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This paper presents some algorithmic techniques for computing
explicitly the Noetherian operators associated with a class of
ideals and modules over a polynomial ring. The procedures we
include in this work can be easily encoded in computer algebra
packages such as CoCoA [CoCoATeam 05].

1. INTRODUCTION

The Ehrenpreis—Palamodov fundamental principle

[Ehrenpreis 70, Palamodov 70] states the following:

Theorem 1.1. Let pi(D),...,p.(D) be linear constant-
coefficient partial differential operators in n wvariables.
Then there are algebraic varieties Vy, ...,V in C" and
differential operators Oy, ...,0; with polynomial coeffi-
cients such that every function f € C(R"™) satisfying

p(D)f =+ = p(D)f =0

can be represented as

f@ =3 [ o ane.

for suitable Radon measures dv;.

The collection
V ={(V1,01); (V2,02);...5(Vi,0) }

is said to be a multiplicity variety, and Theorem 1.1 is
equivalent to the following strengthening of the classic
Nullstellensatz:

Theorem 1.2. Let I be an ideal of R = Clay,...,2,)].
There exists a multiplicity variety V such that a polyno-
mial f belongs to I if and only if 0;f)y, = 0 for every
j=1,...,t
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The operators 0y,...,0; are called, in Palamodov’s
terminology, Noetherian operators because their con-
struction relies essentially on a theorem of M. Noether
on a membership criterion for polynomial submodules
(see, for example, [Palamodov 70, pp. 161-162]). The
nature of the original proof of the fundamental principle
is essentially existential, and therefore the question of the
explicit construction of such operators is of great interest
whenever we consider a concrete application of the fun-
damental principle. Note that if I is the ideal generated

by the polynomials p1, ..., p, and if

I'=Qn---Na

is its primary decomposition, then the varieties V; that
appear in Theorem 1.1 are simply given by the algebraic
sets V(Q;). The information on the multiplicity of each
of them is left to the operators d;.

In this paper we build on some recent results in
the construction of Noetherian operators [Heifl et al.
06, Marinari et al. 98, Oberst 90, Oberst 99, Sturmfels
02] and provide some new algorithms that allow the auto-
matic construction of these operators at least in a rather
large class of cases. We include several experiments using
algorithms implemented in CoCoA .

In Section 2 we quickly review the fundamental
tools from computational algebra (mostly the theory of
Grobner bases). The core of the paper is Section 3, in
which we deal with the case of zero-dimensional ideals
and present several explicit algorithms. A final section
deals with the case of ideals of positive dimension.

Executable versions of the algorithms discussed in this
paper have been explicitly written for CoCoA and are
freely available at http://www.tlc185.com/coala.

2. COMPUTATIONAL ALGEBRA TOOLS

Throughout this paper, we will work in the ring R =
Clx1, ..., 2] of polynomials in n variables with complex
coeflicients; we will think of R as the ring of symbols for
the differential operators we are studying. Even though
we consider differential operators with constant coeffi-
cients, the fundamental principle shows that Noethe-
rian operators have, in general, polynomial coeflicients;
we will use the symbol A, to denote the Weyl algebra
Clxy, ..., xp, 021, . .
throughout the paper, the symbol 0x will be used as an

abbreviation for % .

., 0x,] of such operators. Here and

Using the notation introduced in [Kreuzer and Rob-
biano 00], we will denote the monoid of power products

in R by T™ and the module monoid of power products in
R® by

T"(e1,...,es) = {te; |t €T", i=1,...,s},

where e; is the ith element of the canonical basis of R*.
All the definitions to follow are given for ideals but can
be extended in a straightforward fashion to the case of
modules [Kreuzer and Robbiano 00]. A term ordering
o on T™ is a total ordering on power products with the
following two properties:

(I) Ift1 >; toand t € T" then t - t1 >4 t - to.
(IT) If t € T™ and s € T™ then s -t >, t.

The leading-term ideal associated with I with respect
to o is the ideal generated by all the leading terms of
elements of I, and will be denoted by

LT, (I) = {LT. (SIS € I}).

More generally, the leading-term ideal associated with a
subset G of R will be written as LT, (G) = ({LT,(f)|f €
G}). Note that LT, (G) = LT, (I) if and only if the set
G is a Grobner basis for the ideal I, this being the main
characterization of a Grébner basis.

The algorithm that associates with an ideal I of R
its Grobner basis G, (1) is the core algorithm of the the-
ory of Grobner bases and can be found, for example, in
[Kreuzer and Robbiano 00, Theorem 2.5.5]. Another key
tool in computational algebra is the division algorithm
(see again [Kreuzer and Robbiano 00, Theorem 1.6.4]),
which can be performed to generate the remainder of a
polynomial with respect to a set of generators of I.

Note that the remainder of a polynomial depends on
the set of generators chosen for I (in fact, it even depends
on their order). The fundamental property of Grdébner
bases is that such a remainder is zero if and only if the
polynomial belongs to the ideal. For this reason the re-
mainder calculated with respect to a Grobner basis is
called the normal form of a polynomial.

Given a polynomial f € I and a term ordering o, we
will denote by NF,(f) the normal form of f with re-
spect to the o-Grobner basis of I (the same notation is
used for modules). An equivalent way to compute a re-
mainder is using rewrite rules [Kreuzer and Robbiano 00,
Section 2.2]. Given a polynomial g € R, we say that a
polynomial f; rewrites to fo with respect to the rewrite
rule % (and this is indicated by fi — f5) if there ex-
ists a monomial m in R such that fo = f; — mg and
LT, (mg) is not in the support of fo. This is also called
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a one-step reduction. We can rewrite a polynomial using
a set of elements G = {g1,...,9s} by performing a one-
step reduction with each of the g;’s, in that order. We
will denote by 9., the transitive closure of the relations
2, ..., This relation is called a rewrite relation or
rewrite rule. By applying a sequence of one-step reduc-
tions to a polynomial f using the elements in G we then
,gst. In
particular, if G is a Grobner basis we have that f rewrites

obtain a remainder of f with respect to {gi,...

to its normal form, i.e., f i>NF<,(f).

