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Abstract: The stationary Schrédinger equation is —d2¢ + AV(x) ¢ = z¢ for ¢ €
ZL*(R",dx). If the potential is bounded below, singular only at x = 0, negative on
some compact interval and behaves like V(x) ~ 1/x* as x — oo with 2 = u >0,
then the system admits shape resonances which continuously become eigenvalues as
J increases. Here 4 > 0 and for u = 2 a sufficiently large A is required. Exponential
bounds are obtained on Im(z) as A approaches a threshold. The group velocity near
threshold is also estimated.

1. Introduction

We study the transition of a spectral resonance (s.r.) value to an eigenvalue which
occurs at thresholds of the coupling parameter 4. A typical system is,
2

H* = —d—d; +AV(x) on L*(RT,dx), for R" =(0,00), (1.1a)

with Dirichlet B.C. at x = 0 and having a shape resonance potential of the form,

— Vins 0<x<b
V(x) =< Vu, b<x<c, (1.1b)
Viu(e/x)H, x>c

where 2 =2 u >0 and W, VM are positive constants. The physically interesting
u =2 case requires A sufficiently large. For u > 2 our methods break down. One
serious problem is that the Agmon length of V' at 0 energy is finite if > 2. We
refer the reader to [6] for a discussion which does not use shape-resonance theory.

The shape resonance problem has been studied by many authors (see [1] for
an extensive list) but mostly in the non-threshold cases —Vy, > V(co) =0 (see
[8] for a consideration of the threshold case). Here we continue the work of [5]
by studying the past-threshold case (i.e. —Vmin <0). It is demonstrated that the
appearance of eigenvalues from the bottom of the essential spectrum, in the y < 2
cases, is due to the smooth transition of an s.r.value to an eigenvalue. We use an
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improved basic resolvent estimate which allows one to avoid the introduction of an
exterior Hamiltonian. The problem studied here has application to the multichannel
scattering theory of fiber optics [4].

In the remainder of the paper the word threshold will correspond to the
following,

Definition 1.1. Let 4 be a positive self-adjoint operator with 6(4) = [0,00). Let B
be a symmetric A-compact operator which is bounded from below and let ,().) be
the n"-eigenvalue of H* = A+ 1B, 2 >0 Then t, = liminf{| u,(1) < 0} is called
the n"-threshold of H*. We say that t, is non-degenerate if (1) has multiplicity
1 for A>1, and 1,1 <71, < Tyy1.

The following is a result of Simon:

Theorem 1.2. If ker(4) = {0} in the above definition and t, is non-degenerate,
then

tim 242 i) (120)

exists and is non-zero (negative) iff H™ has a zero eigenvalue with normalized
eigenfunction ¢,. In this case,

() = (dn, Bdn) = —; . (1.2b)

Two types of threshold behaviors occur: Either p/(t,) =0, in which case
pn(4) ~ o(A — t,) (i.e. super-linear), or u(t,)=*0, so that u,(1) = w.(t,)(% — 1,,) +
o(L — 1,) (i.e. linear; see Fig. 1). Here we study the linear case and show that there
is a differentiable continuation of the eigenvalue into the 2™ Riemann sheet of
a(H*). We will not use the explicit techniques of [3], although the work of Klaus
and Simon reveals a close connection between conditions (H1) and (H2) below.

We consider a class of potentials which satisfy the conditions (see Fig. 2);

(H1) a) 3Vin, iy >0and c>b>a = 0: essinf V = —Vain, inf 0y V(x) = Vg,
inf (o) V(x) 2 Vi, and if a >0 then V(x) — oo as x — 0* is allowed;

b) Vx = c i) 3y; € (0,2) and Voo > 0: xV'/V, In(Vao/V)/ In(x/c) € [, 2],
ORii) yp =2 and IV, >0: x> MV, S X*V(x) < W, uy < (=xV'/V) < 2.

o (HY

(super-linear) (linear)
1N ol A)

Fig. 1. Spectral dependence on coupling parameter
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A

min

Fig. 2. Past-threshold shape resonance potential

(H2) 37 > 0 a non-degenerate threshold of H* with eigenvalue E* so that,
a) £ =0 € gy, (HY);
b) 35y > 1 so that for ¥~ in (1.2b) and A > 1: |E* + (A — )7 = O() — 7).

