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Abstract: For any two arbitrary positive integers “#” and “m”, using the m™ KdV
hierarchy and the (7 +m)® KdV hierarchy as building blocks, we are able to
construct another integrable hierarchy (referred to as the (n,m)™ KdV hierarchy).
The W-algebra associated to the second Hamiltonian structure of the (n,m)® KdV
hierarchy (called W (n,m) algebra) is isomorphic via a Miura map to the direct sum
of a W,-algebra, a W, -algebra and an additional U(1) current algebra. In turn,
from the latter, we can always construct a representation of a W, -algebra.

1. Introduction

Our purpose in this paper is to show how to construct new integrable hierarchies
starting from a couple of KdV-type hierarchies plus a U(1) current. Also in order
to give the coordinates of our paper with respect to the current literature, let us
recall a few fundamental things about KdV hierarchies.

There are two different descriptions of the n" KdV hierarchy. One is based on
the so-called pseudodifferential operator analysis (see [1]), in which we start from
a differential operator L, called scalar Lax operator,

n—1
L=0"+ Y wo", a:ﬁ, (1.1)

i=1 Ox
where the u;’s are functions of the “space” coordinate x. Throughout the paper the

symbol L will mean (1.1). After introducing the inverse d~' of the derivative 0
(i.e. the formal integration operator),

00 '=0"lo=1,
o @) = 3 (1) Do
1=0

we can calculate the fractional powers of L.
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In general for a pseudodifferential operator, 4 = Zign a;0', we define

Ay =Y a;d, A_=A—A,, res(d)=a_,.

i20

Since the operator [(L7),,L] = [L,(L7)_] is a purely differential operator of order
(n —2) for any positive integer r, it naturally defines a series of infinitely many
differential equations,

r=when ozt (12)

where #; = x, while #,,1,..., are real time parameters. This set of equations is
usually referred to as the n™ KdV hierarchy or, simply, the n-KdV hierarchy.

Another presentation of the n-KdV hierarchy is by means of the Drinfeld—
Sokolov construction [2]. In such an approach, we begin with a first order matrix
differential operator

FL=0+q—41, (1.3)
where g and A are n X n matrices and
n—1
A= AE, +1, I=3 Eii, (Eij) = dubji (1.4)

i=1

where A is the spectral parameter, while g is a lower triangular matrix. One can

find a formal series
o0

T=1+3TA",

i=1
such that

Loy=TLT '=0+A+Y fid™",
i=0
with all f; being functions. The centralizer of %oy contains nothing but the constant
elements of the Heisenberg subalgebra, thus we can easily get the centralizer of the
operator ¥, and we can define a series of flow equations

53 =[M}, L), M=T'AT, (1.5)
where the superscript “+” means that we keep only non-negative powers of A.
These equations are only defined for classes of gauge equivalence, i.e. up to trans-
formations which leave (1.5) form invariant. If we suitably fix the gauge, Eq. (1.5)
reduces to the n™ KdV hierarchy (1.2).

One can generalize the above construction in different directions. In fact this con-
struction is based on the Lie algebra s/,, and A can be understood as an element
of the associated affine algebra which enjoys particular properties. The generaliza-
tion in which 4 = Z;:Ol e;, where e; are the standard Chevalley generators of an
affine Kac-Moody algebra (in this case, A is a grade one element of the principal
Heisenberg subalgebra), and ¢ is an element belonging to the relevant non-positive
graded Borel subalgebra, has been studied in [2].

Recently there have been several attempts to generalize the KdV-type integrable
hierarchies in other directions. One possibility is to replace A4 in (1.3) by any
constant regular element of any Heisenberg subalgebra of the Kac—Moody algebra.
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The hierarchy constructed in such a way is called type I; if the element A is not
regular the hierarchy is called type 1I [3]. It has been shown that, in the g/, case, the
graded regular elements exist only in some very special cases; furthermore, after
gauge fixing, this extended Drinfeld-Sokolov hierarchy reduces to the Gelfand-
Dickii matrix hierarchy, which is a simple extension of (1.2) obtained by replacing
the scalar Lax operator (1.1) by a matrix valued one [4]. On the other hand, there
has been so far no detailed discussion about type II integrable hierarchies, due to
their complexity (see however [5]).

