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AN ALGEBRAIC FORMULATION OF SYMPLECTIC
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We develop a formalism for relative Gromov—Witten invariants fol-
lowing Li J. Li, Stable morphisms to singular schemes and relative stable
morphisms, J. Differential Geom. 57(3) (2001), 509-578, J. Li, A degen-
eration formula of GW-invariants, J. Differential Geom. 60(2) (2002),
199-293 that is analogous to the symplectic field theory (SFT) of
Eliashberg, Givental and Hofer Y. Eliashberg, A. Givental and H. Hofer,
Introduction to symplectic field theory, Geom. Funct. Anal.(Special Vol-
ume, Part IT) (2000), 560-673 GAFA 2000 (Tel Aviv, 1999). This for-
malism allows us to express natural degeneration formulae in terms
of generating functions and re-derive the formulae of Caporaso—Harris
L. Caporaso and J. Harris, Counting plane curves of any genus, Invent.
Math. 131(2) (1998), 345-392, Ran Z. Ran, Enumerative geometry of
singular plane curves, Invent. Math. 97(3) (1989), 447-465, and Vakil
R. Vakil, The enumerative geometry of rational and elliptic curves in
projective space, J. Reine Angew. Math. 529 (2000), 101-153 for count-
ing rational curves. In addition, our framework gives a homology theory
analogous to SF'T homology.

1. Introduction

Relative Gromov—Witten invariants following Li [15, 16] and the symplectic
field theory (SFT) of Eliashberg, Givental, and Hofer [2] are both theories of
holomorphic curves with asymptotic boundary conditions. They have differ-
ent sources: the theory of relative Gromov—Witten invariants counts stable
maps to a projective manifold relative a divisor and is a systematization
of degeneration methods in enumerative geometry [1, 20, 22]; SFT is a
generalization of Floer homology. SFT has an interesting formal structure
involving a differential graded algebra whose homology is an invariant of
contact structures.
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In relative Gromov—Witten theory, one considers a pair (Z, D), where Z
is a projective manifold and D is a smooth, possibly disconnected divisor
in Z. One looks at stable maps to Z where all points of intersections of the
map with D are marked and multiplicities at these points are specified. To
obtain a proper moduli stack of such maps, one must allow the target to
degenerate to ,Z = ZUUp Py Up- - -Up P, that is, Z union a number of copies
of P =Pp(Np/z @ 1p), the projective completion of the normal bundle to
D in Z. Maps with a non-smooth target are said to be split maps. Li defined
a moduli stack of relative maps called M(Z,T") for T', a topological type,
and constructed its virtual fundamental cycle. This stack has an evaluation
map

Evapz :M(Z,F) — 7™M x Dr,

where m and r are the number of interior and boundary marked points,
respectively. Relative Gromov—Witten invariants are given by evaluating
pullbacks of cohomology classes by Ev against the virtual cycle.

It is natural to break the target Z as the union of

12 =ZUp P Up---Up B

and
k—1-1P =P Up---Up By

In fact, such splitting is necessary to parameterize fixed loci in C*-
localization in the sense of [12] and [8] in the relative framework [9]. If
we set X = D, and L = Np,z, the normal bundle to D in Z, one is led to
study stable maps into the projectivization of a line-bundle P = Px (L& 1x)
relative to its zero and infinity sections, Dy and D, where two stable maps
are declared equivalent if they can be related by a C*-factor dilating the
fibers of P — X. One can construct a moduli stack of such maps, M(A,T")
and its virtual cycle. This moduli stack has certain natural line-bundles,
called the target cotangent line-bundles, L° and L and has an evaluation
map

Evpa : M(AT) — X™ x X700 x X7,

The rubber invariants are obtained by evaluating pullbacks of cohomology
by Ev and powers of ¢;(L*°) against the virtual cycle.

The purpose of this paper is a systematic development of the formal struc-
ture of relative Gromov—Witten invariants, organized in generating func-
tions.

We note here that the rubber invariants have been introduced previously
in the literature by Okounkov and Pandharipande [19] and by Graber and
Vakil [9] as maps to a non-rigid target.

In Section 2, we recall the necessary background information to describe
the stacks M(Z,T'z) and M(A,T4). We show how to glue together such
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stacks to parameterize split maps in a stack M(Z,T'z xT'4). We describe
line-bundles on M(Z,T"): Dil and L; ext; and line-bundles on M(A,T"): Split,
LY, Lo, Li not top> and L; not bot- These line-bundles have geometric meaning:
L; ext is a line-bundle which has a section whose zero-stack consists of maps
f: C — kZ so that the ith marked point is not mapped to Z C 2
(counted with multiplicity); Split is a line-bundle whose zero-stack is all
split maps; L; not top, Where 4 is the label of interior marked point, is a line-
bundle whose zero-stack consists of all split maps f : C' — P where ith
marked point is not mapped to Py; L; notbot 1S its upside-down analog.
These line-bundles satisfy certain relations. On M(Z,T'z):

ev;O(D) = Lj ext;
and on M(A,T4):
L0 ® L = Split
Lo ®eviLV = L; not top
L ®ev; L = Li not bot -

In Section 3, we organize intersection numbers on M(Z,T') and M(A,T)
into generating functions. The intersection numbers on M(Z,T") of the form

deg(Evpaz'e N [M(Z,T)]"")

are organized into the relative potential F which takes values in a particular
graded algebra F. The intersection numbers on M(A,T"),

deg(cl(Loo)l UEvama en [M(A, I‘)]Vir)

are organized into the rubber potential A which takes values in an algebra R.
The algebra R acts on F which corresponds to joining curves in M(Z,1'y)
and M(A,T 4) to form split maps in M(Z,T'z T 4). Likewise, the multipli-
cation operation in R corresponds to joining curves in M(A, T 43) to those
in M(A,T 4).

In Section 4, we prove degeneration formulae for the relative and rubber
potentials. These degeneration formulae are differential equations satisfied
by the potentials and are numerical consequences of the relations between
line-bundles. Let F' be the relative potential of a pair (Z, D) and let Ay—q
be the rubber potential of the pair (D, L = Np,;) without any powers of
¢1(L®°). Then, F satisfies the differential equation

OF dAxr_o
> Njz-=>_ M . F
—Hoe e« o

where 6 and 3 are variables dual to cohomology classes on Z and X, respec-
tively, Mj; and N;; are matrices that keep track of cohomology information,
and - is the action of R on F.
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Given a pair (X, L), the rubber potential satisfies the analogous differen-
tial equation

o 0A L 0A  9Ax—o
anag T 2N a5; b

x A,
J
where * is multiplication in R.

In Section 5, we work out several examples. We express the rational rubber
potential without powers of ¢;(L*) of (P, O(m)) in terms of the Gromov—
Witten invariants of P by a Kleiman—Bertini argument. We use this rubber
potential to write down a degeneration formula for the relative Gromov—
Witten potential of (F,, D) and (P, H), where Dy, C F,, is the infinity
section of the rational ruled surface of degree n, and H is a hyperplane in P™.
This immediately yields the degeneration formulae of Caporaso—Harris [1],
Ran [20], and Vakil [22], phrased in the language of differential operators
as first stated by Getzler in [6].

In Section 6, we construct a theory directly analogous to SF'T. One begins
with a pair (X, L) and organizes a subset of the rubber invariants into a gen-
erating function H called the Hamiltonian that takes values in an algebra H.

Given two interior marked points, one has the following formula among
divisors on M(A,T"):

1 2
evi(ci(L)) —evi(el(L)) = _
2 1

where the figures on the right specify certain loci of split maps. As a conse-
quence of this formula, we have in H,

H? =0.
We can then define a differential on H by the formula
DH —gf—(—1)%effH.

The homology of this complex, called Hamiltonian homology, is an invariant
of (X,L) and is the algebraic geometric analog of the SFT homology of
SY(L), the unit circle bundle of L.

In Section 7, we give a direct proof of the degeneration formula for the
rubber potential using the technique of virtual localization.

This paper draws most directly on the relative Gromov—Witten invari-
ants constructed by Li [15, 16] and the SFT of Eliashberg, Givental, and
Hofer [2]. Other approaches to relative invariants include those of Gathmann
[4], Ionel and Parker [10], and Li and Ruan [14].

The author would like to acknowledge the following for valuable conversa-
tions: Eliashberg, Gathmann, Li, and Vakil. This paper, together with [11]
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make up a revised version of the author’s Ph.D. thesis written under the
direction of Eliashberg.
All varieties are over C.

2. Background

We discuss stacks of relative stable maps, MZ = M(Z,T") and stacks of
maps to rubber, MA = M(A,T'), where I" specifies the topological type of
the map. The material in this section is a rephrasing of sections of [11], some
of which is a straightforward adaptation of [15] and [16]. While Li does not
construct MA, our construction directly parallels the construction of his
moduli stacks. We do change some notation from [15] to suit our purposes.

2.1. Stacks of relative maps. Consider a projective manifold Z with a
smooth divisor D. We review the construction of the stack of stable maps
to Z relative to D. Given an r-tuple of positive integers p = (u1,. .., ty),
consider marked pre-stable curves

(Cyx1y oo Ty PLy -+ Pr)
and maps
f:¢—2Z
so that the divisor f*D is

J*D = Zﬂipz'-
;

To form a proper moduli stack of such maps, we must allow the target
to degenerate. Let L = Np,z be the normal bundle to D in Z. Let P =
Pp(L @ 1p) be the projective completion of L. P has two distinguished
divisors, Dy and D4, the zero and infinity sections of L.

Definition 2.1. Let ,Z be the union of Z with k copies of P, Z Up P;
Up - - Up Py, the scheme given by identifying D C Z with Dy, C P; and
Dy C P; with Doo C Pyyq fori=0,1,...,k— 1.

Definition 2.2. Let ¢: 1 Z — Z be the collapsing map that is the identity
on Z and projects each P; to D C Z.

Note that Sing(xZ), the singular locus of Z is the disjoint union of k£ — 1
copies of D, which we label Dq,...,Dy_1 where D; = Dy, C P;.

Definition 2.3. Let Aut(,Z) = (C*)* be the group acting on Z where
each factor of C* dilates the fibers of the P! bundle P, — X. As we will
be considering maps to be equivalent if they are related by this action, the
explicit form of this action does not matter.

Definition 2.4. Let D C . Z denote the divisor Dy C P, C Z.
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We need to specify the appropriate data for the moduli stack of relative
stable maps to (Z, D). We consider an algebraic curve C' that is mapped
to xZ by f: C — ,Z with specified tangency to D. We must specify the
topology of the curve and the data of the marked points. There are two
types of marked points:

(1) interior marked points whose image under f is not mapped to D;
(2) boundary marked points which are mapped to D by f.

We will impose the condition that all points in C' mapped to D will be
marked.
Definition 2.5. A relative topological type I' is the following data:
(1) A finite set V(I');
(2) A genus assignment
g: V(F) — ZZO;
(3) A degree assignment
d: V(F) — Bl(Z) = Al(Z)/ Nalg
that assigns the class of a curve modulo algebraic equivalence;
(4) A set R={1,...,r} labeling boundary marked points together with
a function assigning boundary marked points to elements of V (I"),
ap : R — V(T);
(5) A multiplicity assignment for each boundary marked point
JI R— Zzl;

(6) A set M ={1,...,m} labeling interior marked points together with
an assignment
an: M —s V(D).

