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In this article we calculate explicitly the Ramanujan (13, 13)-
regular hypergraph introduced in [Sarveniazi 07] using the com-
puter algebra programs MAGMA and OCTAVE. This simple
structure represents a nice and arithmetically very rich object in
number theory, namely I's \ I'(1).

1. INTRODUCTION

The global Jacquet—Langlands correspondence between
automorphic representations of unit groups of certain di-
vision algebras and automorphic representations of GLg4
in positive characteristic is a challenging problem. The
cuspidality of representations of arithmetic groups aris-
ing from unit groups of division algebras is closely related
to certain properties of adjacency matrices of Ramanujan
hypergraphs.

This connection motivated our construction of such
hypergraphs and their adjacency matrices. Indeed, the
adjacency matrices A are actually Hecke operators de-
fined on the arithmetic group I'(1) at the place p(t) (in
our case p(t) = 1 —t) that transfer automorphic forms
associated to the arithmetic subgroup I'y for f(¢) =1+t
(see Section 4 for the exact definition).

The cuspidality of the arising automorphic represen-
tation, which must be confirmed in this general case in
positive characteristic, will be addressed in a forthcoming
paper. Of course, the translation of such a deep result as
the Jacquet—Langlands correspondence to the language
of elementary graph theory is amazing, but in this note
we are just trying to present a near-infrared object that
is closely related to this deep result. For more details see
[Sarveniazi 07] and references therein.

Here we give an explicit presentation of Ramanu-
jan (13, 13)-regular hypergraphs introduced in [Sarveni-
azi 07] using the computer algebra programs MAGMA
and OcTAVE. This is a class of examples of Morgenstern
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FIGURE 1. The graph of the first nearest neighbors of
our (13, 13)-regular hypergraph.

Ramanujan graphs that we have generalized to higher di-
mensions, replacing quaternion algebras in Morgenstern’s
examples with quotient skew-fields of skew-polynomial
rings.

We consider the skew-polynomial ring IF,« {7} over the
field F,a of g% elements, where the indeterminate 7 sat-
isfies the rule 7- A = A7 7 for A € [Fa.

In Sections 2 and 3, we summarize some facts about
Bruhat-Tits buildings, related hypergraphs, and the
skew-polynomial rings. In Section 4 we study the struc-
ture of the arithmetic groups I'(1), I'(7), and T'¢(7). Fi-
nally, in Section 5, we present our explicit calculation in
the smallest nontrivial case,

d=3, ¢g=3, and prime f =141,

and we give a combinatorial description of our hyper-
graph as the Cayley graph of the group PGL(3,F3) =
PSL(3,IF3) over the finite field F3.

A MAGMA program produces a complete factorization
of 1 — 7, which is essential for our construction. The
matrices A and A® and their eigenvalues are calcu-
lated and the Ramanujan property (successfully) tested.
A picture of the first nearest neighbors can be seen in
Figure 1.

2. BUILDINGS AND HYPERGRAPHS

Let (F,v) be a local nonarchimedean field with valuation

ring O, uniformizer 7, and residue field k := O/(7).
Attached to the algebraic group PGL(d, F') for some

fixed number d > 1 is the affine building Xo(F?). It is

defined as follows: The edges (0-simplices) are classes of
O-lattices L C F% of rank d, where

L~ L' <= L' = \L for some X\ € F'\ {0},

and r-simplices, i.e., simplices that include r + 1 vertices,
are defined by chains of lattices

7LCLC--CL, CL.

It is easily seen that all maximal simplices (chambers)
have cardinality d. Furthermore, we have a notion of
apartments that satisfies the axioms of a building (see,
for example, [Brown 89, Ronan 89]).

