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UNIFORM STABILIZATION OF THE WAVE EQUATION ON
COMPACT SURFACES AND LOCALLY DISTRIBUTED DAMPING*

M. M. CAVALCANTI!, V. N. DOMINGOS CAVALCANTIf, R. FUKUOKA$, AND
J. A. SORIANOY

Abstract. This paper is concerned with the study of the wave equation on compact surfaces
and locally distributed damping, described by

utt — Apmu+a(z) g(ug) =0  on M x1]0,00[,

where M C R3 is a smooth (of class C3) oriented embedded compact surface without boundary,
such that M = Mo U M, where

M :={z € M;m(z) -v(z) >0} , AND Mo = M\M;.
Here, m(z) := z — 20, (z° € R3 fixed) and v is the exterior unit normal vector field of M.

For ¢ = 1,...,k, assume that there exist open subsets Mo; C Mo of M with smooth boundary
OM; such that My, are umbilical, or more generally, that the principal curvatures k1 and ko satisfy
|k1(xz) — k2(x)| < &; (g; considered small enough) for all z € Mg;. Moreover suppose that the mean
curvature H of each My; is non-positive (i.e. H < 0 on My; for every i =1,...,k). If a(z) > ao > 0
on an open subset Mx* C M that contains M\ Ule M, and if g is a monotonic increasing function
such that k|s| < |g(s)] < K]|s| for all |s| > 1, then uniform decay rates of the energy hold.
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1. Introduction. Let M be a smooth (of class C?) oriented embedded compact
surface without boundary in R? with M = My U M, where

My :={z e M;m(z)-v(z) >0} , AND My = M\ M;. (1.1)

Here, m(z) := x — 2°, (2% € R3 fixed) and v is the exterior unit normal vector field

of M.

We denote by Vr the tangential-gradient on M, by Ay the Laplace-Beltrami
operator on M. This paper is devoted to the study of the uniform stabilization of
solutions of the following damped problem

ue — Apu+a(z) gluy) =0 on M x 0, 00],

w(x,0) = u'(z), w(z,0) =ul(x) r EM, (12)

where a(xz) > ap > 0 on an open proper subset M, of M and in addition g is a
monotonic increasing function such that k|s| < |g(s)| < K|s| for all |s| > 1.
Stability for the wave equation

ure — Au+ f(u) + a(z) g(ur) =0 in Q x Ry, (1.3)
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where € is a bounded domain in R", has been studied for long time by many authors.
When the feedback term depends on the velocity in a linear way Zuazua [ZUA] proved
that the energy related to the above equation decays exponentially if the damping
region contains a neighborhood of the boundary 9092 of 2 or, at least, contains a
neighborhood w of the particular part given by {x € 99Q : (z — zo) - v(z) > 0}.
In the same direction, but when f = 0, it is important to mention the work due to
Rauch and Taylor [Ra-Ta] and, subsequently, the results of Bardos, Lebeau and Rauch
[BAR], based on microlocal analysis, that ensures a necessary and sufficient condition
to obtain exponential decay, namely, the damping region satisfies the well known
geometric control condition. The classical example of an open subset w verifying this
condition is when w is a neighborhood of the boundary. Later, again considering
f =0, Nakao [Nal, Na2] extended the results of Zuazua [ZUA] treating first the case
of a linear degenerate equation, and then the case of a nonlinear dissipation p(x,u;)
(here, again, f = 0 was considered) assuming, as usually, that the function p has
a polynomial growth near the origin. Martinez [Mar| improved the previous results
mentioned above in what concerns the linear wave equation subject to a nonlinear
dissipation p(z, u;), avoiding the polynomial growth of the function p(z, s) in zero. His
proof is based on the piecewise multiplier technique developed by Liu [Liu] combined
with nonlinear integral inequalities to show that the energy of the system decays to
zero with a precise decay rate estimate if the damping region satisfies some geometrical
conditions. More recently, and still considering f = 0, Alabau-Boussouira [ALA]
extended the results due to Martinez [Mar] by showing optimal decay rates of energy.
In addition, we would like to mention the most recent work in this direction due to D.
Toundykov [Tou] which presents optimal decay rates for solutions to a semilinear wave
equation with localized interior damping and a source term, subject to Neumann-type
boundary condition.

A natural question arises in the context of the wave equation on compact surfaces:
Would it be possible to stabilize the system by considering a localized feedback acting on
a part of the surface? In affirmative case, what would be the geometrical impositions
we have to assume on the surface? When the damping term acts on the whole surface,
the conjecture was studied by Cavalcanti and Domingos Cavalcanti in [CA-DO] and
also by Andrade et al. in [Anl, An2| in the context of viscoelastic problems. However,
as far as we are concerned, there is no result in the literature regarding the nonlinear
wave equation on compact surfaces when the damping term acts in a portion M,
strictly contained in M. For the linear case, we can mention the works due to Rauch
and Taylor [Ra-Ta], Hitrik [HIT] and, more recently, Christianson [CHR].