Note that while the definition of I' is reminiscent of that of a graph, I’
does not have any edges. We will occasionally use Rz and Mz to denote R
and M where there is a possibility of confusion.

Definition 2.6. Two relative topological types I', I are said to be isomor-
phic if there is a bijection
q: V() — V()
commuting with the maps g,d, ar, ays.
Definition 2.7. Let I" be a relative topological type. A map to Z of type

I consists of a marked curve (C, 1, ... s T|M[sPLy -+ ,p|R|) and a morphism
f:C — Z such that

(1) C is a disjoint union of pre-stable curves C, for v € V(T'),
(2) C, is a connected curve of arithmetic genus g(v),
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(3) The map
(cof):Ch — Z —Z
has (co [).Cy = d(v) € A1(Z) /g,
(4) x; € Cy for v = ap (i) which are called the interior marked points,
(5) pi € C, for v = ar(i) which are called the boundary marked points,

(6) f*D = icr m(i)pi.
Definition 2.8. A map f : C — ;7 is said to be pre-deformable if for
i=1,...,k—1, f~Y(D;) is the union of nodes so that for p € f~1(D;), the
two branches of the node are mapped to different irreducible components of
2 and that the order of contact to D; are equal.

Definition 2.9. An isomorphism between maps f, f’ to 1, Z is a commutative
diagram

f
(C,l’,p) —— k‘Z

o

(Clu xlvp/) ? kZ
where h is an isomorphism of marked curves and ¢t € Aut(;2).

Definition 2.10. A pre-deformable map to ;7 is said to be stable if it has
at most finitely many automorphisms.

Theorem 2.11 ([15]). For a relative topological type T, there is a Deligne—
Mumford stack, called the stack of relative stable maps, M(Z,T'), parameter-
izing isomorphism classes of stable pre-deformable maps to pZ for varying k.

In cases where it is understood, we will write MZ for M(Z,T")

This moduli stack is constructed from a moduli functor by considering sta-
ble maps to targets modeled on a sequence of spaces and divisors (Z[n], D[n])
defined inductively by

Z0)=2Z

D[0] =D

Zn] = Blpp—1x{0}(Z[n — 1] x A")
and D[n] is the proper transform of D[n — 1] x Al. Z[n]/Z possesses a (C*)"
group of automorphisms. This construction is an iteration of deformation
to the normal cone. Z[n| possesses a map to A" so that for a closed point

x € A", the fiber over z is (Z[n]); = rZ, where k is the number of zeroes
among xs coordinates.

Definition 2.12. A map f : C — pZ is said to be split if &k > 1. The
irreducible components of C' that are mapped to P; C ;Z are said to be
extended components.
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Definition 2.13. The evaluation map on MZ is a map
Ev: MZ —Z"x D"
given on a relative stable map (C, f) by
(1, s Ty D1y oy 0p) = C — 2 — Z.

We will write ev;, : MZ — Z or ev; : MZ — D to denote the evalua-
tion map at one of the interior or boundary marked points.

Theorem 2.14 ([16]). MZ carries a virtual cycle of complex dimension
vdim MZ = Y (dimZ - 3)(1 — g(v))

veV(T)

+<a(TZ)—D,d(v) > +r+m.
2.2. Stack of maps to rubber. In constructing M(Z,T’), we had to con-
sider stable maps to ;Z which was Z union a chain of Ps. It is useful to
consider stable maps to the chain of Ps subject to automorphisms. We call
these maps to rubber.

Let X be a projective manifold and L a line-bundle on X. Let P =

Px(L @ 1x), and let Xy and X, denote the zero and infinity sections. We

study stable maps to P relative to Xy and X, where we mod out by a
C*-factor that dilates the fibers. Again, the target P may degenerate.

Definition 2.15. Let P be the union of k£ 4 1 copies of P,
P =PyUx PrUx ---Ux Py
gluing Xg C P; to Xoo C Piy1 fori=0,...,k— 1.
&P has distinguished divisors Dy, = X C Py and Dy = Xy C Py.

Definition 2.16. Let Aut(,P) = (C*)¥*! act on P by dilating fibers
of P— X.

Definition 2.17. A rubber topological type I' is the following data:
(1) a finite set V(I');
(2) A genus assignment

g: V(F) — ZZQ;
(3) A degree assignment
d: V() — Bi(X) = Ai1(X)/ "aig;

(4) Sets Ry = {1,...,70}, Roo = {1,...,7} labeling boundary marked
points together with a function assigning boundary marked points to
elements of V(I

ap - Ro — V(F)
(oo : Roo — V(T);
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(5) A multiplicity assignment for boundary marked points
,uo Ry — Zzl
,uoo : Roo — ZZl;

(6) A set M = {1,...,m} labeling interior marked points together with
an assignment

ap - M — V(P)

We may write Ra9, Raco, Ma for Ry, Reo, and M, respectively.
Definitions of maps to P are analogous to maps to Z with Zs replaced
with Ps and the following modifications: the degree assignment is

d(v) € B (X),
there are marked points

0 0
(T15 ey Ty D1y -y Py DT+ D) € C

so that
f*Do="Y_ ul(i)p)
i€Ro
[*Doo = Y u™(0)p°
1€ER

The notion of pre-deformable is directly analogous to the relative case.
Stability is also analogous with Aut(;P) substituted for Aut(;Z2).

Theorem 2.18. For a rubber topological type I, there is a proper Deligne—
Mumford stack MA = M(A,T') parameterizing isomorphism classes of pre-
deformable stable maps to P for varying k.

Theorem 2.19. MA carries a virtual cycle of complex dimension

vdim MA= )" ((dimX —2)(1 - g(v))+ < e(TX),d(v) >)
veV(T)
+ 704+ T00 +m —1.

The multiplicity condition relates the multiplicities at Dy and D4, to the
degree:

Lemma 2.20. If M(A,T') is non-empty then for each v € V(I') we have
Y W0 Y hw) =< all).dw) >
peag ' (v) pEass (v)

Proof. One uses [Xo] = [Xoo| +7*c1(L) for each copy of P in the target. O
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We have analogous evaluation maps ev; at the interior and boundary
marked points (mapping to Dy and D).

Definition 2.21. The evaluation map on MA = M(A,T) is
Ev:MA— X™ x X0 x X",

This moduli stack is constructed from a moduli functor by consider-
ing stable maps to targets modeled on a sequence of spaces and divisors
(A[n], Dg[n], Do[n]) where

Aj0] = P
Dy[0] = X
D[0] = X
A[n] = Blpyn_1]xo} (A[n — 1] x A'),

where Dg[n] is the proper transform of Dg[n — 1] x Al, and Dy[n] is the
inverse image of Dy [n — 1] x Al. A[n]/X possesses a (C*)"*! group of
automorphisms.

Definition 2.22. A split map in MA is a map f : C —, P where k > 1,
that is, a map whose target is not smooth.

Definition 2.23. For a map f : C' — ;P in MA, the irreducible com-
ponents of C' that are mapped to Py are said to be the top components
while the components of C that are mapped to Py are said to be the bottom
components.

We should explain our top/bottom convention. In Z, moving towards
D is considered moving towards the top. In P, Dy is considered the top
while D is the bottom. This slightly odd convention makes sense in that
the most natural choice for (X, L) is (D,Np,z). In this case, the zero
section of P is identified with D and the normal bundle to Dy in P is
equal to the normal bundle to D in Z. Therefore, Dy C P like D C Z is
on top.

2.3. Trivial cylinders. We will single out certain connected components
of curves parameterized by M.A. These are the trivial cylinders which will
be significant when we encode the data of the moduli space into generating
functions.

Definition 2.24. Let I" be a rubber topological type. An element v € V(T)
is said to correspond to a trivial cylinder of degree r if

(1) g(v) =0,

)
-(v) is a single point,
(v) is a single point,
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(5) 1(ag*(v)) = p>(axl (v) =,
(6) ay/(v) is empty.

A trivial cylinder corresponds to a connected component of the domain
of amap f € MA. This map is from a chain of k + 1 P's to ,, P, where each
P! is mapped to a fiber of P, — X is of degree r and is totally ramified at
Xo and Xo.

Note that if V(I") has a single element corresponding to a trivial cylinder,
then all rubber maps of type I' are invariant under the (C*)*+!-action that
dilates the fibers of pP. Therefore, there are no stable rubber maps and the
moduli space is empty. This does not rule out maps of a type I' which have
a component that is a trivial cylinder. In fact, one can add a trivial cylinder
component to any family.

2.4. Gluing moduli stacks. Consider a projective manifold Z, together
with a smooth divisor D. We will consider a relative moduli stack M(Z,T'z)
corresponding to (Z, D) and a rubber moduli stack M(A,T 4) corresponding
to (X, L), where X = D and L = Np,z, the normal bundle to D in Z. One
can join maps in M(Z,I'z) to maps in M(A,T'4) if certain conditions are
met. Likewise under particular conditions, one can join maps in M(A,T'4,)
to maps in M(A,T'4,). We make these conditions precise below.

Definition 2.25. Let I'z be a relative topological type and I'4 be a rubber
topological type. Suppose that L : Ry — Ras is a bijection from the
labeling sets for boundary marked points in I'z to the labeling sets for
boundary marked points mapping to Dy, in I'4 so that

pz(q) = px (L(q))-
Let

J:le_IMA—>{1,...,’Mz|+|MA|}

be a bijection between the labeling sets of the interior marked points and
a set of |[Myz| + |Ma| elements. We call the data (I'4,T'z, L, J) a type join
quadruple.

Colloquially, we have matched boundary marked points on I'y and 'y
with the same multiplicity and numbered the marked points in My LI M 4.

Definition 2.26. Define the type join I' = I'gy*xp j I'z to be the following
relative topological type. Let the graph A be obtained by taking as vertices
the set V(I'z) UV (I'4) and for every ¢ € Ry placing an edge between the
vertices corresponding to ¢ and L(q). The elements of V(I") are the connected
components of A. Let bz:V(I'z) — V(I') and ba:V(['4) — V(') be the
functions taking elements of V(I'4) and V(I'4) to the components in A
containing them. For v € V(I'), let A, be the connected component of A
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corresponding to v. Define the data for I'yx ; 'z as follows:

(1) g(v) = (Zwebgl(v) g(w)) + (Zwebgl(v) g(w)) +h'(Ay);

(2) d(v) = (Zwebgl(v) d(w)) + (Zwebzl(v) Ld(w)), where I[: X — Z is
the inclusion and I, : B1(X) — Bi(Z) is the induced map;

(3) R = Ryo with ag : R — V(T) given by

aR = bA C aop;
(4) p: R — Z>; given by
= p’;

(5) M ={1,...,|Mz| + |M4|} with assignment function a : M — V(I')
given for k € J(Myz) by

a(k) =bgoap,oJ
and for k € J(My4) by
a(k) =baoay, oJ "

Example 2.27. As an example, take I'z to be

(1) V(I'z) = {a, b, c},

(2) g(a) =1, g(b) =2, g(c) =0,

(3) Rz ={1,2,3,4}, ar(1) = a, ar(2) = a, ar(3) =b, ar(4) =c,
(4) p(1) =2, p(2) =3, u3) =4, u(4) =17,

(5) Mz =1{1,2}, am(1) = a, am(2) =0.