If we fix a lattice (i.e., a vertex) L, we define the link
lkx, (pay(L) as the simplicial complex given by all sim-
plices A € X (F?) such that L ¢ A, but LUA is a
simplex in X, (F%). The simplicial complex lky, (ray(L)
is isomorphic to the Tits building associated to the k-
vector space L/mwL by the map

Ik, (pa)(L) = Xo(L/mL),

afLCIWC - C L CL— Ly/aLC---C L,/7L;

i.e., it is a building itself. Associated to the building
lkx, (pay(L) we have a canonical labeling with index set
{1,...,d — 1} defined as follows: If 7L C L' C L is
an edge, then the label t1,(L’) is defined by ¢r(L') :=
dimy L' /L. 1f we regard lky, pay(L) as a subcomplex
of the whole building X,(F?), then the label of an edge
L’ evidently depends on the choice of the vertex L, but
we have the following correspondences.

Lemma 2.1.

(1) If L, L' is an edge in Xo(F?), then

tL(L/) = —tr(L) mod d.

(2) If L, L', L" is a triangle (2-simplex) in Xo(F?), then

tr, (LI) —tr (LH) = tL/(LH) mod d.

Proof. 1. We have
nLC L' CL=nl' CraLC L.

From
nL/nl = L/L'~(L/wL)/(L'/7L)

it follows that

tL/(L) =d— tL(L/ = —tL(L/)) mod d.
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2. We have
nLC L CL'CL=nrL"CL CL".
From
L'/nL" = (L'/xL")/(xL"/xL")
and
nl")nl' = L")l = (L"/xL)/(L'/7L)
it follows that
tL//(L/) =d— dim(ﬂL”/wL’) =d—(tg, (LN) — tL(L/))
=1L (LI) —1r (LH) mod d.
O
The group PGL(F, d) acts on the building X,(F?) by
its natural action on the lattices. It is easily seen that this
action is transitive and respects the simplicial structure.
Since we are interested in some special quotients of the

building by this action, we make the following definitions,
due to [Sarveniazi 07].

Definition 2.2. ((n1,...,nq—1)-regular hypergraph.)
[Sarveniazi 07, Definitions 29-31]

(1) An (n1,n2,...,nq—1)-regular hypergraph is a simpli-
cial chamber complex X, equipped with a labeling
function

t:XoxXo—{0}U{l,...,d—1},
(L, L") = tr (L),
such that ¢t (L") = 0 if {L,L'} ¢ X1, t satisfies the
formulas of Lemma 2.1, and for 1 <i < d—1 and all
vertices L in X,, we have

#{L/ S lkx. (L) | tL(LI) = Z} = n;.

(2) For 1 <i<d— 1 we define the ith adjacency matrix
of X, by

AW .— (E(i)(L,L/)) 7
L,L'€Xo
where

g(i) (L7 L/) — 1 1f tL(L/) = Z’,
0 otherwise.

As in [Sarveniazi 07], we extend the usual notation of
an expanding bound for regular graphs to hypergraphs.

Definition 2.3. (Upper bounds.) [Sarveniazi 07, Defini-
tion 32] Let X, be an (n1,n2,...,n4—1)-regular hyper-
graph and A®M ... AW@=1 jts adjacency matrices.

(1) For 1 <i<d—1 we define

AD(X,) = max Al

A eigenvalue of A(i)
M?ﬁnz‘

(2) We say that the hypergraph X, is bounded above
with bound (ci,...,¢4—1) for some real numbers
c1,... a1 ERIFAD(X,) <¢forl1<i<d—1.

Remark 2.4. Because of the regularity condition, it is
easy to see that for 1 <i<d—1,

2D (X,) < n,.

3. THE SKEW-POLYNOMIAL RING OVER
A FINITE FIELD

3.1 Skew-Polynomials and Division Rings

We will first recall some basic facts about the ring of
skew-polynomials. Proofs of the following statements
and further details can be found in [Jacobson 96, Sec-
tion IJ.

The ring of skew-polynomials Fa{7} has a well-
defined ring of quotients IF,a(7), which is a skew-field.
If we set ¢t := 7%, then we can describe the center of
[F,a(7) to be the function field I, (¢). That is, Fa(7) is a
finite division algebra over its center of dimension d2.