The main goal of this paper is exactly to prove the above conjecture when the
portion of M, where the damping is effective is strategically chosen. For i =1,... k,
assume that there exist open subsets My; C Mg of M with smooth boundary OM;
such that My; are umbilical, or, more generally, that the principal curvatures k; and
kg satisfy |k1(z) —ko(z)| < &; (¢; considered small enough) for all z € M,;. Moreover,
suppose that the mean curvature H of each My, is non-positive (i.e. H <0 on My;
for every i = 1,...,k) and that the damping is effective on an open subset M, C M
that contains M\ UX_; M.

The strategy used to prove the above conjecture is basically to make use of mul-
tipliers and fields as in Lions [LIONS1] with new ingredients that will be clarified in
section 4. Indeed, the main difficulty and the novelty in these kind of problems on
surfaces is how to deal with (or to interpret) the new terms which appear in the com-
putations that come from the geometrical structure of M. Moreover, this approach
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can be naturally extended for semilinear wave equation where the semilinear function
f(s) is assumed to be super-linear. We would like to emphasize that the proofs of
[Ra-Ta, BAR, HIT], based on microlocal analysis, do not extend to the nonlinear prob-
lem (1.2). In addition, making use of arguments due to Lasiecka and Tataru [LA-TA]
we obtain optimal decay rates of the energy. The obtained decay rates are optimal,
since when we are able to explicit them (as in Cavalcanti, Domingos Cavalcanti and
Lasiecka [CA-DO-LA]), they are the same as these optimal rates derived in the recent
works of Alabau-Boussouira [ALA] or Toudykov [Tou].

Our paper is organized as follows. Section 2 is concerned with the statement of
the problem and we introduce some notation. Our main result is stated in Section 3.
Section 4 is devoted to the proof of the main result.

2. Statement of Problem. Let M be a smooth oriented embedded compact
surface without boundary in R® with M = Mg U M, where

My :={x e M;m(x) -v(z) >0} , AND Mg = M\ M. (2.1)

Here, m is the vector field defined by m(z) := z — 2%, (20 € R3 fixed) and v is the
exterior unit normal vector field of M.

In this paper, we investigate the stability properties of functions [u(z,t), us(z, )]
which solve the following damped problem:

(2.2)

{ uyy — Apmu+a(z) gug)) =0  on M x]0,00[,
w(0) =u®,  u(0) = ut,

where the feedback function g satisfies the following assumptions:

ASSUMPTION 2.1.

(1) g (s) is continuous and monotone increasing,

(17) g(s)s>0 for s#0,
(15i) kls| <g(s) < K|s| for|s| > 1,
where k and K are two positive constants.

In addition, to obtain the stabilization of problem (2.2), we shall need the following
geometrical assumption:

ASSUMPTION 2.2. Remember that for i = 1,....k, Mo C Mg are open sets
with smooth boundary OMo; such that H < 0 and My; are umbilical submanifolds,
or more generally, that the principal curvatures ki and ko satisfy |k1(x) — ka(x)| < &;
(ei considered small enough) for all x € Mo;. We assume that a € L>®(M) is a
nonnegative function such that

a(z) > ap >0, a. e onM,, (2.3)

where M, is an open set of M which contains M\ UE_; Mo;.

In order to fix ideas, Figure 1 shows a compact surface M such that there exists
only one subset M1, which we take as the interior of M.

In the sequel we define by ¥ = M x0,T[, ¥; = M, x]0,T[, i=0,1.

Let us considerer the Sobolev spaces H*(M),s € R as in Lions and Magenes
[LiMa] section 7.3.
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Fic. 1. The observer is at xg. The subset Mg is the “visible” part of M and M;i is its
complement. The subset M, D ./\/I\Uf:1 Mo = M\ Mo is an open set that contains M\ule Mo;
and the damping is effective there.

