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BOUNDARY VALUE PROBLEM FOR AN OBLIQUE PARAXIAL
MODEL OF LIGHT PROPAGATION*

MARIE DOUMICT

Abstract. We study the Schrodinger equation which comes from the paraxial approximation
of the Helmholtz equation in the case where the direction of propagation is tilted with respect to
the boundary of the domain. This model has been proposed in [12]. Our primary interest here is
in the boundary conditions successively in a half-plane, then in a quadrant of R2. The half-plane
problem has been used in [11] to build a numerical method, which has been introduced in the HERA
plateform of CEA.
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1. Introduction. The simulation of a laser wave according to the paraxial ap-
proximation of the Maxwell equation has been intensively studied for a long time when
the simulation domain is rectangular and the direction of propagation is parallel to
one of the principal axis of simulation domain(see for instance [16] and references
therein).

We are concerned here with the case where the direction of propagation is not
parallel to a principal axis of the simulation domain, and cannot even be considered
as having a small incidence angle with it. It may be crucial for example if we want
to simulate several beams with different directions, possibly crossing each other in
the same domain. This tilted frame model has been considered some years ago by
physicists for dealing with beam crossing problems (see [24]), and is of particular
interest in the framework of CEA’s Laser Megajoule experiment (see [23, 25]).

In [12, 11], a new model was proposed to deal with this case, and a numerical
scheme was introduced and coupled with a time-dependent interaction model (this
scheme was then used in the HERA plateform of CEA). We focus here on the theo-
retical study of this new model, of “advection-Schrédinger” type.

This model is derived from the paraxial approximation, intensively used in optic
models and in a lot of models related to laser-plasma interaction in Inertial Confine-
ment Fusion (cf [9, 15, 17, 20, 3, 21] and their references). According to laws of optics,
the laser electromagnetic field may be modeled by the following frequency Maxwell
equation (the Helmholtz problem):

A + 1)+ i2ve) = 0, T €D (1)
where e~! is the wave number of the laser wave in a medium corresponding to the
mean value of the refractive index and vy = v + i is a complex coefficient : its real
part v corresponds to a conveniently scaled absorption coefficient and its imaginary
part p to the variation of the refraction index.

The first basic assumption is that the wave length 27e is small compared to the
size of the simulation domain (indeed, it is in the order of 1um and the simulation
domain in the order of some mm for the Inertial Confinement plasmas). Assume
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also that the light propagates according a fixed direction defined by the unit vector
— —

k . Let us denote the longitudinal and the transverse coordinates by z = 7' - k and
X =7 — (7 k)k ; the gradient with respect to X is denoted V; =V — k (k.V).

7 —
ik @
€

Now, if we replace 1) by uexp( ), Equation (1) may be written as:

- = 52
e(iviu+2ik - Vu) + A u= _62@%
where A is the Laplacian operator in the transverse variable. Assuming that u is
slowy varying with respect to the longitudinal variable, we can neglect the right-hand
side of the previous equation (we will check this a posteriori ; see also [10] for more
details). Therefore u satisfies the classical paraxial equation for wave propagation,
which is a linear Schrédinger equation:

Er—" € . _
Zk'VU+§ALU+ZVtU:0, x € D. (2)

If the laser beam enters the simulation domain with a very small incidence angle
that is, say, if the vector ¥ is normal to a boundary of the simulation domain, the
boundary condition on the entrance boundary {z = 0} is straightforward: it is simply
the value of the solution, which is a data. On the face {y = 0} of the domain parallel

=
to the vector k, to deal correctly with the boundary conditions one has to introduce a
fractional derivative according to the x variable - see [14, 1, 8, 6, 19] for a mathematical
approach and [18] for a physical approach ; see also [2] for numerical treatment.

But, when the incidence angle between k and the normal vector to the entrance
boundary e, is not small any more, what is of particular interest for the treatment of
beam-crossing for instance, the classical approach is no more valid.

The aim of this article is to analyse Equation (2) with an arbitrary angle between

? and e, first in a half-space, and then in a quadrant, and to address the issue to find
proper boundary conditions on the edges of the domain. The half-space problem has
been studied and then used numerically in [11]; see also [7] for results of numerical
simulations. To solve it, we first have to formulate the right entrance boundary
condition and to show that the corresponding problem is well-posed. For this purpose,
we consider a 2D problem but most of the ideas developed here may be extended to
the 3D case. For the statement of the e_)ntrance boundary condition, one assumes
that a fixed plane wave 9" = " exp(@) is coming into the domain where u™®
is a given function of the variable y. Remark that for the Helmholtz problem, the
boundary condition is classical and may read as:

0 in ik T
(eaj—i—i?-ﬁ))(w—ume”c”/s):0, T € 0D.
n
where 7 is the outwards unit normal to the domain. By using the definition

N
77—
1k.x

)

¥ = uexp(

in this expression, the corresponding entrance boundary condition for Equation (2)
may be written in a natural way as:

(€7 -V +2ik ) (u—u") =0, T € dD. (3)
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In Section 2, for the sake of completeness and clarity, we recall (see [11], Section 2)
and detail how to analyse Problem (2)(3) in the half-space

D={(z,y) st x>0},

which is the simplest case. First we recall a classical energy estimate in the space
L?(R, x R), which implies uniqueness of the solution for any v; satisfying

infv(7) > 0. (4)

Then, in the case where v is a stritly positive constant, we recall in Theorem 1
the exact analytical formulation of the solution, which is central in [11] to build a
numerical scheme, based on a splitting technique and on Fast Fourier Transform. We
also develop here some corollaries on the regularity of the solution.