Since FF,a(t) is a cyclic Galois extension of IFy(t) of
degree d whose Galois group is generated by the auto-
morphism

0 :Fpa(t) — Fua(t),
At — At

we can describe the skew-field in terms of the cyclic al-
gebra (IFq(t)/Fy(t),0,t), where we choose 1,7,..., 7971
to be an [F,a(t) base of Fya(7).

Remark 3.1. It is easy to see that the cyclic extension
of function fields [F 4 (t)/IF,(t) is unramified at all primes
(cf. [Rosen 02, Proposition 8.5]).

If v is a valuation of IF,(t) and w is a valuation of
IF,a(t) such that w lies over v, we get the field extension
of the associated local fields [Fyu(t), /T (t), of degree dy,.
Furthermore, by Remark 3.1 we have d,, = f,,, where f,,
is the degree of the extension of the corresponding residue
fields and the numbers d,, and f,, are independent of the
choice of the valuation above v, since the extension is
Galois. We define Fu(7), 1= Fga(7) @, 1) Fy(t)o-
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Proposition 3.2.
(1) Fya (7)o = (qu (t)w/IFq(t)Uv Ud/dwat)-

(2) The division algebra I a(7), splits completely if and
only if v(t) = 0.

(3) Fya (7)o splits completely if and only if v is not one of
the valuations corresponding to the primes t and 1/t.

For a proof, see [Goss 96, Theorem 4.12.4, Corollary
4.12.5).

In the case that the skew-field splits, we can de-
scribe the splitting isomorphism explicitly. We follow
[Reiner 75, Sections 29, 30]. The crucial point is that for
v(t) = 0, we can find with the help of Hensel’s lemma an
element 7' € [Fya(t), such that Normg , ¢).,/F, (1), (T) =
t. For simplicity we will assume that d,, = d. Then
1,7,..., 797 is still an F,a(t),-base of Fya(7),. We per-
form the base change

1—1,
T Fi=T7 1,

2 (7’)2 = Tfl(f(T*l)T2

7_d—l s (%)d—l _ T_lo'(T_l) . ~O'd_2(T_l)Td_l.

Now we get an isomorphism of [F;(t),-vector spaces:

qu (T)U — End[pq (t)w (qu (t)u,),

Q7 o Fya () =7 Fypa(t)y — " Fya(t)u-

If we choose an IFy(t),-base of Fya(t)., we can identify
the endomorphism ring Endp, (1), (F;a(t).) with the ring

of matrices Mq(IF,(2).,).

3.2 Skew-Polynomials and Endomorphisms

Let F, be an algebraic closure of IF,. To an element
=g 7" € Fua{r} of degree n we associate an
[F;-linear map

o Fg—TF, z— Z)\ixqi.
i=0

We define Vy := Ker(¢f) C . It is a finite-dimensional
IF,-vector space. If ¢y is separable, that is, Ag # 0,
then dimp, Vy = n = deg, f. We will call an element of
IF,a{7} normalized if its absolute coefficient is equal to 1.

Proposition 3.3. Let f:= Y1 (N\i7" € Fa{r} be a nor-
malized polynomial of degree m. Then we have the fol-
lowing correspondence between the two following sets of
objects:

f:fr"'fh

which is a decomposition of f into normalized skew-
polynomials f1,..., fr such that deg (fi) > 1 for 1 <
i1 <r, and

0OCcWVM e CV.=Vy,

which are flags of t = T¢-stable IF,-subvector spaces in Vy.

We briefly describe the correspondence:

1. If f1,..., fr are given, then we define V; := Vj,..p,
for1<i<r.
2. If Vi,...,V, are given, then ¢; = [[ycy, (X — A)

is an [Fy-linear polynomial in [ «[X], that is, there
exist elements \;; € Fya such that

dim]Fq (‘/1) )
Y = Z Ainq] .
§=0

We define
dimg, (V1) \
— Mg
1= ;J o
and
dimp, (V3)

— Aij _j

fz - Z )\iOT /fzfl

7=0

for 1 < i < r, where the division by f;_; takes place
inside F,a {7} from the right.

