METHODS AND APPLICATIONS OF ANALYSIS. (© 2003 International Press
Vol. 10, No. 1, pp. 067-080, March 2003 004

ASYMPTOTIC ANALYSIS OF THE RADIAL MINIMIZERS
OF AN ENERGY FUNCTIONAL *

YUTIAN LEIf

Abstract. The author proves the W1:P convergence of the radial minimizers ue = (ue1, Ue2, Ue3)
of an energy functional as € — 0, and the zeros of u?l + u§2 are located roughly. In addition, the
estimates of the convergent rate of ug3 are presented.

1. Introduction. Let B = {z € R*; 2% + 23 < 1}. Denote S! = {x € R3;2} +
73 = 1,23 = 0} and S? = {z € R%2? + 23 + 23 = 1}. Let g(z) = (¢'%,0) where
z = (cosf,sinf) on dB, d € N. We concern with the minimizer of the energy
functional

1 1
E.(u,B) = ]_7/3 |VulPdz + %r /B uzdr (p>2)
in the function class
W = {u(x) = (sin f(r)eide,cos f(r) e Wl’p(B,Sz);u\ag =g},

which is named the radial minimizer of E.(u, B).

When p = 2, the functional E.(u, B) was introduced in the study of some simpli-
fied model of high-energy physics, which controls the statics of planar ferromagnets
and antiferromagnets (see [3][4]). The asymptotic behavior of minimizers of E.(u, B)
has been considered by Fengbo Hang and Fanghua Lin in [2]. (In particular, they
discussed the asymptotic behavior of the radial minimizer of E.(u, B) in §5.)

In this paper, we always assume p > 2. As in [2][3] and [4], we are interested in
the behavior of minimizers of E.(u, B) as e — 0. We will prove the Wli’f convergence
of the radial minimizers. In addition, some estimates of the convergent rate of the
radial minimizer will be presented and we will discuss the location of the points where
ui = 1.

In polar coordinates, for u(x) = (sin f(r)e®, cos f(r)), we have

Vul = (fF + d*r?sin® )12,

1
/ |Vu|Pdz = 27r/ r(f2 + d*r—2sin® )P/ 2dr.
B 0

If we denote

™

V ={f e WrP(0,1];7Y? .. rA=P)/Psin f € LP(0,1), f(r) > 0, f(1) = =},

loc

[\V]

then V = {f(r); u(x) = (sin f(r)e'¥ cos f(r)) € W}.
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REMARK. V C {f € C[0,1]; f(0) = 0}.
In fact, if f € V, denote h(r) 1+

1 1
W (r)|Pdr = (1+ -5)P F (Pt ) Ptz dr
|
0 0

which implies that h(r) € C[0,1] and hence f(r) € C[0,1].
Suppose f(0) > 0, then f(r) > s > 0 forr € [0,t) with t > 0 sufficiently small.
This implies that sin f(r) > sins > 0. Noting p > 2, we have

1 t
/ r1=Psin? fdr > sin? s/ rI7Pdr = 0o
0 0

which contradicts /P~ sin f € LP(0,1). Therefore f(0) = 0.
Substituting u(z) = (sin f(r)e!?’, cos f(r)) € W into E.(u, B) we obtain

E.(u,B) =2nE.(f,(0,1)),

where
' 2 2,.—2 2 p\p/2 1 2
E£.00) = [ (24 = sin? fP/2 4 o cos? flrdr.
0

This shows that u = (sin f(r)e'®, cos f(r)) € W is the minimizer of E.(u, B) if and
only if f(r) € V is the minimizer of E.(f,(0,1)). Applying the direct method in the
calculus of variations we can see that the functional E.(u, B) achieves its minimum
on W by a function u.(x) = (sin f-(r)e!?, cos f-(r)), hence f.(r) is the minimizer of
E.(f,(0,1)).

We will prove the following

THEOREM 1.1. Let u. be a radial minimizer of E.(u, B) on W. Then for any
v € (0,1), there exists a constant h = h(vy) which is independent of € € (0,1) such
that Z. = {x € B;|ues| > v} C B(0, he).

This theorem shows that all the points where u2; = 1 are contained in B(0, he).
Hence as € — 0, these points converge to 0.