We now introduce some definitions about elimination
theory and term orderings (see [Kreuzer and Robbiano
00, Section 3.4] for details on this topic) that will be
necessary in the last section.

Definition 2.1. Let R = Clz,t],
(1, Tp—q), t = (t1,...,tq). A term ordering o on
T™ is called an elimination ordering with respect to x if
every element f € R whose leading term is contained in
C[t] is such that f € C[t]. In other words,

where x =

VfeR, LT,(f)eC[t] = feC[t.

The reason such a term ordering is called an elim-
ination ordering is that it allows one to eliminate the
variables x from an ideal, i.e., it allows one to compute
I NCJt]. To do this, it suffices to compute a Grobner
basis with respect to any elimination ordering as in Def-
inition 2.1 and then keep only the elements that do not
contain any monomials in z. Such elements actually form
a Grobner basis for the ideal I N C[t]. It can be easily
checked that Lex, the lexicographic term ordering on T",
is an elimination ordering with respect to any “initial”
subset of variables, i.e., with respect to any subset of the
type {x1,..., 2} in Clay,...,2,], with & < n. A class
of term orderings that satisfy the elimination property
that we are going to use for our goal of computing the
Noetherian operators in C(t)[z] is that of the so-called
product orderings.

Definition 2.2. Let R = CJ[z, t] as before and let o, and o
be two term orderings on the set of terms T, = {z% | a €
N~} and T; = {t® | b € N?} respectively. The product
ordering o, - 0} is defined by

2t >, o, 2t & 2% >, afor (z% = zand t* >,, t9).

It is immediate to show that the product ordering de-
fined above is an elimination ordering with respect to z,

no matter what the choice of o, and o; is. Elimination
orderings are usually slow when it comes to Grébner ba-
sis computations; in particular, Lex is known to be one
of the slowest. Product orderings are then introduced
to achieve better performance. One can in fact define a
“fast” term ordering (such as DegRevLex) on each of the
two subsets of variables, and then take the product. The
following lemma will be useful later in the paper (see also
[Vasconcelos 98, p. 220]).

Lemma 2.3. Let R = Clz, t] be a polynomial ring equipped
with a product ordering o of the type o, - oy as in Defini-
tion 2.2. Let I be an ideal of R and let G = (g1,...,9s)
be a o-Griobner basis for I. Consider the extended ideal
IRy in Ry = C(t)[z] endowed with the term ordering o.
Then G forms a Grébner basis for I Rg with respect to 0.

Proof: Denote by x%t“ the leading term of g;, where a; €
N"=9 and ¢; € N, i =1,...,s. From the fact that we
chose a product ordering o, it follows that once we view
g; as an element of [ Ry, its leading term is . In other
words, LT, (g;) = =% in Rg.
fin IR;. The set G still forms a set of generators for
the extended ideal, so f can be written as an Rg-linear
combination of the g;’s.
we can write f as

Consider a polynomial

Moreover, supposing f monic,

f=a"+ Zpb(t)xb, whereb € N*"%and 2 >, 2"Vb.
b

Consider the product D(t) of all the denominators of the
coefficients py(t) in f. Then D(t)f is a polynomial in
R, and it is still a combination of the elements of G, so
D(t)f € I. Because of the fact that o is a product order,
the leading term of D(¢)f is simply the leading term of
f multiplied by some power of ¢, i.e., LT, (D(t)f) = x%t¢
for some ¢ € N, Hence since G is a Grobner basis for
I, x°t° is a multiple of one of the leading terms of its
elements, say x*'t“* modulo a change in the order in G.
This means that there exist o € N*~¢ and v € N such
that

¢ = ¥

which means that z® is a multiple of ', and this con-
cludes the proof. O

3. THE ZERO-DIMENSIONAL CASE

In this section, I is a primary zero-dimensional ideal, i.e.,
the algebraic set V(I) is a finite union of points in C™.
Since a zero-dimensional primary ideal is associated with
a single point of the variety V(I), we can always assume,
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with a change of coordinates, that V(I) = {(0,...
or equivalently that VT = (z1,...,x,).

00},

3.1 Closed Differential Conditions

A first complete description of the differential condition
characterizing a zero-dimensional primary ideal centered
at zero has been given in [Marinari et al. 98]. We briefly
recall the main notation and definitions of that paper.
We will denote by D(iq,...,i,) : R — R the differential
operator defined by

D(iy,. .. in) = ﬁaﬂ; < Qxie. i €N,
for all j = 1,...,n, or alternatively, if ¢t = xlf coepin €
T", we will use the symbol D(t) to mean D(iy,...,1,).
Moreover, we write D = {D(t)|t € T"} and denote by
Spang (D) the C-vector space generated by D. We now
introduce some morphisms on D that act as “derivative”

and “integral”:

. . D(il,...,ij—l,...,in) ifi; >0,
w: (D(i1,...,1n)) =
oz, (D0 in) {0 otherwise,
(3-1)
and
P, (D(i1y...yin)) = D(i1,...,455 +1,...,4,).  (3-2)

Such operators extend trivially to Spangs(D) by linearity,
and one can easily define o, and p; for any ¢t € T" by
composition.

Definition 3.1. A subspace L of Span(D) is said to be
closed if

0.,(L) CL, forallj=1,...,n.

Definition 3.2. Let I be a primary ideal in R such that
VI = (z1,...,2,). We define the subspace of differential
operators associated with I as

A(T) :={L € Spang(D) | L(f)(0,...,0) =0 for all f € I'}.

Similarly, we associate with each subset V' C Spanc(D)
an ideal

I(V) == {f € R|L(f)(0,...,0) =0 forall L € V'}.