On the other hand, by using the Laplace-Beltrami operator Axq on M, we can
give a more intrinsic definition of the spaces H*(M), by considering

H?™ (M) = {u € LA(M) /A u € LQ(M)} ,
which, equipped with the canonical norm
el Fzm gy = Nl Z20gy + IAR T2 (a0 5 (2.4)

is a Hilbert space.
We set

Vi={ve Hl(J\/l);/ v(z)dM =0},
M

which is a Hilbert space endowed with the topology given by H'(M).
The condition [,, v(z)dM = 0 is required in order to guarantee the validity of
the Poincaré inequality,

122y < QD) THIVEfIIZ2 () forall f € HY (M), (2.5)

where A; is the first eigenvalue of the Laplace-Beltrami operator.
We observe that the problem (2.2) can be written in the following form

dU
— HAU = G(U),

U 0 -1
U=<Ut)andA=<_AM O)

is a maximal monotone operator and G(-) represents a locally Lipschitz perturbation.
So, making use of standard semigroup arguments we have the following result:

where
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THEOREM 2.1.

e (i) Under the conditions above, problem (2.2) is well posed in the space V x
L*(M), i.e. for any initial data {u®,u'} € V x L*(M), there exists a
unique weak solution of (2.2) in the class

ueCRy;V)NCHR; LE(M)). (2.6)
e (ii) In addition, the velocity term of the solution have the following regularity:
up € leoc (RJH L2 (M)) s (27)

(consequently, g (u;) € L3, (Ry; L? (M)) by Assumption 2.1.
Furthermore, if {uo,ul} € {V NH? (M) x V} then the solution has the following
reqularity

ue L® (Ry; VN H? (M) NWh™ (R V)N W (Ry; L (M) .

REMARK 2.1. It is convenient to observe that the space V- may be not invariant
under the flow because of the nonlinear character of the equation. In this case it is
sufficient to add an extra term au, (a > 0) in the equation in order to control Lo
norms. However, for simplicity in the computations, we shall omit this term since it
does not bring any additional difficulty.

Supposing that u is the unique global weak solution of problem (2.2), we define
the corresponding energy functional by

E(t) = % /M [|ut(gc,t)|2 + |VTu(:v,t)|2 dM. (2.8)

For every solution of (2.2) in the class (2.6) the following identity holds
to
E(ty) — / / g(up)uy dMdt, for all ty > t; > 0, (2.9)
t1

and therefore the energy is a non increasing function of the time variable t.

3. Main Result. Before stating our stability result, we will define some needed
functions. For this purpose, we are following the ideas firstly introduced in Lasiecka
and Tataru [LA-TA]. For the reader’s comprehension we will repeat them briefly. Let
h be a concave, strictly increasing function, with h (0) = 0, and such that

h(sg(s))) > s>+ g%(s), for |s| <1. (3.1)

Note that such function can be straightforwardly constructed, given the hypothe-
ses on ¢ in Assumption 2.1. With this function, we define

r(.) =h( (3.2)

meas (31)”

As r is monotone increasing, then ¢l + r is invertible for all ¢ > 0. For L a positive
constant, we set

p(z) = (I +7r)7 1 (L), (3.3)
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where the function p is easily seen to be positive, continuous and strictly increasing
with p(0) = 0. Finally, let

glx) =2~ ([ +p)" (). (3.4)

We are now able to state our stability result.

THEOREM 3.1. Assume that Assumption 2.1 and Assumption 2.2 are in place.
Let u be the weak solution of the problem (2.2). With the energy E(t) defined as in
(2.8), there exists a Ty > 0 such that

t
Eit)<S (— - 1> , Yt > Ty, (3.5)
To
with tlim S(t) = 0, where the contraction semigroup S(t) is the solution of the differ-

ential equation
&) +a(S(1) =0, S(0) = B(0), (3.6)

(where q is given in (3.4)). Here, the constant L (from definition (3.3)) will de-

pend on meas(X), and the constant c(from definition (3.8)) is taken here to be
kK '+ K

€= meas(D) A Halle) "

REMARK 3.1. If the feedback is linear, e. g., g(s) = s, then, under the same
assumptions as in Theorem 3.1, we have that the energy of problem (2.2) decays

exponentially with respect to the initial energy. There exist two positive constants
C >0 and k > 0 such that

E(t) < Ce™™E(0), t>0. (3.7)

As another example, we can consider g(s) = s, p > 1 at the origin. Since the

. 41 .
function s*= is convex for p > 1, then solving

p+1

Sp+ 8% =0, (3.8)

we obtain the following polynomial decay rate:

E(t) < C(B(0)[E(0) ™= +t(p— 1)] 1.

We can find more interesting explicit decay rates in Cavalcanti, Domingos Cav-

alcanti and Lasiecka [CA-DO-LA].

