@on VI 220 -

Proof. By Sobolev-embedding Theorem, there is a constant C, depending only
on the dimension of R3, such that

([ Irwrant < o[ 195Pan®

for any t € [T, 1], where kK > 1, and f is some function which verifies f €
L% (T, 1; L?(R3)), and Vf € L?(Qy). By taking power 2 on both sides of the above
inequality and then taking integration along the variable ¢ € [T}, 1], we yield

1 1
/ ( Ifl"’d:v)%dt<02/ |V f|2da dt.

Ty R3 T R3

On the other hand, by Holder’s inequality, we have

T // FPIf IR dt
- = 3dx
L%(Qk) T, JR3
1
< [ irpan [ 1ppanyiar
T, JR3

4
< s ot 1:22 o 1 12z 10 o) -

By taking the advantage that || f| p2(7, 1;06®s)) < ClIVfllL2(qy), We yield

10 9 4 9
17150 ) S O M i a2 IV -

Q)

Hence, we have
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2 3
”f”L%(Qk) < CHfHZ”(Tk,l;N(Ra))”vf L2(Qu)"
so, we are done. O
10k . 5
LEMMA 3.2. For any 1 < q < 00, we have ||x{v,>0}llLs(0p 1) < 20 CaUS, .
R34

Proof. First, we have to notice that {v; > 0} is a subset of {vx_1 > £}, hence
we have

10k

273 10
X{v >0} </ X{op_1>2) < —10 [vg—1] .
/le : Qk-1 foem1>36) Rs Jg,_,

By our previous lemma, we have

10 4
lok—11 70 < Clovall e, piz2@on Vo1 lZ20u )

(Qr—-1)
14
< CHUE )3 lde-1lliz0, o)

2
< C?UP | Uy_q

9, 8
=CU} ;.
10k 5
So, it follows that ka | X{up>0} S QRL CQU]:_l, and hence we have
- 3
2% d
°q 1 =2
HX{Uk>0}HLq(Qk71) < 10 Cqusil’

R3a

in which C is some universal constant. So, we are done. [

Just as we have said before, we will need to decompose the pressure by employing
the sequence of cutting functions wy, = {|u| — R°(1 — 55)}4, for k > 1. We also
said that we prefer to do this because the cutting functions wy, satisfy the following
inequality which can be justified in the same way as Lemma 3.2.

5
LEMMA 3.3. For every q > 1, we have ||X{w,>0}llLe(Qp 1) < - 2%Cqu311,
R34

for all k > 1, in which Cy is some constant depending only on q.

Indeed, in dealing with the pressure terms, we will invoke the Lemma 3.3 without
explicit mention.

In the proof of Lemma 3.2, we have used the fact that |Vuy| < di, whose justifi-
cation will be given immediately in the following paragraph.
Before we leave this section, we also want to list out some inequalities which will often
be used in the proof of proposition 2.1 as follow:
o (- &) < R(1-%).
® X{ve03 | Viu|| < dg.
° |Vvk| < dy.
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o [V({u)| < 3d.

Now, we first want to justify the validity of |(1 — Iu\) ul < R(1— 5¢). In the case
in which the point (¢, z) satisfies [u(t,z)| < R(1— 5 ), we have vg(t, ) = 0, and hence
it follows that

vg(t, x) 1
1-— t = |u(t R(1—-—).
1= P e, o)) = fu(t.a)] < RO 35)

In the case in which (¢, z) satisfies |u(t, z)| > R(1 — 5 ), we have vg(t,z) = |u(t, z)| —

R(1 — 5¢), and hence it follows that

ul - R(1 — 5¢) 1
{1 = ult,2)| = 1 - ————— 2% ||u| = R(1 - o)
|ul |ul

So, no matter in which case, we always have the conclusion that |(1 — %)M <
R(1— 55).

Next, according to the definition of d, we can carry out the following estimation

i > vl > (5

Hence, by taking square root, it follows at once that dy > ”’“ |Vu|

|Vul}2.

We now turn our attention to the inequality X{\u|>R(1—i)} |V|u|| < dg. To justify
it, we recall that |Vu| > |V|u||. Hence, it follows from the definition of d2 that

R(1—5r) R(1— 5r)

2 2
] X{\u|>R(1—2ik)}|v|u|| +{1- T}X{WDR k)}|V|u||

So, by simplifying the right-hand side of the above inequality, we can deduce that
A = X{ju>R(1— k)}|V|u||2 Hence, we have dj, = X{ju|>r(1— k)}|V|u|| In addition,
since it is obvious to see that Vo, = X{Jul>R(1-  Vul, we also have the result that
|V’Uk|

Finally, we want to justify the inequality that |V(%u)| < 3di. So, we notice
that, by applying the product rule, we have

Vk u Vk VE
V(—u) = V() — + —Vu— —suV]u|.
|ul ul  ul |ul?
However, since ”’“|Vu| dy, and |‘u|2uV|u|| X{Jul>R(1— k)}|V|u|| dp, it

follows at once from the above expression that |V( 7’“ u)| < 3dy.