Theorem 3.3. Let m be the mazimal ideal (x1,...,2,)
of R. There is a bijective correspondence between m-
primary ideals of R and closed subspaces of Spang(D):

{m-primary ideals in R}

A
= {closed subspaces of Spanc(D)},
z

so that I = ZA(V) and V = AZ(I) for every I and V.
Moreover, for a zero-dimensional m-primary ideal of R
whose multiplicity is p, we have dimg(A(I)) = p.

Theorem 3.3 shows that the Noetherian operators as-
sociated with a zero-dimensional primary ideal form a
closed subspace of Spang (D). In addition, when consid-
ering a zero-dimensional primary ideal, since the dimen-
sion of A(I) is finite, we can view a basis of A(]) as a set
of Noetherian operators that in this particular case hap-
pen to be operators with constant coefficients. Moreover,
such a vector space has the nice property of being closed,
a fact that has been used by the authors of [Marinari et
al. 98] to construct a procedure that, given I, computes
A(I). The algorithm is described below.

Algorithm 3.4. Let I be a zero-dimensional primary
ideal of R such that V(I) = {(0,...,0)} and let p =
dim¢(R/I) be its multiplicity. The following procedure
computes the Noetherian operators associated with I:

, gt} a Grobner basis for 1.

L1}

Input: G ={g1,...
Output: A(I) = {Ly,...

1. Imitialization: i =1, Lo = 1 =Idgpan.(p)-

2. If p > 1, construct a linear operator L; =
Z;’:l ¢;j0z; with a suitable choice of the ¢;’s such
that L1 (f)(0,...,0) = 0 is satisfied for each genera-

tor f of I.
3. Puti=2.
4. While i < i do

Define L;;; as a linear combination of
pmjo (Lo), ey ,0171 (Ll) such that <L0, ey Li+1>
is closed and L;;+1(f)(0) = 0 for each generator f
of I.

Corollary 3.5. Let L be an operator of A(I), where I
is as in Algorithm 3.4 and p is its multiplicity. Then
deg L < p as an element of A,,.

Proof: The construction of A(T) starts with Ly = 1, and
at each step the degree of L;;; increases at most 1, so
that the last element L,_; has degree at most u. U

Remark 3.6. Algorithm 3.4 is basically the solution of a
system of linear equations in the coefficients c; of the lin-
ear combinations L; 11 = copj, Lo+- - -+c;p;, Li. Since the
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system can have more than one solution, one may simply
pick the one with minimal norm. An implementation for
a simplified version of 3.4 has been coded for CoCoA and
is available through the CoAlA web page [Damiano and
Mannino 05].

Example 3.7.
[Ehrenpreis 70, Example 4, p. 37]. Here we show how

The following example is taken from

to study it using Algorithm 3.4. Let us consider the pri-
mary ideal at the origin I = (y?, 22 —y) C C|x,y], whose
multiplicity is 4. We start with Ly = 1, and an obvious
choice for a linear operator is L; = Odzx. This has also
a geometric interpretation: the origin is the intersection
of the two curves given by the generators y? (the z-axis
twice) and 22 — y (a parabola with vertex at the origin).
Not only do two such curves intersect at the origin, they
are also tangent along the direction of the z-axis.

Therefore L1 = 0x must be a Noetherian operator.
The higher-degree operators describe a higher contact of
the line and the parabola at zero. We can try to find the
next one as a combination Ly = adz + boxy.

However, this operator Ly does not respect the closure
condition, since o,(L2) = a + bdy, which is not in the
subspace (Lo, L1) = (1,0x). Instead, a different choice
for the morphisms p, gives Ly = ap,(1) + bp,(0z) =
ady + bdx?, which respects closure and annihilates the
generators of I at zero with a =1 and b = %

Again, this operator could have been foreseen in ad-
vance, since it is the global annihilator of 2 — y, and it
annihilates 32 at the origin. As a last operator, one can
choose L3 = py(L2) = dxy+ £9a3. Of course, the choice
py(L2) = %8;1/2 + %8x2y would have been possible as far
as the annihilation of I is concerned, but it would have
violated closure, since o,(L2) = Jzy is not a combina-
tion of the previous operators. The iteration ends here,
since we have found four differential operators.

3.2 Forward Reduction

We are now going to present an alternative procedure
to compute the Noetherian operators associated with I
that makes no use of linear algebra and utilizes the power
of Grobner bases.

Algorithm 3.8. (Computation of Noetherian operators
for zero-dimensional ideals.) Let I be a zero-dimensional
primary ideal of R such that V(I) = {(0,...,0)}. The
following procedure computes the Noetherian operators
associated with I:

Input: G = {g1,...,9:} a Grobner basis for I.

Output: A(J) ={L4,...,L,}.

1. Compute p(I) = dimc(R/I).

2. Write the Taylor expansion at the origin of a poly-
nomial h € R up to the degree 1 — 1 with coefficients
cq € C:

Qn,

e
Tuflh(xl,... Cal’ll"'xn

axn): Z

aeN" |a|<p

3. Write the normal form of 7,,_1h with respect to G
as

NFoTyorh(z1,... 20) = Y dgay* - alr (3-3)
B

and find scalars ag, € C such that dg =) agaca.

4. For each (3 such that dg # 0, return the operator

1

Lg = Z aﬁamaﬂfl SO
(03

= Z agaD(a1 - ay).

Proof: Let h(z1,...,x,) = ijig) Coz{t - x2n be the
Taylor expansion centered at the origin of a polynomial
h € R and let G be the Grobner basis of I. From the the-
ory of Grobner bases we know that the normal form with
respect to G of h is zero if and only if h € I, so the con-
dition NF,h = 0 is the one that we want to characterize.