4. Proof of Main result.
4.1. Preliminaries. We collect, below, some few formulas to be invoked in the
sequel.

Let v be the exterior normal vector field on M. For all x € M, we denote by
m(x) the orthogonal projection on the tangent plane T, M. Any regular vector field
q: R? — R? will be split up as follows:

q(x) = qr + (q(2) - v(2))v(2), (4.1)



WAAVE ON COMPACT MANIFOLDS 411

where gr = 7(z)q(z) is the tangential component of q.
If ¢ : R® — R is a regular function, we have

Vo =0,0ov+Vrp on M, (4.2)

IVel* = 10,0* + [Vrel* on M, (4.3)

where 9, represents the normal derivative towards the exterior of M and V¢ is the
tangential gradient of .

The Laplace- Beltrami operator Ay of a function ¢ : M — R of class C? is
defined by

Apmp = divrVro, (4.4)

where divp Vo, is the divergent of the vector field V.
Assuming that ¢ : M — R is a function of class C! and ¢ : R? — R? is a vector
field of class C!, we have,

/ qr - VredM = —/ divgr @ dM, (4.5)
M M

2¢(qr - Vo) = qr - V(7). (4.6)

From (4.5) and (4.6), we conclude the following formula

2/ o(qr - Vrp)dM = / qr - Vr(e*) dM = —/ divr qr||>dM. (4.7)
M M M

We observe that in the particular case when m(z) = z — 2°, € R3 and 2° € R?
is a fixed point in R3, we have

divm =3, divpmr =2+ (m-v)TrB. (4.8)

where B is the second fundamental form of M (the shape operator) and T is the
trace. Let ¢ and m defined as above. We also have,

VTQD . VTTI’LT . VT(,O = |VTQD|2 + (m . I/)(VTQD -B- VT(p). (4.9)

The proof of the above formulas can be found in Nedelec [NE], Lemrabet [LEM1],
Heminna [HEM3] and references therein.

REMARK 4.1. The sign of B can change in the literature. In our case, we
remember that B = —dN, where N is the Gauss map related to v.
The formula (4.8) can be rewritten by

divm =3, divpmr =2+2H (m-v). (4.10)
where H = % is the mean curvature of M.

We define a continuous linear operator —A o : H'(M) — (H'(M))’, where M
is a nomempty open subset of M (sometimes the whole M) such that

(A e, ) = /M Vg -VrpdM, Yo,ib € HY(M) (4.11)
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and, in particular,
(D) = [ Vool am, Vo e HNA), (4.12)

The operator —A - 4 I defines an isomorphism from HY(M) over [H'(M)]'. We
observe that when Misa manifold without boundary, and this is the case, for instance,
if M = M, we have H(M) = H}(M) and, consequently, [H!(M)] = H~1(M).

REMARK 4.2. It is convenient to observe that all the classical formulas above
stated can be extended for Sobolev spaces by using density arguments.

The proof of Theorem 3.1 proceeds through several steps.
4.2. An identity. We begin by proving the following proposition

PROPOSITION 4.2.1. Let M C R? be an oriented reqular compact surface without
boundary and q a vector field with ¢ = qp + (q-v)v. Then, for every regular solution
wof (1.2) we have the following identity

U s gr - VTudM} / / dquT){|ut| |Vl }d./\/ldt (4.13)

/ / Vru-Vrqr- VT’UJdet—F/ / qT VTu)d./\/ldt—O

Proof. Multiplying the equation of (1.2) by the multiplier gr - Vpu and integrat-
ing on Mx]0,T[, we obtain

0= /0 /MW“ — Apu+ alz)g(ue))(gr - Vru) dM dt. (4.14)

Next, we will estimate some terms on the RHS of identity (4.14). Taking (4.11),
(4.6) and (4.7) into account, we obtain

T T
/ / (—AMU) (qT . VTU) dMdt = / / VTU . VT(QT . VTU) dMdt
0 M 0 M
T 1 T
= / / Vru-Vrqr - VoudMdt + = / / qr - VT[|VTU|2]det (4.15)
0o Jm 2Jo Jm

T T
1
= / / Vru-Vrqr - VeoudMdt — = / / |VT’UJ|2 divpqr dMdt,
0 M 2 0 M

and, integrating by parts and considering (4.7), we obtain

T
/ / (uer + a(z) g(ut)) (gr - Vru) dMdt (4.16)
0 M

_ [/ el - VTu] / / welgr - Vorug)dMde
/ / (gr - Vou)dMdt

~ |/ wlar- vTu] / | Givrar) lul ana
/ / (gr - Vru)dMt.
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Combining (4.14), (4.15) and ( 4.16), we deduce (4.13), which concludes the proof
of Proposition 4.2.1. 00

Employing (4.13) with ¢(z) = m(z) = x — 2° for some z° € R? fixed and taking
(4.8) and (4.9) into account, we infer

T T
M 0 0 M

T
+/ / [[Vrul® + (m-v)(Vru - B - Vou)| dMdt

/ / m-v) |ut| — |Vrul }d./\/ldt
/ / Y(mp - Vru)dMdt = 0.