4. Proof of proposition 2.1.

Step one. To begin the argument we recall that, according to Lemma 5 in [19],
the truncations v, = {|u|—R(1—)} of a given suitable weak solution u : [0, 1] x R? —
R3 satisfy the following inequality in the sense of distribution.

)+ L VP <0. (4.1)

2 2 2
Yk 2 Ak Yk
Or( 5 )+ di — A( 5 ) + div( al

2
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As mentioned in Remark 2 of [19], inequality (4.1) can not be derived from the
notion of Leray-Hopf weak solutions alone, and the validity of inequality (4.1) is
based on the local energy inequality (1.2) which characterizes the notion of suitable
weak solutions.

Next, let us consider the variables o , t verifying Tx—1 < 0 < Ty < t < 1. Then,
we have

2
* f; Jrs 0:(F)dw ds = [ Uk(zt Sda = [ = (m)dx
2
. f; Jgs A(FE)dx ds = 0.
. f; Jgs div(%u)dw ds = 0.
So, it is straightforward to see that

2 t t 2 t
/ vi(t, @) dx—l—/ / didxds < / de+/ |/ &uVPd:ddS,
R3 2 o JR3 R3 2 o R3 ’LL|

for any o, t satisfying Ty—1 < 0 < T < t < 1. By taking the average over the variable

o, we yield
2 t t
/ de—i—/ / d2dz ds
Rs 2 T, JR3

4k+1 t
/ / vi (s, x)dx ds —|—/ | uVPd:U|ds
—1 ]R3 Tk 1 Rg | |

By taking the sup over t € [T}, 1]. the above inequality will give the following

4k+1 1
U < / vi + / | [ LuvPdz|ds.
6 Qr—1 Tp—1 JR3 |u|

But, from Lemma 3.2 and Holder’s inequality, we have

/ Uz% = / UﬁX{vpo}
Qr—1 Qr—1

10
< v v
([ wHtenl,iq,

< o el
SN g, ) RET TR
2% 2
2 2773
<oty ZrCHUL,
%
<CUP =
3

As a result, we have the following conclusion

1

=}

2
R

w‘

Ur <

1
C'U,C 1 +/ | | ZuVpdz|ds. (4.2)
k—1 R3 | |

b
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Step two. Now, in order to estimate the term lekil | Jas %uVPdadds, we would
like to carry out the following computation

—AP = Zaiaj (Uzua)
:Z@iaj{(l—%) (1= ||uj}+2285{ ||) || u}
+23¢3j{|12| ||u3}

in which wy, is given by wy, = {|u| — R®(1— J%)}+, and 3 is simply the arbritary index
involved in proposition 2.1. This motivates us to decompose P as P = Py + Pio + Pis,
in which

Wi,

wg
- pu - 1

—APn =Y 0:0:{(1 al

Juits (4.3)

~APn =Y 00,21 — )uil%’“'uj} (4.4)

Jul

Wi,

— U} 4.5

1 |u| J} ( )
Here, we have to remind ourself that the cutting functions which are used in the

decomposition of the pressure are indeed wy = {|u| — Rﬁ(l — o)}, forallk >0,

which ( is some suitable index strictly greater than £. With respect to the cuttmg

functions wy, we need to define the respective Dy, as follow

~APg = Zaiaj{l%u

) wy,
D} = ——2 oy [ VIul® + m|VU|2-

Then, just like what happens to the cutting functions vy, we have the following
assertions about the cutting functions wy, which are easily verified.
o |Vwy| < Dy, for all k > 0.
° |V(‘ qu)| < 3Dy, forall k> 0,and 1 < i< 3.
° |V( m )uz| < 2Dy, for any k > 0, and 1 < i < 3.
Besides these, we also need the following lemma which links Dy to d.

LEMMA 4.1. There is some sufficiently large Ry > 1, such that whenever R > Ry
and k > 1, we have Dy, < 5%dk.