We then have the tools to focus, in Section 3, on Problem (2)(3) in the quadrant

D = {(z,y) s.t. ¢ >0,y > 0},

which will make large uses of the solution on the half-space (Figure 1 illustrates the
geometry of the domain).

y
>
k - = € .
/ 'Lk‘Vu—I—EALu—}—wtu:O
y=0 : transparent boundary condition
;
0 ByUlyo — A+(8:) (Upy=o) = 0 .

x=0 : entrance boundary condition

(€7 Vi + 2k 1) (u—u™) =0

Fic. 1. Geometry of the domain: we first focus on the half-space © > 0, then on the positive
quadrant x > 0,y > 0.

The most delicate point is to find a proper condition on the boundary {y = 0},
which would be such that the restricted problem:
1. is well-posed,
2. admits for a solution the restriction to the quadrant of the solution in the
half-space.
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Such a condition is called a transparent boundary condition. If the solution of the
quadrant is not the exact restriction of the solution in the half plane, but is close to
it in some sense, the boundary condition is called an absorbing boundary condition.

For reasons which will appear in the sequel, the proper choice for such a condition
is given by Equation (17), which writes:

0yUy=0 — A4 (0z)(Ujy=0) = 0 Vx >0,
with A, a pseudo-differential operator defined by

ky 2ick, ;2
Ay (0,) = kya —zk2(1+\/1+ 0. +2261/ﬁ)
)

For a definition of fractional derivatives, see Appendix A.2 or [22], ch. VIL5. The
derivation of this formula is similar to the derivation of the transparent boundary
condition given for instance in [14, 1, 8, 4] for the Schréodinger equation, using Fourier-

Laplace transform: here, the operator ? . ? plays the role of time, and if we suppose
ky = 0 we would recover a “time” fractional derivative as in the previous references.
Theorem 2 then reformulates Problem (2)(3)(17) for functions whose derivatives
may not be defined at the boundary. The main result of this paper is then given
by Theorem 3: it states well-posedness and an explicit formulation for the solution
to Problem (2)(3)(17) and analyses its relation with the half-space solution, showing

s

that if the ray enters in the quadrant (i.e if k-7 < 0) Condition (17) is a transparent
—

one, and only an absorbing one if it goes out of it (i.e if k - 7 <0).

2. Recall on the half-space problem. Here we address a problem where the
simulation domain is the half-space

D={7 e >0}

Set 7 = (r,y) and define ¥ = (kg,ky) to be a unitary vector of the plane which
indicates the direction of the laser beam (we must of course have k, > 0). Assuming
that (4) holds and that u is a bounded function, we rewrite Problem (2)(3) under the
form

- = €
ik~Vu+§Alu—/,Lu+il/u=0, (5)
(ieD — 2% .7)(u — u'™)|p—o = 0, (6)
where we have denoted D=7 -V = ky(kz0y — ky0z).

We first recall (See [11], Proposition 1.) that if u € H'(R; x R) is a solution
to Problem (5) (6) in the half-plane {z > 0}, we have the two following equivalent

identities :
//21/|u|2 /\kn| 26D+2 . )u|2
2| * - |

— )
/m . n|<|U|2 1) GeD — 2k 'W)“mF)
ok - 7|
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The first estimate can be interpreted as the conservation of energy, the right-hand side
being the incoming and the left-hand side the outcoming and the absorbed energy.
From the second estimate we deduce the following result.

. = = 4 9 1 .
PROPOSITION 1. Let (ieD — 2k - n)u™ € L*(R). Ifu € H'(Ry xR) is a

solution to the problem (5) (6) in the half-plane, it is unique. Moreover, we have the
following stability estimate, with a constant C independent of v, w:

//QV\u|2+/|E’-m|u|2 < c/|(ieD—2?.ﬁ)um|2.
D To 1)

REMARK. the stability result cannot be used to let the absorption tend to zero,
since the norm on the left-hand side depends on the coefficient v.
In the sequel of this article, we assume that

=0, and v is a strictly positive constant (7)
and we write
2kyg = ieky (ky0y — kyOy)u'™ + 2k, u'™

Problem (2)(3) may be written under the form:

i(ky Oy + kyOy)u + (/cgagy 2kyky 0, + ki02, u+ivu=00onRy xR,  (8)

chy(kmay - kyaz)u|3,=0 + 2km“|x=0 =4g. (9)

We denote the Fourier variables of the variables = and y respectively by ¢ and n and
the Fourier transform in z and y by F, and F,. Using Fourier transformation, the
following theorem gives an explicit solution to this problem. Denote

. k.n ,k ek,n ek?
R_(’m)fzk—yf ]{:2(1\/12 k‘y + 2iv k,zy)

T

Here and in the sequel, Na denotes the principal determination of the square root

(its real part is positive); it is crucial that v is strictly positive in order to define it
without ambiguity.

THEOREM 1. Let S'(R) be the space of tempered distributions and g € S’. There
evists a unique tempered distribution u € C°(Ry,S,(R)) to Problem (8)(9), which
18:
2F,(g;m)

1+\/1 ek

Fy(u;z,m)

eR*(”’)x. (10)

It satisfies also:

(aw ~R_ (in))fy(u; z,1) = 0.
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From this theorem, we can also deduce the following corollaries.