We have the following identity:

LEMMA 4.2.3. Let u be a weak solution to problem (1.2) and & € C*(M). Then

[/MutéudM]T—/T/ €|Ut|2d/\/ldt—/T/ E|Vru2dMadt (4.18)
/ / (Vru- VT§ud/\/ldt—/ / g(uy) EwdMat.

Proof. Multiplying the first equation of (1.2) by £ u and integrating by parts we
obtain the desired. O

Substituting £ = % in (4.18) and combining the obtained result with identity
(4.17) we deduce

U ws My vTuer+% [/Mutud/wr (4.19)

0

/E dt+// )(myp - Vou)dMdt

/ / g(ug)udMdt
/ / m-v)H |ut| |VTu|2}det.

_/ /M (m - v)(Vru- B - Vou) dMdt.

Analysis of the terms which involve the shape operator B

Let us focus our attention on the shape operator B : T, M — T, M. There exist
an orthonormal basis {e1, e2} of T, M such that Be; = kie; and Beg = koea. ky and
ko are the principal curvatures of M at z. The matrix of B with respect to the basis
{e1,e2} is given by
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(5 4)
B = .
0 ko

Setting Vru = (£, n) the coordinates of Vru in the basis {eq, e2}, for each x € M,
we deduce that

Vru-B-Voru= k€ + kon?. (4.20)
Then, from (4.20), we infer
1
(m-v) {(vm -B-Vru) — 5Tr(B)|vTu|2] (4.21)

=(m-v) [(kl ;k2)§2+ (k2 _kl)n2:| '

2

REMARK 4.3. Observe that this is the precise moment that the intrinsic proper-
ties of the manifold M appear, that is, we strongly need that the term — fOT f/vl (m -
v)Hu? dM dt lies in a region where the damping term is effective. Remember that
the damping term is effective on an open set M, which contains M\ UF_; Mo;. So,
assuming that H < 0 and since m(x) - v(x) <0 on My, we have

T
_/ / (m - v)H |u|> dMdt < 0.
0 Mo

In addition, supposing that My; is umbilical for every i = 1,... k, then, having
(4.21) in mind, we also have that

T
// (m-v) [HIVrul> = (Vou- B-Vu)] dMdt =0, i=1,...,k.
0 Moi

More generally, assuming that the principal curvatures ki and ko satisfy |k1(z) —
ka(x)| < i (here, €; is assumed sufficiently small) for all v € Mg, i = 1,--- , k, we
deduce that

kT
Z/O /M (ml/) [H|VTU|2—(VTU'B-VTu)] AMdt

k T
SZ/ / |(m - v)|[k1 = kol |€2 + nP|dM dt
i=170 JMo;

k T k T
< ZR@/O /M |Vru2dM dt < 22}3@/0 E(t) dt,
=1 01

i=1
where R; = max,cx—||x — 2°||gs .

Set My = M\ Ule My;. In the case where My,; are umbilical, recalling (4.19)
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taking (4.21) and Remark 4.3 into consideration, we deduce

/OTE(t)dt <- [/MutmT-VTudM]OT —% [/Mutud/\/l]: (4.22)

T
+/ (m-v) [HIVrul> = (Vou- B - Vou)] dMdt
Mo

T
- / (m - v)H |us|* dMdt
Mz

/ / mT VTu)d./\/ldt
- —/ / g(u)u dMdt.

In the general case, the unique difference in the proof is that the term fOT E(t)dt
that appears on the LHS of (4.22) will be multiplied by a positive constant C', provided
that we consider ¢; small enough. For simplicity we shall assume that C = 1.

We will denote

T T
1
M o 2Ll/m 0
Next we will estimate some terms in (4.22). Let us denote:
R = i%%”m(x)HR" :grﬁié%(Hx—xOHRn. (4.24)

Estimate for I := fOT S (@) glug)(me - Vou)dMat.
By Cauchy-Schwarz inequality, taking (4.24) into account and considering the
inequality ab < % + nb?, where 7 is a positive number, we obtain

|a||L°°(M)R2 ’
|| < z)|g(us)|? d./\/ldt—|—277 E(t) dt. (4.25)

Estimate for Iy = 3 fo fM g(ut)udMdt.