(H3) 3, & >0 and an analytic function ¥ (k) defined on the truncated cone,

Bpo(c) = {c+ e+ pe’|p > ey, |B| < Po}
where
a) V(x) =V(x) for x € (¢ + 280,09);
b)Vd > ¢, k € G4,(d), |(c — d) PV (1)/(P (1) — V(d))] < 00 uniformly, j < 3;
¢) 3C; > 0 so that Vi € %3,(c), [Im V()| < Ci|Re V()| + Co.
Main Theorem. Suppose that conditions (H1)—(H3) hold i) If u, <2 in (H1)b)

then H* has a unique s.r. value z(1) for A <t sufficiently large, so that z(1~) = 0
and 36, > 1 and C; > 0 so that,

(A=) —z(A)| £ Ci(x— N>, (1.3a)
0<Im(z(1)) < Cye Pn®H (1.3b)
|7 +2(0)| £ Gz — 1>, (1.3¢)

where p, = Cxl—t—r)2m (g — J)=C=m)2m — Co\/t. i) If pp =2 then 6, =1,
however C, and C; can be decreased if 1 is increased. Furthermore p; =

—Cy/a(In(1 — 2/1) + C).

Remark. Conditions (H1) and (H2) are satisfied by many single-bottom potentials of
interest including those found in higher-dimensional problems [3]. The requirement
11 >0 in (H1)b) is not essential but is best handled on a case-by-case basis. Much
of our techniques still work if u,(4) approaches O super-linearly, but we do not
consider the details here. The non-degeneracy condition can be dropped if extra
conditions on the splitting of eigenvalues are imposed [8].
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The paper is organized as follows. In Sect.2 some notation is defined. In
Sect. 3 we consider the details for handling the 2 > u > 0 cases. Modifications re-
quired to handle the u = 2 case are discussed in Sect. 4. We also complete the proof
of the Main Theorem. In particular, details are given for estimation of the group
velocity.

2. Definitions and Notations

In this paper we work on the Hilbert space # = £*(R",dx) with norm denoted
|| - || and inner product (-, -). The essential-sup norm is || - [|co- If S C R* then Xg(x)
is the characteristic function of S. The domain of an operator 4 is denoted 2(A4)
and its adjoint is A*. The commutator of operators 4 and B is [4,B] = AB — BA. A
full derivative d/dx is simply written as 0, whereas the momentum operator is p =
—id/dx. Constants C are bounded, positive and independent of relevant parameters
(unless indicated).

Let H be a self-adjoint operator on a Hilbert space . A complex number
z ¢ o(H), is called an s.r.value if 3 a group of operators %, (which are unitary for
0 € R) so that z € a(H(0)), where H(0) = UyH%_p is an analytic family of op-
erators with 2(H(0)) = 2(H). See Fig. 3. In most applications Im(6) is restricted,
hence not all resonance values can be studied in this way.

When H is a Schrodinger operator the Agmon length of the potential V(x) at
energy E is defined to be

p= | \/max{0, V)~ E}dx , 1)
b_

where b_ = sup{x € (a,b)| V(x) < E} is the interior turning point. This provides
an important measure of the exponential decay of eigenfunctions in the Classi-
cally Forbidden region of H at E. For a detailed discussion see [2, Sect. 7], or
[8, Sect. 11].

3. The 2> py; >0 Cases

We assume (H1)—(H3) hold throughout our discussion. This ensures that eigenval-
ues have finite multiplicity and that o(H*) has no positive eigenvalues or singular

Y

o (G)

Fig. 3. Comparison of spectra
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continuous spectrum. For a non-degenerate threshold 7 > 0 we define a comparison
operator to H* for 1 < t, as originally used in [8],

G* = =0} + W)y, +2(t— D) 41%;, on H, (3.1)

with Dirichlet B.C. at x = 0. Here t¥(c;) = 4,(t — 1)* for some fixed value of §; €
(max{2 — dg, 12/2},1), A1 >0 and I, = (0,¢1), J. = (c1,00). To simplify notation
define e =t — 4 and let H = H* %, G = G"*°. The proof of the following is given
in the appendix:

Lemma 3.1. With the above conditions 3C,7, & >0 and a unique eigenvalue
F™* € 6,,(G)N (0,24, ) so that,

|F*=% —e77| <Ce¥%/4,, for0<e=Z g .