Proof. Since RZER trends to the limiting value 1, as R trends to co. So, there is

some sufficiently large Ry > 1 for which (R® — R) > RTB, for all R > Ry. Now, notice
that {wy, > 0} is a subset of {vy > (R’ — R)(1 — 5¢)}, for all k > 0. Hence, it follows

that {wy > 0} is a subset of {v; > RT'@}, forall k > 1 and R > Ro. As a result, we
can carry out the following computation
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— 3%) wy,
D = — = Xwsp VIl + 7 Vul?
RB Vg
WX{wk>0}|v|u||2 + m|VU|2

N

4’Uk

5’Uk

for any £ > 1, and R > Ry. Hence, we have Dy < 5%d;€, forall k > 1, and all R > Ry.
So, we are done. O

Now, let us recall that we have already used the cutting functions wy to obtain
the decomposition P = Py1 + Pio + Pk3, in which Pg1, Pgo, andPy3 are described in
equations (4.3), (4.4), and (4.5) respectively.

//\

T X0 | Vul[* + 2l

Jul
TVl <

//\

Due to the incompressible condition div(u) = 0, we have the following two iden-
tities
. fRS |u‘uVPk2d:17 = fRS — D)uV Pyodz.
° f]RS Iu‘uVPkgd:r = f]RS o — D)uV Pysdzx.
Hence, it follows that

1 1
/ [ 2wV Pdzldt < / | V(v—k)qulda:|dt+/ (1 — 25 |u||V Pro
RS Iul R |ul |u

Ti—1 Ti_1 Qk*l

[ 0= TPl

Step 3. We are now ready to deal Wlth the term fQ (1- %)|u||VPk2|. For
this purpose, let p be such that 1 < p < 4, and let ¢ = p—l’ so that 2 < ¢ < co. We
remark that the purpose of the condition 1 < p < % is to ensure that the quantity
QT will satisfy the condition 2 < 22_pp < 130,
inequality estimation (4.8). Next, by applying Holder’s inequality, we find that

which is required in the forthcoming

U 2 VL 1-2
(1 - m)u||Lq(R3) <[a- " |)U||£ @1 — m)UHLm"(Rs)

Uk

< RI_E”( | |)U||L2(R%)

2_q %)
S ke HUHLOO (0,1;L2(R3))

Hence, it follows from Holder’s inequality that

Vk 2 _ 2(1 ) 1
/ (1 — )|V Polde < RPHul ;e Ole(Rg)){/ IV Pro|Pda} 5.
R3 |ul R3

Hence, we have
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1
2_ )
/Q (1~ PV Prol € BEul 5 e 9 Pislioau - (46
k—1

But, we recognize that

Wy

;] +2(1 - ||) e

Wi Wi
VP = B R0 - GG uf 7R
Moreover, it is straightforward to see that for any 1 < 4,5 < 3, we have
e [2(1- M)“ZV[MUJ] +2(1— ﬁl) [\u|vuz]| < SRﬁDk
. |2V[|u‘]uZ |u‘uj| 8wy Dy
So, we can decompose VPo as VPiy = Gia1 + Giao, where Gio1 and Giog are
given by
o Gra1 =) RiRj{2(1 - 4 )qu[MuJ] +2(1 = Fuy (15 V]
L] Gkgg = — ZRZR]{2V[|M]UZ |u\ ’U,J}
In order to use inequality (4.6), we need to estimate |Gpo1llzr(g,_,) and

|Gr22llr(q,_,) Tespectively, for p with 1 < p < %. Indeed, by applying the Zygmund-
Calderon Theorem, we can deduce that

o [Grarlle@i-r) < Cp R Dkl
o [|Gra2llLr (@) < CpllwrDillLr(q,_.),
where C), is some constant depending only on p. But it turns out that

T / DEX (es0)

<{ / D2} oy |

Vuz] —2V]

L5 (Qk 1)

2 5k (2_p) 2(2-p)
s R”ﬁ(z oy 1l1z2 g, 2T G

1 71) 5(2 p)k
< g Ol 2
That is , we have
5— —p
IDllirion ) < —e LU T 9"
EILP(Qr-1) Rehe—p) P k—1
Hence, it follows that
1 5—p st )k
||Gk21||LP(Qk,1) < WC Uk3p12 . (47)

On the other hand, we have

lwr D70, 1) = /Q wy Dy,
1

2P 2-p 242
<{ wy "} Di}>
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Now, let us recall that 1 < p < %, and put r = 22_—pp. we then recognize that

2<r= 2p <Wiif1<p < . So, we can have the following estimation

_2p
2—p __ '
/ Wy~ = / W X{wi>0}
k—1 k—1

< T
= / kX 1> 82
k—1

4.8
R (18)
<—7—2"37" w,’
R? ) Qr—1 g
1 k(20— 16p) 5
S —m2 e Ul
= RO
Hence, it follows that
2161078;. .
3p 2P
|Gr22ll 2oy 1) < llwe Dkl Lr(@i 1) < OpWUks_pl- (4.9)
By combining inequalities (4.6), (4.7), (4.9), we deduce that
1 2(1-1) 5-p 10-5p

3 3 DoP g
1__ P g ~ 10—8» 2—p oo r . _p 2 3 . .
/QM( fup 1V P RB—“’J?—%C”H“”L 0sL2@)Up-12 % (4.10)

Notice that 6(%) — (Q_Tp)
that the term >=£ is always positive, for 1 < p < § In addition, we know that as p

10 8p
trends to 1,10 Sp trends to 3. This means that even though 3 cannot be exactly 3 5
8> 5 can be adjusted to be as close to 2 5 as we desire.