Similarly we infer

T
1| < lallz~oods / [ e@lotuf amar 2 [ By a20)

where A1 comes from the Poincaré inequality given in (2.5).
Choosing n = 1/8 and inserting (4.23), (4.25) and (4.26) into (4.22) yields

/ E@®)dt < |x| +Cl/ / )2dMdt (4.27)
+ C’l/ / [Vrul? + a(z) ui] dMdt
0 Mo

where

Cy :=max {||a|| )2 AT + 8 R?], ||B||R + |H|R, R|Hl|ay"'},



416 M. M. CAVALCANTI ET AL.

[|B|| = sup |Bg|, and |B;| = sup | B,vl.
TEM {veTy M;|v|=1}

It remains to estimate the quantity fOT J Mo |Vru|? dMdt in terms of the damping

term fo Sula(@) |g(ui)? +a(x) [u[?] dMdt. For this purpose we have to built a “cut-
off” function 7. on a specific neighborhood of Ms. First of all, define 77 : R — R such
that

1 if <0
flx) = (x—1)%2 if zel1/2,1]
0 if r>1

and it is defined on (0,1/2) in such a way that 7 is a non-decreasing function of class
Ct. For € > 0, set 7j-(x) := ij(x/e). It is straightforward that there exist a constant
M which does not depend on € such that

[L@P _ M

e(x) ~ &2

for every = < e.
Now, let € > 0 be such that

Qe = {x € M;d(z UaMol <e}
1=1

is a tubular neighborhood of Ule OMy; and we = & U My is contained in M,.
Define n. : M — R as

1 if T e ./\/lz
ne(x) = e (d(x, M3)) if T € w\Maj
0 otherwise.

It is straightforward that 7. is a function of class C' on M due to the smoothness
of OMs and dw.. Notice also that

[Vone(@)? _ Jit(d(@ M) _ M

_ I <X 4.28
@) M) 2 2
for every z € w.\\Ms. In particular, szﬂ € L™ (we).
Taking £ = 7. in the identity (4.18) we obtain
T
/ / e |Vru|?dMdt (4.29)
0 We

T T
= — [/ UgUT)- d./\/l} —I—/ / ne|ue|* dM
/ / (Vru - Vone) dMdt — / / g(ug)une dMdt.

Next we will estimate the terms on the RHS of (4.29).
Estimate for K := fOT fws Ne|ug)?> dMdt



WAAVE ON COMPACT MANIFOLDS 417

From (2.3), since 7. < 1 and w. C M., where the damping lies, we deduce
T
K <apt / / a(x) u? dM dt. (4.30)
0 M

Estimate for Ko := — fOT . a(z) g(us)un- dMadt.
The Cauchy-Schwarz inequality, the inequality ab < =a* 4+ ab? and (2.5) yield

K| < 2 ”“”L“’W)/ / ) 1g(u)? d/\/l+2a/ Et (4.31)

where « is an arbitrary positive constant.
Estimate for K5 := fo [, w(Vru- Ve )dMadt.
Considering (4.28) and applying Cauchy-Schwarz inequality, we can write

T 2
| K| l/ [/ na|vTu|2dM+/ MM%ZM} dt (4.32)
0 We

2 o T

1T M
5/ |:/ 778|VTU|2 dM + 6_2/ |’U,|2 d/./\/l:| dt.
0 We we

Combining (4.29)-(4.32) we arrive to the following inequality

/ / Ne|Vru? dMdt < Y| + A1 Ha”L (M)/ / ) |g(ur)|* dM

+2a/ E(t)dt + 52/ lu® dM dt, (4.33)
0 We

+agy / / Ut dM dt.

T

Vi=— M g d/\/l] . (4.34)

0

IN

IN

where

Thus, combining (4.33) and (4.27), having in mind that

—/ / |Vrul? dMdt < —/ / e |Vrul? dMdt
2 0 M2 2 0 We

and choosing a = 1/16C; we deduce

1 T

1 [ B <+ 20y (4.35)
0

maz{Cy, 8CATal| L~ (a0 2C1a5 ) / / 2) lg(un) 2 + a(a) |ue 2] dMdt

M
+ gl/ / |u|? dM dt.
€ 0 We
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On the other hand, from (4.23), (4.34) and (2.9) the following estimate holds

Ix| +2C2|Y| < C(E(0) + E(T) (4.36)

/ | oot uth]

where C' is a positive constant which depends also on R.
Then, (4.35) and (4.36) yield

T
T) < / E(t)dt (4.37)
/ / z) |g(ue)|* + a(@) ue ] d/\/ldt]
+C/O /w |2 dM dt,

where C is a positive constant which depends on ay, ||a||s, A1, R, |H|,||B|| and 2.

Our aim is to estimate the last term on the RHS of (4.37). In order to do this let
us consider the following lemma, where T} is a positive constant which is sufficiently
large for our purpose.