THEOREM 1.2. Let u.(x) = (sin f.(r)e'¥ cos f.(r)) be a radial minimizer of
E.(u,B) on W. Then

lim u. = (€'¥,0), in W'P(K,R®)

e—0

for any compact subset K C B\ {0}.
THEOREM 1.3. (convergent rate) Let u.(z) = (sin f.(r)e'® cos f.(r)) be a radial

minimizer of E.(u, B) on W. Then for any n € (0,1), there exist C,eq > 0 such that
as € € (0,£0),

1
[ i+ S cos? glar < o
n
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sup [uzs (x)] < O
zeK

Here K = B\ B(0,7).

The proof of Theorem 1.1 will be given in §2. In §3,we will set up the uniform
estimate of E.(u., K) which implies the conclusion of Theorem 1.2 (see §4). By virtue
of the uniform estimate we can also derive the proof of Theorem 1.3 in §5.

2. Proof of Theorem 1.1.

PROPOSITION 2.1. Let f. be a minimizer of Ec(f,(0,1)). Then
Ea(fsy (Ov 1)) < Cce*?

with a constant C independent of € € (0,1).
Proof. Denote

R 2
Y Lig d% 9w 1 o .
I(e,R) = Mm{/o [E(fr + 2 5in )z + 3ep 08 flrdr; f € Vg}

where
Vi={f(r) €W5PO,RIf(R) =",
sin f(r)re L, f/(r)rv € LP(0, R)}.
Then
I(e,1) = E.(f-,(0,1))

e 2 2 2 2\p/2 1 ! 2
:5/0 r((fe)z + d°r~=(sin f.)°)P dr+@/0 rcos” fodr

1 1/e 1 e
= —/ 2 Ps((f.)% + d2s™2sin? f.)P/2ds + —/ e?scos?® f.ds
PJo 2P Jo
=2 P[(1,e71).

(2.1)

-1

Let f1 be the minimizer for I(1,1) and define
fo=f1, as 0<s<1; fg:g, as 1<s<e h

We have

I I
I(l,e71) < —/ s[(f3)? 4 d*s~%sin? fo]P/%ds + 5/ scos? fods
P Jo 0
1 1t
< —/ s1PdPds + —/ s((f1)? + d®s~2sin? f,)P/%ds
P J1 pJo

1 1
+ —/ s cos? fids
2 /o

dap
p(p—2)

(1—eP?)+1(1,1) <
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Substituting into (2.1) follows the conclusion of Proposition 2.1.
By the embedding theorem we first derive from |u.| = 1 and proposition 2.1 the
following

PROPOSITION 2.2. Let u. be a radial minimizer of E.(u, B). Then there exists a
constant C independent of € € (0,1) such that

[ue () — ue(x0)| < Ce@ PPl — o727 Va, x4 € B.

As a corollary of Proposition 2.1 we have

PROPOSITION 2.3. Let u. be a radial minimizer of E.(u,B). Then for some
constant C independent of € € (0,1] such that

1

- u?ydx < C.
€ JB

Based on Proposition 2.2, we have the interesting result:

PROPOSITION 2.4. Let us be a radial minimizer of E.(u,B). Then for any
v € (0,1), there exist positive constants A, u independent of € € (0,1) such that if

1
—/ ulydr < p (2.2)
g2 BN B2le

where B¢ is some disc of radius 2le with | > X, then

|ues(z)] < 7, Yz € BN Be. (2.3)

Proof. First we observe that there exists a constant 3 > 0 such that for any z € B
and 0 < p <1,

mes(B 0 Bz, p)) > 6p°.
To prove the proposition, we choose

(it = B Ly ez

where C is the constant in Proposition 2.2.
Suppose that there is a point zo € B N B' such that (2.3) is not true, i.e.

|ues(zo)] > 7. (2.4)
Then applying Proposition 2.2 we have
lue () — ue(z0)| < 05(2fp)/p|x _ zo\ld/p < C€(2fp)/p(>\5)172/p
= ON2/p = % Vi € B(zo, Ae)
which implies that

|u63(x) - Us3(1'0)| <

22
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Noticing (2.4), we obtain

Juca(2)[? = [Jues(xo)] — 2)% > Va € B(zo, Ae).

g
2 4’

Hence

2
/ uZydr > lmes(B N B(zo, Ae))
B(zo,\e)NB 4

o CE (2.5)
> BZ()\E)Q = ﬁz(%)ﬁg = pe?.

Since xg € B N B, and (B(z,Ae) N B) C (B¥¢ N B), (2.5) implies

2 2
/ uzzdr > pe®,
B2lenB

which contradicts (2.2) and thus the proposition is proved.

To find the points where uZ; = 1 based on Proposition 2.4, we may take (2.2) as
the ruler to distinguish the discs of radius Ae which contain these points.