It suffices to write

deg(h) deg(h)
NFU( Z CQ:yTl...xin): Z dﬁxll...xgn:()
|or|=0 |8]=0
(3-4)

and deduce from the annihilation of each coefficient dg
in (3-4) a differential condition on h. This completely
characterizes the membership of a polynomial h to I. The
only thing to observe is that we do not need to work with
terms up to deg(h) for the Taylor expansion. In fact, the
number of differential conditions we need is precisely p,
and so from Corollary 3.5 it follows that the derivatives to
be considered are, in the worst case, those of order y — 1
(see also [Mourrain 97]). Those differential conditions
arise by using coefficients ¢, up to |a| = p— 1. Therefore
the Taylor expansion can be truncated at p — 1. U

Remark 3.9. It is crucial to observe that we do not need
to characterize the membership of a polynomial A of un-
determined degree deg(h), since we have the bound p—1
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on its degree. Thus Algorithm 3.8 is a procedure that
is implementable in any computer algebra software pack-
age. Moreover, the computation of the normal form (3-3)
can be done degree by degree, so that we can stop the re-
duction process whenever the normal form of a particular
degree is zero. This actually speeds up the computations
in most cases we studied (up-to-date CPU times for sev-
eral examples are available from [Damiano and Mannino
05]).

Example 3.10. Consider again Example 3.7 to show the
substantial difference between Algorithms 3.4 and 3.8.
Since p(I) = 4, we start by writing the truncated Taylor
expansion of a polynomial h € Clz, y],

Tsh(z,y) = coo + 10 + co1y + 207> + 112y + co2y?

+ 307> + o127y + c127y® + o3y,

and perform the normal-form computation using x2 +— y
and 32 — 0 as rewrite rules. Grouping like terms, we can
write the remainder of T3h as a linear combination of the
generators 1, x,y,xy of R/I as follows:

NFU(Tgh) = [Coo] + [610]33 + [Col + CQo]y + [611 + C3Q]$y.

(3-5)
We call these four terms a Macaulay basis for the ideal I,
although this name is also used by some authors for a
generalization of a Grobner basis. Note that the terms
y?, 2%y, xy?, and y> disappeared since they all rewrote
to zero. The computation ends by expressing the coef-
ficients written in square brackets in (3-5) as operators
according to their meaning as Taylor coefficients, namely
[coo] = 1, [c10] + O, [co1+ea0) > Dy+ 5022, [c11+es0] —
8:Ey+%8x3. This gives the same result obtained in Exam-
ple 3.7 as expected. This is not surprising, since Theorem
3.3 states that the correspondence I < A(I) is one-to-
one.

Algorithm 3.8 does not take directly into account the
closure of the space of Noetherian operators, as does Al-
gorithm 3.4. The fact that A(I) is closed is a general
fact that follows from a Leibniz formula for the mor-
phisms o, and the fact that I is an ideal [Marinari et
al. 93, Proposition 2.4]. This is true not only for zero-
dimensional ideals but also in positive dimension, as we
will see in Section 4. We want to show that the closure
of A(I) is also a direct consequence of Algorithm 3.8 and
of the following property of Macaulay bases.

Lemma 3.11. Let I C R be an ideal and let M be the
Macaulay basis of R/I, i.e., the generators of R/I as a

C-vector space. Let s, : T" — T" be the “derivative”

morphism

7 ij*l . .
Sj(xlf“'xil"): xll...ggj ez 1fz]>.07
0 otherwise.
(3-6)
Then M is sj-closed for each j.

Proof: Tt is known that the Macaulay basis for R/I can
be computed through a Grébner basis G of I. In fact, it
is [Kreuzer and Robbiano 00, theorem 1.5.7]

M =T"\LT,(G),

where o is any term ordering on T™. Since G is a Grobner
basis for I, the leading-term ideal LT, (I) coincides with
LT,(G). Let t # 0 be a term of M. Suppose that there
exists an index j such that 0 # s;(t) ¢ M. Then s;(t) €
LT, (G). The latter being an ideal, we have t = x;-s;(t) €
LT,(G), which is a contradiction. Note that if s;(t) ¢ M
for all j, this simply says that ¢ = 0, which is again a
contradiction. O

The morphism s; introduced in the above lemma is
the analogue of o, defined in Section 3.1, and we will
show in the next proposition that the s;-closure of M is
equivalent to the o, -closure of the space of Noetherian
operators associated with 1.

Proposition 3.12. Let I be a zero-dimensional primary
ideal of R such that V(I) = {(0,...,0)} and let O =
{Lg} be the set of operators computed with Algorithm 3.8.
Then Spanc({Lg}) is a closed subspace of Spang(D).

Proof: Let Lz € O, and let dg be the corresponding
coefficient of the normal form NF,(h) as computed with
the algorithm. Let 27 = :Efl ---287 be the term whose
coefficient is dg. It is clear that such a term is part of the
Macaulay basis of R/I, since it appears in the expression
of NF,(h), which is a representation of the class of h in
the quotient R/I. Denote by Fj the set of operators of
O such that the corresponding term in the expression of

NF, (h) divides 27,
Fjs = {L, € Osuchthatz7|2"},

and for each L. € Fj consider ., = 2°~7. Since each L.,
has been computed from the Taylor expansion that re-
sults from using a division algorithm that uses a Grobner
basis G of I, we have that [Kreuzer and Robbiano 00,
Proposition 2.2.2] if A is such that

27 = NF, (1) and supp(h’) C supp(h),



Damiano et al.: Computational Methods for the Construction of a Class of Noetherian Operators 47

then
2P =t a7 = NF, (t,)NF,(h') = NF, (t,h),

i.e., the term in 7 is obtained by rewriting a multiple
of that part of the polynomial h that rewrites to 7. By
looking at the expression of Lg it is then obvious that

Jt.y (Lﬁ) = L,\/,

since Lg is written as a combination of Taylor coefficients
corresponding to the terms of ¢,h'. It now suffices to
prove that such t,’s are enough to conclude that O is
closed. This is a consequence of the previous lemma,
since all the d, in Fj3 are associated with those terms x7
of the Macaulay basis M that divide z”. Hence from
the sj-closure of M we deduce that {27 = s, (2")} =
{s;(%),j=1,...,n}. d

