Commun. Math. Phys. 182, 355-370 (1996) Communications in
Mathemati
Physics
© Springer-Verlag 1996

On Lieb—Thirring Inequalities for Higher Order
Operators with Critical and Subcritical Powers

Y. Netrusov’3, T. Weidl">

1'School of Mathematical Sciences, University of Sussex at Brighton, BN1 9QH Brighton Falmers,
UK

2 Royal Institute of Technology, Department of Mathematics, S-10044 Stockholm, Sweden

3 POMI, Fontanka 27, 191011 St. Petersburg, Russia

Received: 19 April 1996/ Accepted: 29 April 1996

Abstract: Let »;(H;(V')) denote the negative eigenvalues of the operator H;(V )u :=
(=D'u =V, V=0, x € R on Ly(RY). We prove the two-sided estimate

S(d, 1) [ V(x)dx <X e H(V)| " < 8(d, 1,1 — 1) [ Vx)dx, x=dj20<1.
R4 k R4

We discuss bounds on the Riesz means Yy, [ (H;(V))|* if 0<p<1—k.

1. Introduction

1.1. We consider the quadratic form

h(Nwul == [ |V'uPdx— [ Vudx, 0S¥V € LP(R?), leN,,
R4 R4

defined on functions u € C{°(RY). If the function ¥ vanishes properly at infinity,
this form can be closed. Its closure generates the self-adjoint operator

H(V) = (=4) = V(x) (1)

on Ly(R¥), the negative spectrum of which is discrete and bounded from below. Let
{3(H;(V))} stand for the non-decreasing, finite or infinite sequence of the negative
eigenvalues of the operator H;(V).

Estimates on the negative spectrum of operators H;(V') in terms of the potential
V' have been studied for many years, see e.g. [3, 6, 17, 16, 8, 14, 13, 9]. For given

d, !l define

Kk =k(d,l) = %, v=v(d,l)::1—%. )

The first author was supported by the EPSRC grant GR/J 32084. The second author was supported
by Deutsche Forschungsgemeinschaft grant We 1964-1.
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In [15] Lieb and Thirring proved the inequalities
Spu(V) =2 PaH (V) < (d, L) [ V¥ (x)dx, (3)
k R4

for potentials 0 < V € L, (R?) with x> max{0,v} in the case / = 1. Their argu-
ment can easily be extended to arbitrary / € IN,, see also [10]. In [16,8,14] the
respective inequality was shown for 4 = 0 if v <0. On the other hand it is known
that (3) fails for 0 < u < v if v >0 and for u = 0 if v = 0. In [20] the author verified
(3)for I=d =1 and p=v(1,1) = 1/2, where in fact the two-sided estimate

1
7 Vdx $S1p(V) S 1005] vdx,  d=1=1, 0<VeEL(R), (4)
R R

holds, cf. [11]. In this note we prove (3) for the remaining case of a positive critical
power u = v(d,l) >0 for arbitrary d, [ € N,, such that 2/ > d. In analogy to (4)
we find a two-sided estimate

£(d, D[ V(x)dx £S,(V)<2(d,1v) [ V(x)dx, %)
R¢ R¢

which holds for all summable, non-negative potentials 0 < ¥ € L;(R¢) with certain
constants 0 < €(d,1) < 2(d, ,v) < .

It is well-known that (3) is of sharp order in the limit of large potentials. This
follows from the Weyl type asymptotical formula

Spu(aV) = aL(d, Lu) [ V¥ dx + o(a) as a — oo, 6)
R4
HE)I (k4 1)
2942 (4 + DM (e + p+ 1)
which can be obtained for sufficiently regular non-negative potentials, and which can
be closed to all potentials 0 < V € L, (R?) if (3) holds. On the other hand for

v> 0 the operator H;(aV), 0 =< V,0F V has negative spectrum for arbitrary small
o >0, and for sufficiently regular, non-negative potentials the asymptotics

eNd, L) =

uz0, (7

ufv
Spu(alV) = <ac53°(d, Lv) [ de) +o(a*") asa—0, u>0, 3)
R4

2(d, 1,v) = ——2%4, 1,0),
Sin TK

can be calculated.! In the case of a positive critical power x4 = v > 0 this asymptotics
is of the same type as (5), and we can close (8) with u/v =1 to all potentials
0 <V € Li(R%). Comparing (8) and (6) we see that a two-sided estimate can hold
only in the critical case.