Take I'4 to be

(1) V(Ta) ={y, 2},
(2) 9(y) =0, g(z) =71,
(3) Rpoo = {1a2a374}7 aoo(l) =Y aoo(2) =Y, aoo(g) =Y, aoo(4) =z,
RAO = {172}a (10(1) = y7a0(2) =%,
(4) p>o(1) =2, p>(2) =3, p>(3) =4, p>(4) =17,
p0(1) = 3,1°(2) = 28,
(5) Ma = {1}, an(1) =
Let L : Rz — Raoo be given by L(1) =1, L(2) =2,L(3) = 3, L(4) = 4 and
J:MzUMy— {1,2,3}, where J|MZ(1) = 1,J‘MZ(2) =2, J‘MA(I) = 3.
Then the type join I'y*y, j 'z is given by

(1) V(Taxr,yz) ={e, f},

(2) gle) =4, g(f) =71,

(3) Rz ={1,2}, ar(1) = e,ar(2) = f,

(4) p(1) =3, u(2) =28,

(5) Mz ={1,2,3}, ap(1) = e,an(2) = e,apn(3) = f.

This is illustrated in Figure 1.
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Figure 1. The type join I'gx; j I'z of the example.

Given (I'4, 'z, L, J), consider the evaluation map at the boundary marked
points on M(Z,T"z) followed by a map L, : D" — D" which reorders the
products of D" according to L,

L.,oEvg: M(Z,Tz) — D" — D",

and the evaluation map at the boundary marked points mapping to Do, = X

on M(A,T'4),
EVROO ZM(.A,FA) — D",

Theorem 2.28 ([15]). There is a morphism
®ryrpL.0 t M(ATA) xpr M(Z,17) — M(Z,Tax1,0T'2).

Definition 2.29. Let the stack M(AU Z,I'4 Ug, jI'z) be the image stack
of ® in M(Z,FA*LJ Fz).

Definition 2.30. An automorphism of Rz is a permutation
c:R; — Ry

so that uz(o(i)) = pz(i) and ar(o(i)) = ar(i). The group of all such auto-
morphisms is denoted by Autr,(Rz). Likewise, we define Autr, (R40) and
AutpA (RAoo)'

Given L : Rz — Raoo, we may define Autr, r, 1(Ras, Rz) as the sub-
group of Autr,(Rz) x Autr,(Raco) such that for (o,7) € Autr,(Rz) x
Autr, (Ras), we have L(o(i)) = 7(L(3)) for 1 <i < |Ryz]|.



398 ERIC KATZ

Lemma 2.31 ([15], Proposition 4.13). ® is finite and étale onto its image
of degree equal to

| Autr, r;,L(Race, Rz)|

at every integral substack of M(AU Z,TaUr;T7).

Definition 2.32. Let T = (I'4,I'z, L, J) be a type join quadruple. The
boundary multiplicity m(Y) is

m(r) = I nz).
i€ERy

Definition 2.33. Two quadruples are said to be join-equivalent if they
give the same image under .

Proposition 2.34. Consider a join-equivalence class of quadruples
(Y] =[Ta, Tz L, J)].
Let N = M(Au Z T4 Ur,g Fz), and
My= [  MATY) xpr M(2,T%)
(T 7F’Z,L’,J’)

where the disjoint union is over quadruples join-equivalent to Y. Then
@y : M — N is an étale map of degree

|Mz|!|Ma|!(|Rz|!)?

Proof. This follows from the previous lemma and the fact that there are

(IRz|)?
My |\| My
A Rt (R R
elements in (I'z,T 4, L, J)s type join-equivalence class. O

Likewise, we may define type join for rubber topological types, 'y, Iy
(where t and b stand for top and bottom). Let L: R4,0 — Ra,00 be a bijective
function satisfying

pp(q) = p°(L(q)).
Let
J:MAb UMy, — {1,...,’MAb’ + |MAt|}

be a bijective map. Then we define the type join, a rubber topological type
I' =T, ;I as above, except that instead of condition (3) above, we have

Ry = Ra,0, ao=0ba, oay
0 0
Be=
Ry = RAbOOa Ooo = bAb O Upoo

p =y
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Definition 2.35. Let T = (I'4,,T'4,, L, J) be a type join quadruple. Define
m(T) by

m(1) = [ u°).

i€RA,
Now, let 7 = [Ra,0| = |R4,00|- Analogously to the above, we have
Theorem 2.36 ([15]). There is a morphism
O: M(A,T4,) xpr M(A,T4,) — M(A, T4, x5 T4,),
étale of degree | Autr, 1, .1(Ra,c0, Ra,0)l-

Corollary 2.37. Consider a moduli stack N = M(A,T'a, Ur s 4,). Let

M= J[ M(ATL) xpr M(ATY)

(T, Dy, L)

where the disjoint union over (I'a,,T'4,, L, J)s join-equivalence class. Then
M — N s an étale map of degree

| Mo, |1 Mo, 1| Ryl

2.5. Line-bundles on moduli stacks. The moduli stacks carry line-
bundles with particular geometric meaning.

Given a relative topological type I'z, M(Z,T'z) has canonically defined
line-bundles:

(1) A line bundle Dil that has a section whose zero stack is supported on
all split maps;

(2) For i is a distinguished interior marked point, a line bundle L; ¢xt that
has a section whose zero stack is supported on split maps where 7 lies
on an extended component.

It will be outlined below that c;(Dil) N [MZ]"" is (with multiplicity) the
locus of split maps and ¢1(Lj ext) N [MZ]' is the locus of split maps with i
on an extended component.

For I'4, M(A,T 4) has the following line-bundles:

(1) The target cotangent line-bundle at X, L;

(2) The target cotangent line-bundle at X, L

(3) The split bundle, Split which has a section whose zero stack is
supported on all split maps (Definition 2.22);

(4) For i, a distinguished interior marked point, the not-top bundle with
respect to 4, Ljnottop, Which has a section whose zero stack is sup-
ported on split maps where the ith marked point is not on a top
component;
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(5) Analogously to (4), the not-bottom bundle with respect to ¢, L; not bot.
which has a section whose zero stack is supported on split maps where
the ith marked point is not on a bottom component.

LO, which is defined in terms of an atlas, has an intuitive description.
Given a map to rubber, f:C —; Pin MA, let C be the union of components
of C mapping to Py. There is a C* family of maps ]?: C — P that occur as
the restriction of f. These C* families fit together to give a C* bundle, and
an associated C bundle is L?. L™ is the analogous bundle where we consider
the bottom component. The first Chern class of LY, ¢;(L%) = W, the target
U class of [3].

LY and L™ can be given an interpretation in the stack of rational sausages,
the substack of My o consisting of pre-stable curves so that the two marked
points lie on different sides of every node. L and L™ are equal to the
pullbacks of the cotangent line classes at the two marked points. See [9] for
an elaboration.

Theorem 2.38 ([11]). The line-bundles satisfy the following relations. On
M(Z,Tyz),

ev; O(D) = Lj ext,
and on M(A,T4),

(1) L°® L™ = Split
(2) LO ®6V?Lv = Li,not top
(3) L ®eva = Li,not bot-

If we consider the stack of rational sausages where L? and L are the
restriction of 1 classes on My 2, then (2.1) is the pullback of the genus 0
recursion relation of Lee and Pandharipande [13]. A proof of the enumerative
consequences of (2.2) and (2.3) is given in Section 7. This proof is sufficient
to establish the results of Section 6.

3. Generating functions

An important idea in Gromov-Witten theory, originating [24], is that of
organizing invariants in generating functions. Relations satisfied by the
invariants become differential equations for the generating function. In this
section, we define generating functions for relative and rubber invariants
motivated by SFT [2].

3.1. Relative potential. Let us consider a pair (Z, D), where Z is a projec-
tive manifold and D C Z is a smooth divisor on Z. The generating function
of the relative invariants takes values in a particular graded algebra.

Let us specify the following data: an Euler characteristic, x; a curve class
(up to algebraic equivalence), d € B;(Z); a number of interior marked points,
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m; a number of boundary marked points, r; and a r-tuple of multiplicities
to D, (s1,82,...,8:). Consider the set Z of relative topological types I' so

5) (p(1), p(2), ..., p(r)) = (s1,82,- ., ).
To each I', we associate the moduli space MZ = M(Z,T") which has eval-
uation map,
Ev:MZ — (Z)™ x (D)".
Definition 3.1. Given cohomology classes
el,...,en € H(Z)
and
c1,...,¢r € HY(D),
define the correlator by
<€1 .. €p,Cl ... CT>X,d,(81,...7Sr)
= ZEV*(el XX ep X e X X ¢p) N M(Z,D)VE,
re=
By stability considerations, the above sum over relative topological types
is finite.
Let eg, ea,. .., e be a homogeneous basis of H*(Z). Let ¢1,¢a,...,c, be a
homogeneous basis of H*(D). Let Q[B1(Z)] be the group algebra on By(Z).
Consider the graded super-commutative algebra over Q[B;(Z)] freely

generated by AL, K, 01,0, ...,0;, and, for every positive integer n, ele-
ments Pp 1,Pn,2,-- -, Dnk With the following degrees:

degh = —2(dim Z — 3)
deg 2% = 2(c1(TX), d)
degt; =2 — dege;

deg pp j = 2 —degc; — 2j.

h is a formal variable corresponding to one half of the Euler characteristic,
74 to degree, 6; to interior marked points that are mapped by the evaluation
map to a cycle Poincare-dual to e;, and p, ; to boundary marked points with
multiplicity n and mapped to a cycle Poincare-dual to ¢; on D.

We define F to be a partial completion of the above algebra where we
allow Laurent series in 7 whose coefficients are polynomials in the p-variables
whose coeflicients are power series in the 6 variables.



402 ERIC KATZ

Let G be the non-commutative algebra of power series in 6;e;. Let P be
the non-commutative algebra of power series in py, jc;.
Define the F-correlator to be

<9i16i1 e einein’pshjl Cjy - - 'pSr,jerr>X,d
= 91'1 e Hinp517j1 -« Dsr iy <€7;1 B N T er>x,d,(s1,82,...,sr)‘
Extend the F-correlator multi-linearly to a map

(,)g7d:g®73—>.7:.

Let I' € G, P € P be given by

I = Z% (Z Hiei)l
1>0

_ 1 ~
n ki
Definition 3.2. The relative potential of (Z, D) is F' € F defined by

F=S S (7 Pyt iat

920deB1(2)

Note that F is indeed in F. The coefficient of z4 is a polynomial in the
p variables because the number of p variables is bounded by A - D. By our
choice of degrees for the formal variable and by the virtual dimension of
MZ, F is a homogeneous element of degree of 0. Our usage of F' disagrees
with that of [2] because we consider disconnected stable maps.

Example 3.3. For the target (P!, 00), the relative potential is

(1 1
F =exp (h 1 <2!0391 + 601p1712’> +r° <—24¢91>>,

where 6y and 6; are dual to the classes [P'], [pt]. The A~1 %62 corresponds
to contracted rational curves, A~ le?1 p1,1% to degree 1 ratlonal curves with
arbitrarily many marked points, and ho 1 101 to contracted elliptic curves.
The contracted contributions were computed by hand.