Let uc be a radial minimizer of E.(u, B). Given v € (0,1). Let A, u be constants
in Proposition 2.4 corresponding to ~y. If
% ulsdz < p,

€% JB(z=,22e)NB

then B(z*, Ae) is called 7— good disc, or simply good disc. Otherwise B(z¢, \e) is
called y— bad disc or simply bad disc.

Now suppose that {B(z$, \e),i € I'} is a family of discs satisfying

(1) :xf € B,i e I; (1) : B C UjerB(x5, Ae);

(7i1) : B(z5,Ae/4) N B(acj,)@/ll) =0,i# ;. (2.6)
Denote

J.={ie;B(z{,\e) is a bad disc}.

PROPOSITION 2.5. There exists a positive integer N such that the number of bad
discs Card J. < N.

Proof. Since (2.6) implies that every point in B can be covered by finite, say m
(independent of €) discs, from Proposition 2.3 and the definition of bad discs,we have

pue2CardJ. <3 uZydx

B(z§,2Xe)NB

< m/ uZydr < m/ uZydr < mOe?
Use. B(a£,2Xe)NB B

and hence Card J, < mTC < N.
Applying TheoremIV.1 in [1], we may modify the family of bad discs such that
the new one, denoted by {B(x5, he);i € J}, satisfies

1€Je

Uies. B(z5,Ae) C UjesB(x5,he), A<h; Card J < Card J,
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|z§ — 25| > 8he,i,j € J,i # j.

The last condition implies that every two discs in the new family are not intersected.
From Proposition 2.4 it is deduced that all the points where |u.3] = 1 are contained
in these finite, disintersected bad discs.

Now we prove our main result of this section.

THEOREM 2.6. Let u. be a radial minimizer of E.(u, B). Then for any vy € (0,1),
there exists a constant h = h(y) independent of ¢ € (0,1) such that Z. = {x €
B; [ues(x)| > v} € B(0, he).

Proof. Suppose there exists a point 2y € Z. such that zo€B(0, he). Then all
points on the circle Sy = {z € B; |z| = |zo|} satisfy

us(w) = cos f(|z]) = cos® fe(|wol) = uls(wo) > 7*.

By virtue of Proposition 2.4 we can see that all points on Sy are contained in bad discs.
However, since |zg| > he, Sy can not be covered by a single bad disc. As a result, Sy
has to be covered by at least two bad disintersected discs. This is impossible.

This theorem implies that all the zeros of u2; + u2, are contained in B(0, he). In
particular the zeros are converge to 0 as ¢ — 0.

3. Uniform estimate. Let u.(z) = (sin f.(r)e’® cos f-(r)) be a radial mini-
mizer of F.(u, B), namely f. be a minimizer of

1! I
E.(f,(0,1)) = —/ (f2 + d>r2sin? £)P/%rdr + —/ cos? frdr
P Jo 2e? Jo

in V. From Proposition 2.1, we have
E.(f-,(0,1)) < Ce>7P (3.1)

for some constant C' independent of € € (0, 1).

In this section we further prove that for any n € (0,1), there exists a constant
C(n) such that

E.(fs;m) == E-(f-,(n,1)) < C(n) (3.2)

for € € (0,e0) with small g > 0. Based on the estimate (3.2) and Theorem 2.6, we
may obtain better convergence for minimizers, namely the VVZIOCP convergence.
To establish (3.2) we first prove

PROPOSITION 3.1. Given n € (0,1). There exist constants

i G=Dn jn B
and Cj, such that
Ec(feym;) < Cjel™P (3-3)

for j=2,....N, where € € (0,&9).
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Proof. For j = 2, the inequality (3.3) is just the one in Proposition 2.1.
Suppose that (3.3) holds for all j < n. Then we have, in particular

Es(fs; nn) < Che" P (34)
If n = N then we are done. Suppose n < N. We want to prove (3.3) for j =n + 1.
Obviously (3.4) implies

(n+1)n

[(fs)z + d?r~? sin? fg]p/2rdr

1 N+1
D J_nn_

cos?® fordr < Cpe™ P

from which we see by integral mean value theorem that there exists

nn  (n+1)n
e € T TN )
such that
[(fo)2 +d*r~2sin® P2 < Che™P, (3.5)
1 2 n—p
[E_P cos” felp=nniy < Cne™ P, (3.6)