Naturally formula (6) agrees with the estimate (3) for supercritical powers
0 <v < u. However, in the scale of subcritical powers 0 < u <v we find u/v <

1We include the proof of (8) in the Appendix.
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u+k, and (6) disproves (3). Hence a proper substitute of (3) for positive sub-
critical powers should contain two terms on the right-hand side: one of homogene-
ity order u/v serving for small coupling constants, and one of Weyl type order
U+ K, serving as o — oo. In the final section of this paper we shall prove such
estimates.

The authors are grateful to M. Birman, B. Davies, D. Edmunds, A. Laptev,
G. Rosenblyum and D. Vassiliev for many stimulating discussions.

1.2. Notations. Below Q¢ = {x = (x1,...,x;) € R? : |x;| £ 1/2,j = 1,...,d}. More-
over N={n€Z:n=0}, while N, = N\{0}. For a multiindex 1 € N¢ we use

the notations [1| = Zletj and 1! = szl 1;!. The vector V¥ consists of the ele-

ments \/g a‘?—;, with |1 = k. Further Q4 stands for the (*¢)-dimensional lineal of

all polynomials over IR?, the order of which does not exceed k.

Throughout the paper k and v are defined as in (2).

Finally, if the self-adjoint operator T is semi-bounded from below and its lower
portion of the spectrum is discrete, then {%;(7)} denotes the non-decreasing se-
quence of the respective eigenvalues (according to their multiplicity).

2. The Lieb—Thirring Inequality for Positive Critical Powers

2.1. Main result. In this section we shall prove

Theorem 1. Assume d,l € N, and v=1—d/2] > 0. Then for all potentials V(x)
=0, ¥V € Li(RY), the inequality

(d, 1) [ Vdx < S,,(V) < 2(d, 1,v) [ Vdx )
R4 R4

holds.

2.2. Two covering Lemmata. We introduce

Definition 1. Ler 0 < V(x) € Li(R?) have compact support. A family Q = {2.}
of cubes 2, = x, + a,Q?, x, € R?, a, >0, is called a A-proper covering of supp V
of multiplicity Z(Q), if suppV C U, 2.,

a2 [Vdx=4, A>0, and Z(Q):=sup Y l<oo. (10)
2, x€RY T:x€int 2,

The following result dates back to Besikovic [S]. For the convenience of the
reader we give its proof and follow the argument of de Guzman [12].

Lemma 1. For each non-trivial potential 0 <V € Li(R?) of compact support and
any fixed A >0 there exists some finite A-proper covering Q(V) of suppV of
multiplicity Z(Q(V)) < 2¢4.
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Proof. We can assume ¥ £0. Then for each x € IR? there exists a unique a(x) > 0,
such that for 2, = x + a(x)Q? the equality

a*(x) [ Vdx = 4
-Qx

holds. The function a : R? — R, is continuous and bounded from below by

R4

a(x) = (A“f de) Y (11)

Choose Q = {2, : x € supp V'}. We shall select the sought finite proper covering
as an appropriate subset from Q. Assume we have already chosen the points x;,
i=1,...,m and the respective cubes 2. Then let x,,; be one of the points x,
where the continuous function a(x) achieves its maximum value on the compact set
x € supp ¥\ ,int2,,. Since the interiors of the cubes x; + @Qd do not intersect
each other, by (11) this process stops after a finite number of iterations, and we put
Q) ={2.}.