Application 3.4. If f = 1 -t = 1 — 7% then V;_, =
Fa C Fq and all IF;-subspaces of Vi _; are 74 (= t) stable.
We get the following correspondence between the two
following sets of objects:

1—7¢= (14 Xg7) - (14 \i7),

decompositions of 1 — 7¢
polynomials of degree 1, and

into normalized skew-

0CVig - CVa=Viy,

=

maximal flags of [F;-subvector spaces in Vi_;.
We define

Li_y:= {(Al,...,Ad) c (]qu)d 1 _
= (1+Xa7) - (14 M)}
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4. ARITHMETIC SUBGROUPS OF IF« {7}

In this section we fix the irreducible polynomial
p:=1—teT,[t]. Let f € F,[t] be another irreducible
polynomial not equal to ¢t and 1—¢. By abuse of language
we will not distinguish between the irreducible polyno-
mial f and its corresponding valuation. As done in [Sar-
veniazi 07] we define the following groups:

(1) T(1) == Fua{r}[1]*/Z, where Z = F,[t, 5]* is the
center;

(2) T(7) := Ker(Fa{r}[5]*/Z ="~ F 3 /F));
(3) T'¢(r) :={g € I'(1) | ¢ = 1mod f}. Here g =
1 mod f means g —1 € fIqu{T}[I—l)].
According to Proposition 3.2, the prime f splits com-
pletely F,a{7}, and the composition of the maps

Fu(r} 2] — e} 3] empa B0/

= Fpa{r} Lﬂ O, 1] Fyltls @m0, Faltls/(f)

— Ma(F[t)/(f))

induces a representation of the quotient group

p:T(r)/T4(r) — (Iqu{T} B] / f)) " Jcenter
= PGLa(I5[t]/(f))-

We use the representation p to define the set of matri-
ces
MY = p(1 = Ar) -+ (1= Mi7)

for A= (A1,...,Aq) € L1 and define
M ={M} Xe L, ;}

for 1 <4 < d. Furthermore, we define M := U?:_ll M;.
We use these matrices to define the Cayley graph

C(PSLa(Fy[t]/(f), M),
if 1 — ¢ is a dth power in F,[t]/(f);
if 1 — ¢ is not a power in F,[t]/(f).

Hyp;(1 1) :=

We have the following result [Sarveniazi 07, Theo-
rem 33].

Theorem 4.1. The Cayley graph Hyp;(1 —t) is a Ra-
manwjan (n1,...,nq—1)-reqular hypergraph with bounds
(c1y...,¢a—1), where for 1 <i <d,

(1) ni := number of i-dimensional IFy-subspaces of Fya;
(2) ¢ = (g9,

(3) the local labeling function for all vertices x,y of
Hyp;(1 —t) is given by

u@w:{g

5. EXPLICIT CALCULATION OF THE
(13,13)-REGULAR HYPERGRAPH

iff 3g € M; such that gz = y;
otherwise.

In this section we present the results of an explicit calcu-

lation done with the computer algebra programs MAGMA

and OCTAVE. We set the parameters as small as possible,

which means that ¢ =3, d=3,p=1—t¢t, f=1+t.
We calculate the elements of £q_;:

<W,W,w>,<w,w 9,w 3>,<w,w"21,w" 19>,

<w,w 25,w”7>,<w"3,w,w"9>,<w"3,w"3,w 3>,
<w™3,w"11,w"5>,<w"3,w"23,w"21>,<w"5,w"3,w" 11>,
<w'5,w"5,w"5>,<w"5,2,w 7>,<w"5,w"25,w"23>,

W 7,w,w 25>,<w”7,w"5,2>,<w 7, w7 ,w 7>,
<w™7,w"15,w"9>,<w”9,w”3,w>,<w"9,w"7,w" 15>,