Consider the functional

1 1 [t
E(p,Mmy1) = = / (pf + 1)p/2dr +5 / cos? pdr.
p

Nn41 € Nn+1

1

It is easy to prove that the minimizer p; of E(p,n,41) in W;E’p((nnﬂ, 1), RT) exists
and satisfies

—eP (0P 2p,), =sin2p, in (a1, 1) (3.7)
s
p|T:77n+1 = fsa p‘r:l = fs(l) = 5 (38)

where v = p? + 1. It follows from the maximum principle that p; < 7/2 and

sin p(r) > sin® p(npi1) = sin® fo(npi1) =1 —cos® fo(ia) > 1—=7%,  (3.9)
the last inequality of which is implied by Theorem 2.6.
Applying (3.4) we see easily that
E(p1;nnt1) < E(feins1) < CoBe(feinni1) < Cpe™ P (3.10)

for € € (0,ep) with g > 0 sufficiently small.
Now choosing a smooth function {(r) such that { =1 on (0,1),{ = 0 near r = 1,
multiplying (3.7) by (p-(p = p1) and integrating over (7,41, 1) we obtain

1
D202 +/ =D 2p (Cpy 4 Cprr)dr
Mt (3.11)

1 1
= 5_1)/ sin 2pCp,dr.

Mn+1
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Using (3.10) we have

1
| U(p_Z)/ZPT(CTPT + Cprr)dr|

NMn+1
1

1 1
<[ o+ 0720y = [ G
Nn41

1 1 oo et (3.12)
< C’/ P 2dr + z—?v”/2|,.:nnJrl + — P 2dr

MNn+1

L
p 7]7L+1

Mn+1

1
1 1
< C/ o 2dr + _Up/2|r:nn+1 S Cre™ P+ _Up/2|7’:?7n+1
Mn+1 p p

and using (3.6)(3.10) we have

1t . 1t 1
|€—p / Cprsin2pdr| = €—p\ / ¢ cos? pdr — / (¢ cos? p),.dr]

MNn+1 Nn41 Nn4+1

) oo (3.13)
< — cos? Plr=nns + —/ cos? pdr < Cre™ P,
ep ep P

Combining (3.11) with (3.12)(3.13) yields

- _ 1
’U(p 2)/2p72~|7’=77n+1 < Cnsn : + 5Up/2‘7’=7ln+1'

Hence

Up/2|T:nn+1 = p(P=2)/2 (,Og + 1)‘T:nn+1 = U(p_Q)/zpﬂr:nnH + U(p_Q)/2|T:nn+1

+ ,U(p—2)/2

|”':"7n+1

1
< Cpe" P 4 _Up/2|7‘:77n+1
p

1

< Cpe™ P+ ]_)Up/2|?”:77n+1 + 5”1)/2‘7":%“ + C(9)
1

= Che™ P 4 (5 +8)vP 2|y s + C(5)

from which it follows by choosing § > 0 small enough that

VP2 sy < Cne™ P, (3.14)

Noting (3.9), we can see sinp > 0. Multiply both sides of (3.7) by cotp = ‘:jg
and integrate. Then

1 1
1
—ePy(P=2/2) cot p|117n+1 =gP / v(p_z)mprdr +2 / cos? pdr.
NMn41 s p NMnt1

0 (which is implied by (3.8)) and =% > 1, we have

sin? p —

Noting cot p(1)

1t ) I )
E(p1;mn+1) = —/ oP/ dr+€—p/ cos” pdr
NMn+1 1 NMn+1

1
1
<C| / T2 kdr + — [ cos® pdr] < CvTH2py cot plry, -
Mn+1 Mn+1
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From this, using(3.14)(3.6) and noticing that n < p, we obtain
E(p1;0n+1) < CoP=2/2p,cot pl,—p, ,,

_Cne" yi2 (3.15)

< CvP=1)/2 g0t ] T
P ngn

< (Cpen—P)p=1/p(

T=MNn+1

< Cn+1€n+lfp+(n/2fn/p) < Cn+1€n+17p.
Define

wE:f67 fOTTG(O,’I]nJ,_l); We = P1, fOT’T’G [nn+1a1]'

Since f; is a minimizer of E.(f), we have

E.(f:) < Ex(we),
namely,

Ee(fs; 77n+1)
1! I
< - / (p?2 + d?r=%sin? p)P/?rdr + > / cos? prdr

p Mn+1 Mn+1
1

C c !

<= (p? + 1)P2dr + — / cos? pdr + C
p Nn+1 2P Mn+1

= CE(p1;Mnt1) +C.