Evidently supp V' C J;2s,. Let us show that Z(Q(V)) < 2¢. Each of the points
x; does not belong to the interior of any other cube than 2,,. Fix some point
y€RY, y+x;. Assume y € (\,_,int2, with x; +x; for all 1 < p+q<r and
r>2% Let U= (11,...,14) denote vectors of the type 1 € {0,1}, k = 1,...,d. Then
one of the 2¢ sectors > pr =y ®z:1[0,(—1)“foo) should contain more than one
of the points x;,, p=1,...,7. On the other hand, if x;,,x; € Zy,r,|y—x,~p| <
|y — x|, p*q, and y € int,@x,P n int,@xiq, then x;, € int,@x,q, which contradicts the

construction. Thus » £2¢. O
We supplement Lemma 1 by

Lemma 2. Assume 21 >d. Then there exists a positive constant ¢(d, 1) such that
from each finite A-proper covering Q(V)={2:;}!_;, 2i =x; +a;Q of suppV of
multiplicity Z(Q(V)) £2¢ for a non-trivial potential 0 <V € Li(R%) of compact
support one can extract a subset Q*(V) = {2}ic1, 1 C{1,...,n} with the pro-
perties

xi +2a;QNx; +2a,Q=0 foralli%j, i,jel, (12)
S [ Vdx 2 &d, 1) [ Vdx . (13)
i€l 3, R?

Proof. Put Iy =Jy =10, My={l1,...,n}. Assume the sets I,Jy, M, have already
been constructed. If M; = () we abbreviate the process and take I = I;,. Otherwise
choose ix4; such that a;,, = minjcyy, a;, and take

Tevr = L U {ik b, Jirr = {J € Mi i x4+ 2a,Q Nx;,,, + 24, Q+ 03\ {ix1}

My = M\ (Jea U {ixs1}) -
Obviously xi +2a;Q Nxy +2a;Q =@ for all #/,i” € I. Moreover notice that
a; z a;, for j € J;. Thus we can decompose J; as

Jy = U]NJ,",”, Jr={j€:2"a; <a;<2"q,}.
me
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If j € J/", then 2; C x;, + (1 +3 - 2™)a;, Q. Since Z(Q(V)) < 2¢ and vol 2; = 2™a¢
we find

(1 _|_3 .2m)d2d

d
card Ji' < o <8.
Moreover
8d
S [Vix=3 3 da] M <80y 2@ ygql T = ——— [ Vix.
JEIk 2, meN jeJ! meN 1-2 2,

Since 2/ > d we conclude

f Vdx §
R4

i M:

card 1
Qf k(dex+Zdex>:~(d1)Zdex

2, J€Jk 2,

with &(d, 1) = (1 —24720)/(1 — 242l 4+ 89y > 0. O

2.3. The negative spectrum of the “Neumann” problem on the cube. In what fol-
lows put 2 =a®Q? for some a>0. Let Hy Q( V') be the self-adjoint operator on
Ly(@Q), corresponding to the closure of the hermitian form

ho(Nluul == [|V'ulPdx — [V|u*dx, 0V €Li(2), u€cC®2).
2 2

For the negative spectrum of this operator the following standard fact holds.

Lemma 3. Assume 21 >d, I,d € N,. Then there exists a positive finite constant
é(d, 1) such that, for all potentials 0 <V € Li(2) with

éd,DNa [vdx <1, 2=aQ?, a>0, (14)
2

the operator HY,(V') has not more than (1 +‘2_1) negative eigenvalues.

Proof. By homogeneity we can take é(d, ) as the sharp constant in the inequality

u(x))* < @®~(d, 1) [ |V'u(x)%,
2

9= an, a>0, ue Wzl(e@) OL,(2) Qd,1_1|2 , (15)

which holds in view of the Sobolev embedding for 2/ >d and the theorem on
equivalent norms. Because of (14) and (15) the form hf” olu,u] is non-negative on
u € C3°(2) S1,(2) Qa,—1- This subspace is of codimension ("'} in L,(2), which
by Glazmanns Lemma completes the proof. [
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2.4. The Birman—Schwinger principle for H}YQ(V). If 21 > d the resolvent of the
unperturbed operator H}',(0)

((H}5(0) — )" 'u)(x) = fG,@(x,Z,%)u(Z)dZ

is an integral operator with a bounded continuous kernel Gj(x,z,%) € C(2 x 2) for
any x <0, see [1]. The Green function G4(x,z, %) obeys the homogeneity property