Example 3.4. For the target (P2, L), the relative potential is

F = exp(Fy=0 + Fy>1),
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where Fy—o and Fy>1 correspond to connected degree 0 and to positive
degree maps, respectively:

1 1 1
Fyo= _hogel + Y (2!9293 - 2!9%90>

L 02 103 11 2
Fys1 = h 09p1 12+ bt ,p102+ﬁ 3l po1+h! ,P11

94
+ ﬁ(2p2,0 +prapro)z’ 4
where, for example, hilﬁgpl,lz corresponds to a degree 1 rational map with
one interior marked point mapping to a specified point in P? and one bound-
4
ary marked point mapping to a specified point in L, and h_l%p171p170z2
corresponds to a degree 2 rational map through four specified points in P2
with two boundary points of contact of order 1 to L, one at a specified point,
the other free. The positive-degree terms were computed using the methods
of Section 5 while the degree 0 terms were computed by hand.

3.2. The rubber potential. We can combine all intersection numbers
arising from all rubber moduli spaces into a generating function. Let L be a
line-bundle over a projective manifold X. Choose an Euler characteristic x,
m interior marked points, rg+ 7, boundary marked points. Fix a curve class
d € B1(X), a ro-tuple of multiplicities (s7,...,s% ) to Dy at the ro boundary
marked points, and a ro-tuple of multiplicities (s9°,...,572 ) to Dy at the
T'so boundary marked points. Let = be the set of rubber topological types I'
with no elements of V(I') associated to trivial cylinders so that

(1) >, d(v) =d,
|Zv(2—2g( v) = x.
R
(n
|
(n

| TOa

( ) ( )V"vuo(ro)):(8(1)7587"'75790)7
oo’ = Too,

) (u>(1 )7MOO(2))""MOO(TOO)):(5[13075307"'737?:0)‘
We have evaluation maps at the marked points

Ev:M(AT) — X™ x X" x X",

)
2)
3) |M
4)
5)
6)
7

AN AN AN N N

We also have the two line-bundles on M A, L? and L>°. Given a cohomology
class ¢ € H*(X™*0+7) we consider intersection numbers of the form

(c1 (L) UEvV*(e)) N [MA]'E.

Definition 3.5. Given a curve class d € Bi(X), an Euler characteristic
X, non-negative integers I, m, rg, 7o, multiplicities S® = (s, ..., ,,0) S =
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59°, ..., 800 ),

0 0 o0 0o *
Cly s Cny €15+, €y €150 6 € HY(X),

' Creo
a non-negative integer m, define the correlator

0 0 oo 00
(C1evCmyel e epys €7 o e )y d,50,5%

= Zdeg(cl(Loo)l UEvV*(e1 X =+ X ¢y X €] X -+ x ef
re=

X ef X - x e )N [M(A, D)]Vn).

T

We organize the correlators into a generating function which we call the
rubber potential which takes values in a particular graded algebra, R. Choose
a homogeneous basis cy, . . ., ¢, for H*(X). We define elements 24 for all A €

Bi(X), hy A\, B1,- -3 Bk Pnds--sPnks Gn,l,---,0nk for all positive integers
n. The elements are graded of the following degrees:
deg 2 = 2(e1(T'X), ) + 2(e1 (L), d)
degh = —2(dim X — 2)
deg A = -2
deg B; = 2 — degc;
degp,; =2 —degc; — 2n
deg gn,; = 2 — degc; + 2n.
Multiplication in the algebra is defined as follows. The A-, A-, §;-variables

are taken to be super-central while the p- and ¢-variables obey super-
commutation relations

[pm,iupnz,ig] =0, [qm,il?qnz,h] =0, [qn17i17pn27i2] - nldﬂl,nzgilléh’

where ¢g"1%2 is the Poincare pairing on H*(X). Note that this algebra can be
realized by writing ¢, ; as a differential operator

)
j pn,]

The multiplication keeps track of different ways of joining curves. Let
us consider an example in a toy model of our algebra. Consider variables
P1, P2, p3 which are all of an even parity together with q1, ¢o, g3 so

0
op;i’

g =nh

Then,

(W 'p1g1g2) * (W' p1paps) = pips+h 2pipapsqige+h 'pipsqr +h ' pipapsge.
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Figure 2. Geometric illustration of the multiplication in R.
This figure is borrowed from [2].

If we see h as a genus marker where a term with an Euler coefficient y is
marked with ﬁ_%x, this multiplication corresponds to the geometric situation
illustrated in Figure 2.

The algebra R consists of Laurent series in 4 whose coefficients are power
series in the p-variables whose coefficients are power series in the (-variables
whose coefficients are polynomials in the ¢g- and A-variables.
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Definition 3.6. The R-correlator is

(/Bilcil e ﬁimcim’ps(ljvjl le o 'pSQO»jTO Cj"() ) quoJﬂ Ckl oo Qs k’foo Ck?‘oo )devl

Too?
=0y .. ./Bimpsgj’jl ce o DSO ing D50k - - - D52

Too 7'I€7”oo

. (Cil <o Cipy Cjp e eroa k1 k”‘oo)X d,(s9 57 5eees QO),(STO,...,S;?OOO),I
considered as an element of R.

Let B, Q,P be the (non-commutative) power-series algebras freely gener-
ated by Bici, qn,ici, Dn,iCi, respectively.
We can extend the R-correlator by linearity to give a function

(7 ) )X,d,m:B®P®Q_>R.
Let B€ B, PP, Q € Q be given by

p-5 k()

>0

P = Z% > praci
n O\ ki
Q=" (S ae
n O\ ka

Definition 3.7. The rubber potential A is
A=Y Y S RAB P Q)

X deBi(X) 1

Note that for a moduli stack M.A to be non-empty, by Lemma 2.20, the
multiplicities must satisfy

8(1)+...+5(T]O—5<1>0—---—800 :<01(L),d>

Too

SO
Too < 8) 44850 — {c1(L),d).

Therefore, the rubber potential satisfies the polynomiality in ¢ condition to
lie in R. The rubber potential A is homogeneous of degree 2.

Definition 3.8. The rubber potential without powers of L is given by
Ax—o.
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Example 3.9. The rubber potential of (X, L) = (pt, 1,¢) without powers
of L*° is

1

Ayeog=h1 3

1 1
3 0
0y + 5 kgl(pkﬂqwl + pkPiqry) | — R ﬁeo-

Note that % Zk,l21(pk+lq’€ql +prpigx+1)) are the cut-and-join operators of [7].
The full rubber potential can be related to Hurwitz numbers by use of a
localization argument as in [18].

Example 3.10. As a consequence of Corollary 5.9, for (P!, O(1)), the terms
in the rubber potential without powers of L corresponding to positive
degree maps are

pol L /27T (Bo + o Proe” ™ + 325 auoe™)?
21 0 2

- (ﬁz FS e 4 q) &
k k

1 2T ik - '
+ hil? P22 Pr2e *EAS ‘1k,2ezmzend1‘.
™ Jo

This follows from results in Section 5.

3.3. Trivial cylinders. It was our convention to exclude trivial cylinders
from the rubber potential. They will be accounted for by the algebra R.
To prove this, it will be advantageous to write down a potential including
trivial cylinders and relate it to the rubber potential. Let I' be some rubber
topological type. Let T'| be a rubber topological type obtained from I' by
adjoining a degree r trivial cylinder. From [11], we have

Theorem 3.11. There is a natural map

v:M(AT) — M(AT) x X
so that

0 [MA T = L [M(A, T x [X]
and
v* (L) = L.
Consequently, if I' has m interior marked points and rg + ro, boundary

marked points, then we have a commutative diagram

Ev
M(A,F‘) ! XM oy xrotl o Xreotl

| |

M(A,T) x X 228 xm o x70 % X7 x (X x X)
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where A:X — X2 is the diagonal and the morphism h reorders the
products of X so that the product of Xs corresponding to the (rg + 1)—
and (7o + 1)-st boundary marked points are taken to X x X.

For classes ¢ € H*(X™ x X701l x X7=+1) we have

deg(Ev] (c) N [M(A,T))]"")
= %deg(((EV x A) o h™1)*(e) N (IM(A D) x [X])).

Definition 3.12. The rubber potential with trivial cylinders, A is defined
as before except that we allow the set = to contain topological types that
have trivial cylinders as components.

Define the action of an algebra of power series in infinitely many non-

commuting variables K1, K2, ... on monomials f € R by
K - f = *h Py (1B D) eslbnin ) givizy, £, 4,
7,1,12

where deg,,,(f) is the sum of the degrees of the p and ¢ variables in f. Extend
the action linearly to R. Let
TK =) kn
n

and define a map
T:R—R
T:f— Ky

Lemma 3.13. T takes the rubber potential to the rubber potential with trivial
cylinders,

Proof. The proof is straightforward. The factorial terms in the exponential
come from relabeling the boundary marked points. O

Definition 3.14. Let f and h be elements in R. We define a binary
operation f * h as follows. Introduce a set of auxiliary variables pp,i,

Gni = Zj nhgija/aﬁmj. Define
[ b= f(p, Oh(p,q)|5=o0-

Note that in the above, we treat 0/0p, ; as an element with the same
parity as py, j. The operation x| is the one that corresponds to stacking curves
to form split maps. This will be elaborated in the section on degenerations.

Lemma 3.15. T is a homomorphism from (R, *) to (R, *)).



ALGEBRAIC FORMULATION OF SFT 409

Proof.
0

1 g
ap ’(eTKl) _ hflE § :(eTKl)g”qmj
n,i

J
which implies for f, a monomial,

9 . 1K 11 (deg,, f)(deg pn.i) (LTK £ ij i Of
%(6 f) =h nzj:(—l) Epq g Pn, (6 f)g]qn,]_’_e %
The lemma follows by induction on the number of p and ¢ variables in f.

O
Definition 3.16. The rational potential A is
Arat = Z (F, P, Q);:o,d,mzd
deB1(X)

where the sum is taken over moduli spaces MA involving only connected
domains of genus 0.

3.4. Action of R on F.
Lemma 3.17. F can be given the structure of a graded R-module.
Proof. Consider the inclusion
I1:D— 7
and the induced maps
I*: H(Z) — H(D),
V. *(D)Y — H*(Z)".
We define the action of R on f € F as follows:

A-f=0

h-f=hf

pn,i'f:ﬁn,i
gi f=in S g -2
= OPn, it

Bi- f=T"(6)f
Zd . f — 2I*df,

where ¢ is the intersection pairing on H*(D).
Because

deg 2+ = (¢|(TZ), I.d) = (I*¢1(TZ), d)
= (c1(TD)+ ci1(N),d) = deg 29,

the action preserves grading. U
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Definition 3.18. There is a bilinear operation
4 RQF — F.

Given a monomial
h = haX) deR
= Biv =+ BiaPs9 g+ P ing D k1 ™" 4532, Jore 7 €

and f € F we will define h - f as follows: write
o a0
Q’fl,l - - g 8ﬁn7i/ )

1
h | f= ((h 2X5l0[v(ﬁi1) .. 'Iv(ﬁim)ps?,jl .. .p8907jT0qsi>o7k1 ...

Too koo )f) ’ﬁ:O’

and define

G52

followed by substituting py ; for p, ;.

This operation corresponds to joining a curve in MA to one in MZ.
Analogously to the multiplication in R, | and - are related as follows.

Lemma 3.19. For he R, f € F, we have

T(h)- | f=h-f.