COROLLARY 1. If g € H™2(R) then the solution u to Problem (8)(9) is in
CP(Ry, Lf/(]R)), and the following stability inequality stands for some constant C' not
depending on the absorption factor v:

Il 2m)) < CllIll -4 gy

On a general manner, if g € H*(R), s € R, then u € C.(R., H;+%(R)) and we have
the following inequality:

1 <C S(R)-
el e gy < Cllalizm

The space chosen for the solution is the most convenient because the stability
obtained does not depend on the absorption coefficient v. However, we can find
existence and uniqueness of a solution in other spaces, provided other conditions on
the initial data g. For instance:

COROLLARY 2. oo
I Fy(gin € L2(R) then u € L2(R. x R).
/ (1+[n[2) 3 /TRe(R_(in))] 7(R) (Ry )

2. If% € L}(R) with s > 0 then u € Ly°(R, L2(R4.)). In a general

¢ Fylgm) (It n) S |R_ ()™ 72 o0 m
manner, if RG] € L;(R) then u € Ly®(R, Hy*(R+)).

Notice that when v — 0, Re(R_(in),=0) values zero in a half-line, then with
these assumptions u is not uniformly bounded according to the absorption coefficient
v.

Proof. The proof is based on Fourier transforms of the problem, taken successively
in y and in z. The factorization of the equation is the essential step of the proof, and
will also provide us tools to define a proper transparent boundary condition for the
quadrant problem.

Let u be a solution of Problem (8)(9) and v the extension of u by zero in the whole
space: v(z,y) = u(x,y)1y>0. By introducing formally the function v in Equation (8)
we get:

2

_ k ,
ik - ?v + %AJ_U + vy = ((zk‘w — %(2%8}, — k:yag;))u(o, y)) Op—o + 67yu(0, Y)0p_p-

The meaning of the term 9,u(0,y) is given by the entrance boundary condition (9) :

- = € . . eky !

ik -Vou+ §AJ_U +ivv = tkyg(y)dp=0 — 5 (ke Oyu(0,y)0p—0 — kyu(0,y)d,—)-
Assuming that v € C(R4+,S'(R)), we are allowed to take the Fourier transform of
this expression. Let us define P,(X,Y’) as the polynomial which characterizes the

differential operator of the equation, i.e:

)+ iv.

Yy vy

Py(0s,0,) = i(keOy + ky3y) + %(k‘?@im — 2k, k02, + k202
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If we write ug(y) = u(0,y), the Fourier transform in y of the equation in v reads:

, ek? ([ 2ik, Ky ,
P, (0, in) Fy(viz,n) = 2" { ( 2 Tulgin) — im0y (uo; 77)) dz=0 + Fy(uo; 77)6;5:0}'
Y Y

We can write
Py (0uri) = B2 (02 = rotin) (0 - - (11)

where we define:

ks k ekyn ek
Ry (m)—zkyn—zekz(lzt\/l—2 02 + 2iv k2>

Yy T T

Thus:

(&c - R+(in)> <8x - R—(Z’Tl))fu(v; z,n) =

21k, kg ,
<2 Fylgsm) — 0 F, o n>)5m_o - F (o). (12)
eky k:y

We have reduced the problem in finding a unique acceptable solution for this
ordinary differential equation (12). Its Fourier transform in x reads:

i€ = Rec(in) ) (i€ = R-(in) ) oy (v:6.m) = = Fy(gim) = i( - S0 = €, (uoi )

Since Re (i — R+ (in)) # 0, we can divide each side of Equation (12) by 2 P, (because

Pi is an infinitely derivable function with at most polynomial growth at infinity, we

can multiply it with a tempered distribution) and write:

af/z( ) a;/g(n)
Fyvi&m) = i€ — Ry (in) i€ — R_(in)’
where:
. R (in) — if=n 2ik,  Fy(g;n)

Q9 (n) = R (in) — R_(in) ﬁJ(U(); n) + 6]{?2 R (in) — R_(in) )

R_(in) —ik=y 2ik Fy(g;n)
B _ v . _ T Y\
ayo(n) = : 7o) ek? Ry (in) — R_(in)

Ry (in) — R_(in)
If € C\R, we can verify immediately that:

1 _{ Fr(1y>0€? ,5) if Re(0) <0 (13)

i€ —0 | —Fa(lu<oe®;€)  if Re(0) >0
Applied to § = R, (in) and § = R_(in), since Re(Ry) = —Re(R_) > 0, we get:

Fy(v;z,m) = —af/g(n)eR*(i")xﬂwgo + a{/g(ﬁ)eR*(in)xﬂwzm
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which proves that v € C(R4,S'(R)). Since v(z < 0,y) = 0, this equality implies
041+/2(77) = 0. We take the limit for z = 0, and find Fy(u;0,m) = a;/z(n). It gives
Formula (10) and ends the proof of Theorem 1. O

Notice that with Formula (10), we easily calculate the value of the derivative
¥ Vu. As soon as u is regular enough to have its Fourier transform in y decreasing
rapidly, we can develop it asymptotically in € and v, and find: ¥ - Vu=0(e+v). It
is a way to check a posteriori the validity of our first approximation.

Proof of the Corollaries. To show the stability result of Corollary 1, we use
the following lemma:

LEMMA 1. There exists a constant C' > 0, depending only on the geometry of the
problem (i.e. of €, ky and k) and not depending on v, such that:

1+ [nf? ¢
_ <=
|1+\/1—2;§yn+2¢eu%|4 16

2
Proof. Let us denote X =1 — QZ]Z?’ nand N = 261/’,:—’5’. Then:

B() =1+ VX +iN*>=[1+¢'5V/N —iX|?

T Arctg%

:1+\/X2+N2+2(X2+N2)%cos(Z 5

The cosine is nonnegative, so we get:

B(n)? > (1+ VX2 +N2)2>1+ X2

Since 1+ n|* = 1+ a?(1 — X)? with a = %, we study the polynomial P(X) =

c(14+ X?) — (1 +a?(1 — X)?), where ¢ = %1. We look for a ¢ > 0 such that V X € R,
P(X) > 0.