Go(x,z,x) = a*79GY(a"'x,a7'z,a’'x), 2=0aQ?, a>0, x<0. (16)
From Hilberts resolvent identity one immediately concludes that

% 9(%) := max Ga(x,x,x)
x€2

is a continuous, strongly increasing function in % < 0. Moreover
Gy(x) - 0 as x — —oo, Go(n) > 400 as x — —0,
while (16) implies
Go(x) = Gh(d %),  2=aQ?, a>0. (17)

Now let {%k(H{Z@(V))}k denote the non-decreasing sequence of eigenvalues of
H}',(V). Consider the counting function

NOGHY (V) =21 {k s a(H (V) <%}, %<0,

for the common multiplicity of the spectrum of H; Q(V) below » < 0. According to
the Birman—Schwinger principle [6, 17] this quantity can be estimated by

NG, HYy(V)) < Tr {Vl/z(x) [ Ga(x,2,2)V'"(z) - dz}
2

IIA

Go(x) f V(x)dx = a®'~45(a* ) f V(x)dx . (18)

If we put x = %1 (H}',(V)) + 0, we find

1/%Gqu(a® i (HY,(V))) < a® = [ Vdx .
2

The monotone decreasing continuous function 1/%¢, : R — RS has the monotone

decreasing inverse # : R} — R . Thus for the lowest eigenvalue the estimate
' d
l%l( L)' a7 <a21“’f de) L ov=1-5, (19)
9

holds.
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2.5. Proof of Theorem 1 — The estimate from above. We start with potentials
0<V € Li(RY) with compact support. Let Q(V) = {2,,,...,2,,} be a A-proper
finite covering of supp ¥ with multiplicity Z(Q(V)) <2¢ and 4 = 279/é(d, I). Ac-
cording to (14), (19) and (10) each of the operators H{:’QX (2?7) has not more than
("“=") negative eigenvalues %j(H,{"Qx’ 2V)). Put J(i) = {j : %J'(Hllyﬂx, (27)) <0}.
Then

v I+d—-1)\ . — v
> P, V) gzd( +d )e(d,l)mc \d, 1)) [ vdx.  (20)
JjeJ( 9

1

Using the variational principle and the estimate on the multiplicity of the covering
it is easy to verify that

w(Hi(V)) Zw(H) for all k1 e (Hi(V)) <0, H == @H, 2V), (1)

where H acts on @,L,(2,,). The negative eigenvalues {x:(H#)} of H coincides as
set and in its multiplicity with the union of the sets {%j(H},Vgx (V)) <0}. For the
sum of powers of negative eigenvalues of H; this implies

ShaEHEN'S X = X wHY, V)L, Ly) [ Vix.
k ki (H)<0 i,jeJ (i) R4

The constant on the r.h.s. does not depend on the support of V. A standard
argument allows one to close this inequality to all potentials 0 < ¥ € Lj(R?). O

2.6. Proof of Theorem 1 — The estimate from below. Let 9 be some cube in RY

and let H ID @(V ) be the self-adjoint operator on Lz(,@), corresponding to the closure

of the hermitian form

5Vl u] = [ \Vuldx — [ ViuPdx, 0=V €Li(2), ueC(2).
3 )

Below {»(H 1D Q.(V))}k denotes the non-decreasing sequence of eigenvalues of
HZDQ(V). Fix a function y € C5°(2@Q), such that iy =1 on Q. Put

c:i= [ |ViyPdx, 9= [ |y|dx.
2Q 2Q
For the lowest eigenvalue of HIDQ(V) with 2=aQ+y, 2=2aQ+y, a>0,
y € R? the variational estimate
J3 IV = y)ldx = [ VIp(a™" (x = y))PPdx
Jil(a=(x — y))2dx

a® ¢ — [, vix
ady

a(HP(V)) <

(22)

holds.