Moving from a completely different starting point, in a recent paper we have
considered another type of extension: we have modified the Lax operator (1.1)
by adding some suitable pseudodifferential terms; in this way we have obtained a
new integrable hierarchy, which we have called the (n,m)" KdV hierarchy, [7].
Actually these hierarchies are not an artifact of ours. They naturally appear in two-
(and multi-) matrix models describing 2D gravity coupled to conformal matter.
Two-matrix models are in fact characterized by Toda lattice hierarchies [6] — each
different hierarchy being specified by a particular choice of the two relevant Jacobi
matrices. There is a duality between Toda lattice integrable hierarchies and differ-
ential integrable hierarchies, [8,9], which enables us to extract KP-type differential
hierarchies from the lattice hierarchies and vice versa. Moreover the differential hi-
erarchies obtained in this way can be reduced to new hierarchies while preserving
integrability. The full set of KP-type integrable hierarchies obtained from the Toda
lattice hierarchy together with their integrable reductions turn out to fill up exactly
the set of the (n,m)™ KdV hierarchies.

In this paper we present the (n,m)" KdV hierarchy from the point of view of
extending the KdV-type hierarchies: given any two KdV type hierarchies, say an
m" KdV hierarchy and an (n 4+ m)" KdV hierarchy, plus a U(1) gluon current
J, we show how to construct another integrable hierarchy and that the latter is
exactly the (n,m)" KdV hierarchy. Moreover we will show that there exists a Miura
map which establishes an isomorphism between the W-algebra associated to the
second Hamiltonian structure of the (7, m)" KdV hierarchy to the direct sum of the
W,+m-algebra and W), -algebra, as well as an additional U(1) current algebra (when
m = 1 the isomorphism is simply with the direct sum of a ¥, -algebra and the
U(1) current algebra.)

The paper is organized as follows. In Sect.2, we review some well-known
facts about W, algebras. Our main results are presented in Sect. 3, where we first
construct the (n,m)™ KdV hierarchy from the (n + m)" KdV hierarchy and m™ KdV
hierarchy, then we show that the W (n, m)-algebra is related to W, ® W,, ® U(1)
by a Miura map. In Sect. 4, we will analyze the conformal spectrum, and construct
the Drinfeld-Sokolov representation of the (n,m)" KdV hierarchy. We show that
the (n,m)™ KdV hierarchies correspond in part to a type I and in part to type II
generalized Drinfeld-Sokolov hierarchy, [3]. Several examples and some remarks
are presented in Sect. 5.

2. The n™ KdV Hierarchy and W, Algebra

In this section we will review some well-known results on the n™ KdV hierarchy and
the W,-algebra. More precisely, we will show how to derive the W,-algebra from: 1)
the n™ KdV hierarchy; 2) a suitable infinitesimal deformation of the corresponding
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differential operator; 3) field-dependent gauge transformations (or residual gauge
symmetry).

2.1. The n'™ KdV Hierarchy. There is a natural inner product on the pseudodiffer-
ential operator algebra, defined by
(4) = [dx res(4), 2.1

which enables us to define two compatible Poisson structures

n—1 .
{fx, frh(L) =LV, X)), fx(L)= (LX), X = ; 0% » (2.2)

{/fx, fr}a(L) = ((XL)L YL) — ((LX)+LY) + %fa"l([L,X](—n)[L, Yi-n. (23)

These two Poisson structures give rise to two Poisson bracket algebras of the basic
independent fields u;,

(), u; (N} = @1y [u(x)10(x — y) (24)
{wi(x),uj(¥)}2 = (#2)yj[u(x)]o(x — ) . (2.5)

We call #, and #, Hamiltonian operators. They are (n — 1) X (n — 1) matrix op-
erators and only contain the derivative 0 and the basic fields. In particular, Eq. (2.5)
is referred to as the W, algebra.

The conserved quantities (or Hamiltonians) have very simple form

H, = §<L5>, Vr

I\Y

1. (2.6)
They generate the Hamiltonian flows (1.2) through the Poisson brackets.