P=X?*c—a®) +2a°X — (1 —c+ad?),

and we pick ¢ = 2a® + 1 (for instance). We can take any C > 2,/1 + 6(73 - 0
Y

We now integrate in 5 the square modulus of Equation (10).

Since |efi- (M| = eRe(R-(m)z < 1 we get:

_1
[z, )2y < C2 / FyasmP (4 nP) "2y = Cllgll -y

We have proved the stability inequality, and the fact that the solution w is in the
space L°(R,, L2(R)). The constant C is of order <. The proof is the same for

e
g € H°(R).
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In order to prove Corollary 2, we first show that if s > 0 and Fylom)(Ltnl®)2

[Re(R—(in))]
L2(R) then u € L*(R, L2(Ry)). We have:
o o ny g 9 ) ‘
[t ypas = [asf [ S50 Al w o,
0 0 § 1+\/1—%n+2ieyk—%

We can apply Cauchy-Schwartz inequality:

0/ |u<x;oy>|2dm
x ; " ).
<c20/d ([ stz eyese (o) ([anas y+-)

it gives, for some constant C' > 0:

/U(I,y)lzdng/ngy(g?Tl) (L+ VD>
0

2|T\’,e(R, (m))|

|Re(R—(in))]
L2(R). To generalize at H}"(R), we replace Fy(g) by R (in)™Fy(g;n).

3. Case of the Quadrant. We still consider Problem (2)(3) but restricted to
the quadrant {z,y > 0}. To find a transparent or an absorbing boundary condition
(cf. Section 1) on the boundary {y = 0}, we formally factorize the differential operator
of the advection-Schrodinger equation as follows:

This shows that u € L°*(R, L2(Ry)) if we suppose for instance

2

- — k
Py=ik Vo SA iy = 0= 2(0, — A (0.) (0, — A-(3).  (14)

NN e)

where

k k 2iek,, . k2
A_(0;) = k—i(% — z%(l — \/1 + Tgaz + 2zeuk—§).
It means that A, (X), A_(X) are the roots of the polynomial P,(X,Y") considered as
a polynomial of the variable X (see Appendix A.2 for a recall on the definition of a
fractional derivative, or [22], chapter V1.5 for a complete construction).

The aim of this section is to show that the following condition:

is a transparent boundary condition if £, > 0 and an absorbing boundary condition if
ky < 0. The proofs will make appear more clearly why we were lead to such a choice
for a boundary condition.

Let us consider the following problem:

i(kpOy + ky0, U + %(k;Q@Q — 2heyky @2, + k202U +ivlU =0 V>0, y>0, (15)

oYy
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ieky (kpy — ky2)Uja—o + 2kaUppeo = 2kogy ¥ y > 0, (16)

OyUly—o — A4 (0:)(Uy=o) = 0 Va > 0, (17)

where we take g, € H™2(Ry), Supp(gy) C R%. We can rewrite Condition (17)
under the following form:

. 2iek, . k2
Y Yy

The first step is to give an extended meaning of the boundary condition (17), for
functions whose derivatives at the boundary {y = 0} may not be defined. The second
step is to show that Condition (17), considered in this extended meaning, is either
a transparent or an absorbing boundary condition for our problem, according to the
sign of k,.

Let us denote u the solution of the half-space problem (8)(9) with an entrance
boundary condition equal to g = g4 1,>0: g € H~2(R). It is given by Formula (10):

2Fy(g;m) B (in)z

14 /1 - 2oy 4 2iew

We show the two following theorems.

THEOREM 2. Let g1 be a given function such that Supp(g+) C RY and g4 €
3
H3(Ry). Let U € Cb(Ry, H;+S(R+)), with s > 0, a function satisfying Equations
1 1

(15)(16) with 9,U(z,0) € H, *(Ry) and U(z,0) € HZ (Ry). Then U satisfies (17)
iff U satisfies:

Uz, y)lyso = F, ' ({f((ﬁ)fy(U]lyzo;O,n) + é(n)}BR_(i”)m>1yzov (18)

with:

) R_(in) —if=n

o 2ik,  Fy(gim)
RO = "R R

and G(n) = — ek2 Ry(in) — R_(in)

With this result, we are able to extend the meaning of Equation (17) in the
following way.

DEFINITION 1. We say that a function U € Ci(Ry,LI(Ry)) is a solution of
Problem (15)(16)(17) ift it is a solution of Problem (15)(16)(18).

We are now able to state the main

THEOREM 3. Let gy be a given function such that Supp(g+) C RY and g4 €
H™z(R,).
i) Problem (15)(16)(18) admits a unique solution U € Ch(Ry., L2(R4)).
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ii) Let u € C(Ry, L7 (R)) be the solution of the half-space problem (8)(9) with an

incoming boundary condition g = gy1,>0. We have an explicit formula for U in
terms of u, with up(y) = w(0,y):

Uz, y)ly>o = F, <{f((77)7y(uoﬂyzo% n) + G(U)}eR’(m)m> Ly>o, (19)

~ Rf—i%n ~ .
_ 'y _ 2iky  Fy(9)
where K = i and G = — kE TR

iii) If ky > 0, then U = ujy>o.

w) If k, < 0, and if we take g*(y) = h(y — A) with A > 0, denoting u,U* the
corresponding solutions respectively in the half-space and in the quadrant, we get:

: A A
Lm (1w = U yzol e ry 22(m)) = 0-

3.1. Fourier transform of the problem. Let U be a solution of Problem
(15)(16)(17), U € Cb (R, H3T5(Ry)) and V the extension of U by zero in the whole
space: V(z,y) = U(z,y)1;>01y>0. We calculate what the problem means for V, and
find:

- = €
iK VYV 4 SALV 40V = —ekukyU(0,0)8,=00,=0+
. eky eki /

. ekx €k32: ’
((Zky - 7(2/@&5 — k20y))U (x, 0)) Ly>00y=0 + TU(% 0)12>00,—0,
which gives, with the two boundary conditions (16)(17):

e — €
ik -V 4 GALV + iV = —ckoky,U(0,0)d5=00,=0+

. k /
(kagéw:O - 67@, (kacayU\z:O(sx:O - kyU\z:Oéz:O)> Ly>o0+ (20)

2
x

(i k(g \/1 N Qk;e Ox + 21‘61/:—5)U‘y:0(5y:o — ke (ky 0 Ujy—oby—0 — kaw:Oa;:O))nzZO.

To take the Fourier transform of this expression, we have to proceed carefully with
the derivatives of U. Indeed, we can write:

fx((axU)]lxzo;&O) = i§Fz (Uﬂxzo;&o) = U(0,0),

and the equivalent formula for fy((OyU)]lyZO;O,n). On the contrary, one directly
gets:

2iek, k3
Fo ((\/1 + %&c + QZEVF;U\yZO)]lmZO;gv 0)
Y

Y

¢k, . k2
= \/l — ]{15 &+ 2262/?5.71 (U‘y:()]lmzo).
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We now take the Fourier transform of Formula (20). The terms depending on U(0, 0)
cancel one another, and we furthermore notice that:

ey 2¢k, . k2. dekgky ek? .
22(1—\/1— 2 f—|—2zeyk—§)— 5 52—7 _(i&).

Finally, using the polynomial P,(X,Y), we get
P, (i€, i) FuFy (V3 €,m) =
2

<212<:2 Fylgim) — Z(]?77 - f)]:y<Uﬂy>0;0’n)>+62w(m — A_(i€)) Fo(Ulo0:€, 0).
b y

2
eky

2

Dividing by P, written in one of the form (14) or (11), the equation in V reads:

a™(n) a”(n) BHE) B~(&)
i€ — Ry (in) TR (in) e A:G8) T in—A_@ig)’ (@)

where ot and $* are given by

Ryl —igEn
R (in) — R (in)

2ik,  Fy(g;m)
ek? Ry (in) — R_(in)’

+

(%

(n) Fy(Uly>050,m) +

R_(in) —if=n 2k,  F,(g:7)
- _ Y F,(Ul,>0;0,n) — ——= — Y —,
Rl — R " 0 T G B G — R

o (n) = (22)

B7() = 0.

3.2. Proof of Theorem 2. Let us take the inverse Fourier transform of Equa-
tion (21), as in Section 2 for the half-space problem:

Uz, y)le>0ly>0 = .7:;1 (a*(n)eR+(m)m]1m§o + a(n)eR(i”)xﬂmzo)

_|_]-"x—1 (_ﬁ'f‘ (£)€A+(i£)y]ly§() + 3 (g)eA(if)y]ly>0) )
If we multiply each side by 1,>01,>0 and use the fact that 3~ = 0, we obtain

Uz, y)ly>oly>0 = fy_l (a_(n)eR_(in)r> 1.>0ly>0,
and denoting

o R_(in) —ipy
K= "R R

we have a~ () = K (n)F,(Ul,>0;0,1) + G(n), and get Formula (18).
345
It proves that if U € Cg(]R/Jr,HyQJ’_( (R4+)) is a solution of Problem (15)(16)(17),
34s
then it verifies Equation (18). Conversely, let U € C2 (]R_s_,Hgf+ (R4+)) be a solution

_ 2ik,  Fy(gim)
ek Ry (in) — R_(in)’

and  G(n) =
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of System (15)(16)(18), and 0,U(x,0) € Hw_% and U(z,0) € HE. Assuming no
particular condition on the boundary {y = 0}, we carry out the same computation as
in Section 3.1, and find:

at(n) a”(n) Br(€) B~ (€)
i€~ Ro(im)  €—R_(in)  in—ArG&) in—A_(i€)’

with the same a® than defined in (22) and with:

Fo <(8yU — A+(8w)U)llxzo;§70)
AL (i€) — A_(i€)

We take the inverse Fourier transform and multiply it by 1,>01y>0, to find:

B ) =—

Uz, y)lezoly>0 = F, ' (a(n)eR(i")xﬂzzo) Lyso+F, " (ﬁ(ﬁ)eA(ig)yﬂyzo) 1.>0.
Since U verifies also Equation (18), which writes:

U(z,y)lezoly>0 = F, (a(n)eR(m)w> Iz>0ly>o0,
we necessarily have:

7! <ﬂ‘ (f)e““if)yllpo)ﬂpo =0 V>0 ,y>0.

The function U being continuous in y, we can take the limit when y tends to zero and
obtain F;1(37(£)) =0 Vz >0 (see [13] and the theory of Hardy functions).

Since 7 is the Fourier transform of a distribution null in R_ (see Appendix A.1),
it implies that 3~ is the Fourier transform of a distribution whose support is included
in {x = 0}. Since 8~ € L?(R), it implies 3~ = 0, which is equivalent to the Fourier
transform in x of the transparent boundary condition. We have proved Theorem 2.

Equation (17) can be defined only for functions in H 2+ in the variable y. The-
orem 2 allows us now to extend it by Condition (18), with Definition 1 given at the
beginning of Section 3.