362 Y. Netrusov, T. Weidl

For potentials 0 < ¥ € L;(IR?) of compact support we choose a finite x'c-
proper covering of the support of ¥, and according to Lemma 2 extract the subset

Q') ={2}ier, 2=x+aQ,
with the properties (12), (13). From the variational principle we find that

e (HI(V)) S xi(H) for all k: s(H(V)) <0, H := @,.e,Hféx 7y, (23)

where H acts on Lz(Uielﬁxi) with ﬁ,- =x; +2a;Q as i € I. For 9= 9 (22) turns
into

1/v
x1(HP; (V) £ =0~ v g ™ ( [ de> .
st _@‘
The quantity on the r.h.s. is negative, thus nl(HlD é‘(V)) <0 and

|%1(HIDQ~’(V))|" > 9V KRGTF f Vdx . (24)

Hence from (24) and (13) we conclude

;W(HI(V))I” = Y @)z EZI|%1(H,?§X'_(V))|V

kup(H)<0

Z9VKEeTRY [ Vdx = £(d, l)f Vdx,
i€l 9,

with 3
Ld,)=2ed, DV "V'K ¢ >0.

Closing this estimate to all 0 < ¥ € L;(R?), we complete the proof of Theorem 1.
d

2.7. Positive supercritical powers. Following an argument of Lieb and Aizenman
one can easily show that Theorem 1 implies

SuuV) = S b £ 2@, L) [ V(o)
]Rd

for all powers p = v > 0. As usual the condition ¥ =0 in the r.h.s. of Theorem 1
can be dropped, if we substitute ¥ by max{¥(x),0} in the integral in the r.h.s. of
(9). Then

1 oo
= — p—v—1 _y
S Bli—vv+ 1) Ofl (|%m] ). dA

< 2(d, 1, v)f }J‘ vfa’x(V(x)—}L)+
_ 2(d, l,v)B(/,t— v,2) 4
= BTy V@ @)

Thus £(d,/, 1) is finite for all p=v. O
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2.8. Asymptotics for small coupling constants.

Theorem 2. Assume k =d/2] <1. Then for the critical power v=1—k the
asymptotical formula

Si(aV) = af%(d, 1,v) [ Vdx +o(x) as o« — 0,
R4

K
29742 (4 + 1) sin 7k
holds for all potentials 0 <V € Li(R?), and

s (Hi(aV))|" =o(a) as o — 0. (27)
k22w (Hi(aV')) <0

2%d, 1,v) = (26)

This theorem is based on the following two known results. For the benefit of
the reader we attach the proofs of these lemmata in the Appendix.

Lemma 4. Suppose 21 >d and assume the potential 0 <V € Li(R?) has com-

d
pact support and is not identically zero. Then there exist exactly (H"E?]) negative

eigenvalues for the operator Hi(aV') for all sufficiently small coupling constants
0<a<ag(V).

Lemma 5. Suppose 21 >d and 0 <V € Li(RY). Then the bottom eigenvalue
w1 (Hi(aV)) of Hi(aV') obeys the asymptotical formula

%1 (H(aV))|" = 28%(d, 1,v) [ Vdx +o(x) as o —0. (28)
R

Ifl+ [%] >d and V is of compact support, for the subsequent negative eigenvalues
the asymptotical estimates

| (Hi(aV )| = o(la(Hi(aV))]) as a—0, jz2, (29)
hold.

Remark 1. The asymptotical formula (28) is accompanied by the well-known esti-
mate

1 (Hi(@V))|" < af(d, 1,v) [ Vax, (30)
R4
which holds for all >0 and 0 < ¥ € L;(R?).

Proof of Theorem 2. The formula (32) is an immediate consequence of the two
previous lemmata. In view of Theorem 1 we close (26) to all potentials ¥ € L;(IR?).
Finally comparing (26) and (28), we arrive at (27). O

Remark 2. Obviously
ed, )< 8%d, 1,v) < %d, 1,v) < 2(d, 1,v).

For the case d = [ = 1 the equality ﬁ(l, 1) = £°(1,1,1/2) = 1/4 is known [20, 11],
while Lieb and Thirring conjectured £°(1,1,1/2) = £(1,1,1/2) = 1/2 [15]. This
conjecture and the question, up to what extent

€(d, )= 8%d,1,v) and 2%d,1,v)=2(d,1,v) (31)

hold for general d,! with 2/ > d, remains unresolved.
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Remark 3. 1f 21 > d for compactly supported potentials 0 < ¥ € L;(IR?) the asymp-
totics

ufv
Sp (V) = (aﬂo(d, L) [ de) +o(0*) asa—0, u>0, (32)
R4

holds.