2.2. Infinitesimal Deformations of the Lax Operator. The n® KdV hierarchy (1.2)
can be viewed as the consistency conditions of the following spectral evolution
problem:

Ly = Y, (2.7a)
0 r
5t—r = (L) . (2.70)

The function Y(4,¢) is usually referred to as the Baker—Akhiezer function.
As observed in [10], calculating a W,-algebra is equivalent to finding two
infinitesimal differential operators P and Q, such that

6L =QL—LP (28)

and (L + 0L) still has the same form as (1.1). This is equivalent to saying that
Eq. (2.7a) with vanishing spectral parameter 4 = 0 is invariant under the infinitesi-
mal deformations

Y — W+ oy, L— L+L

with oL specified by Eq. (2.8), and
oy =Py . 2.9)
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In other words, after such infinitesimal deformation, we still have

(L+oLYYy+dy)=0. (2.10)
Proposition 2.1. If we choose

1
P:(np~%z Q=Y —-Z, (2.11)

where Y = " léi e IS an arbitrary infinitesimal pseudodi erential operator,
i=1
and

Z= (LY.

then the deformation (2.8) coincides with the one derived from the second Poisson

structure (2.3), i.e.
n—1

Sup = 3 (H2)ylul - & . (2.12)

Jj=1

Proof. Let X and Y be two arbitrary pseudodifferential operators (with Y infinitesi-
mal), then the variation of the functional fx(L) under the transformation generated
by fy(L) with respect to the second Poisson structure is as follows:

ofx(L) = {fx, fr}(L)
= (XYL~ (VL)) — (ALK~ XL))
Let X be independent of the basic fields u;, we obtain
oL = ((LY)+ - %Z) L-L ((YL)Jr - %Z) ,
which is just the formula (2.8) with the identification (2.11). On the other hand,

Eq. (2.12) is a direct consequence of (2.3), so it must be the solution of Eq. (2.8)-
remember that

n—1 n—1
fr(L) = ; S uie, ofx(L) = 2 Jouiy; . (2.13)

This ends the proof.

Let us see a simple example. Choose ¥ = d'~"¢. A straightforward calculation
shows that

- —~ 1
z:-“@lk, pgo— "Ly Q=w+”;y. (2.14)
Plugging this into Eq. (2.8), and using Eq. (2.12), we get
n—1 n . 1 _
5L:}:@%ﬁﬂﬂ-@ﬂ””::G6+zg—d)L—L<w—n 15). (2.15)
i=1

In particular we find that u; satisfies the Virasoro algebra

{m(x),m1(»)}2 = (c,,(?3 + u(x)0 + ou1(x))o(x — y), ¢y = % (n-; 1> . (2.16)
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Thus the deformation we considered is nothing but an infinitesimal conformal trans-
formation. Furthermore

oy = (.ga -

n—1, n

s) v, oLY) = (86 + %18,) (Ly)

indicat@s that { and Ly are primary fields with conformal weights ‘%” and &21,
respectively.
We may write down the global form of this diffeomorphism

X fx), L— ()T )T, (2.17)

where L = 9" + #;0"~% 4 - - .. From this transformation law, one can obtain the con-
formal properties of all fields [11].

2.3. Drinfeld-Sokolov Representation. The basic idea to construct a matrix version
of the n™ KdV hierarchy is to find a vector space representation of the differential
(or pseudodifferential) operator algebra. For such a purpose, we may linearize the
spectral equation (2.7a) by introducing (n — 1) supplementary fields as follows:

vi=y, Y= =0y, 1<i<n-1. (2.18)
Define

nl n—1
U= E uiEn,n—i» A= ZEnl +1’ I= ZE[,H—I .

i=1 i=1

Further denote by ¥ and % the column vector (Y,¥>,...,¥,) and the (n X n)
matrix operator (0 + U — A), respectively. Then the linear system (2.7a,2.7b) can
be rewritten in matrix form as follows:

LY =0, (2.19a)