3.3 Backward Reduction

We could think of performing the reduction step of the al-
gorithm for the computation of Noetherian operators for
zero-dimensional ideals “backward.” Instead of writing
the full Taylor expansion and then using the Grébner ba-
sis of I to rewrite it, we start from the residual monomi-
als, which are easily calculated, for example, with CoCoA.
We then “pull back” each monomial using the generators
of I as “antirewrite rules.” Let us explain what we mean
by this. In general, when using a polynomial f to rewrite
another polynomial g, we use its leading monomial LT(f)
to divide the polynomials g and then we substitute each
LT(f) in g with the tail of f, LT(f) — f. For instance,
we rewrite g = 2 to xy using f = 2% — y, by replacing
22 in 2% with the tail 22 — (22 — y) = y. This operation,
when performed using the elements of a Grobner basis
for I, does not alter the class of g in R/I and leads to
the normal form NF,(g). What we mean by “antirewrit-
ing” is, roughly speaking, to use the smallest monomial
in(f) of f and replace it with the head of the polynomial
in(f)— f. This way, from in(f) we “climb up” to find all
the other monomials that are equivalent to in(f) modulo
(f). Here is a more precise definition.

Definition 3.13. Let f be a polynomial of R, let g be
a monomial, and let m = in(f) be the smallest term of
f with respect to a given term ordering on T". We say
that ¢ rewrites backward to ¢’ in one step, using f, if m
divides g and

/

g = —(m—f).

3 =

Example 3.14. With this terminology, g = xy rewrites
backward to 22 using x2 —y, which is exactly the opposite

of the standard rewrite process that leads from 23 to zy.
If we use f = 2?2 +xy—2y instead, g = zy rewrites to ¢’ =
%m?’ + %mzy. Finally, g could not be rewritten backward
using 2 — 32, since y? does not divide g. Notice that
in general, if we perform a one-step backward reduction
and then a one-step reduction in the usual way, we again
obtain g.

We can now apply an iteration of this procedure of
rewriting a monomial backward using a Grébner basis
for I. We start from a residual monomial and we rewrite
it backward using one generator. Then we rewrite back-
ward each monomial obtained after this step, if possible,
using any element of the Grobner basis. Technically, this
procedure never ends, since we can imagine obtaining a
new polynomial of higher degree at each step, as for ex-
ample with g = z and f = 22 — x. However, for the pur-
pose of computing Noetherian operators, we know from
., 0xy], they
have degree at most ;o — 1. Therefore we can stop the
iteration once we have reached a polynomial of such a
degree. Let us illustrate this idea with an example be-
fore we present the algorithm in general.

Section 3 that as polynomials in C[0xz, ..

Example 3.15. Consider the ideal J = (22 — 2,y% — 2, 22)
in C[z,y, z]. It represents the origin in C3 with multiplic-
ity 8. Its generators are a DeglLex Grobmner basis. The
residual monomials for R/.J are

{anya xY,z, Tz, Z/Z79Uyz}

First, let us reconstruct the Noetherian operators asso-
ciated with zyz. By rewriting it using 22 — z we obtain
the new monomial z3y. This cannot be rewritten further.
However, the term xy? is another monomial that is “at-
tracted” by xyz via the other generator y? —z of J. Sum-
ming up the residual monomial and all the results of the
backward reduction, we then obtain ¢’ = 23y +xy> +xyz,
whose dual D(g') = $92°0y + $0x0y> + 0z0ydz is actu-
ally the Noetherian operator of J relative to zyz.

The choice of the residual monomial zyz in Exam-
ple 3.15 is not random.
all the residual monomials with respect to the derivative
morphisms (3-6).

Indeed, it is maximal among

Definition 3.16. Let m be a residual monomial of R/I.
We say that m is a corner monomial if it is maximal with
respect to the monoid structure of T, i.e., if

x;-m e LT(), foralli=1,...,n.
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If we represent R/ as a subset of N, the corner mono-
mials are exactly in corner position. Proposition 3.12
says that the Noetherian operators are generated by
those corresponding to the corner monomials by taking
the closure with respect to the morphisms (3-1). This
fact allows one to come up with a general procedure that
constructs the Noetherian operators starting with the
corner monomials and then generates the entire space
of Noetherian operators.

Algorithm 3.17. Let I C R be a zero-dimensional pri-
mary ideal of multiplicity p centered at the origin. The
following list of instructions constructs the Noetherian
operators associated with I:

Input: A Grébner basis G of I and the residual mono-
mials of R/I.

Output: The space of Noetherian operators associated
with 1.

1. Construct the set C of corner monomials using Def-
inition 3.16.

2. For each corner monomial m € C find the associated
Noetherian operators by rewriting it backward with
respect to G using Definition 3.13. Stop when the
backward reduction is no longer possible or when
the degree of the polynomial obtained is p — 1.

3. Collect all the polynomials obtained in the set D.

4. Compute the closure of D by applying the morphism
0z, 1 =1,...,n, to all its elements.

5. For each element L in the closure of D calculate
D(L).

3.4 Extension to Modules

All the results in the previous subsections can be ex-
tended in a straightforward fashion to the case of zero-
dimensional primary modules. Rather than giving the
details, we use the CoCoA version of the algorithm for
modules to look at a couple of examples.

Example 3.18. Let A be the matrix

A:

ow &

1
T
Y

and let M be the module generated by the rows of A,
ie., M = (xe; + ea, xes + yeq, yes). The module term

ordering we choose is Lex-Pos, meaning that to compare
two terms we first look at the power product, using Lex,
and then at the position. The way we just wrote the
generators of M reflects this choice. It is clear that Jy, =
(2% —y,y?, 2y), and using, for example, CoCoA, we obtain
the following:

1. w(M) = 3.