We now construct an analytic family of operator associated with H. The group
of operators % are obtained from the vector field v,(x) defined on R™ by,

ve(x) = (x — di)(1 — exp[—a(By — (/e)V (x))])X(ay,00)(¥) - (3.2)
Here B; > v and tV(d,) = Bie. This generates a flow @y on R", which is the
solution of the differential equation,
d
59000 = 0o, @) = x . (3.30)
For 6 = iff the analysis of [8] gives,
lpip(x) — x| < Boo(x) , (3.3b)
which implies that Image(pg) C %5,(c) for || < fo. Hence, from condition (H3),
Vipx) = V(@ip(x)) = V(x) + iBoo(x)V'(x) + R, (3.3¢)
with |R| £ CB?V(x). Furthermore, the transformations,
U (x) = Fy " Y(po(x)) (34)

are well defined for [Im(0)| < fo and are unitary for 6 € R. The Jacobian is defined
as #y = |0x@p|. The analytic family of Hamiltonians become,

H(0) = UGHU y = p§+ (t — e)Vp(x) , (3.52)

where the kinetic term is, ,
po=pl p+F, (3.5b)

and the remainder term is,
Fo=(1/2).07° 5 — (5/0F, (A . (3.5¢)
A rather tedious calculation using (3.2) and (H3)b) gives the following bounds:

I~ Fplloo < Co,  1FP Nl < Choe (for k=1,2),  (3.6a)

| Figlloo < CBa(1 + Po)et2, [Re(Fip)lloo < CP*a2eXH2 . (3.6b)
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Next we choose B; > 7" and define B, € (¥,;B;) so that

2

<Y —
2 2 -y + wad/ds

3.7)

where tV(d;) = B;e. This estimate can be made to hold due to (H1)b), since
dy — 00 as B, — #7*. It is now clear that on [d;,00), 3K, >0 so that, ignoring
lower order terms,

267 — 22V +oV') = 2e¥ — V[2 — (1 — dy/x)(—xV' V)]
2z &2 — (2 - w)By — (di/d))mBy) =z Kue ,  (3.8)

which is the key Exterior estimate. We also fix B3 € (¥7,B). For 4g > A; choose
the minimal distances ¢; which satisfy the condition tV(c¢;) = A;6%. Now for some
smooth step function 0 < g(x) = 1, define the cutoff functions gi(x),

=@ +@+9 GR=9+d  E=E+A 9= 909

X —co x—d, 12
gl(x)=q<cl_00>, gz(x)—[ <d —d2>] .
0
1,

and g(x) = 0 for x = 1. From the
2,

where g(x) is chosen so that g(x) =1 for x =
Chain Rule we obtain the estimates, for j = 0,

max{[|g\||oo; k = 1,2,4} < C; g0,

max{||g\”]|oo; k = 0,3} < C; e/l (3.9)

Throughout we use the notation ¢; = gx¢ and consider ¥, to be the positively
oriented contour defined by |¢¥" — (| = 4;¢%, where &, € (1,min{d¢,26,/up}) is
fixed. Then for any ¢ € Z(H),

I(H©B) = 01l = I(G = Ol = 416™Cl¢nl] (3.10)

which is the Interior estimate. In the Classically Forbidden region [cg,d3] we find,

I(H(0) — Ol 2 Re{¢, (H(0) — O)2)

II¢ I

> <¢2a‘ xje_ 8x¢2>
B [l o2l

VeBs = )2|| 75 oxta]| + (Bs — V)& — £/2 — Ce™)||2| . (3.11a)
This gives two estimates involving g,(x). For the comparison operator,

IG = Ogall = Ve (A — &1 =2097)/2 || xpall + 41(”/2 + O(2) ||pall . (3.11b)
Finally, from (3.8) we obtain,

+ [Cingﬂ(Re(?e + (=)l — )|l

v

[(H(0) — Os|| = ——Im{—e*P7 (s, (H(0) — O)p3)} = efK.Cles]| ,  (3.12)

H¢ I
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with the definition

73 = (pd3,0' pds) /| pps|* € (1 — Coe™, 1) .