0
ath—r

V= My,¥, 120, n—12r2=1, (2.19b)

where 4, is a uniquely determined »n X n matrix field, which is a differential
polynomial in the u;’s and only contains non-negative powers of A. In particular,
the first n — 1 elements of its last column (these are the important ones) take

the form,

., 0H, .
(Mris i1 = 3 7 R VLR (2:20)
slsi ]

It is perhaps worth giving a proof of Eq.(2.19b) and Eq.(2.20). To this end we
first prove the following lemma:

Lemma 2.2. Let (i, j,r) be non-negative integers, and let 1 < j, r < n— 1. Then
L : . ,
PLITY, = 3 (LA L) L — (ILF) )y + @LETY L. (221)
=0 /

Proof. Since the operator ¢/(L7*"), is a purely differential operator, we have

ALY, = OILFL — /(LAY = ((B/LFLT)4 — (8/(Li)_)y .
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The second term on the extreme right-hand side has order less than n, while the
first term can be rewritten as

(/L7LYy = (/Li~ ") L + (/L7 Y _LHy, . (2.22)

Now suppose that / is also a positive integer and / < i. Due to the fact that L is
a purely differential operator, we obviously have

((PLity, L) =

and o o,
((0/L"*h_L)_ = (o/L"*"*h)_,

which immediately lead to the following recursion relation:
(@LF) LNy = (@LF)-L) L7 4 (L)L, (223)

Using this identity and Eq.(2.22), it is straightforward to show that Eq. (2.21) is
true. This ends the proof of Lemma 2.1.

In order to prove Eq. (2.20), we write

(LAY L), = Zalkak

Then
o = res[((D/L7T1)_L), 07% 1.

In particular for £k =n — 1, we have
o1 = res [((B/L7H71) L), 07"
=res[(8/Lit™1Y_Lo™"] = (/L) yy .

On the other hand, from

, n—1
OH, 1 = [dxres((OL)LA' ™YY = [dx 3 (S )@ 'LAH 1YYy,
Jj=1

we get
5Hr n
S = @y = o (224)
n—j
Therefore
o 0 i 1
. a} L,,+1
ath—r lpj ath—r l// ( ) l//

i

=LA@ D - @D ey 2@,

LI OH,
= oIy (2.25)
1=0 5un—j
The dots contain auxiliary fields Y, with 1 < k& < n— 1. This ends the proof of
Eq. (2.20).
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The consistency conditions of Egs.(2.19a,2.19b) give rise to the Drinfeld-
Sokolov representation of the n KdV hierarchy,

0
Oty tni

L = [Myni, L] . (2.26)

To be precise, the term Drinfeld—Sokolov integrable hierarchy is utilized for the flow
equations (1.5) with reference to the operator £ defined in (1.3). As noticed above,
(1.5) are gauge dependent; if we choose a suitable gauge we recover Eq. (2.26).
A specification is necessary at this point. The linearization of Eq. (2.7a) is not
unique. For example, we may introduce supplementary fields in the following way:

Vi=v, =@+, 1Si<n—1;

@+ haWo, =M, —hy=h+hy4 -+ hy .

Then we have another linearized spectral equation
PV =0, L=0+U—-A, U=) hE;.

The difference between these two linearizations is just a Miura map. In general we
call a Miura transformation a (non-invertible) gauge transformation which maps a
minimal set of independent coordinates onto another minimal set. Therefore, mod-
ulo Miura transformations, the linearization is unique. Hereafter we only focus our
attention on the linearization (2.19a).

Example. For the second flow, we have
_ 2 g, 2 i—1Y (-
ﬂz—(U—‘A)-U“{‘_Z _]-1 Uy E’/
i2)

The LHS of Eq. (2.26) is independent of A, therefore we can set 4 = 0 on both
sides of Eq.(2.26). In the remaining part of this section, we will show that in the
case A =0, the spectral equation completely determines the W,-algebra.

Proposition 2.3. The spectral equation
LW =0, Loy=LA=0)=0+U-1 (227)
is invariant under the following infinitesimal transformations:
Y — GY, Ly— GLG !, G=1+R, (2.28)
where the infinitesimal matrix field R satisfies
SU=[RO+U-1I], (229)

and (U + 0U) has the same form as U. The elements of R are polynomials of
the basic fields u;. In particular we can choose

ofrd) _
5Llj -

where fy is defined in Eq. (2.13).