3.3. Proof of Theorem 3. We recall Formula (18):

Ulz,y)lyso = F, ! <{f((ﬂ)7‘—y(U]1yzo; 0,7) + G‘(n)}e“’””) Ty>o.

If we set Up(y) = U(0,y)1,>0, it gives:
Ua(s) = 7 (KO, W) + G ) 20 23)

For these equations to make sense, it is sufficient to have U € C} (R4, L2(R4)). We
prove the following lemma, from which we will easily deduce Theorem 3.

LEMMA 2.
i) Equation (18) admits at most one solution U € C5(Ry, L2(Ry)); Equation (23)
admits at most one solution Uy € L2(R).
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ii) The solution u € C5(Ry, L2(R)) to Problem (8)(9) (with g = g41y>0) satisfies
Equation (23). Moreover, U = uy,~ satisfies Equations (15)(16), and if ky, > 0 it
also satisfies Equation (18).

Proof.

i) Uniqueness of a solution of Equation (23) in L?(RR) implies that of a solution
to Equation (18) in CJ(R4, L2 (R4 )). Let us take g = 0 and suppose that a function
Up € L*(R) verifies:

Unly) = 7, (f%(n)fywo; n>)1y>o.

Y

Let Vo(y) = F, (K(n)fy(Uo; n)) (y). The function Vj verifies the following equation,

because Uy = Voly>o:
Vo) = F;! (ff(n)fy(%]lyzo;n)> = [ K- syvio)is.
0

We separate Vj into Vi = Vo150 and Vo = Vy1,<o. Since Vy € L2(R), Vi € L*(Ry)
the functions Vi := F,(Va;n) belong to the Hardy spaces H?* (see Appendix A.1
for a recall on Hardy spaces). The resulting equation writes:

N 1

V+(77)(1—K(n))=;<1+\/1 )V = V)
- kiyn—i— zz/ek—%

The idea is to find an H?~ function on the left-hand side, equal to a H?t function
on the right-hand side: since H?* N 'H2~ = 0, it will imply that both sides are null.
We use the fact that the function éﬁ can be extended analytically by a
1— 2;:;;’ n+2iuek:—§

uniformally bounded function, respectively: on R*~ = {n —in, n > 0} if k, > 0, and
on R** if k, < 0.

1. k, >0:1— K(n) is analytic and uniformly bounded in R?>~, so (1 — K)V, €

H2~, and is equal to (=V_) € H2+, so Vi =0, so Vg = 0.
2. ky < 0. We write the previous equation in the following form:

Vi(n) = —(1= K@) 'V_(n).
(1—K(n) 'is analytic and uniformly bounded in R**, so (1 — K)"WW_ e
H?*, and is equal to (—=V4) € H?~, so Vp = 0.
ii) Let u € Ci(R4,L(IR)) be the solution of Problem (8)(9) in the half-space,

with an entrance boundary condition equal to g € H —3 (R). We have seen in Section
2 that wu verifies:

u(@,y)Ly>o = ‘7'—?;1 (0‘1_/2(77)6R(m)z> Ty>o,

with o, (n) = K (n)F, (u;0,1) + G(n).
This is almost Equation (18): we have o~ = oy — KF,(uly<;0,7).
Let us distinguish the two cases, according to the sign of k.
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1. ky, > 0. We have seen in Section 2 that u verifies:

2F,(g1y>0;7)

fy(u707n): .
1+ \/1 — 2k | diey s

1

Since the function can be extended analytically by a uni-

2¢k k2
144/1— k2y’l’]+2’LEV§

formly bounded function in R?*~, if g € L?(Ry) then F,(u;0,n) € H*~, so
u(0,y) = u(0,y)1y>0. This shows that in this case, o™ = 7 /5 SO u verifies
Equation (18).

2. k, < 0. Since u(0,.) € L*(R), K(n)F,(ul,<o;0,7) € H*T, the function u
verifies the following equation:

u(0,9)1y>0 = F, (o™ () Ly + F, (K () Fy (uly<o; 0,m)) Ly>0.

Since K (n)F,(ul,<o;0,7) € H>*, it is the Fourier transform of a function
null in R4, so the last member of the equation values zero. This shows that
u(0,y) verifies Equation (23).

o

Let us deduce Assertions i), i) and #4) of Theorem 3 from Lemma 2. First,
Lemma 2 proves the uniqueness of a solution to Problem (15)(16)(17). In the case
where k, > 0, we have nothing more to prove: the unique solution of Problem
(15)(16)(17) is the restriction to the quadrant of the solution of the half-space problem

(8)(9)-
Let us now take k, < 0. If U exists, it verifies Equation (23) and we have seen that

it is also the case of u, so U(0,y) = u(0,y)}y>0- Replacing U(0,y)1L,>0 by u(0,%)1,>0
in Equation (18) verified by U, this implies necessarily that:

Uz, y)ly=o = F, " <€R(i")w{f<(77)fy(u0]1y>o; n) + @(77)}> Ly>o.

We now have to prove that the so-defined function U is a solution of Problem
(15)(16)(17). First, it obviously verifies Equation (18), so according to Definition
1 we have only to check Equations (15) and (16). Let us define:

V= .77;1 <6R(in)z{f((77)fy(uo]ly20§ n) + é(n))}>

We have U = V1,>0, so we can check Equations (15) (16) on V as well. We notice
that V =u — r, with:

Fylrsn) = K () Fy(uoly<o;m)el 7.
The function u verifies obviously Equations (15)(16), so we have only to check them

on the remainder r. Taking its global Fourier transform and multiplying it by P,, we
find:

P, (i€, i) FuFy (rlas0:€,m) = (i€ — Ry (in)) K (n)F, (uoly<o; 7).
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Since Fy(ugly<o;n) € H?*T and k, < 0, the right-hand side is the Fourier transform
of a distribution null for y > 0 (see Appendix A.1 for a proof). Thus the remainder r
satisfies the Schrodinger equation (15) in the quadrant. Furthermore, at the boundary
x = 0, we have:

]_‘y(r7 0’ 77) = K(n)]'-y(u()]ly§07 77)7

which is also the Fourier transform of a distribution null for 4y > 0. It proves that
(0,5 > 0) =0, so 7(0,.)|y>¢ verifies the boundary condition (16).