630 Moreover, we know
10—8p )

As for the term kail( i ) |u||V Pgs|. We first notice that

WE WE
2 RF Jul ]
So, we know that
Wi Wi Wi W
VPl = 3 Ry (VI s + ),
Z J |u| |u| J |u| |u| J
with
Wy Wk Wk Wk
V=) —uj + —u; V[ —u;]| < 6wy, Dy,
Jul a7 ul u

So, it follows again from the Risez’s theorem that [V P3|lroms) <
Cpllwg Dkl Lp(rsy, in which C} is some constant depending only on p. So, we see
that we can repeat the same type of estimation, just as what we have done to the
term [o, (1 — £5)[ul[V Pe2|, to conclude that
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2_ 2(1—1)
/Q (1- u |)|u||VPk3| Rv 1||u||Loo(0 1;,L2(R3 )”VPkS”Lp Qr_1)
k—1
-1 (4.11)
C HuHLoo(o 1; L2(R3))U 3p 2(10 5p)k
10— 8p 2-p f—

R

Step four Now, let us turn our attention to the term

ka | Jgs V(fi)uPradzlds.  Before we deal with the term written as above,

let us recall that the weak solution u that we are dealing with now is the one verifying
the following condition

|u-VF|
——— < AlF|,
|’U/|'Y ~ | |
where F' = —u"Z—“Qu‘, and « is some index with 0 < v < % We need to introduce

the following classical theorem of harmonic analysis which is due to John and Niren-
berg [9].

THEOREM 4.2. Let B be a ball with finite radius sitting in R3. Then, there exists
some constants a, and K, with 0 < a < oo, and 0 < K < oo, depending only on the
ball B and n, such that for any given f € BMO(R™), we have [, exp a”‘ fHsz\};(‘)) <K,

where the symbol fp stands for the mean value of f over B.

We now need to establish the following lemma by using the theorem quoted as
above.

LEMMA 4.3. Let B be a ball with finite radius sitting in R3. There exists some
finite positive constants o and K ,depending only on B, such that for every p > 0,
every f € BMO(R®) with [, fdx =0, and p with 1 < p < oo, we have [, p|f| <

_1 1
sty L+ KoYl smo{ ([ )7 + [ nlog™p}.

Proof. For any given y > 0, and any f € BMO(R3) with fB fdx =0, we do the
following splitting

= + @ .
/Bu|f| /B'u|f|X{M§emp(2HfHBMo)} /Bu|f|x{”>ewp(2\lf\lgz‘wo)}

Given p be such that 1 < p < oo, and let ¢ = ﬁ be the conjugate exponent of
p. So, it follows from Holder’s inequality that

/M|f|X{M<ewP( Hf?\);cMO)}

171
1
d 4.12
{/ FX{userp(ariltls) 1 {/ ufI XMuseap(s HfHBMO)}} (1)

Since t < exp(t), for all t € RT, we have —alfl exp(

Hence, it
2q|lfllBmo ’
follows that

L)
2q(|fllemo /"
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1
{/ N|f| X{p<ewp( )}}q

2HfHBMo

alf| alf| 1
< W llsio PG o 1
_“q alf]| al f| 1 4.13
I Ry el e
=20} llossol | enpl oy

I /\

EHfHBMoKEa

in which we employ Theorem 4.2 due to John and Nirenberg [9] and the condition
[ f =0 to deduce the last inequality.
Due to inequalities (4.12) and (4.13), we have

— K'=» 4.14
Lt iy < w20 aio (1.14)
But, on the other hand, we have
[ s < [ Ziflavontog* (.15
BM X{M>ew(2m§‘m>} < 5o BMOMLOg "~ [ .

By combining inequalities (4.14), and (4.15), we conclude that

il < s 0 KB ool w0+ [ wtogi

O
We are now ready to work with the term le | Jgs V (1% ))uPprdz|ds.

Indeed, by a simple application of the partial regularlty theorem due to Caffarelli,
Kohn, and Nirenberg, it can be shown that, if B is a sufficiently large open ball
centered at the origin of R?(we will choose B to be large enough so that it will satisfy
|B| > 1), then it follows that the following assertion holds.

o [1,1] x R3 N {vx > 0} is a subset of [,1] x B, for all k > 1, and if R is
sufficiently lage.