3. Lieb—Thirring Type Inequalities for Subcritical Powers

3.1. Main result. In this section we discuss substitutes for (3), if 0 < u <v. Below
E denotes the sequence of shifted unit cubes

{(gf}fezd = {Qd +f}fezd .

Moreover F stands for the sequence {%;};en Wwith # =QY and % :=
2Q?\27'@Q%j = 2,3,.... For a locally summable potential we introduce the nota-

tions BE(V) 1= {BE(V)}jege and BE(V) == {BY(V)}jen with

BJE(V) :=gf|V|dx and B7(V) ::9[|V|dx.

Norms of such sequences have been used by Birman and Solomyak [7] to give
estimates on the number of negative bound states for the operator H;(V') if 2/ > d.
We shall prove

Theorem 3. Assume that for 0 <V € L(R?) the sequence (V) belongs to
Ly, 0<pu<v=1—k, k=d/2l. Then the estimate

S1u(V) £ €, L)([B* NI + 185N (33)
holds.
Theorem 4. Assume that for 0 <V € L(RY) the sequence B*((1+ |x|)7V(x))
belongs to £y, 0 :=d(v—p)/(u+x), 0<u<v=1-—x, k=d/2l. Put 0(t) :=
" 4 t#*% for all t 2 0. Then the estimate

1,V < e(d, L w)O(|| B (1 + [x)V)lz,n) (34)

holds.
3.2. Proof of Theorem 3. First we consider potentials 0 < ¥ € L;(IR?) of compact

support. Let Q(V)={2.}", be a finite A-proper covering of supp/V,
A =2749/¢(d,1). Combining (21) and (20) as in the proof of Theorem 1 one finds

Wy
Spu(V) = ; [sex (Hi(V)* £ e3.1(d, l,,u)Z (f de) . (35)

i ’@"i
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Put 2, > = 2, N &; and I(7) := {i : int 2, ;7%0}, N(j) = card I(). Then

uv v v
> (f de> = <f de> gz;uv@»“é ( > f de)

i \2, 2 €l)?,;

i,j iy

By
< 2% (NG (f de) : (36)
7 g

Next we estimate the value of N(). Therefore we split the index set /(j) into
I'GYy:={iel():vol 2, >1}, I"G)=IGH\'(). (37)

If i € I'(j) then the interior of 2,, contains at least one of the corners of &;. Since the
proper covering Q() is of a multiplicity Z(Q(¥)) <27, we have card I'(V) < 2%
On the other hand i € I”(j) implies 2, C j+ 3@Q?. Thus from Z(Q(V)) <2? we
obtain

> vol 2, <6°, (38)
i€l (j)
while from (10) we deduce
> (vol 2,)'7 <4%d,l) [ Vdx. (39)
i€l (j) JH30Q4

Together (38) and (39) imply

k-1
(card I"(f))x_1 < < 3 vol Qx,> > (vol ,@x,)l—K_l

<
i€l”(j) i€l (j)
< c3a(d,l) [ Vdx, (40)
J+3Q¢
thus
N(G) = c33(d, 1) + c34(d, 1) ( / de) . (41)
jH3Qd

Inserting this estimate into (35) and (36) we arrive at
putK
Sl,ll(V) é C3.5(d) l’ )u')HﬂE(V)“/;’i: + C3.6(d, l’ ,LL) <Z f de) 5
Jj3ed

which is equivalent to (33). Since the constant in this estimate does not depend on
V, we can close the bound to all potentials 0 < V' with (V) € £,,. O
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3.3. Proof of Theorem 4. We consider potentials of compact support and choose
a A-finite proper covering Q(¥) of multiplicity Z(Q(¥)) < 2¢ of the support of V
with 4 =279/&(d,1). We put Z;; = 2, N F;, j €N, and I(j) := {i : int 2, ; +0}
is of cardinality N(j) = card I(j). In analogy to the previous proof we find