Estimate of the difference between the solution in the quadrant and the
solution in the half-space. It only remains to prove Assertion ) of Theorem 3.
For the sake of notations simplicity, we skip here the indices and denote u, U instead
of u#, UA. Let us assume that k, < 0 and denote by u the solution of the half-space
problem and by U that in the quadrant. According to Equation (19), we have:

Ulz,y) = F, ! (€R‘(i")m[f%(77)fy(uoﬂy20? n) + é(’?)]) Ly>o,

and furthermore u verifies the following equation:

u(@, y)ly>o = F,! <€R(i")w[K(n)fy(uO; n) + @(77)]> Ly>o,
so by taking the difference, we obtain the relation :
(u - U)]lyz() = fy_l <€R(in)$K(n)fy (u]lygo; 0, 77)) ]lyZO- (24)

Let us now assume that g(y) = h(y—A), A > 0, h € H2(R) and Supp(h) C R
We can write:
fy(h§77)eimA
2

G — = Fy(Hyn)e 4,
1+\/1—26k—gn+2iuek—g

Fy(UOEW) =

with a function H € L?(R). We then have ug = H(y — A), so |Juoly<ollzz =
|[H|y<—allp2, tends to 0 when A — 4o00. We use Relation (24) to estimate the differ-
ence between the half-space and the quarter plane solutions, since Re(R_(in)) < 0:

1(w = U) (@, ) Lyzolloee m, 22 m)) < (1K Fy(woly<o)llrzm) < CllHy<—allLzm)-

Conclusion and perspectives. A mathematical analysis has lead to an analyt-
ical form of the solution of the tilted paraxial equation in the case where the refraction
index and the absorption coefficients are constant. We have proposed a convenient
transparent /absorbing boundary condition for the problem on a quadrant, shown the
well-posedness of the so-defined problem, and estimated the difference between the
solutions on the half-space and on the quadrant.

However, this boundary condition is non-local, which implies much difficulty for
its numerical treatment (see [14] for instance); up to now, the choice made in [11]
to deal numerically with this boundary condition was to add an artificial absorption
coefficient, as popularized in [5].
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We have also noticed that Formula (10) allows us to check a posteriori the validity
of the formal asymptotic derivation of Equation (2) from Helmholtz equation (1).
Complete estimates to justify it rigorously is a direction for future research (see also
[10] for a rigorous justification of the time-dependent problem).

Acknowledgment. The author expresses very grateful thanks to Francois Golse
and Rémi Sentis for their precious help, guidance, ideas and corrections.

Appendix A.
A.1. Fourier transforms of functions supported in R;.
Background on Hardy classes. For more details, we refer to [13].

DEFINITION. let h : R?~ — C. The function A is said to be a Hardy function if
it verifies the two following properties:
i) h is analytic in R?*~ = {w = a +ib,b < 0}
ii) sup ||hs||3 = sup [ |h(a+ib)[*da < .
b<0 b<0 —oc0
The so-defined space is called the Hardy space and written as H2~.

THEOREM 4. Let h: R~ — C. h € H?™ iff there exists a function f € L*(Ry)
such that:

Vw e R*, hw)= /f(x)ei‘”dx.
0

Fourier transforms of functions that are identically zero in R_. Theorem
4 implies that for some good function F, if § € H2~ and f = F(i€)g, then f is the
Fourier transform of a distribution whose support is in R, .
Namely, such functions I’ can be a product of functions ¥ of the following types:
1. rational functions with no pole in R?~ U {co}, i.e.

U(z2) = Z - fiai,

i=1

with Zm(«;) > 0;
2. functions ¥ such that there exists « >0, € R, s >0 :

1

YO = T i = A

A.2. Definition of the square root of a differential operator. We recall
here briefly how fractional derivatives are built, and refer to [22], chapter VL.5. for
more details. For a > 0, we define

(x4)*

Ya(.'I}) = ma

where we have denoted x = 21,>¢. It is an homogeneous function of degree a, which
generalizes Z7. As for the polynomial case, one has

dy,

Va>1, — =Y, 1.
“ dx !
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Taking this property as a definition, it allows us to define Y, by analytic continuation
for a € C. For the case a € —IN*, we notice that the fact that the pseudo-function
Pf(x%) is not defined is compensated by the poles of the I" function on —IN (see also
[22], chapter I1.3.) In particular, one has

Yo(x) = sgny(z), Yoi=4dy, Yo, =00"Y, leN

Since derivation corresponds to the convolution by § = Y_3, we can define (%)“, for

. . . . 0
functions supported in R, by the convolution by Y_;_,. It interpolates between % ,

which is the convolution by dg = Y_1, and %, convolution by &) = Y_o. For the case

L we thus have:

QZE,

g\ 12 d
<d$> f:Y_3/2*f:%(Y—1/2*f)'

We can also have a formulation by the use of Fourier transforms:

e—i-sign(©)%

F(Y_1/2)(&) = €

We obtain this formula by I'(3) = /7 and by passing to the limit when € — 0 in

+oo —ifx +oo
& ; s
/ e—eyz—zny dy \/>
0

,  vm =l = Vet

Finally:

FlGe (Ve £)) = SF(E)

These two formulations give the two following equivalent ways to define properly the
square root, of the differential operator, which is, in our case, —k; — 2iek, 0, — 2ievk?.
1. Using the Fourier transformation, we have:

Fa ((\/kg — 2iek; 0y — 2ievkZu)l,>0; f) =

o—iE \/7ik§ + ieky€ 4 2evk2 Fy (ullys0; €).