Now, let us show the validity of the above assertion more precisely. Here, we will
employ the notation B,(r) = {y € R® : |y — z| < r}. Recall that, the key lemma
which leads to the partial regularity theorem of Caffarelli, Kohn, Nirenberg basically
asserts that

o there exists a universal constant n* such that for any pair of suitable weak
solutions (u, P) on [0,1] x Bo(1) satisfying the condition |[u||Ls(0,1]x Bo(1)) +

||P||L%([071]XBD(1)) < n*, we have |u| <1 on [§,1] x By(3) (Here, we closely
follow the version in [13], see also [3] and [19]).

Since we assume that our suitable weak solution u : [0,1] x R3 — R3 satisfies u €

L>(0,1; LA(R3)) N L2(0, 1; H'(R%)) and P = 3" R; R;u,u;, we have l[ull, 10 @ouxr T

HP||L%([O71]XR3) < oo. This indicates that, if we choose the radius 79 > 1 to be

sufficiently large, we will have
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-
* el L2 o,1umo—Bocron T P28 (011083 - Botroyy < BT -
So, we can apply the Holder’s inequality to deduce that, for any x € R3 — Bg(ro +
1), we have

lullzsqo,xB21)) + 1PN L 10 1145, (1))

2
< IBOE g o 1m0 ooy T IPIL3 o505 moron} (416)

<7,
which in turns implies that for any z € R3> — By(rg + 1), we have |u| < 1 on
[1,1] x By(%). That is, we will have |u| < 1 on R® — By(ro + 1). As a result, if we
choose B = Bo(ro + 1), then it follows that, for each k > 1, v = [Ju| — R(1 — 5¢)]+
will vanish identically on [1 1] x R3 — B, for any R > 2, and hence the validity of the

assertion for B = By(rg + 1) (Here, let us remark that the above idea has also been
used in the work [7] of L. Escauriaza, G. Seregin, and V. Sverak ).

On the other hand, since V(£ )u = —R(1 — 5 ) FX{u,>0}- S0, we have

[u]

1
[ V@ uPadel = | [ RO = 5P o0 Padd

f
<R/Wﬂm%wn&rwmnmm
B

+R /B IFlx (50} | (Pit)ldz,

for all £ > 1, and all % < t < 1, provided that R is sufficiently large (here, the symbol
(Pr1)p stands for the average value of Py over the ball B ).

Now, since Pp1 = > RiR;{(1 — \UI Ly (1 — \u|>uﬂ} it follows from the Risez’s

Theorem in the theory of singular integral that || Pe1 (t, -)|| L2rs) < CoRP |u(t, )| L2 (r2).
for all ¢ € [0,1], in which Cs is some universal constant. So, we can use the Holder’s
inequality to carry out the following estimation

I@mw<ﬁLMMMM

1
< W”Pkl(ta')HL%B)

=CoRP||u(t, ) || p2(re)
|B|

X C2RB||U||L<>°(0,1;L2(R3))-

We remark that the last line of the above inequality holds since our open ball B
is sufficiently large so that |B| > 1. As a result, it follows that

[ V(@ uPads] < R / Flx oo P — (Pa)slde
B

ful (4.17)

+CQR||U||LOO(011;L2(]R3))/ RB|F|X{%>O}.
B
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Indeed, the operator R; R; is indeed a Zygmund- Calderon operator, and so R; RR;
must be a bounded operator from L*(R?) to BMO(R?). Hence we can deduce that

| Pr1(t, ) — (Pr1) B ()l BMo = || Pra(t, )| Brmo
Wi WE
< Col[(1 — —)ui(1 — =) oo (ms
[ul fuf 77T E
< CORQﬁa

for all ¢ € (0,1), in which Cj is some universal constant. So, we now apply Lemma 4.3
with p = [F|X 1y, >0y, and f = Pr1 — (Pr1)p to deduce that

2pC 1
/ |F|X{vk>0}|Pk1 — (Pg1)Bldx < &{1—1-}{1 ;}x
B alp—1

)
1
(« /B RP|Flx (. o0p) + /B R2|Fllog*|Flxueso) 1

in which the symbol (Py1)p stands for the mean value of Pj; over the open ball B.
Since we know that {v; > 0} is a subset of {|u| > £}, for all k > 1, so it follows from
the above inequality that

2C 1
/ |FIX {o, >0 [Pt — (Pr1) Bldz < ZO0 L ey 4 K'Ex
B a p—1

1
(« /B 2| Flx o503 )