4. Degeneration formulae

Theorem 2.38 gives formulae relating the line-bundles
Dﬂ, Splitv L’i,not top» Li,not bot

on M(Z,I'z) and M(A,T'4). In this section, we will show that the first
Chern classes of these line-bundles represent specific geometric situations
involving split maps. For example, c¢;(Split) is dual to a substack of
M(A,T 4) made up of, in a virtual sense, all split maps. ¢1(L; nottop) virtu-
ally consists of all split maps in which the ith marked point is not on the top
component. This allows us to write the cap product of a first Chern class
of one of our bundles with the virtual cycle in terms of the virtual cycles
of smaller moduli spaces. This provides degeneration formulae that can be
expressed in the language of generating functions.

We will express the first Chern class of various line-bundles geometrically
by adapting Li’s argument [16]. The argument is in several stages, and we
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state it only in the case M(Z,T).

(1) For T, consider quadruples T = (I'4,I'z, L, J) so that the type join,
I'a*1,y I'z is isomorphic to I'. We define a line-bundle Ly on
M(Z,Ty).

(2) We show that

c1(Lr) N [M(Z, D) = m(T)IM(Z2 U A1),

where [M(Z U A, T)]'™ is an appropriately defined virtual cycle.
Therefore, Ly can be thought of as O(m(T)M(Z U A, Y)).
(3) Given the joining morphism
®: M(A,T'a) xpr M(Z,I'z) — M(Z,T4 UL,y T'z)

and the diagram

M(A,T4) xpr M(Z,Tz) — M(A,T4) x M(Z,Tz)

| |

D" N D" x D"

where A is the diagonal map, we have
O A ([MA, T x [M(Z,T2)]"") = IM(AU Z,T)]"™
(4) Given a line-bundle
L = Dil or Ljext,
we exhibit a set of join-equivalence classes €2 so that
L = ®pyjealy.
(5) Consequently,
ci(L) N M(Z, D) = Z m(T)D A ((MA, T O x [M(Z,T2)]7).
TeQ
To modify this argument to work for M(A,T") replace all pairs (I'4,T'z)
with (I'4,,T4,), replace Z with A, and use the line-bundles
L = Split, L; not tops L not bot -
4.1. Interpretation of bundles. Let us rewrite the bundles

Dﬂa Li,exta Li,not tops Li,not bot
as tensor products of Lys on M(Z,T") and M(A,T).
On MZ where i is the label for an interior marked point,

(1) Qpy ={(Ta,T'z, L, J)} the set of all join-equivalence classes of quadru-
ples (FAa FZ, L> J)a
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(2) QLi,ext - {(FAv 'z, L, J)"L S J(MA)}v
while on MA where i, j are labels for interior marked points,
( ) Qspht - {(FAtaFAb7L’ J)}

( ) QLz notbot {(FAwFAb?L’ J)|Z € J(MAt)}7

(3) QLz not top {(FAwFAb’L J)|Z € J(MAb)}

(4) Q(z,]) = {(FAtvFAbaL J)|'L S J(MAt) JE J(MAb)}
(5) Q(z],) = {(FAt’FAb’L J)|,L VES J(MAt)}

(6) Q(,z]) = {(FAHFAb’L J)|7’7.7 € J(MAI;)}'

where [Y] denotes a join-equivalence class and Y, a representative element.

4.2. Splitting of moduli stacks. We need to cite a number of results
from [16]. These results were proved for a different moduli stack, M(W),
but because of the explicit parallels between that space and M(A,T") and
M(Z,T'), the proofs can be modified in a straightforward fashion. We
begin by relating the virtual cycle [M(A L Z,T)]'"" defined in [16], where
YT = (T'4,'z,L,J) is a type join quadruple to other virtual cycles.

Theorem 4.2. We have the following equality among cycle classes
c1(Ly) N [M(Z,Taxp g T2)™ = m(T)[M(AL Z, 1)
where m(Y) is as in Definition 2.32.

Consider the fiber square

M(A> FA) Xpr M(ZaFZ) - M(Av FA) X M(27FZ)

| |

D A D" x D"

where A is the diagonal morphism and the downward maps are induced
from evaluation maps at the boundary marked points of MZ and at the
boundary marked points of M.A mapping to D,. Let the virtual cycle on
the fiber product be given by

[M(A, FA) X pr M(Z, Fz)]Vir = A'([M(A, I‘A)]Vir % [M(27 FZ)]Vir)~
Theorem 4.3. If
My = JI  MATL) xpr M(2,TY)
(X, I, L,J)E[T]
is given the virtual cycle of a disjoint union, then
Opyy: M) — M(Z,Taxp,T'2)
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satisfies
Oy, ([M]7) = [Mzg]!| Ma|/(|R2|)2IM(AL Z, 7)),
Note that the multiplicity term is natural in light of Proposition 2.34.

Corollary 4.4.

Cl(LT) N [M(Z7FA*L,J FZ)]vir o m(T)

— A (My).
(R M)

L together with I: X — Z induces a morphism
A (XIMal s xIRaoly o ZIMzl __y ZM 5 xR

where M = |Mz|+|M4| and R = | R 40| are the number of interior and bound-
ary marked points in I'g*7, j I'z.
We have morphisms

A , ,
X |Mal+|Raol « X|Rz| « 7IMz| ——— X |Mal+|Raol w X|Raccl| « 7IMz| « X |Rz|

l”
XIMal  x|Raol) w zIMz]
( )

where A is induced by A: Xzl 5 XIRasel x XIBz| and p is the projection.
Therefore, for ¢ € H*(Z‘MZ| x XBzl

deg((Ev*(c) Uer(Ly)) NIM(Z,T ax*r.g FZ)]Vir)

_ m(Y)
Aut

where Aut = Autr, 1, 1.(RAco, Rz).
If © is one of the sets of join-equivalence classes, from

Cl(LQ) = Z Cl(LT)

[Y]eQ

deg (Ev*(Al(p*A*c)) N ([M(A, ]_"A)]Vir « [M(Z, Fz)]Vir))

we have
Theorem 4.5.
deg((Ev*(c) Uei(La)) N[M(Z,T)]"")

m(T) (A *A* vir
= 2 R s (et AT) 0 M)
[r]eQ

and analogously for MA.
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Definition 4.6. Let the symbols
i 1

J j

denote the cohomology classes

> allr), Y allr), Y allr),

(Y1€Q,5) [T1€Q;,) [Y1€Q(i5)
respectively.
These cohomology classes are dual to the cycles in MA representing split

maps with ¢ and 7 on top or bottom components as specified in the symbol,
counted with the appropriate weight.

4.3. Normal bundle to split maps. The following is useful for localiza-
tion computations.
Let (I'4,T'z, L, J) be type join quadruple. Consider Ly for the quadruple
T = (T4,I'z,L,J). Then ¢;(Ly) is a substack of M(Z,T'a%1, ;7).
Consider the moduli stacks M(Z,T'z), M(A,T4), M(Z,T 4x1, ;' z), and
the inclusion

P 3M(A,FA) X pr M(Z,Fz) — M(Z,FA*LJ Pz)

M(A, T 4)x pr M(Z,T z) has projections pa, pz to its MA and M Z factors.
Theorem 4.7. On M(Z,Tax* ;Tz), ® Ly = pyDil¥ @ p* L>°V.

Similarly, we have
Theorem 4.8. On M(A,T a, %15 T a,), ®*Ly = p, L @phy, L=V
4.4. Degeneration formulae. The above degeneration formulae can be
written in terms of generating functions.

For L = Dil, we can write down a potential Fp; which is defined by
a formula similar to that of the relative potential except that instead of
evaluating all possible cohomology classes on [MZ]¥'", we evaluate them on

c1(Dil) N [MZ]". That is, we define the Dil-correlator by for ai,...,a, €
H*(Z), b, ..., by € H*(X)
(1. am; b1 ... br)Dily,A(s1,...5)
= Z(Ev*(al X oo X gy X by X -+ X b)) U e (Dil)) N [M(Z, 1)V
ez

and define Fp; as in the previous section. Define the rubber potential with
trivial cylinders without powers of ¢1(L°°) by

Ao = (Ax=o-
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Then, by Lemma 3.19, Theorems 4.1, and 4.5, we have
Theorem 4.9.

Fpi = A\A:o | F

Fpiy = Ax=0 - I

To study insertions of ¢1(L; cxt), we choose an element e; of our basis for
H*(Z). Because ci(Ljext) is dependent on the choice of marked point, we
add a distinguished marked point to all of the relative topological types that
contribute to our potential. At this marked point, we evaluate ¢j(L; ext) U
evie;. More formally, given a relative topological type I' with m marked
points, consider the set D(T") consisting of all relative topological types I
with (m+1) marked points such that when we forget (m+1)-st marked point
on I, we obtain I'. Define the extended component correlatorfor aq,. .., a,, €
H*(Z), b1,...,bp € H*(X = D) by

<a1 T am’ Cr--- C"'>(6X78]‘),X7d7(817"' 787')

= Z < Z (EV*(GIX‘--XamXBijlx--'be)

(T,k)eZ \IVeD(T)

Uer (Lerl,ext) [M(Z r )]VH))

Define extended component generating function Fe; by substituting the
extended component correlator into the definition of the relative potential.
Then, for [: X = D — Z, we write

for Mj; € Q which gives

ex,] = Z
Z aAA 0Ax—0
0B
Now, since Ly, oxt = evi([D]), we have
Theorem 4.10. Let e; be an element of our basis for H*(Z). Let N be a

matriz defined by
D] = Z leel
!

0Ax=0
Z 891 ; Mjl 23 F

then
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Proof. evie;Uci(Liext) = (evy(e; U [D])) implies

oF
z%:;ww. 0
Likewise, we can write down a rubber potential with ¢1 (Split) inserted in

the correlator. This is analogous to Dil in the relative case.
Theorem 4.11. Agpji = Ax—o * A.

We can also write down a potential involving insertions of ¢1(Lj not bot)-
This is analogous to L;ex; in the relative case. Again, we have to single
out a cohomology class ¢; € H*(X) where at some marked point ¢, we will
evaluate ev}(c;) and L; not bot-

Theorem 4.12. Ap, — 90y 5

i,not bot,Cj 8ﬁj

Similarly, for L; not top, we have

Theorem 4.13. Ay, = Ay—q * g—g‘j.

i,no0t top,cJ-

From Theorem 2.38(3) one can obtain a degeneration formula for the
rubber potential by inserting

c1 (L @eviL)evi(¢;) = (e1(L>) + eviei(L))evi(¢))

at a distinguished point in the rubber potential to compute Ay, . Note

i,not top,Cj
that % is the rubber potential with an extra insertion of ¢; (L°°).

Theorem 4.14. Define the matriz N;; by

c1 (L) Ug = ZNijcj'
J

Then for each i, we have
0 0A 0A  0Ax—o
mm+z”%_8&

x A.
r
4.5. Reconstruction of the relative potential. Let us look at the rela-
tive case with (Z, D). Let L be the normal bundle to D in Z. We can use the
degeneration formula for L; ok to reconstruct the relative Gromov-Witten
invariants of (Z, D) from the rubber potential (without powers of L>°) of
(D, L) and from seed values of the relative Gromov—Witten invariants of
(Z,D). This is a formal consequence of the fact that eviD = L; ey and
Theorem 4.10.

We need to choose a particular basis for H*(Z). Let V. C H*(Z) be the
subspace

V =im(U[D]: H*"*(Z) — H*(Z)).
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Let eq, ..., e, be a homogeneous basis for V', ordered by degree. Extend this
to a basis {eyt1,...,€ptw} of H*(Z).