2. The Lex-Grobuer basis of M is G = {xe; +ea, xea +
ye1, yea, y*e1}.

3. A Macaulay basis for M is the set {ej, e2,yer}.

We begin by writing explicitly the vectorial Taylor ex-
pansion of a vector w(z,y) € R® up to degree 2:

1 2 1 2 1
Tow(x,y) = cyoer + cgoez + crpxer + cigres + cpryer
2 1.2 2 2 1
+ cgryes + cpr” el + cygres + cjpryey

2 1,2 2 .2
+ ciiryes + cooy el + ¢y e

Only few terms survive after we compute the normal form
relative to the Grobner basis G, leading to

NF,(w) = [choler + [cgo — clole + [c30 + ¢y — clolyer.

We conclude that the Noetherian operators associated
with M, written in vectorial form, are

D(l)o = (1’0)7

1
D}, = <28332 + dy, —(’)x) ;

D(%O = (_axv 1)’

and it is easy to check that they generate a closed sub-
space, since o,(D3,) = 0,(D};) = D}, and o.(D};) =
D2,.

Example 3.19. (Solution of a system of PDEs.) In the in-
troduction we saw that the fundamental principle can be
used to write an integral representation of the solution
of a system of linear constant-coefficient partial differ-
ential equations. We will show how this can be applied,
now that we know how to compute Noetherian operators.
Consider the overdetermined PDE system given by

fzz_fz+ft+292:ga (377>

fzt +gt:07
fie + 920 — g0 =0,
Jt =922+t 9:+9: =0,

where f, g € C°°(R?) and we use indices to denote deriva-
tives. The general solution to (3-7) can be written using
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a generalization of (1-1). We consider the rectangular
operator P(D) defined by

2 —x4uy 20 — 1
pel
Y Yy — Y
~y a? —x—y

where x and y are the dual variables of z and ¢, respec-
tively. Note that we are choosing a particular Fourier
transform to write P(D), so that it does not take into ac-
count the factor —y/—1. The module M associated with
the matrix P is not primary; hence we can use Singular
[Greuel et al. 01] to get a primary decomposition (using
the function modDec from the library mprimdec.1ib).The
module M is the intersection of the two zero-dimensional
modules

My = <(CL', 1)7 (y7a:), (Oa y)>7

and

M, = <($—1, 1)5 (y70)7 (y,a:—l)}, Jo = \/E: (1‘—17y)

of multiplicities 3 and 2. We already computed the op-
erators associated with the module M; in the previous
example. To compute the operators associated with My
we need to shift the variety to the origin using the change
of coordinates (X =z — 1,Y = y). Then, using the new
variables X and Y, we can apply the module version
of Algorithm 3.8 and obtain the Noetherian operators
{(1,0), (0X,—-1)}. Returning to the variables z,y, we
have the set {(1,0), (0x,—1)}. Therefore, it is possible
to write explicitly the solutions to (3-7) as

(1)-14(3),
9(z,1) 0 /oo
B e
l0.0)

+ C ( %6,@2 + 8y ) ezm_;’_ty
l0.0)

Ji = \/Ml: (a@y)

—0x

+ D 1 ez:c-i—ty
0
[(1,0)

+E< 83: ) ez;c+ty
-1 [(1,0)

[ A=Bz+41C2* + Ct+ De” + Eze®
- B —-Cz— Ee* ’

4. THE CASE OF POSITIVE DIMENSION

In dealing with ideals and modules whose dimension is
positive, in general one may not expect the associated

Noetherian operators to be constant-coefficient linear op-
erators. In fact, this is the case for some of the ex-
amples from the literature (see [Ehrenpreis 70, Palam-
odov 70]). For instance, in considering the ideal I =
(22,9y% —x2+y) C Clz,y, 2] one has that a set of Noethe-
rian operators associated with I is {1, 0x + z0y}, and it
can be proved that there exists no set of Noetherian op-
erators with constant coefficients associated with I (see
[Palamodov 70, Example 4, p. 183]). However, an inter-
esting property that we notice in this case is that the set
of “differential” variables forms the set of variables ap-
pearing in the polynomial coefficients (in this case such
sets are respectively {z,y} and {z}). This is actually
valid whenever we can put the algebraic variety in a par-
ticular position, through an opportune change of coordi-
nates, called normal position. To do this, one can apply
the procedure of Noether normalization to the ideal I.
This algorithm comes from the so-called Noether nor-
malization theorem [Bjork 79, p. 116]. We now state a
version of the theorem that we will need for our compu-
tations.

Theorem 4.1. (Noether normalization theorem.) Let I be
a primary ideal of Clz1,...,z,]. There exist a nonnega-

tive integer d and a (linear) change of coordinates

w:Clz1, oy zn] = Clay, .oy Tp—dy b1, -+, td)
such that:
(a) o(I)NC[ty,...,tq] = (0).

(b) (C[Zl, N
module.

sz /I is a finitely generated Clty,. .., tq)-
(¢) Foreachi=1,...,n—d, o(I) contains a polynomial
of the form

. atda'xi) = Jj? +p1(t1,...,td)xfi71 4+ ..
+pei(t1,...7td)7

Qi(t1, ..

where e; is the degree of the polynomial Q;.

The ideal p(I) is said to be in normal position with
respect to the variables x1,...,Tn_q.
Remark 4.2. The proof of the normalization theorem can
be found, for example, in [Bjork 79], in the case of prime
ideals. However, as shown in [Greuel and Pfister 02], the
result holds for the general case with the exception of con-
dition (a), which requires I to be primary. If the ideal I is
prime, the polynomials @Q; in condition (¢) can be chosen
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to be irreducible. The proof of the theorem provides an
algorithm to achieve the normal position. Basically, at
each step one constructs the polynomial @Q;, performing
a generic coordinate change such that ; has a monic
leading term of the form z{’, and then one eliminates
the variable x;.
normalization of an ideal has also been studied in [Logar
88], and it is available in Singular through the library
algebra.lib (see [Greuel et al. 01] and its manual). We
coded a version of the algorithm for CoCoA as well.