+ [ PoIPYog P (oo
So, we can conclude from inequality (4.17), and the above inequality that

1

2
/ I/ V(v—k)qud:cldtéR&
Tp 1 JR3 |ul «Q

1
(W1 e0)?
@ (4.18)

[ P Fllog(1+ Do)
k—1

p 3 1-2
—4PP1+ K
S K )

4 Co2P Rl o 1,289 / [l F X 501

Qr—1

Now, notice that

/Q [ Fllog(1 + [F) w0y < [ [uP? Fllog(1+ [FDx{ pi< g Xtowso
k—1

k—1

4 [ WP Fltog(1+ DX 15 43 Xtoeso
k—1
log2 / 9
< |u| ﬁX{v >0}
R Qr—1 §

b [ P Fllog(1+ FDX s gy Xtue0r
k—1
(4.19)
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Step five. To deal with the second term in the last line of inequality (4.19), we
consider the sequence {¢y}72, of nonnegative continuous functions on [0, 00), which
are defined by

o ¢r(t) =0, for all t € [0, Cy].
o ¢p(t) =t —Cy, for all t € (Cy,Cx + 1).
o ¢n(t) =1, for all t € [C + 1, +00).

where the symbol Cj stands for Cy, = R(1 — 2%), for every k > 1. Here, we remark
that, for the purpose of taking spatial derivative, the composite function ¢ (|u|) is a

good substitute for x 1y, >0} = X{Jul>R(1- )} since ¢y is Lipschitz.

Moreover, we also need a smooth function ¢ : R — R satisfying the following
conditions that:

o Y(t)=1,forallt > .

o 0 <1(t) <1, forall t with 0 <t< .

e (0)=0.

o —1 < 9(t) <0, for all t with —F < ¢ <0.
o (t) =—1, forall t < —%.

e 0< 4y <2R, forallt €R.

We further remark that the smooth function ¥ : R — R characterized by the
above properties must also satisfy the property that %(t) =0, ont € (—o0, —%) U
(%,oo), which will be employed in forthcoming inequality estimations (4.21) and
(4.24) without explicit mention. With the above preperation, let 5 be such that
3<28< % + 1 — . We can then carry out the following calculation

div{luf?*~ s (F)log(1+ |F)éi((ul)} = (26 — 1)Jul® F(F)log(1 + | F|)6x(|ul)
— [ulPP T Fy(F)log(1 + |F|)X{Cy<lul<Crt1}
1?2 () - VF)log(1 + |Fl)o(fu)

u- V|F|

) T

Or(lul).
(4.20)

Since our weak solution u on (0, 1] x R? satisfies |“|"LX’YF‘ < A|F|, it follows that

o |u-VF|(t,x) < %|u(t,x)|7, if it happens that (¢, z) satisfies |F (¢, z)| < %.
w-V|F| luw-V|F|| _ |u-VF|
o |5 | < T = T S Al

So, it follows from inequality (4.20) that
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d
Maa< [ [P GE) - s TFllog(1 -+ F]énu)

o ) ﬁfl'ﬁl'mu )

<[ WP RRY Gl log(1 + 1)6x(ul)
kot (4.21)

[ P A o)

<A1+ 21092)/ |u 2 gy (|ul)
Qr—1

<A@+ 2i062) [ [P xg0)
Qr—1
in which the terms A1, and Ag are given by
o Ai=(20-1) [, , NulPPF¢(F) - log(1 + |F|)¢r(lul).
o Ay = [o, Ul (D(F)F) - log(1+ | Fl)X{Cr<lul<Cr1} -
We then notice that
e Since 26 > 3 > 2, we have Ay > fQ [ul*(Fy(F))log(1 + | F|)X{ju|>Cp+1}-
e Ny > & kail |u|?8 Fap(F)log(1+ |F|)X{Ck<|u\<ck+1}7 for every k > 1. Notice
that this is true because Cy = R(1 —
k> 1.
Hence, it follows from inequality (4.21) that

7). and that (1 — ¢) > 1, for every

/ 28 Fab(F)log(1 + |F)X o0y
Qr—1
- / a8 Fop (F)log(1 + |F)X(y <tul<Crs)
Qr—1
+ / 22 Fab (F)log(1 + |F)X1ui>cra) (4.22)
k—1
2
< EAQ + A
<3C-A |u|26—1+7x{vk>0}.