Thus, using (3.15) yields
Ee(fe; 77n+1) < Cn+1€n7p+1

for € € (0,ep). This is just (3.3) for j =n+ 1.

PROPOSITION 3.2. Given n € (0,1). There exist constants nyi+1 € [NN—J:G,n] and
CnN41 such that

- 1t ar
Eo(foinng1) < CngaeN P+ —/ odr (3.16)
p MN+1

where N = [p].
Proof. Similar to the derivation of (3.6) we may obtain from Proposition 3.1 for

j = N that there exists ny41 € [NN—;’l, (NNTl)"], such that

1 —
> co8? felrmnny, < One™ 7P (3.17)

Also similarly, consider the functional
1t 1 /!
E(p,nn+1) = —/ (P2 + 1) 2dr + —p/ cos? pdr
n

N+41 € NMN+1

whose minimizer po in W}E’p ((nn+1,1), RT) exists and satisfies

—e? (WP 2p), =sin2p, in (nni1,1) (3.18)
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m
p|7‘:"7N+1 =fe, plr=1=fc(1) = 2

where v = p? + 1. From (3.4) for n = N it follows immediately that
E(p2;nn+1) < E(feinnt1) S COnEe(fesnn+41)
< CNE(fe;nn) < CyelNP.
Similar to the proof of (3.14) and (3.15), we get from (3.17) that

Up/Q‘ < CNEN_p,

T=1NN+1

E(p2;nng1) < CnyreV TP, (3.19)
Now we define
we = fo, forr € (0,nn41);  we = p2, forr € Nyi1,1]
and then we have
E.(f:) < BEe(we).

Notice that

1 1
/ (p? + d*r~2sin? p)P/2rdr — / (d?r~2sin? p)P/2rdr

NIN+1 NN +1

1 1
— p / / [(pg 4 d?2r~2sin? P)S + (d2r—2 sin? p)(l _ S)](p_Q)/Q]dszrdr
NIN+1

1 1
= C/ / [(p? + d?r~2sin? p)(P=2)/25(p=2)/2
TN +1

+(d?r—2sin? p)P=2/2(1 — 5)P=2/2|dsp2rdr

L 1
= C/ (pf + d?r~? sin? p)(P 2)/2 27«d7~/ s(P=2)/2 4,
n

N+1 0
1 1
+C (d*r~?sin® p)(p_Q)mp%rdr/ (1— S)(P—Q)/st
MN+1 0
1 1 1
<o / prdr + / prdr) < C / (0% + 1)7/%dr.
N +1 TIN+1 NN+1
Hence
1 .
(faﬂ?NH < 5/ )2 + d2r~2(sin po) )P 2rdr
N
+ ! (cos pg)?rdr
S-p 2
QEP TN +1
e 2.—2 : 2 \p/2 c [t )
< - (d*r~=sin® p)? “rdr + —— (cos po)?dr
P Jonga 2eP NN
1
+C [ ((p2)7 + 1) ar
NMN+1
1 1
< _/ T(d2T72)p/2d7’—i—CE(pQ;nNJrl).
D Jy

N+1
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Using (3.19) we have

E.(feinn+1) < / r(d*r=2)P2dr 4 Oy N 7P
nN

=

This is my conclusion.

4. Proof of Theorem 1.2. THEOREM 4.1. Let u. = (sin f.(r)e'¥, cos f.(r))
be a minimizer of E.(u, B) in W. Then

lim f. = in WYP((n, 1], R) (4.1)

T
2’
lim v = (¢! 0), in WYP(K, R®) (4.2)
E—

for any n € (0,1) and compact subset K C B\ {0}.

Proof. Tt suffices to prove (4.2), since (4.2) implies (4.1). Without loss of gener-
ality, we may assume K = B\ B(0,7nn4+1). From Proposition 3.2, We have

Ee(usyK) = 27TE5(f€aﬁN+l) <C

where C' is independent of €, namely

/ [Vue|Pdx < C, (4.3)
K
/ lues|?de < CeP. (4.4)
K
(4.3) and |us| = 1 imply the existence of a subsequence w,, of u. and a function

u, € WHP(K, R?), such that
limousk = u,, weakly in WYP(K,R?)
Ekp—
: . a 3 2
lim w., =u,, in C*K,R%),a€(0,1——-). (4.5)
Ek—>0 p

(4.4) and (4.5) imply u, = (¥ 0). Noticing that any subsequence of u. has a
convergence subsequence and the limit is always (¥, 0), we can assert

lir% u. = (¢'9,0),  weakly in WYP(K, R?). (4.6)
E—

From this and the weakly lower semicontinuity of |’ x| Vul?, using Proposition 3.2, we
have