Once ¢ is chosen sufficiently large and fixed, f > 0 can be chosen sufficiently small.
We now present,

The Basic Estimate Lemma I 3.2. Under conditions (H1)—(H3) and for 6 = if
with |p| sufficiently small, the following holds for all ¢ € D(H):
4
1) =PI 2 £22ClPI° +2C2 3 llgndIP

4
+6C3(|0:929||* + eCs k;) lgidll* . (3.13)

The same estimate holds for G with ¢ € D(G) and g, replaced with g,
Proof. We start with the IMS formula [8, Lemma 6.1],

(H(0) - Do)
3
= (1/6) kz_:1 2([(H(0) — O)xl* + (1/6)[[(H(O) — O)a|* — R(¢)

2 41Dy §|? + & Dallgad + & Dsllg2dII” + e Dall 0261 — R($) . (3.14)
so the result is completed by establishing,

Claim 3.3. For R(¢) = Y5, |[H(0),gx1$|?, 3Ci >0 so that,
R($) < 9| g)> + C2|(H(6) — Ol — e(Bs — mc;éo lgedll® . (3.15)
Proof. First note that,
R(¢) £ Cy é(ﬂ/;zgzaxw +llgi ol + 17015 gkl . (3.16)

To study this inequality set #=g; and J = ¢ 0_2. Now consider the term

o d|1> < (14 O(B))Re(¢p, —0.:h*Jo.p)

IIA

Ci[|H $|||hJ0x || + CrRe(¢, B (H(6) — {)p)

— GRe(p, h*(Fg + Vg — D))

IIA

2C3||H §|1* + (1/2)||hJoxd|* + C3||H* ¢

+I(HO) = OFI* = C; inf Re(Fp+ Vo — ) [hd]]* .
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Hence, combining the known estimates gives
10> < &* 2Dy | §|* + 2|(H(0) = OPI — e(Bs — ¥ IDallh|* . (3.17)

Now, using (3.6) and (3.9) in (3.16) and employing (3.17) gives the claim. O

A similar estimate to (3.15) holds for G. Combining (3.14) and the claim for
¢ > 0 sufficiently small completes the lemma. O

Define the projection operators,
i d¢

j d
N YO Ty

8= 5 — . .1
md G-t P O (3.18)

We now show

Theorem 3.4. There is a constant C > 0 so that for ¢ > 0 sufficiently small,
P, — Qu0)| £41e%7'C <1, |F7°—z(1 —¢)| £246% . (3.19)

Furthermore, z(1) is differentiable for 1 <.

Proof Define the resolvents R(G) = (G — ()~ and R(H) = (H(0) — {)~!. Then
1P = (O] < A1 up R2IRG) g RED] + IRGall g2 RE)

+[R(G)g20x|[[|gaRUD)|| + |R(G)gall + [lgaR(H)|}
< Aie%(Cely.

Here it is useful to note that g1g] = —gagj = —g2g;. In this way all terms
involving ¢g; can be replaced with g, and g4 terms. From (3.19) we know that
the dim(Q.(0)) = dim(Z,) = 1 for ¢ sufficiently small and this obtains the second
statement in (3.19).

For continuity let us define z = z(t — ¢), zg = z(7 — &), etc. Note that the con-
tours %, can be deformed slightly without changing (3.13). Now we consider,

H'(0) = U (p* + (v — e)V)U, .

Due to [8, Theorem 3.2] the pure point spectrum is independent of the scaling %;
so we have z € ¢ (H'(0)) and is non-degenerate. Hence using a common contour
for the projections, we obtain,

Q'H' — QoHo = 20" — 2000 = (z — 20)Q" + 20(Q" — Qo) - (3.20)
Rearranging terms and taking the norm gives,

|z —zo| < A1e™ su {1¢ — 2o |R(CH" (e — &0)VoR(Ho)||}

A

& = eole (A7 Vlloo/Cr2%) .
If V(x) is not bounded at x = 0O then define the cutoff functions A;(x),

1=r+h ") =q(2x—a)a) . (3.21)
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The IMS formula gives, for ¢ € Z(H,),
ItHo — Ol> = (1/2)2 |1 VBI* — R() .

where the remainder term satisfies (see the proof of Claim 3.3),

R($) = Cl|¢I” + | (Ho — Dbl -
Hence we obtain, for any u € 5,

2([ul* + ClIR(Hoyull* = (/2)| 1 VR(Ho)u|* ,

which implies the resolvent bound

11 VR(Ho)|| < (2 + 41C/e®)/r .

We can now return to (3.20) and insert 1 = 4? + h% between the resolvent operators
on the right-hand side. This implies differentiability. The improved estimate of (1.3c)
is obtained below. O

4, The p, = 2 Case

The theory of the previous section requires 6; = d, = 1. The consequence of this
is that the threshold 7 must be sufficiently large to obtain the convergence of pro-
jections.