2. Using the expression (%)1/2 f=Y 3pxf= %(Y,l/z * f), we get:

\/—kzz — i€k, 0 — 2ievk2(u)

- k2 T k2
V2ekpe itz —vke)e u(s)elizey trke)s
8z ds.
T x—s




(1]
2]
(3]
(4]

[5]
(6]

17
g
9

[10]

[11]

2]

[13]

[14]

[15]

[16]

[17]

18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

BOUNDARY PROBLEM FOR OBLIQUE SCHRODINGER EQUATION 137

REFERENCES

A. ArnNoLD, Numerically Absorbing Boundary Conditions for Quantum Evolution Equations,
VLSI Design, 6:1-4 (1998), pp. 313-319.

PH. BALLEREAU, M. CasanNova, F. DuBoc ET AL., Simulation of the Parazial Laser Propaga-
tion coupled with Hydrodynamics in 8D Geometry, J. Scientific Comp., 33 (2007), pp. 1-24.

R.L. Berger, B.F. Lasinski et al, Theory and three-dimensional Simulation of Light Filamen-
tation, Phys. Fluids B, 5, p. 2243-2258 (1993).

V.A. Baskakov aND A.V. Poprov, Implementation of Transparent Boundaries for Numerical
Solutions of the Schriodinger Equation, Wave Motion, 14 (1991), pp. 123-128.

J.P. BERENGER, A Perfecly Matched Layer, J. Comp. Physics, 114 (1994), pp. 185-200.

C.H. BrunNeau anD L. D1 MEenza, Conditions auzx limites transparentes et artificielles,
C.R.Ac.Sciences, I, 320 (1995), pp. 89-94.

S. DEesroziERs, F. Natar aAnD R. SENTIS, Simulation of Laser Propagation in a plasma with
a Frequency Wave Equation, J. Comp. Physics, 227:4 (2008), pp. 2610-2625.

L. D1 MENzA, Transparent and artificial boundary conditions for the linear Schrodinger equa-
tion, Numer. Funct. Anal. Optimiz., 18:7-8 (1998), pp. 759-776.

M.R. Dorr, F.X. Garaizar AND J.A. HITTINGER, Simulation of laser-Plasma filamentation,
J. Comp. Phys., 177 (2002), pp. 233-263.

M. Douwmic, Etude asymptotique et simulation numérique de la propagation laser en milieu
inhomogeéne, Ph. D. Dissertation, University Paris VII, (2005), available on HAL.

M. Douwmic, F. DuBoc, F. GoLse anD R. SenTIS, Simulation of Laser Beam Propagation
With a Parazial Model in a Tilted Frame, J. Comp. Phys., 228:3 (2009), pp. 861-880.

M. Douwmic, F. GoLse AND R. SENTIS, A paraxial model for the propagation of light: the
boundary value problem for the Schrodinger-advection equation in a tilted frame, C. R.
Acad. Sci. Paris, Ser. I, 336 (2003), pp. 23-28.

H. Dym anp H.P. McKEAN, Fourier Series and Integrals, Academic Press, (1972).

M. EHRHARDT AND A. ARNOLD, Discrete Transparent Boundary Conditions for Schrodinger
Equations, Riv. Mat. Univ. Parma, 6 (2001), p. 57.

M.D. FErr anp J.A. FLECK, Beam non paraziality, J. Opt. Soc. Am. B, 5 (1988), pp. 633-640.

J.L. FEucEAas, M. CasaNova aAND R. SeEnTis, AMR method for the Simulation of Laser-
plasma Ineraction with full nonlinear Hydrodynamics, Proc. IFSA Conf. (Kyoto, sept.2001)
K.A. Tanaka, D.D. Meyerhofer, ed. Elsevier (2001).

V.A. Fock, Electromagnetic Diffraction and Propagation Problems, Pergamon, London
(1965).

R. HapLEY, Transparent Boundary Condition for the Beam Propagation Method, IEEE, J.
Quantum Electronics, 28 (1992), p. 363.

P. Jovy, Pseudo-transparent boundary conditions for the diffusion equation (1), Math. Meth.
in App. Sci., 11 (1989), pp. 725-758.

P. Loiseau ET AL., Laser beam smoothing induced by simulated Brillowin scattering, Phys.
Rev. Letters, 97 (2006), p. 205001.

H.A. RosEg, Laser beam deflection by flow, Phys. Plasmas, 3 (1996), pp. 1709-1727.

L. ScuwaRrtz, Théorie des distributions, Hermann, Paris, 1950.

R. SENTIS, Mathematical models for laser-plasma interaction, ESAIM-Mathematical Modelling
and Numerical Analysis, 39 (2005), pp. 275-318.

V.T. TIKHONCHUK AND A.A. ZozULyA, Structure of Light beams in self-pumped four wave
mizing geometries, Prog.Quant. Electr., 15 (1992), p.231.

F. WaLrAET, G. Ri1azUELO AND G. BoONNAUD,Propagation in a plasma of a smooth Laser
Beam, Phys. Plamas, 10 (2003), pp. 811-919.



138 M. DOUMIC