Theorem 4.15. The relative potential F' of (Z, D) can be reconstructed from
the rubber potential of (D, N) together with the relative potential involving
only the classes {€y41,...,eytw}, that is, from

Flo,=0,=.=0,=0-

Proof. We add in one 6; variable at a time. So, suppose we have determined

Flg,=..=0,~0-
Since e; € V,
ej = Z age U [D]
k
for ay € Q where a; =0 for [ € {j,...,v} for degree reasons. By the above,
we have

oF 0Ax—o
_— Qa M . F
26, ; WM =55

which allows us to solve for

F|0j+1:"':9v:0' ]

4.6. Transferring classes between components of split maps.

Theorem 4.16. On MA with two distinguished interior marked points, the
following equation holds among divisors.

evi(ci(L)) —evi(a(L)) = -

Proof. Recall the following facts:

C1 (LD) + C1 (LOO)
C1 (LO)
c1 (L)

c1(Split)
Cc1 (Li,not top) + evjcl (L)

C1 (Li,not bot) - eV,?Cl (L)
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Putting these together, we see
Cl(Spht) =C (Ll,nottop) - eVTC(L) +c (L2,n0t top) + eVzcl (L)

Diagrammatically, this equation can be expressed as

7, 1 2
+ + +
2 1 I,
2 2 1
= + —evia(L)+ | + 24 eviel(L).
1 I, 1

The result follows. U

One can use this result to reconstruct all rubber invariants from those
where all powers of ¢;(L) are at a single interior marked point.

5. Examples

5.1. Computation of the rational rubber potential. We compute the
rational rubber potential of L = O(n) over P". We do this by comparing
the rubber potential to the rational Gromov-Witten invariants of P". There
is a geometric reason why this should be possible. Given a smooth rational
curve, P! with interior and boundary marked points,

{xlv"‘7$m7p(1]7"‘7p907p(1)0)° . ap?:o}
with multiplicities (s!, ..., 390), (59°,...,52 ), specifying a rubber map to L

is equivalent to finding a degree d map of f:P! — P" and a nowhere zero
section (defined up to C*-action) of

FL@O(=sYp) — -+ — 82 po + sTp° 4+ 4 522 pe ).

The numerical condition in Lemma 2.20 for multiplicities implies that this
bundle must be trivial. Therefore, there is only one section up to multipli-
cation by an element of C*. The automorphism group of the map to rubber
is equal to that of the stable map, so the rubber invariant should equal the
Gromov—Witten invariant.

Unfortunately, this intuitive picture may not be true for singular curves.
One, however, is able to prove these results when the target is P" in which
case rubber invariants count maps of smooth curves.

Let L = O(n) be a line-bundle over P". We consider a stack M.A of rubber
maps to (X, L).
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To prove that intersections on MA occur away from singular curves, we
will use a Kleiman—Bertini theorem argument. Consider the commutative
diagram

MA

Evaia
ft

ﬂ07m+T0+7’oo (PT, d) T) (PT)m+TO+7‘oo
s
where ft is the map that takes a rubber map to Ppr(O(n) ® O) to its projec-
tion to P", contracts unstable components, and sees boundary and interior
marked points as marked points.
We need the following well known:

Theorem 5.1. Mg ,,(P",d) is non-singular and ev;: Mg, (P",d) — P" is
a smooth morphism.

Theorem 5.2. The locus of maps with singular domain in Moym(]P”", d) is
the finite union of substacks M' so that

(1) M’ is non-singular and of positive codimension,
(2) The evaluation map Ev: M’ — X™ is smooth.

Now, we will use the Kleiman—Bertini theorem in the following form.

Theorem 5.3. Let f: X — (P")P be a morphism from X, a non-singular
stack. Let ¢ = [H]™ x --- x [H]% € H'((P")P), where [H] is a hyperplane
class. Then there exists an open set U C ((P")V)!, each point of which corre-
sponds to a product of linear subspaces K = Vi x --- x V,,, Poincare-dual to
c, such that f~1(K) is either empty or non-singular of dimension dim X — .

Let us first show that there is no contribution coming from rational curves
with disconnected domain.

Theorem 5.4. Let MA be some rubber moduli space consisting of maps
from the disjoint union of ¢ > 2 rational curves, none of which are trivial
cylinders. Let | = vdim MA. If c € H'((PT)™+70+7)  then there exists K,
a product of linear subspaces in (P")™ 170+~ = Poincare-dual to ¢ so that
Evﬁ A(K) is empty and, therefore,

deg(Evi4(c) N [MA]T) = 0.

Proof. Let us write M = M;m Ao tro (7, d) for the moduli space of stable
maps with domain the disjoint union of ¢ rational curves to P" of degree d.
X = 2q is the Euler characteristic of the domain. Then, by the dimension
formula,

vdim MA — vdim MZ%X—1:Q—1>O.
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Therefore, the codimension of the class ¢ € H'((P")™+70%7>) exceeds the
dimension of M, so its Poincare-dual can be represented by a product of
linear subspaces, K so that that Ev%(K ) is empty. O

Now, let us compute the rational rubber invariants coming from curves
with connected domains using the following straightforward lemma.

Lemma 5.5. A map in MA with connected rational singular domain is
mapped by ft to a map with singular domain in Mo mirotr.. (P", d).

Combining the above theorems and lemma, we get the following theorem.

Theorem 5.6. Let MA be some rubber moduli space with target (X, L) and
evaluation map

Ev: MA — (P)™ x (PT)70 x (P")"=.

Let | = vdim MA. Then for c € H'((P")™+otr=) there exists a product of
linear subspaces K, Poincare-dual to ¢ so that Ev™(K) is a finite union of
reduced points, supported away from maps with singular domain.

Now, we specify the rubber moduli space we are considering. Let the genus
be 0. Fix a degree dL € Hy(P") > 0, a number of interior marked points
m and boundary marked points with tangencies to Dy and Dy, 19 and ro,

respectively. Choose multiplicities s{ - - - s2, and s+ s2° so that

(94 80,) = (55 o+ 57%) = md,

Then, given a stable map (f, C) € Mo mirgtro (P7, d) with smooth domain
and marked points,

{xl,...,xm,p(l),...,p?o,p(fo,...,p?:o},
the invertible sheaf
L=fLOO(—(s{p] + -+ s0,pp,) + (55792 + -+ + 572 pr2)
has degree 0. Ls non-zero section, defined up to C* induces a map
C — Ppr(L @ 1pr)

giving a point in M.A. The automorphisms of the map in Mo 1rg4ro, (P", d)
are in bijective correspondence with the automorphisms of the map in MA.

Theorem 5.7. With the data on MA as above,
| = vdim MA, ¢e H((Pr)mtrotre)
we have the following equality of rubber and Gromov—Witten invariants

deg(Evi () N Mo trotro (P7, d)) = deg(Eviy4(c) N [MA™).
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Proof. Choose a representative cycle K as above. Then Ev_ﬂl(K ) is a zero-

dimensional reduced substack of Mg y+r+r., (P",d) corresponding to maps
with smooth domains. EV]/} A(K) = ftfl(Ev_ﬂl(K )). By the above consider-

ations, given an integral zero-dimensional substack, x in Ev_ﬂl(K ), ft7 ()
is an integral zero-dimensional substack with the same automorphism group
as .

Consider the fiber square.

D —— Momrotro (P, d)

| |

K (Pr ) m—+ro+reo

)

Now, the refined Gysin map 4" : Aj (Mo mtrotre (P, d)) — A;—(D) satis-
fies

deg (&' [Momrg+ro (B, d)]'™) = deg(Ev*(e) N [Montrotr (BT, ')

-/

But since K is a regularly embedded substack, i' = (i')*.
Now, we need the following fact that ensures the compatibility of the
Gysin map with the virtual cycle construction [17, 3.9].

Lemma 5.8. Let £: Xg — X be a reqular embedding of codimension d, W
a scheme, and Wy a scheme defined by the following fiber square

Wo——W

|

XO T> X
If the tangent obstruction complezes Ty, and Ty, are compatible in the sense
of ([17, 3.8]) and certain technical assumptions are satisfied, then

{! [W]vir _ [Wg]Vir.

It can be checked that the induced virtual cycle on D is just [D]''* = [D].
Now recall ([23, 1.17]), in the case of stacks over C, for a map from an

integral zero-dimensional stack F' to a point, p,
1
deg(F/p) = ——
eg(F/p) 5(F)

where §(F') is the order of the automorphism group of F'.
Therefore, the Gromov—Witten invariant is

deg((i")* [Mon-tro+re (BT, d)]") = deg(D/pt) = D -
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Likewise, if F is defined by

EFE — MA
{ {
c — (PN

1

the rubber invariant is

dea((#)"MAP™) = des(E/pt) = Y- 555 .
FeFE

The above theorem was proved in greater generality by a virtual local-
ization argument in Andreas Gathmann’s habilitation thesis [5, Theorem
5.2.7).

This result can be stated with greater succinctness following ([2, 2.9.2]).
Consider rubber invariants into P = Ppr (O(n)®O). The numerical condition
for multiplicities implies

(3(1)+~--+3,90)—(8Cf°+---+s7?:0):nd.

Choose a homogeneous basis {a,...,a,} of H*(X). Choose variables f3;
dual to a; as in Definition 3.7. Let py; be the variables corresponding to
contact to Dy with multiplicity £, dual to a;. qi; corresponds analogously
to contact to D,. Let x be a real variable and define

—ikx
Py = Zpk,je
k>1

Q] — Z qujeikx‘
E>1
Let f be the rational Gromov—Witten potential of P,

f(ti,. . ty,2) = Z Z M((EVL((UM)M X oo X (tyay)™))
d n v

N [Mos 0, (B, )I'™).

Corollary 5.9. The rational rubber potential is given by

2

A= ! 614+ P+ Q1,5 )
277T f(l 1 15 2+P2+Q2""’ﬁv+Pv+Qv,Zezmx)d:L'
0

where within the above formula, we treat py ;, qi i+ as super-commuting vari-
ables of degree

deg pi; =2 —2dega; — 2k
deg g/ = 2 — 2dega; + 2k

and the p-variables are to be written before the q-variables.
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Proof. The operation
1 2m
— dx
27 0
has the effect neglecting all coefficients of e™® for m # 0 which ensures
that numerical condition for multiplicities is satisfied. It is clear then that
the rubber invariant is equal to the corresponding Gromov-Witten invariant

where interior and boundary marked points are treated as marked points.
O

This Fourier series formalism is similar to the residue formalism of [6].

5.2. Caporaso—Harris formula. Here we examine rubber invariants of
O(1) over P! without powers of LY or L.

Lemma 5.10. All higher genus (g > 1) rubber invariants of L = O(1) over
X = P! with at least one point of tangency to Do and one interior marked
point vanish.