To obtain the basic estimate we require 49 > A; to be sufficiently large. Then
By > By > By > ¥ are chosen as required. We show the following in the Appendix,

Lemma 4.1. Under conditions (H1)—(H3) Lemma 3.1 holds with 6; = 1.
The Chain Rule and condition (H2) combine to give,
195”0 < (eAo/2)C . (a1)

Next choosing % to be the circle defined by |e — {| = ¢fro for some ry < 1, ensures
that the Interior estimate (3.10) holds with d, =1 and ¢ replaced by &firy. The
Exterior estimates (3.8) and (3.12) will hold if ¢ and 7 are chosen sufficiently large.
For the Classically Forbidden region a careful analysis gives, for f§ sufficiently small,

I(H(0) — )2l = /eB3Ci[|0x 2| + B3 Ca|| 2| - (4.2)
We now present,

The Basic Estimate Lemma II 4.2. Under conditions (H1)—(H3) and for 6 = iff
with |B| sufficiently small, the following holds for all ¢ € D(H):

I(H(0) = O$l> = EBr3Cil||I* + & Co(B3 |l 9201* + B*llgadbl)
4
+&B3C3|0:929|> + (B3 — ¥)Cy ;) lgedll® . (43)

The same estimate holds for G with g, replaced by g4.
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Proof. Using a relation similar to (3.14), we need only obtain the bound,
4
R(9) < & (o/eY CllBI + Call(H(O) = OB = o(Bs = 1)C 2l (44)

The details are clear from Sect. 3 however note that ro — 0" requires 1 — co. [J

We can now show,
Theorem 4.3. For t sufficiently large and ¢ > 0 sufficiently small, 3C > 0 so that,
I1P. = 00| =Clr< 1, |[F77% —z(t — &)| < 2¢fry . (4.5)

Furthermore, z(A) is differentiable for 1 <.

Proof. Unlike in Sect. 3, uniform convergence of the projection operators requires
7 to be sufficiently large. Consider

[ (F: = Qu(0)) || = eBro Sup {2lIR(G)galllgaRUEDI| + [R(G) gl || 0xg2R(H )|

+[[R(G)g20: || g4RHD| + IR(G)g3l| + lgaRUD S|}
< efro(C1/e(Bs — )+ Co/ef) = Cry .

Hence for ry > 0 sufficiently small we obtain (4.5). Note that this imposes a lower
bound on 7 from Lemma 4.2.

For the differentiability of the s.r.value, we combine estimates in (4.3) with
(3.20) to obtain a bound on |dz/de| independent of ¢. A sharper estimate is obtained
below. [

Proof of the Main Theorem. To improve the estimate on |[F”* —z(4)| in (4.5) to
exponential order we refer the reader to [2, Sect. 7], [8, Sect. 14] or [5]. Details for
estimating Im(z) can also be found in these references.

Finally, to obtain bounds on the derivative of z(t — ¢) we recall the notation
used in the proof of Theorem 3.4. Then

(z = 20)Q0 = (H' —2)Q' — (Hy — 2)Qp - (4.6)

Now let ) be the resonance which solves (Hy —zo)¥ = 0. Then we obtain the
formula,

C
(W, R(H' )V¢> el
%o
From the bounds on the resolvent found in (4.3) and (3.19), we can take the limit as
¢ — & and find dz/de = (Y, Qo Vi)/||||>. Here we need the fact that ||Q' — Qo|| =
O(e — &). To simplify the derivative let us consider the difference,

) = Q) +i
0

WAQ = G5)) = o § (T~ Hy RUDWY)
< (s — ”V“wnwnz ”V”°°||w|| poreY .
< (Ci(1 —gp/e) + Cre %™ ”*>||¢||2 ,
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where o is finite and p, is easily calculated from Definition (2.1). In particular,

p =

dy
VIV (x) — eV dx = Voo (1 — ¥ [B) Pt [xl2dx = p,>p, . (47)
c

O —a

Exponential bounds on resonance states were obtained by Sigal in [8, Sect. 13].
Combining these estimates give dz/de = (Y, Vif)/||||> + O(e™P»).

To complete the estimate in (1.3) let ¢ be the normalized zero state of H® and
define,

Y=90190 (-0 .