Qk*l

As a matter of fact, inequality (4.22) leads us to raise up the index for the term
Yy
kail |u|?X {o, 03, for any 6 with 0 < 6 < %, in the following way

1
/ |u|9X{'Uk>O} = / {R(1 - Q—k) + Uk}GX{vk>o}
k—1 Qr—1

< Ce{Re/ X{uk>o}+/ VP X (o0}
Q Qr—1

k—1 —

Ch 10k 10 10
< W{2 3+ 2( 3 0)k} ”k3—1
3 Qr—1

Cy

10k 5
<W2 s Uy,
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for every 6 with 0 < 6 < %, where Cy is some positive constant depending only on 6.
Hence it follows from inequalities(4.19), (4.22), and our last inequality that

log2
[ PP g+ [Py < 22 [ [P
Qr—1 Qr—1

4 [ WP Fltog(L+ DX s 43 Koo
k—1

< log2 0252% s

S R RY¥-2 R

+3C-A u* 7 X 50
Qr—1

5
10k 3 1

S Cpn(L+4)- 25U Aoy

1

tRE s

(4.23)

in which 8 > %, and that § is sufficiently close to %, and Cg, is some constant
depending only on (3, and~.

Next, we also need to deal with (kail|u|27”ﬁ|F|X{vk20})%7 and

kail |U|E|F|X{vk>0}7 which appear in inequality (4.18). For this purpose, we

will consider A which satisfies % <A< % + 1 —~ (we will take A to be 2p8 and
respectively in forthcoming inequality estimates (4.25) and (4.26) ), and let us carry

out the following computation, in which ¥ and ¢ etc are just the same as before.

div{[ul* up(F) i (lu)} = = (A = D]ul*F(F)d (|ul)

dyp
E(F)(U -V F)pr(|ul)

- |“|>\+1F¢(F)X{Ck<\u|<Ck+1}-

+ |u|)\71

Hence, we have

(A1) / il P (F) e u]) + / M UES(F)x 0, < ul<0nst)

k—1

< [ PG e R

N (4.24)
<[ PRGN

<24 [ X (> 01
Qk*l
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By the same calculation as in inequality (4.21), we can see that

L PR = [ e, o
k—1 k—1

+/ [u* PO (F) X (uf>Cp1}
Qr—1

2

<5 (UM FY(F)X (cp<lul<Crt1}
R Qr—1

+ / [l P () o [ul)

<3 , WM EY(F)X (0 <ful<Crt1)
k—1

FO=1) [ P PO )

<64 X e >0
Qr-1

in which A\ satisfies % <A< 13—0 + 1 —~. Now, put A = 2pg, with 5 > % to be
sufficiently close to %, and 1 < p < 3 to be sufficiently close to 1, it follows from our

1
last inequality that

/ |U|2pﬁ|F|X{vk>o} = / |u|2pﬁ|F|X{\F|<%}X{vk>0}
k—1 Qr—1 )

+/ |U|2PBX{\F|>%}X{U,€>0}|F|
k—1

1
SR o |U|2pﬁX{vk>0} (4.25)
k—1
+6A/ PP 71X >0y
Qr—1
<C(1 +A){R%*2Pﬁ+1 + JrE 27 Ug .

In exactly the same way, by setting A to be 3, with g > % to be sufficiently close
to %, it also follows that

L PP = [ PP grc g X
Qr—1 Qr—1

[ WP IF e X
Q1 (4.26)

1 _

< [ e +64 [ Wl s
Qr—1 Qr—1

1 1 10k 5

3
R -B+1 * R13—°7E+17’y}2 P U

< Cpy(1+ AN
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By combining inequalities (4.18), (4.23), and (4.25),and (4.26) we now conclude
that

1
/ [V uPy dolds
Ty_1 JR3 |ul
1 1—1
S+ A0+ =)Cpp(1+ K7)x (4.27)

(1 + [[ull oo (0,152 R2))) X
1 1 10k
{(

1 10k D 1 10k 5
i) 2 Ut g2 Uik

R

" then,we have (R —2pp+1-p—9) —

Notice that if p — 17, and 8 — 2 3
(

(3 —7) >0, and that ( —28—-7) — (3 —v) > 0.

So, finally, we recognize that by combining inequalities (4.10), (4.11), and (4.27),
we conclude that we are done in proving proposition 2.1 .