/ Vel |Pdx §li_m5k%0/ \wg%gﬁewo/ |Vue|Pdx
K K K

1
< Clim._geN 177 4 21 / (2P 2rdr

MN+1

and hence

lim \Vug|pdx:/ Vel |Pd
e—0 Jg K

since [, Ve Pdzx = 27 f;NH(d?r*z)p/zrdr. Combining this with (4.6)(4.5) com-
plete the proof of (4.2).
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5. Estimates of convergent rate. Assume K = B\ Bg, where R € (0,1/2).
We will prove the following

THEOREM 5.1. Let u.(x) = (sin f.(r)e®  cos f.(r)) be a radial minimizer of
E.(u,B) on W. Then there exist C,eq > 0 such that as ¢ € (0,1),

1
/ rl(fHP + L cos? feldr < CeP. (5.1)
R ep
sup Juss(2)] < Ce"7 (5.2)
z€EK

(5.1) gives the estimate of the rate of f.’s convergence to 7/2 in WP (n, 1] sense,
and that of convergence of |uc3(x)| to 0 in C°(K) sense is showed by (5.2).

Proof. First, it follows from Jensen’s inequality that

1

2
I R e
n
2 Ly
>t (fg’)prdr + 1/ cos® fordr + l/ — sin® fordr.
D Jy v Jy P Jy P

Combining this with (3.16) yields

2
] (fg)prdr + —/ cos? fordr
2 Lap
<2 [ (1 —sin? f)rdr + CelPH1-P,
D J, TP

Noticing that
1 —sin? f. < C(1 —sin® f.) = Ccos?® f.,
and (4.4), we obtain

1 1
2—7/ (fé)prdr—f—glp/ cos? fordr
n

p n
1 gr
< C’/ i—pcos2 fordr 4 CelPl+1-p (5:3)
"
< Ol + Celrl+l-p < Oelpl+1-p,

Using (3.16), (5.3) and the integral mean value theorem we can see that there exists
m € [n,n(1+1/2)] C [R/2, R] such that

[(ff-:) + d2 SIHQ fs]r:m S Ola (54)
1
[ c08® felrmy, < Cyell7Ptl, (5.5)

Consider the functional

1t 1t
E(p,m) = —/ (p? + )P/ %dr + 2—p/ cos? pdr.
P Jm &% Jm
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It is easy to prove that the minimizer p3 of F(p,n;) in W}E’p((m, 1), R") exists.
By the same way to proof of (3.15), using (5.4) and (5.5) we have

E(ps,m) < 0" psycotps|—y,

[p]+21*p+§ '

< Cycotps(n) < Ce

Hence, similar to the derivation of (3.16), we obtain

pepit,p 1 [P dP
Ee(f€;771>§05[]2+1+5+—/ —dr.
m

Thus (5.3) may be rewritten as

1 1
1
/ (fsl)prerrE—p/ cos® fordr
7

1 m
[p]+1—p
2

+1—
[p] . p+%.

< Ce T8 4 OeP < Oge

Let 1, = R(1 — 5&) where R < 1. Proceeding in the way above (whose idea is

improving the exponent of £ from [p];_p + (2k2_,€1)p to 2 }2“ Ly (2 —Lp step by
step), we can get that for any m € N,
t I 2 [el41-p | " _1p
/ (fD)Prdr + E—p/ cos” fordr < Ce T 4 CeP.
Letting m — oo, we derive
1 1t
/ (fHPrdr + —/ cos? fordr < CeP.
R e’ Jr
This is (5.1).
From (5.1) we can see that
/ ulidr < Ce?P. (5.6)
K

On the other hand, for any xy € K, we have
e () — ues ()] < Ce@ PPl — 20|'=2/P Va € B(xo,ae),

by applying Proposition 2.2, where a = (w) . Thus

_ 1
|ues ()] > |ues(wo)| — Ca /P > 5 lues(@o)l-

Substituting this into (5.6) we obtain

C€2p2/ u?deZ/ u?ydx
K B(zg,ac)

T T, 1 |+

> Tuca(o)*(a)? = T (55) 7 ues o)

p2g’
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which implies

p—2

|u53(x0)\ < Ce 2

Noting x( is an arbitrary point in K, we have

sup |uez(z)| < Cce"z
reK

Thus (5.2) is derived and the proof of Theorem is complete.
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