v
S1uV) < esa(d L)y (NG (f de> : (42)
J

i
Choose the decomposition
I'(j):={i € 1(j): vol 2y, >max {279,290 1"(j)=IGN'()) -
If i € I"(j) then
Jj+l
Qx,. C ﬂj = U y’x 5
s=max{1,j—1}

and estimates similar to (38), (39), (40) give

K
card I"(j) < c3s(d, ) (Vol %)V (f de) . 43)
M
A simple geometrical argument shows, that in view of Z(Q(V)) <29 the estimate
card 7'(j) < ¢39(d) (44)

holds. Inserting N(j) = card I'(j) + card I”(j) with (43) and (44) into (42), we
claim

utK

Hv
(V) S csao(d, L) § S (f de) + 3 (vol )" (f de) . (45)
. 7 7

7\

Notice that vol .#; < (1 + |x|)? on x € ;. Thus the second sum on the r.h.s. of
et
(45) is bounded from above by ¢3.11(d, I, 1) H[fF (T + XDV (x))

can be estimated by

K
. The first sum

ptK

-1

q
/V __ Ho
’ (z (vol 1) J) :

ptK J

uv
> (i de) < esa(d, L) |8 (L + )7V ()

J

where we applied Holders inequality with the powers p = v(u+ k)/u>1,
g~! =1— p~'. The sum of the negative powers of vol .#; converges, which com-
pletes the proof. [

3.4. Remark. From the proofs of Theorems 3 and 4 we see that in the respective
bounds the term of homogeneity u/v corresponds to large cubes 2,, € Q(V), that
means areas of low density of the potential, while the term of homogeneity u + k
corresponds to small cubes 2, € Q(V), that means areas of high density of the
potential. This agrees with the fact that under the conditions of these theorems we
have S; ,(aV) < oM as o — 0, but Spu(aV) < aft* as a — oo.
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4. Appendix
In the appendix we outline the proof of Lemmata 4 and 5.

Lemma 6. Assume 21 >d. Put B, = {x € R? : |x| <r} and let m; = m(r) denote
the orthogonal projection in Ly(B,) onto Q4|s,. Then the inequality

d
17 = oy a7 e m= |1 5], 7 e CR®D). 46)

holds.
Proof. We start from the inequalities
V" fllL ey = ca2(d, 1, IV fllyray f € CeP(RY),
27— plm)y=(U—-n)d, neN: m+1<n<l, (47)

see e.g. [4] p. 153, Theorem 6.5.1. By the theorem on equivalent norms on B, we
have

I9ll28,) < cas(ds LIV glliys,) = cas(@d LNV fllasy), 9= F —m-if .
The Sobolev embedding W}(B,) — C(B,) gives
191128y < caad, LIV fLais,) - (48)
On the other hand, applying (47) with n =m + 1 to f and g, we find
V"1 [l 8 = 1V (Ri—1 = ) f |23y < Cas(d L)V f (I yme)y -

On the finite-dimensional lineal Qg 1|3, Or,8,) Lam|s, the norms ||V" - |1, 5,
and ||« ||z..(s,) are equivalent. Thus

(=1 = ) fllzeee) < cas(ds LNV flliyme) - (49)
From (48) and (49) we conclude (46). O

4.1. Proof of Lemma 4.1. Take r >0 such that supp ¥ C {x € R : |x| < r}. From
Lemma 6 we conclude

j;{ V'u - nmulzdx é C4,7(d, lar) (.{; de> Hvlu”iz(]Rd)’
R R

m= [l—%], u€C0°°(]Rd).
Thus the form h;(aV)[u,u] is non-negative on all

u€ CP(MRY): muuls, =0, (50)

if 0 <o <1/(cs7(d,1,r)[Vdx). The respective operator H;(«V') has not more than

rank 7, = (l+‘5%]) negative eigenvalues.
2. Equip the linear space €4 with the norm |p| := max,ene. <k |c;]. Choose
some function ¥ € C*°(R), such that y(¢) =1 for t < 1,Y(t) =0 for ¢ >2 and
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0<y =1 for 1 £t <2. Define , € CP(R?) by Ye(x) := ¢(eln [x|), £€>0. A cal-
culation shows (cf. [19], p. 123), that