A procedure to compute the Noether

Theorem 4.1 basically states that it is possible to find
a new system of coordinates for which the x variables act
as “variables” and the t variables act as “coordinates,”
and for which the integer d appearing in Theorem 4.1 is
nothing but the dimension of the ideal I. Hence, if we
make the variables t invertible, i.e., if we extend the ideal
to the ring C(¢)[x], where C(t) is the ring of quotients of
C[t], we end up with a zero-dimensional ideal. Further-
more, since we are interested only in primary ideals, we
may expect that the extension of the ideal to C(t)[x] is
still primary. The following proposition ensures that such
facts hold if I is in normal position.

Proposition 4.3. Let I = (fi,...,fr) be a pri-
mary ideal of dimension d in the polynomial ring

R = Clz1,...,Zpn—dst1,...,tq], in normal position
with respect to x1,...,Tp_g. Denote by Ryq =
C(ty,... ta)[x1,...,xn_d] the ring of polynomials in the

x wvariables with coefficients in the field of fractions
C(t1,...,tq) = Frac(Clt1,...,tq]). We have the follow-
ing facts:

1. the inclusion map ¢, :
IRGgNR =1,

I — IR, is injective and

2. the extended ideal I R4 is primary,

3. the extended ideal I Ry is zero-dimensional.

Proof: The fact that the inclusion is injective is trivial.
To prove (1), let us consider a polynomial f in RN IR,.
As an element of TRy it can be written in the form

" a;(z,t)
f = fz($7t)7
; bi(t)

S Zp—d), t = (t1,...,tq), and a; and
b; are just polynomials in the set of variables indicated
in parentheses. Let b(t) = []\_, b;i(t) and consider the

product bf. Both b and f are polynomials in R, and

where 2 = (z1,..

their product is an R-linear combination of the genera-
tors of I, so bf € I. Since [ is primary, it follows that
either b™ € I for some positive integer m or f € I. The
first possibility is in contradiction to condition (a) of the
Noether normalization, whence f € I. This proves that
IRgNRCI.

The opposite inclusion is trivial, so we conclude that
IR;N R =1I. The same type of argument can be used to
prove that IRy is primary: consider two fractions

a(x,t) c(x,t)
b(t) ’

f(:I:J) =

such that fg € TR4. Then (bf)-(eg) is a polynomial in T,
and since [ is primary we have either bf € [ or e™g™ € I
for some positive integer m. In the first case, using again
that I is primary and using condition (a) of Theorem 4.1,
we get that f isin I. In the second case we have that g"
is in I. Therefore either f € IRy or g™ € IRy. Finally,
statement (3) follows from the theory of the dimension of
an ideal, since (f1,...,%q) is a maximal regular sequence
in R/I that reduces to just constants when the ideal is
extended to Ry. O

Before we move on and present an equivalent version
of Algorithm 3.8 for positive-dimensional ideals, there is
still one more step. Previously, when treating the zero-
dimensional case, we chose to start with a Grébner basis
for the ideal I, computed with respect to any term or-
dering. This is no longer possible if we want to extend
the procedure to the positive-dimensional case. In fact,
after we perform the normalization, the variables ¢ play
the role of “constants” once we extend I to Rq = C(t)[x].
The following example illustrates a problem that may oc-
cur if we do not choose the term ordering on R carefully.

Example 4.4. Consider the ideal I = (2% — t, 2t — 1) in
C[z,t]. A DegLex Grobuer basis for I (with = > ¢) is
given by G = {x? — t,xt — 1,2 — 2}, where the lead-
ing terms are highlighted in bold. When we look at
such polynomials in Rg, however, we see that the lead-
ing terms change. In fact, the last polynomial would be
better written as —ax + t2. Note that in this case the
extended ideal TR; happens to be the whole ring Ry,
since the polynomial ¢t — 1 belongs to IRy, and such a
polynomial is a constant in C(¢)[z]. It is a necessary and
sufficient condition for an ideal to be the whole ring that
any Grobner basis with respect to any ordering contain
a constant polynomial, but if we look at G, we see that
there is no such constant, meaning a polynomial only in
the variable t. Therefore we conclude that the set G does
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not form a Grébner basis for I R4 with respect to the or-
dering DegLex restricted to the terms in z. If we choose
instead the term ordering Lex, a Grobner basis for [ is
given by G = {—x+t2,¢3—1}, and in this case it contains
a polynomial in ¢, making G a Grébner basis for IRy as
well.

As the example shows, we really want the variables z
to be the main variables with respect to which the
This can be
achieved using Lex, or any other elimination ordering

Grobner basis needs to be computed.

with respect to the variables z. Lemma 2.3 then ensures
that after extending the ideal to Ry, Grobner bases are
preserved. We now have all the ingredients to general-
ize Algorithm 3.8 to the case of an ideal of dimension
greater than zero. As in Section 3, we will suppose that
a primary decomposition of the ideal has already been
calculated.

Algorithm 4.5.  (Noetherian operators for positive-
dimensional ideals.) Let d be a positive integer, x =
(x1,...,Zpn—q) and t = (t1,...,tq) be variables and let
0 = 0, - 0¢ be a product ordering. Let I be a primary
ideal in R = Cl[z, t]. Suppose that I is in normal position
with respect to x. Moreover, let IRy be the extended
ideal in Ry = C(t)[z] and suppose that the characteris-
tic variety of IR4 in C(t)? is the origin. The following
procedure computes the Noetherian operators associated
with I:

Input: G = {g1,...,9-} a o-Grébner basis for I.
Output: A set of Noetherian operators for I.
1. Compute the multiplicity of the ideal, u(7).