Proof. This is a virtual dimension count. (]

Now, following [2], let us apply Corollary 5.9 to compute the rational rub-
ber potential. Let us change notation slightly and write a basis for H*(P!) as

ap € HO(P)
as € H*(P)

and write tg,to for variables dual to ag,as. The rational Gromov—Witten

potential for P! is
2

tat
fpi(to, ta, 2) = 072 + ez

Therefore, the rubber potential, A satisfies

0A
Ay = —|g_g=h"t 2
2= 55, | 32=0 (ﬁo + ;pk,o%,o

1 2 . Lo
to- X Ph2¢ A Dk ar 2 T g )
T Jo

Now we write down the relative potential of (P2, L), the projective plane
relative a line. Let {H?, H!, 1} be a basis of H*(IP?). We restrict ourselves to
the potential involving only cohomology classes of the form H? and at least
one p variable. Use 6 to express the element of F dual to H? and use DPn,0
and p, 2 to express nth order multiplicities to H at [L] and [pt] € H*(L),
respectively. Write the degree as z¢, where d denotes the class d[L] € Ha(P?).
Therefore, F is an expression in h, 61, Dn.,0s Dn,2, and 2%,
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By dimensional considerations, F'lg,—o = 0 and the differential equation

of Theorem 4.15 becomes

OF
2 — Ay F
00, 2

Unwinding the action of R on F, we see that this becomes

861 (Z pkoa~

21 . - .
+h! 21 o2 Ph2e” M Ty kRO Oy 0 i dl’) F
n

This is the Caporaso—Harris formula as written in [6].

5.3. Ruled surfaces F,. We can apply the rubber formalism to derive the
inductive formula for the relative Gromov—Witten invariants on Hirzebruch
surfaces from [21]. Let F,, be the ruled surface

Fn = Ppi(O(n) ® 0),

where n > 0. Let 7 be the projection 7:F, — P!

Let D C F,, be the infinity section of Opi(n). The second homology of
F,,, Ho(F,) is generated by Cy = D, and f, a fiber of 7.

Again, let us consider the terms in F' with at least one p-variable and
no point classes at interior marked points. By dimensional reasons, the only
non-vanishing invariant comes from degree 1 maps to a fiber. In this case,
the virtual cycle of the moduli space agrees with the usual fundamental
cycle, yielding

Flg,—o = pr,22".

Now, we can compute the rubber invariants of X = P!, L = Np [Fn =
O(—n). By the same arguments as above,

1 2m —ikx ikx _
Aa st <B§ + Zpk,o%o ton Xk Pr2e T A g grpe™ —inz dx) .
0
k

We get the differential equation

ezkz
ae (kako(y +h_/ S PrzeRE LS, b
1

Under the identification

ikx

_imzco dm) F.

BlP? = T,

the above recursion formula reduces to Ran’s [20].
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5.4. Rational Gromov—Witten invariants for P". Here we consider
the rational relative Gromov—Witten invariants of (P, H), where H is a
hyperplane in P" and n > 3. We follow the computation of [2] which gives
the formula of [22]. Let us compute the potential F' where we count positive
degree curves and at interior marked points we consider only cohomology
classes from H¥(P") for k > 4. Let ey, ¢q, ..., e, € H*(P") be defined by
ez; = [H]'. Let 6a; be dual to es;. On P! we have cohomology classes
€05 Cy - - -, Con—2, Where co; generates H?(P"~1). Let py; be dual to ca;.
By dimensional considerations,

Flore =m0 = 0.
Let
fP"il(t()? to,...,tan—2, Z)

be the rational Gromonyitten potential of P! where ty; is dual to a
cohomology class in H*(P"~1) and z is the degree marker. Then, we can
use Corollary 5.9 to write the rubber potential,

1 2 o )
Agi = o / (B1+Pr+ Q1,02+ P+ Q2,..., By + Py + Qu, ze"") du.
™ Jo atQZ
Our differential equations become
OF
= Ag;_o-F.
6021‘ 21—2

6. Hamiltonian formalism

In this section, we study a formalism for relative Gromov—Witten invariants
analogous to the SFT [2] of Eliashberg, Givental, and Hofer. This formalism
has the advantage that it takes into account some of the redundancies of
rubber invariants given by Theorem 4.16. The rubber invariants are encoded
in a certain generating function called the Hamiltonian.

Let X be a projective manifold and let P = Px (L ® 1x) be the projective
completion of a line-bundle L over X. Let MA be a rubber moduli stack of
maps to P relative the zero and infinity sections with evaluation map

Ev:iMA — X™ x X0 x X"

where the three factors in the target denote the image of m interior marked
points, g boundary marked points evaluating to the zero section and 7,
boundary marked points evaluating to the infinity section.

In SFT, there is a similar moduli space, M. The construction and com-
pactification of this moduli space are markedly different and the evaluation
map is

Ev:M — (S(L))™ x X" x X"



426 ERIC KATZ

where S(L) is the unit circle bundle in L. Consequently, the classes that are
pulled back at interior marked points are from H*(S(L)). The cohomology
of S(L) is related to that of X by the following Gysin sequence:

H*(L, Ly) — H*(L) —— H*(Lo) — H**Y(L, Lo) — H**}(L)

H*72(X) H*(X) HH*(Sl(L)) - H*—l(X) 4)H*+1(X)

Ueq (L) * T Ueq (L)

where 7:S(L) — X.

Classes in H*(S*(L)) are non-canonically decomposable into classes of
two kinds; those in the image of 7*; those in the cokernel of 7*. Classes in
the image of 7* do not fix the S'-symmetry of the fibers in S*(L) while
classes in the cokernel of 7* do. Classes in the cokernel, we call phase-
fixing while those in the image we call non-phase-firing. There is a subset
of SFT invariants that involve pulling back phase-fixing classes at exactly
one marked point. We replicate this theory using relative Gromov—Witten
invariants. We believe that the analog of full SF'T in which we use a number
of phase-fixing classes is the theory as below but enriched by powers of
Cl(LOO).

Consider the following two types of marked point depending on the type
of cohomology classes that is pulled back along their evaluation maps:

(1) Phase-fixing marked points ¢ that involve a class of the form ev}(r.a)
or, equivalently, a class evib where

b € ker(Ucy (L) : H*(X) — H*"?(X));

(2) Non-phase fixing marked points ¢ that involve ev(a), where a is con-
sidered as a representative of an element in coker(Ucy (L) : H*~2(X) —
H* (X)),

6.1. Definition of Hamiltonian. We describe a particular kind of basis
for the cohomology of X. The Hamiltonian will be dependent on the choice
of basis in a predictable way.

Definition 6.1. A phase fizing basis is a homogeneous basis {ai,...,am}
for ker(Uey (L) : H*(X) — H*2(X)).

Definition 6.2. A non-phase fixzing basis is a set of homogeneous elements
{b1,...,b,} of H*(X) that descend to a basis of coker(Ucy(L): H* 2(X) —
H*(X)).

We define H, a graded super-Weyl algebra over Q[H2(X)]. Choose a
phase-fixing basis {a1,...,an}, a non-phase fixing basis {b1,...,b,}, and a
homogeneous basis {ci,...,cs} of H*(X). We will consider formal variables
0;, 7; dual to a;, b;, respectively. For every positive integer n, we will have
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Dn.i, qn,i dual to c;. Let H be a graded algebra generated by the following
elements
degh = —2(dim X — 2)
deg 2% = 2(c) (T X),d) + 2(c1 (L), d)
dego; = —1 — dega;
degt; = 2 — degb;
degpp,; =2 —degc; — 2n
deg gn,; = 2 — degc; + 2n.

In H, h, 24, 0y, 7; are super-central while the p- and g-variables satisfy
the following super-commutation relations:

[pnl,ilapng,ig] = 07 [Qn1,i17Q712,i2] - 07 [in,ippng,ig} - nlénl,nggiliQh'

As in R, the algebra H consists of Laurent series in A whose coefficients
are power series in the p-variables whose coefficients are power series in the
7- variables whose coefficients are polynomials in the o- and g-variables.

Note that we have changed the grading of o; from what we would have
expected in the definition of the rubber potential.

To define the Hamiltonian, define the following formal sums:

S = ZUiaz‘

n
P=Y S
n ki
n

1
0= (S
n ki
Definition 6.3. The Hamiltonian H is
H = Z Z h*%)(zd(S : T7 P7 Q)X,d,07

X deH2(X)
where S - T" denotes formal multiplication.

Below we may suppress P and () in the correlator.

H is linear in the o-variables which keep track of the phase-fixing classes
which are evaluated at a single, distinguished marked point. H is homoge-
neous of degree —1.
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6.2. Dependence on representatives. We will show how the Hamilton-
ian depends on the choice of representative classes in coker(Ucy (L) : H*72(X) —
H*(X)).

Lemma 6.4. Consider MA where we distinguish two interior marked

points, ¢ and i. If a € ker(Ucy (L) : H*(X) — H**2(X)) then

evi(@evi(a(L) = evi@( — 7).
¢ 1

Proof. Multiply the formula from Theorem 4.16 by evj(c1(L)). O

If we view ¢ as the phase-fixing marked point, every term in the Hamil-
tonian will involve a factor of the form evja, where a Ui (L) = 0.
Choose a phase-fixing basis,

{a1,...,am} C H*(X)
and a non-phase fixing basis
{b1,...,bn} C H*(X).

From the construction of H, the Hamiltonian is invariant under change of
basis of the form

b; = Mijbj-
Therefore, we need only determine how H varies when we change b; € H*(X)
within its equivalence class [b;] € coker(Ucy). Let us change {b1,...,b,} one

element at a time. Write
bll - b1 = dlcl(L).
Let by = (1 —1t)by + tb} and H; be H with b substituted for by, so Hy is the

Hamiltonian with b; in place, H is the Hamiltonian with b} in place.

1

H, = T
¢ EF: Autr(Ro)Autr(Roo)kl!...kn!(a] t T2 n' A0
h2 O'Z'Tfl .. .T,’f"prquA
SO
OH, 1

ot EF: Autp(Ro) Autr (Roo)ki! - . - k!

Tk1— _X
(aj - ki(dici(L)) - bfl L. bé” .. bﬁ”)%d@h 20¢7’{“ . TT’f"quAzA.
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But by the lemma
(a.] ’ (dlcl (L)) ! bflil ' bgz cee b’l’f:bn)X7d70

= 1
Ev*(a; x di x pit bg2 X oo X b)Y ( — )
¢ 1

where the first two entries in Ev corresponds to the marked points denoted
by ¢ and 1, respectively.
Let us define the generating function K; by
1
K =
! EF: Autp(Ro) Autp(Roo)k1! . . . k!

7k k. kn 2 _ki+1 ko I' A_d
(dy - DF - bER bk g ohX 2L kTR d

Because K is of even degree,

OH;
ot
6.3. The Hamiltonian as a differential. We may define a differential,

D™ on the algebra H. The homology with respect to DY will be an invariant
of (X, L).

= [Kt, Ht]

Lemma 6.5. Consider MA with at least two marked points including ¢1
and ¢o. Let ay,as € ker(Uey (L) : H*(X) — H**2(X)). Then

b1
evy, (a1)evy, (az) = evy (a1)evy, (az)
o1 ¢
Proof. We intersect
* * ¢ ¢1
evy, (c1(L)) —evy (a(L))= —
o1 ¢
from Theorem 4.16 with evy (a1)evy, (a2). O

Theorem 6.6. H is nilpotent of order 2.
Proof. Write

H = Z o H'.
7
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Notice that H’ is an element of degree 1 — deg o; = 2 + deg a;.

= (o)

=> oiH'o;H'+ (0;H'o;H' + 0 H o;H')

3 i<j
= Z%’Q(Hif + Z(Uiaj((—l)(deg a;)(deg a;—1) gyi g7
i i<j

+ (_1)(deg a;—1)(deg aj)+(deg a;—1)(deg aj_l)HjHi)).