flvl‘//eplzdx <e|p|M(d, L), pE Qd,[l_g], 0<e<l,

while
[ Vi p)Pdx = [ V|p(x)]Pdx = |plm(d, 1, V),

for sufficiently small gy(7) > &> 0 and suitable constants 0 <m(d, [, V),M(d, )
< oo. The quadratic form h;(aV) is negative on all functions Y, p(x) = 0 from

the (H(E%]) -dimensional subspace ¥,Q;; 4 for 0 <e&<min{l,e(V),am(d,1,V)/

M(d,1,y)}. Thus Hy(aV') has exactly (H‘E%]) negative eigenvalues for all sufficiently
small « >0. O

4.2. Proof of Lemma 5. Let (-, -) denote the standard scalar product in R¢. For
V =0 we put W(x) =+/V(x) and

i(&x—y)
) () 1= W) [ [ S IR

O 7 T B

For V € Li(RY) and 2/ >d this positive integral operator acts as a Hilbert—
Schmidt operator on L,(IR?). Let {4,(X,(¥))} denote the non-increasing sequence
of the eigenvalues of X, (V). Moreover {x,(a)} := {x,(H;(2V))} denotes the non-
decreasing sequence of negative eigenvalues of H;(aV'). According to the Birman—
Schwinger principle the identities

XV ="', keN, (51)
hold. In particular one finds
0 = XN £ TrXo (V) = ()| 778%d, 1,v) [ V(x)dx,
]Rd
which turns into (30).

Assume now that 0 < V(x) € L;(IR?) is of compact support. We decompose the
operator X, (V') as

X (V) i= X(V) + X (V) + XV,

i _ S IW (y)u(y)ddy
) ) := W) [ ] ey

; W (yyu(y)dedy
XV =W S
@) @:=We T oz

; (70 — YW (y)u(y)didy
XV =W .
( ( )u) (x) (x)m/;l yé{Rd (27t)d(|6121 — %)
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Evaluating the respective Hilbert—Schmidt norms we find
XN < cas(V),

cao(V)|In(e + |%|™1)| as 2l =d+ 1,

] , | <1.
C4.10(V)|%| 2 as 2l >d +1

XNl < {

Finally we represent X, (V) as

X(V)=XUV)+ XV,

()?,?(V)u) x)=wx) [ f W (y)u(y)dédy

¢ER? yeR? (27f)d(|f|21 — %)

Obviously
N d_14
X0y =« 771X° (v,

and i
XL L can(V), %<0.

We underline that the constants c4g,...,c411 do not depend on % < 0.
From standard perturbation theory we conclude that the operator

X (V)= 1 FT RN+ V), YY) = BYV) + HAV) + Ho (V)
has not more than rank X(¥) = 1 eigenvalue larger than ||Y,(V)|, or
M (V) € carn(V)max{|x| T~ In(e + || "), 1} as |»| <1, k=2.

From (30) and (51) we conclude that for compactly supported potentials 0 < V
€ Li(IR?) the asymptotical estimates

(@) = o(@"”) asa—0, k=2,
hold. On the other hand for the leading eigenvalue we have
P 5 R (1)) = 150NN £ M@ (V)) £ el 510X (1) + 1500

which mounts into
M(X(V)) = |%|%_1Tr)?°_1(V) +0 (max{l%ldzilz_l, |In(e + |%|_1)|}) asx — —0.
Then (30) and (51) imply

Pai(a)]” = «@%(d, 1,v) [V(x)dx + o() as o — 0. (52)
In view of (30) we can close (52) to all potentials 0 < ¥ € Li(R?). O

Remark 4. The technique of the extraction of a diverging operator of finite rank
is well-known. It can be applied to the case of non-signdefined potentials and the
asymptotics of the subsequent eigenvalues can also be calculated. In particular one
can show that (52) remains true for compactly supported non-signdefined potentials
V € Li(RY), if only JVdx > 0. For the related results on the weakly coupled one-
or two-dimensional Schrodinger operator we refer to [18].
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