2. Write the Taylor expansion at the origin of a poly-
nomial h € Clz].

3. Up to the degree u — 1 with variable coefficients c,:

. la|<p
h =T, 1h(z1,...,Tp—q) = Z Co@t - ~zz:ﬁ.
aeNn—d
(4-1)
4. Let %t% be the leading term of g; and define t :=
tbl . tbr
5. Repeat

(a) Multiply h by ¢* and compute its normal form
with respect to G.

(b) Rename that as h:

. :L,and

h:=NF,(t"h) = > dg(t)a) -l

B
(4-2)
Until the number of nonzero dg is exactly pu.

6. For each [ such that dg # 0, find polynomials ag, (¢)
such that dg(t) = ), aga(t)cq and return the oper-
ator

1
!536311...

Lpg= Z aﬂa(t)al!_.i

Qw1
*Qp—d

=Y aga(t)D(0n,...,an_4,0,...,0).

Proof: Let h be a polynomial of R. We want to charac-
terize the membership of h in I. Since we are assuming
that I is in normal position, by condition (1) of Proposi-
tion 4.3 this is equivalent to the membership of A in T R,.
Since the latter is a zero-dimensional ideal of multiplic-
ity p, it follows that h € TR, if and only if the Taylor
polynomial of degree p— 1 of h, with coefficients in C(t),
reduces to zero when it is rewritten using a Grébner basis
for IR,. This follows from the the same proof as that for
Algorithm 3.8. By Lemma 2.3, a o0,-Grébner basis for
IR, is given by the same elements of the Grébner basis
of I. This means that computing a normal form in I and
computing one in IR, are equivalent.

However, when writing the Taylor expansion (4-1),
we need to consider that the coefficients ¢, also depend
on t. In order to be able to perform a one-step reduc-
tion, we need each term in (4-1) to be multiplied by at
least ¢7. This does not affect the membership of T,,_1h
as a polynomial in Ry, since it is just a multiplication by
a constant. Also, in considering the expression (4-1) in
Clx, t], the effect of the multiplication does not change
the annihilation of NF,(7),_1h), since obviously

NF,(T,_1h) = 0 < NF,(t'T,_1h) = 0.

The one-step reduction is then iterated enough times
in (4-2) until we reach a sufficiently small number of
nonzero terms (namely p). By what we have proved so
far, it is then clear that at the end of the process the
polynomial A is exactly the normal form of Ty,—1h as a
polynomial in R4, and hence the annihilation of its coef-
ficients is equivalent to the condition h € I R,. O

Remark 4.6. The main difference with respect to the al-
gorithm for zero-dimensional ideals is that in this case,
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we do not know whether after just one step of reduc-
tion we have achieved the normal form of the polyno-
mial h(z,t), since the multiplication by ¢ might not be
enough to ensure that h has been rewritten to a sum
that runs over just the Macaulay basis terms for IRg.
Multiplying 7),—1h once by ¢7 is definitely enough for a
one-step reduction of each term of the Taylor expansion.
That is, each term is being rewritten using at most one
of the elements of the Grobner basis. However, further
reductions might occur if we multiply again by ¢7. Also,
note that such an iteration has to terminate because o,
is a well-ordering.

Remark 4.7. The reduction step (4-2) for ideals with few
generators is not very difficult, but performing it multi-
ple times could slow down the procedure by a significant
We believe that it is possible to find an ex-
ponent ~y; large enough so that we need to multiply by
t" just once, allowing the reduction to bring h all the
way down to its final expression. For example, choosing
1 = p -7y seems to work fine at least in the cases we
tested, without the need of further iteration.

amount.

When Algorithm 4.5 is applied to an ideal I in normal
position, some redundant factors in ¢ could appear as an
effect of the iterative multiplication by t7 at each step.
Since such factors are constants in Ry, they are actually
not needed to characterize the membership of a polyno-
mial in Ry. It is then possible to eliminate these factors
from the final expression of the Noetherian operators.
The next example will clarify what we mean.

Example 4.8. Consider the system of partial differential
equations in three variables given by

fmz:07 fyyzov fy:f:vt~

Its solutions are differentiable functions of the form
f(z,y,t) = A(t) + B(t)x + B'(t)y, where A and B are
arbitrary functions of t. We want to derive this last state-
ment using the fundamental principle. The primary ideal
associated with the system is I = (22,y% —at + y) in
Clx, y,t] (see [Palamodov 70]). If we consider the Lex or-
dering whereby x > y > t, a Grobner basis for [ is given
by (22, zy,y?, —at +y). Let us compute the associated
Noetherian operators using Algorithm 4.5.

It is immediate to check that [ is in normal position
with respect to x and y and that after inverting ¢, the
variety associated with IC(t)[z,y] is the origin in C(¢)2.
The multiplicity of I can be computed with CoCoA, and
it is u = 2. So we just need to write a linear polynomial

h with variable coefficients and multiply it by ¢, which is
the only term in ¢ appearing in the leading terms of the
Grobner basis:

Tlh =1- Tlh = tCQO + tClox + tC(ny-

The only rewrite rule that we need to use to reduce h
is hence xt — y, which leads to the final expression for
the normal form

NF,(h) = [tcoo] + [c10 + teoi]y.

Since the terms in = and y of the last expression are
exactly 4 = 2, we do not need to proceed further,
and then we conclude that the Noetherian operators are
{t,0x + tdy}. Since the first is a multiple of ¢, we can
divide it by ¢ and get the final set {1, 0z + tdy}.

Now we can write the integral formula for the general
solution of the system, using (,n, 7 as dual variables:

fla,y,t) = / T gy (Com, )

+ (OC + 7o) e VT dyy (¢, 7)

= [ am(n) + [ ite+yrietdua(r)
R R
:/6itTd/.t1(T)+$/i€itTd/L2(T)
R

R

—|—y/i7'ei”d,u2(7').
R

The last expression gives exactly the general solution as
anticipated above. One just has to consider arbitrary
Radon measures dyu (1) = A(7)d7 and dus (1) = B(7)dr,
where A and B are the Fourier transforms of the two
arbitrary functions A and B.
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