<CET)+C

LEMMA 4.1. Under the hypothesis of Theorem 3.1 and for all T > Ty, there exists
a positive constant C(Ty, E(0)) such that if (u,u) is the solution of (1.2) with weak
initial data, we have

/ / lu|> dM dt < C(Ty, E( {/ / ¢) + a(z)u?) d/\/ldt}4.38)

Proof. We argue by contradiction. For simplicity we shall denote w’ := ;. Let us
suppose that (4.38) is not verified and let {u(0),u},(0)} be a sequence of initial data
where the corresponding solutions {ug }ren of (1.2) with Ej(0), which is assumed to
be uniformly bounded in k, verifies

fo [ (¢ ||L2 M)d

Hoof Jo (0l2) 2) + alw) ) drde ()
that is
S S (al) g2 (uf) + ar) u?) dM dt o)
e fo ||uk M2 ()t

Since Fi(t) < Ex(0) < L, where L is a positive constant, we obtain a subsequence,
still denoted by {uy} from now on, which verifies the convergence:

up, — u weakly in H'(S7), (4.41)

up — u weak star in L*°(0,T;V), (4.42)
up, — u weak star in L>(0,T; L*(M)). (4.43)
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Employing compactness results we also deduce that

uy, — u strongly in L*(0,T; L*(M)). (4.44)

At this point we will divide our proof into two cases, namely: when u # 0 and
u = 0.

(i) Case (I): u # 0.
We also observe that from (4.40) and (4.44) we have

T
kgrfoo/o /M (a(z) ¢*(uy,) + a(z) u?) dM dt =0 (4.45)

Passing to the limit in the equation, when k — +o00, we get,
Uy — Apu= 0on M x (0,T
e (0.7) (4.46)
= 0on M, x(0,T),
and for u; = v, we obtain, in the distributional sense

v —Apmv= 0on M x (0,T),
v= 0on M, x(0,T).

From uniqueness results from the work of Triggiani and Yao [TRI-YAO], we con-

clude that v = 0, that is, us = 0 Returning to (4.46) we obtain the following elliptic
equation for a.e. t € (0,7T) given by

Apu= 0Oon M
which implies that u = 0, which is a contradiction.

(i) Case (II): u = 0.

Defining
T 1/2
Ccp = / / lug|?dM dt| (4.47)
0 M
and
_ 1
U = — Uk, (4.48)
Ck
we obtain
T T |Uk|2 1 T
//|ﬂk|2d/\/1dt:// . d/\/ldt:—z/ / lug[PdMdt = 1. (4.49)
0 JM 0o JM G C Jo JMm
Setting

1 1
Ek(t) = B /M |ﬂk|2d./\/t + B /M |Vﬂk|2 dM,
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we deduce automatically that
Ey(t) = ——. (4.50)

Recalling (4.37) we obtain, for T' large enough, that

/ / ?(ug) + a(x )ut)d/\/ldt—i—/ / |u|2dj\/ldt]

Employing the identity E(T") — fo S () g(us) ur dM dt, we can write

/ / *(wg) + a(x )ut)d./\/ldt—l—/ / |u|2d./\/ldt]

for all t € (0,T), with T large enough. The last inequality and (4.50) give us

fo Jnalal ) + alw) ui) +1]. (4.51)
I fM |uk|2dj\/ldt

)< C

E(t)<E0)<C

From (4.40) and (4.51) we conclude that there exists a positive constant M such
that

— E(t A
Ex(t) := k2( ) < M, forallte[0,7] and for all k € N,
Ck
that is,
1

1 N
5/ @), |* dM + 5/ |VTr|?dM < M, for all t € [0,7] and for all k € N. (4.52)
M Q

For a subsequence {uy}, we obtain

uy, — w weak star in L°°(0,7T;V), (4.53)
w), — @ weak star in L°°(0,T; L?(M)), (4.54)
Ty, — @ strongly in L*(0,T; L*(M)). (4.55)

We observe that from (4.45) we deduce

lim / / d/\/l dt =0
k— 400

and lim / / a(x) |ﬂk|2 dMdt = 0. (4.56)
M

k— 400 0
In addition 7y satisfies the equation
i
— Apmug + a(x) 9(uk) = 0 onMx(0,T).
Ck

Passing to the limit when k& — +o0 taking the above convergence into account,
we obtain

- Apu= 0 M x (0,T),
{ MU= on M x (0,7T) (4.57)

= 0 onM,x(0T).
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Then, v = w; verifies, in the distributional sense

v —Apmv= O0on M
v= 0on M,.