W 9,w 9,w 9>,<w”9,w 17,w" 11> ,<w"11,w"5,w"3>,
<w™11,w"9,w”17>,<w”11,w"11,w"11>,<w"11,w"19,2>,
<2,w"7,w’5>,<2,w"11,w"19>,<2,2,2>,
<2,w"21,w"156>,<w"15,w"9,w"7>,<w"15,2,w" 21>,
<w™15,w”15,w”15>,<w”15,w"23,w”~17>,<w”17,w"11,w"9>,
<w~17,w~15,w"23>,<w"17,w~17 ,w~17>,<w~17,w"25,w~19>,
<w™19,w,w"21>,<w"19,2,w"11>,<w~19,w"17,w" 25>,
<w™19,w"19,w"19>,<w"21,w"3,w"23>,<w"21,w"15,2>,
<w™21,w"19,w>,<w"21,w"21,w"21>,<w"23,w"5,w" 25>,
<w™23,w"17,w"15>,<w"23,w"21,w"3>,<w"23,w"23,w" 23>,
<w™25,w”7,w>,<w”25,w"19,w"17>,<w"25,w"23,w"5>,
<w~25,w"25,w"25>

¥

The elements of 1+ A7 for (A, A2, A3) € L1_4:
{

wxtau+l, w”17*xtau+l, w™15*tau+l, 2*tau+i,
w-7*tau+l, w™3*xtau+l, w 5*tau+l, w™9*tau+l,
w™1llxtau+l, w™19*tau+l, w”™21lxtau+l, w”23*xtau+i,
w™25xtau+l

}

The elements of (1
(Alv )\27 )\3) S ‘Cl—t:

{

wd*xtau~2 +w”14xtau+l, w”1l4xtau”2+w”10*tau+l,
wo18*tau~2+w~24*tau+l, w 6*xtau”2+w 8*tau+l,
wo2xtau"2+w"20*tau+l, w”12*xtau”2+w”16*tau+i,
w24*xtau~2+w”6*tau+l, w 10*tau~2+w”22*tau+l,
w™20*tau"2+w~18*%tau+l, w22*xtau”2+w”12xtau+l,
tau”2+tau+l, w'8*tau"2+w 2*tau+l,
w™16xtau~2+w 4*xtau+l

}

+ Xm)(1 4+ A7) for
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The elements of M:

[221] [222] [101] [001] [21 2]
[021] [202] [221] [012] [120]
[0o02], [021], [020], [122], [10 2],

[1t22] [120] [020] [121] [211]
[020] [201] [022] [112] [212]
[t20], [112], [211], [101], [110],

[201] [010] [20 0]
[1too] [210] [222]
[2 211, [022], [20 2]

The elements of Mo:

[1t20] [210] [1t10] [020] [112]
[011] [200] [102] [201] [12 2]
[0o01], [101], [222], [220], [110],

[012] [111] [011] [222] [10 0]
[010] [221] [100] [022] [012]
[1to02], [120], [210], [212], [20 1],

[122] [121] [221]
[220] [001] [120]
[200], [112], [122]

We calculate the number of elements of PGL(3,F3) =
PSL(3,IF5) = 5616 and check that the matrices above
generate this group. Then we calculate the adjacency
matrices A1), A and calculate the eigenvalues with
the help of OCTAVE. Since A is the transpose of A,
we calculate only the eigenvalues of AW,

Eigenvalues of A (and eigenvalues of A()):

# Created by Octave 3.0.0,
# rows: 5616

# columns: 1

(13.00000000000001,0)
(7.126860683941947,0)
(-3.417234277700118,5.507744181041602)
(-3.417234277700118,-5.507744181041602)

One sees that 13 is an eigenvalue, as expected. We
check that the upper-bound condition predicted above is
true, that is, c; = co =9 and

AV (X,) = XP(X,) ~ 7.126860683942489 < 9.

Finally, we calculate that the graph, regarded as a 26-
regular graph, is not a Ramanujan graph:

A Xo) ~ 14.25372136788398 > 2v/26 — 1 = 10.
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