REFERENCES

[1] J. T. BEALE, T. KATO, AND A. MAJDA, Remarks on the breakdown of smooth solutions for the
3-D Euler equations, Comm. Math. Phys., 94:1 (1984), pp. 61-66.
[2] H. BEIRAO DA VEIGA, A new regularity class for the Navier-Stokes equations in R™, Chinese
Ann. Math. Ser. B, 16:4 (1995), pp. 407-412. A Chinese summary appears in Chinese Ann.
Math. Ser. A, 16:6 (1995), p. 797.
[3] L. CAFFARELLI, R. KOHN, AND L. NIRENBERG, Partial regularity of suitable weak solutions of
the Navier-Stokes equations, Comm. Pure Appl. Math., 35:6 (1982), pp. 771-831.
[4] Cu.-H. CHAN AND A. VASSEUR, Log improvement of the Prodi-Serrin criteria for Navier-Stokes
equation, Methods Appl. Anal., 14:2 (2007), pp. 197-212.
[5] P. CONSTANTIN AND C. FEFFERMAN, Direction of vorticity and the problem of global regularity
for the Navier-Stokes equations, Indiana Univ. Math. J., 42:3 (1993), pp. 775-789.
(6] E. DE GIORGI, Sulla differenziabilita e Uanaliticita delle estremali degli integrali multipli rego-
lari, Mem. Accad. Sci. Torino. Cl. Sci. Fis. Mat. Nat. (3), 3 (1957), pp. 25-43.
[7] L. EscaurliazA, G. SEREGIN, AND V. SVERAK, L3 o -solutions of the Navier-Stokes equations
and backward uniqueness, Russian Math. Surveys, 58:2 (2003), pp. 211-250.
(8] E. Hopr, Uber die Anfangswertaufgabe fur die hydrodynamischen Grundgleichungen, Math.
Nachr., 4 (1951), pp. 213-231.
[9] F. JouN AND L. NIRENBERG, On functions of bounded mean oscillation, Comm. Pure Appl.
Math., 14 (1961), pp. 415-426.
[10] H. KozoNO AND Y. TANIUCHI, Bilinear estimates in BMO and the Navier-Stokes equations,
math. Z., 235 (2000), pp. 173-194.
[11] I. KUKAVICA AND M. ZIANE, Navier-Stokes equations with regularity in one direction, J. Math.
Phys., 48:6 (2007), 065203.
[12] J. LERAY, Sur le mouvement d’un liquide visqueuz emplissant ’espace, Acta. Math., 63 (1934),
pp- 183-248.
[13] F. LiN, A new proof of the Caffarelli-Kohn-Nirenberg theorem, Comm. Pure Appl. Math., 51:3
(1998), pp. 241-257.
[14] G. Probpi, Un teorema di unicita per le equazions di Navier-Stokes, Ann. Mat. Pura Appl. (4),
48 (1959), pp. 173-182.
[15] G. SEREGIN AND V. SVERAK, Navier-Stokes equations with lower bounds on the pressure, Arch.
Ration. Mech. Anal., 163:1 (2002), pp. 65-86.
[16] J. SERRIN, The initial value problem for the Navier-Stokes equations, in “Nonlinear Problems
Proc. Sympos., Madison, Wis.”, pp. 69-98. Univ. of Wisconsin Press, Madison, Wis., 1963.
[17] M. STRUWE, On partial regularity results for the Navier-Stokes equations, Comm. Pure Appl.
Math., 41:4 (1988), pp. 437-458.
[18] G. TiAN AND Z. XIN, Gradient estimation on Navier-Stokes equations, Comm. Anal. Geom.,
7:2 (1999), pp. 221-257.
[19] A. VASSEUR, A new proof of partial reqularity of solutions to Navier-Stokes equations, NoDEA
Nonlinear Differential Equations Appl., 14:5-6 (2007), pp. 753-785.



SMOOTH CRITERION FOR N-S Eq BY REGULARITY ALONG STREAMLINE 103

. VASSEUR, Regularity criterion for 3D Nawvier-Stokes equations in terms of the direction of
the velocity, Appl. Math., 54:1 (2009), pp. 47-52.

. ZHoUu, A new regularity criterion for weak solutions to the Navier-Stokes equations, J. Math.
Pures Appl., (9) 84:11 (2005), pp. 1496-1514.

. ZHou, A new regularity criterion for the Navier-Stokes equations in terms of the gradient
of one welocity component, Methods Appl. Anal., 9:4 (2002), pp. 563-578.

. ZHOU AND M. POKORNY, On a regularity criterion for the Navier Stokes equations involving
gradient of one velocity component, J. Math. Phys., 50 (2009), 123514.

. ZHou, Direction of vorticity and a new regularity criterion for the Navier-Stokes equations,
ANZIAM J., 46:3 (2005), pp. 309-316.

. ZHOU, A new regularity criterion for the Navier-Stokes equations in terms of the direction
of wvorticity, Monatsh. Math., 144:3 (2005), pp. 251-257.

. ZHOU, On regularity criteria in terms of pressure for the Navier-Stokes equations in R3,
Proc. Amer. Math. Soc., 134:1 (2006), pp. 149-156.

. Zuou, On a regularity criterion in terms of the gradient of pressure for the Navier-Stokes
equations in RN | Z. Angew. Math. Phys., 57:3 (2006), pp. 384-392.



104 C. H. CHAN