Applying uniqueness results due to Triggiani and Yao [TRI-YAO] we obtain that
v =1u; = 0. Returning to (4.57) we obtain, for a.e. ¢t € (0,7T) that

Apmu= 0Oon M

from what we deduce that @ = 0, which is a contradiction in view of (4.49) and (4.55).
The lemma is proved. O

Inequalities (4.37) and (4.38) lead us to the following result.
PROPOSITION 5.2.2: For T > 0 large enough, the solution [u,u;] of (2.2) satisfies

<o/ / @) [ue)® + a(z) |g (u)|?| dMdt (4.58)

where the constant C = C(Ty, E(0), ||al|so, a0, A1, R, || B, % ).

4.3. Conclusion of Theorem 3.1. In what follows we will proceed exactly as
in Lasiecka and Tataru’s work|LA-TA](see Lemma 3.2 and Lemma 3.3 of the referred
paper) adapted to our context. Let

So={tx) X/ |Jul>1 a. e},
S5 =2\ 2.

Then using hypothesis (ii7) in Assumption 2.1, we obtain

/ alz) ([g (ug))? + (ut)Q) A5 < (k7 + K) / a(z)g (1) wedSa. (4.59)

o4 @

Moreover, from (3.1) and from the fact that h (W (ut)ut) < h(a(z)g(ut)uz),

we have

[ ot@) (I )P+ (%) 425 < (14 lall) [ (atalg () u) a5, (4.60)

s

Then by Jensen’s inequality

(14 [lalloe) / (g () ue) s

< (14 ||a]|oec)meas (X) h (meas (x)g () utd2>

= (14 ||a||ec)meas (2) r (

m\

a(x)g (us utdE) (4.61)
where 7 (s) = h (m) is defined in (3.2). Thus

/Ea(x) ([g (ue)]? + (ut)Q) s < (k™' + K)/ a(z)g (ug) udS (4.62)

P

1+ el meas (2 |

P

a(z)g (uz) utdE) .
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Splicing, together, (4.58) and (4.63), we have

B < (14 all)C |yt [ ateds ) wdss
+meas (X)r ( . a(x) g (ut) utdE)} , (4.63)
where Ko = k=1 + K. Setting
1
L= Cmeas (3) (1 + ||a||so)’
c= Ko
meas () (1 + ||al|oo)’
we obtain
PIE(T) < [ ale)g (w) ueds = E0) - B(T), (4.64

where the function p is as defined in (3.3). To finish the proof of Theorem 3.1, we
invoke the following result from Lasiecka and Tataru [LA-TA]:

LEMMA B. Let p be a positive, increasing function such that p(0) = 0. Since p is
increasing we can define an increasing function q, q(z) = x — (I +p)~! (z). Consider
a sequence s, of positive numbers which satisfies

Smt1 + D(Sm+1) < S

Then, sy, < S(m), where S(t) is a solution of the differential equation
d
ES(t) +q(S(t)) =0, S(0)= so.

Moreover, if p(xz) >0 for x >0, then tlim S(t) =

With this result in mind, we replace T (resp. 0) in (4.64) with m(T + 1) (resp.
mT) to obtain

Em(T+1)+p(Em(T+1))) < E(mT), for m=0,1,.... (4.65)
Applying Lemma B with s,,, = E(mT') we deduce
E(mT)< S(m), m=0,1,... (4.66)

Finally, using the dissipativity of E(¢) which is inherent in the relation (2.9) , we
have for t =mT +7,0< 7 < T,

E(t) < E(mT) < S(m) < § (t ) <s (T - 1) for t> 7, (4.67)

where we have used above the fact that S(.) is dissipative. The proof of Theorem 3.1
is now completed.
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Fic. 2. Catenoid

Fic. 3. Trinoid

4.4. Further Remarks. From the above procedure, we can construct a wide
assortment of compact surfaces by jointing pieces of different kind of surfaces. How-
ever, according to the position of the observer (point zp) the dissipative and the non
dissipative areas can change drastically. To illustrate this, let us consider the Catenoid
or the Trinoid (see figures 2 and 3 above) that are minimal surfaces, that is H = 0.

Considering a strategic piece of one of these surfaces we can construct another
compact surface according to the figure 4 below. Remember that the non dissipative
regions must occur where m(z) - v(z) < 0, H < 0 and simultaneously we are forced
to consider |k; — ks sufficiently small (by parts). The dissipative area must contain
strictly the closure of the points x € M such that m(z) - v(z) > 0. It is not difficult
to see that the non dissipative area in the figure A can be located near the top and/or
near ro while the non dissipative area in the figure B can be located in the middle
of surface and/or near g, assuming evidently that ki ~ ko on these non dissipative
areas.
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