The only way it can be that 012 # 0 is if deg o; is even, and therefore, deg a;
is odd. In this case, we must show (H?%)? = 0. By arguments analogous to
the proof of the degeneration formulae, (H%)? is given by

H? = (evy, (a1)evy, (az)(sum over terms)U ¢ )N [MA]E
b1

where “sum over terms” indicate a sum over all the cohomology classes and
formal variables that enter into Definition 6.3. By the above lemma, this
equals

b1

¢

)N [MA]vir

(evzl (ai)eVZQ (a;)(sum over terms)U

= —(ev}, (a;)evy, (a;)(sum over terms)U ¢ )N [MAPT = —H2.
o1
Since for i # j, 0y0; # 0, we must show
0= (_1)(degai)(degaj—1)HiHj + (_1)(degai—l)(degaj)+(degai—l)(degaj—l)HjHi
— (_1)degai—1(HjHi o (_1)(degai)(degaj)HiHj)‘
The proof is similar to the one above. O

Definition 6.7. The operator D¥:H — H is defined on homogeneous
elements of H by D : f s Hf — (—1)%8f fH and extended by linearity.

Corollary 6.8. D is a differential on the graded algebra H
Proof. Tt is straightforward to show (D)2 =0 and
D (fg) = D" (f)g+ (1) £ D" (g). -
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6.4. Hamiltonian homology. We show that the chain complex (H, D)

is invariant under changing the choice of representatives of coker(Uc; (L)) in
the non-phase fixing basis.

Theorem 6.9. Let by = (1 —1t)by + tV). Let Hy be H with by substituted for
b1. Then there is a family of isomorphisms Q:H — H so that

DM Qu(f) = QD" f).
Proof. Let K; be as above. Define A; by

t
At:/ KS dS,
0

Qi(f) = et e

and let ); be given by

Write f; = Q¢(f) and let
E, = DM (f,) — Qu(D™ f).

Therefore,
Et - [Ht7 ft] - Qt([H07 f])a
0
Ot o, Hil, ) + [, (Ko, 5]~ (Ko QuH, £1)
= [Ky, Ey).
Since Egy = 0, it follows that E; = 0. O

By changing representatives of coker(Ucy (L)) one-by-one, we see that the
differential graded algebra and hence the Hamiltonian homology is invariant.

There are other versions of the Hamiltonian homology, rational Hamil-
tonian homology and contact Hamiltonian homology. They bear the same
relation to Hamiltonian homology as their analogs do to SFT homology. We
refer the reader to [2] for details.

7. Localization proof of degeneration formula

In this section, we give a proof of the degeneration formula in Theorem 4.14.
That degeneration formula is the generating function interpretation of the
following relation among line-bundles on MA:

L™ ®6V2<L = Li,not bot -

A proof is outlined above, but here we give a more direct proof using the
virtual localization technique from [12] and [8] and adapted for the relative
case in [9].

Our strategy is to evaluate the equivariant cap product,

hUEv cUev:(c1(O(1)) + e (L)) N M.
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which we know to be zero on a particular stack, MY by localization. The
localization formula a relation among cycle classes which when intersected
with cohomology classes yields Theorem 4.14.

7.1. Target schemes. We need to construct a stack MY that is closely
related to MA. Let X be a projective manifold and L be a line-bundle over
X. Let P =Px(L @ 1x). Let p: P — X be the projection. Let ig: Dy —
P and iy : Dy — P be the inclusions of the zero and infinity sections,
respectively.

We want to consider stable maps into P relative Dy and D.,. The stack
of stable maps we construct will differ from MA, in that we do not have a
C*-action that dilates the fiber of P.

Define the scheme ;Y as the union of k + 4 1 copies of P,

kJY:P_kI_lX...UXp,1UXP0L|Xp1UX...UXpl

where Xg C F; is identified with X, C Pjy1. Let the automorphism group
of 1Y be (C*)F x (C*)! where the first k copies of C* dilate the fibers
of P_y,...,P_1 and the last [ copies of C* dilate the fibers of P;,..., .
Note that there is no C*-factor dilating Fy. MY is the stack of stable pre-
deformable maps to ;Y with data given by a rubber topological type.

The rigorous definition of MY is analogous to those of M.A and MZ.
Begin by defining triples (Y [k, ], Dok, ], Dxo [k, (]) indexed by a pair of non-
negative integers where Y[k, ] is a projective manifold with a (C*)* x (C*)!-
action, and Dylk, (] and D[k, ] are smooth divisors. Let

Y[0,0] = P
Dy[0,0] = Do
D[0,0] = D,

where Dy and Do, are the zero and infinity sections in P. We define Y[k, ]
inductively,
Y[k + 17 l] = BlDoc[k,l}X{O}(Y[kv l] X Al)

D[k + 1,1] is the proper transform of Dy[k,l] x Al, Do[k + 1,1] is the
inverse image of Dylk,[] x Al.

Y[k, 1+ 1] = Blp, g« oy (Y [k, 1] x A1).

Dolk+1,1] is the proper transform of Dg[k,[] x A, D [k+1,1] is the inverse
image of D[k + 1,1] x Al. The (C*)* x (C*)! actions dilates the fibers in
the tails.

Given a rubber topological type I', we construct MY = M(Y,T') by
mimicking the construction of MZ and M.A. We consider families of pre-
deformable relative maps described by T' that are stable under the (C*)* x
(C*)!-action. We glue these families together into a stack and then quotient
by the (C*)* x (C*)!-action. MY carries a virtual cycle.
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Note that M is different from M Z( P, DylU D) since in the construction
of Z[n], Dy and Do, are blown up simultaneously and the C*-action dilates
the fibers of their exceptional divisors together.

7.2. Equivariant data. We will perform a virtual localization computation
on MY. We first define a C* action on P. Specify points of P =Px(L & 1)
by [l : t]. Define the group action by, for A € C*,
A-[Lt]) =[Nt
This C* action induces a C*-action on MY so that
Ev: MY — P™ x X0 x X"

is equivariant.
Write H¢.(pt) = C[h], where h is the Euler class of the equivariant line
bundle on pt under the group action

At =Mt

Now, let " be a rubber topological type where there is at least one ver-
tex that does not correspond to a trivial cylinder. The proof of the virtual
localization theorem holds for M(Y,T") with straightforward modifications.

Let w: P — X. Consider the composition

(7" xidxro X idxreo )OEV: MY — P™ x X0 x X" — X™ x X0 x X",
and for 7, an interior marked point, consider the evaluation map
evi: MY — P.
Let O(1) be the equivariant line-bundle over P that is dual to O(—1)
equipped with the linearization
e N UP )
3 \
[[:t] — [N:t]
Note that O(1) ® p*L is an equivariant line bundle whose first Chern class
restricts to
ig(c1(O(1)) + c1(p*L)) = h+c1(L) € He (Do) = H* (Do) 1)
and
i (c1(O1) + c1(p*L)) =0 € Hiw (Doo) = H (Do) [A]-
There is also a natural map pt*: C[h] = H¢.(pt) — HE.(MY) and that
pt*h (which we will denote by &) is an equivariant extension of 0 € H2(MJ)).
Let n = vdim MY and ¢ € H"#(X™ x X™ x X"=). Observe that
deg ((h UEvieUevi(c1(O(1)) 4+ c1(p*L))) N [./\/ly]Vir) lh=o =0

because the cohomology class is an equivariant extension of 0. We will prove
Theorem 4.14 by computing this degree by virtual localization.
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7.3. Fixed loci. We identify the C* fixed loci in M. For a map f in a C*
fixed locus, we have the composition

C — k,lY — P.

The irreducible components of C' are of three types: (a) those mapping into
Dy; (b) those mapping into D; (¢) those mapping into a fiber of P — X
totally ramified over two points. There are, therefore, three types of fixed
loci:

(1) Those whose generic element only has components of type (a) and

(c);

(2) Those whose generic elements only has components of type (b) and

(c);

(3) Those whose generic element has components of all three types.

A fixed locus of the first type is parameterized by
T-MAT) — F
where the morphism 7T attaches components of type (c) of degrees

{p>=),..., 1= (|Rool) }

to the boundary marked points. We have T, ([MA]'") = [F]V". The evalua-
tion maps fit into the commutative diagram

MA —— X x XT0 x X7
MY ——= P™ x X0 x X"

where the vertical map X — P is given by including X as Dy C P. The
virtual normal bundle to this fixed locus has Euler class

e(N) =h—c1(L™).
A fixed locus of the second type is parameterized by
B:M(AT) — F
where the morphism B attaches components of degrees
{1°(1), .-, 1’ (|Ro)}-

The evaluation maps fit together as before except that the inclusion is now
D = Dy < P. B,(I]MAY™) = [F|""" and

e(N) = —h — ¢ (LO).
A fixed locus of the third type is parameterized by
I:M(Av FAt) XDpr M(Aa FAb) — F
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corresponding to a type join quadruple (I'4,,I'4,, L, J) such that I'4, 1, s
I'4, =T'. The morphism I inserts components of type (c) of degrees

{1 (1), 1 (1Rice)} = {1 (1), -, 1 (| Reol)}

between the components coming from each factor of M.A. The evaluation
map takes the interior marked points on M(A,T' 4,) and M(A,T4,) to X =
Dy C P and X = Dy C P, respectively. We have

L(IM(A, T a,) xpr M(AT4,)]'") = | Autr,, r,, 2 (Ra,o0, Ra0)|[F]

If pt, pp are the projections of M(A,T'4,) xpr M(A,T4,) onto each factor,
then the normal bundle to the fixed locus has Euler class

e(N) = (h— pier(L%))(~hi — pper(LY)).

7.4. Localization computation. We now compute the contribution from
each fixed locus. The virtual localization formula [8] states that given a
top-dimensional class b € H*(M)), we have

viry _ 1 e J*b vir
deg(bN [MY]V") = J:F;My o) deg (e(NF) N [F] >

where the sum is over fixed loci F' with parametrization J: F — M) .
The fixed locus of the first type contributes

T*(h evi(c1(O(1)) + c1(L))Ev*c)
e ()
= deg <h(2__|— (Zz]ig;}))Ev*c N [MA]Vir>
= deg((evici(L) + c1(L®))Evie N [MA]YT).

A Ar)

Fixed loci of the second type do not contribute to the localization formula
because ev; : F — P factors as

eVi:F:MA—>X:DOO‘—>P

and % (c1(O(1)) + c1(L)) = 0.
The only fixed loci of the third type that contribute are those in which
the ¢th marked point is mapped to Dy. Such a fixed locus contributes

1 I*(hevi(c1(O(1)) + c1(L))Ev*e)
At 48 ( e(N)

N[MA X pr MA}V“>

1
Aut

where Aut = | AutFAt,FAb7L(RAtoov Ra,o)l-

deg(Ev*e N [MA x pr MA]'Y)
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Putting everything together we get
0 = deg((evici(L) + 1 (L™®))Evie N [MA]'Y)

where the sum is over all quadruples T = (T'y, 'y, L, J) € Qy,

1 .
- deg(Eve N [MA x pr MAJ™)
’MAb“’MAt|!(|RAbO|)2 TEQLZ

i,not bot

as in The-

i,not bot

orem 4.1. By choosing c¢ to be a formal sum of variables as in the definition
of the correlators, we get Theorem 4.14.

1]
2]
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