Calculating as in [8] gives,

d.
T =1+ O = 9D+ Oa(lle 3kl k = 0,1,2). 4.8)

It can be shown that ||(1 — g;)¢|| and @, are O(e ). Finally we observe, for P,
as defined in (3.18),

11 = 20)919ll = llg1(1 = L)@l + [[(91P:, — Qog) ]| - (4.9)
The first term on the right-hand side is handled in (A.3) of the Appendix. As for

the last term in (4.9) a bound was obtained in (4.5) (or (3.18) for Sect.3) with
remainder O(e™?+). O

Appendix

For 7 as in (H2) define ¢] = min{x|tV (x) = 26Vmin }, I* = (a,c}) and J* = (¢}, 00).
Then we introduce the operator,

Gt = =% 4 (1 — &)V (x)Xy= + 26ViinXy= o0 A, (A.1)

and present,

Lemma A.l. For ¢>0 sufficiently small 31F}~¢ € a(GL ) N[0,e(2Vimin — ¥")
+0(e™)]

Proof. By hypothesis IE® € a(H™"* 4 2eVyn ), where E? = £(2Viin — 7)) + O(c®)
for some dg > 1 and 0 < ¥ < Vpin. Since

(HT-H' +26Vmin) 2 G7°,
we conclude E¢ = F7~°. Conversely, since
GI*>2H" *=H"'—¢V,

we have by min-max theory [6] that F; % = 0 and that it is a unique
eigenvalue. O



672 DW Pravica

Proof of Lemma 3.1. Let Y be the normalized eigenfunction corresponding to
the eigenvalue F of G* % Also let P. be the projection of GL~* onto F,. Then
defining,

e =gy — (1 = P)g1y,
gives (GL ¢ — F. )Y, = 0. Hence,

(F = E){( ) = (0, [(t = )V (erer) + 26(Vainds — €27 )W) . (A2)
For the left-hand side note that,

(ot = 1= Y = | = 1 = O(e™"").
The right-hand side of (A.2) is clearly O(e~?+) from [8]. As in (4.7) we calculate,

C1 7
pZ [V (x) — &9y dx 2 Voo (1 — A1/dg)' et [ x7Pdx > p, .
2 c

This demonstrates that F' = F, + O(e™**).
Now let ¢ be the normalized zero state which solves H*¢ = 0. Also let P, be
the projection of G*~¢ onto F*~*. Then

0= (¢, BH§) = Fp,Pp) + (. PV 2 — 26" 41 11)9) .
Thus rearranging terms gives,
F7™8 = =¥ 4+ e0,(| (P — D] + & O 1,91 -

As a contour take %) = {{||{| = ¢”4,} and observe that,

1

1 dt
<
=% 504, — o2V —

—Vo—
fe=—t"7

1B = 1)l = 5

5 178l (a3

If V is singular at 0 then we can introduce the cutoff functions 4; defined in (3.20)
and proceed as in the proof of Theorem 3.4. [

Proof of Lemma 4.1. The details above clearly apply if §; = 1. Note however that
(A.3) requires 4 to be large if |P, — 1| is to be small. O

Acknowledgement 1 would like to thank Francis Ahia for many helpful discussions and sugges-
tions which set me in the right direction.

References

1 Comes, JM, Hislop, P D: Stark ladder resonances for small electric fields Commun Math
Phys 140, 291-320 (1991)

2 Hislop, PD, Sigal, IM: Semi-classical theory of shape resonances in quantum mechanics
Memoirs of the AMS, Vol. 78, 399 (1989)



Resonances Become Eigenvalues 673

3

4

Klaus, M., Simon, B.: Coupling constant thresholds in non-relativistic quantum mechanics
Ann Phys., Vol 130 (2), 251-281 (1980)

Pravica, D W : Trapped rays in cylindrically symmetric media and poles of the analytically
continued resolvent J Math Anal Appl, to Appear

Pravica, D W : Shape resonances: A comparison between parabolic and flat potentials J Diff
Eq, Vol 129 (2), 262-289 (1996)

Rauch, J: Perturbation theory for eigenvalues and resonances of Schrédinger Hamiltonians
J Funct Anal., Vol. 35, 304-315 (1980)

Reed, M, Simon, B.: Methods of Modern Mathematical Physics: IV - Analysis of Operators
London: Acad Pr, 1979

Sigal, I M : Sharp exponential bounds on resonance states and width of resonances, Adv Appl
Math , Vol 9, 127-166 (1988)

Communicated by B Simon