Rn—j,n = l1=sj=n-1, (2.30)
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Eq. (2.29) and the choice (2.30) completely determines the structure of the
W,-algebra.

Proof. The first statement follows directly from the invariance (2.10), i.e. we have
(ZLo+ 0L NP +0¥)=0. (2.31)

This equation requires that R satisfy Eq.(2.29), which in turn determines R up to
(n — 1) arbitrary elements. In particular setting

5Hr ni
Rn-—j,n = Z 5u+ : 6tm’+r
J

ir

and comparing with (2.20), we get the (r + ni)"™ Hamiltonian flow.

We remark that the choice of the independent elements of R is not unique as
long as the only requirement is to recover a W,-algebraic structure, no matter what
the coordinates are. For example, we can choose the first row to be independent,
then the variation of the Baker—Akhiezer function can be derived from Eq. (2.28),

oy = Zlle¢j~x =Py, P=Y R;o". (232)
Jj= j=1

However choosing the first # — 1 elements of the last column as independent, as in
(2.30), is of particular importance, because the relation (2.30) leads to coincidence
with the second Poisson bracket (2.3).

To see this point let o = Py be given by Eq. (2.11). We notice that

P =d/ ((YL)+ — %Z) = 0/YL — &/(YL)_ — lafz
n

= <afYL —0/(YL)_ — %afz>

+

(@YY L+ (@) L), ~ @) ), 37

n—1 L n—j—1 o
_ ( T (3’““"8,»>L+ S (0L,
i=1

i=n—j

=

~@OL) ) P70 jSn-2,

which shows that
. . n—1 L
5‘//1' = 51~1(5|//) — a}—lPlp — < Z az+j—n—18i> W+ Sn—jWn 4o
1=n—j+1

The first term disappears in the case A = 0, the last term only contains the auxiliary
fields Yy with 1 < k& < n— 1. Thus we obtain

_ofy(L)

R< = & ;=
S n—Jj
514,,_]‘

>
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which shows that the choice (2.30) coincides with the choices made in Proposition
2.1, i.e. with the second Poisson structure (2.5), alias the W, algebra. This ends
the proof.

The definition of the W,-algebra contained in the above proposition exhibits the
intimate relation between the W -algebra and Kac—Moody current algebra [12]. Let
o/ be a gauge field (WZNW current) valued on some Lie algebra ¢, and G be
an element of the corresponding Lie group. Then the general gauge transformation
reads

o — GO+ A)G . (2.33)
This gauge symmetry implies that the components of the .7 field obey a Kac-Moody
current algebra. After (partially) fixing the gauge', the gauge symmetry (2.33) will
be reduced to the form (2.29). From this point of view we may call the symmetry
considered in Proposition 2.2 the residual gauge symmetry. On the other hand,
since the symmetry (2.28) (characterized by the matrix field R) explicitly depends
on the basic fields u;, we may also call it field dependent gauge transformation.
In practice, deriving the W-algebra by solving Eq. (2.29) seems to be easier than
calculating the Poisson bracket (2.3) (for example, see [13]).

Example. The functional F = [ dxu;(x)e(x) generates the following field dependent
gauge transformation:

Reont = €I — &'Iy + lower triangular part , (2.34)

where Iy is a diagonal matrix with elements (/p); = "‘3—’“ One can easily check
Reont indeed leads to the diffeomorphism (2.14).

3. The (n,m)™ KdV Hierarchy and W (n,m)-Algebra

In this section we will construct the (#,m)® KdV hierarchy from a pair of ordinary
higher KdV hierarchies plus a U(1) current J. We also discuss the W (n, m)-algebra,
which is the algebra associated to the second Hamiltonian structure of the (n,m)"
KdV hierarchy.

3.1. Constructing the (n,m)® KdV Hierarchy. Our construction of the (n, m)® KdV
hierarchy is based on the following theorem:

Theorem 3.1. Let A and B be two purely differential operators

n+ . .
A = gntm + Z uian+m~—t—1’ B=0"— Z Ui@mﬂ-—l , (3.1)
i=1 i=1

and J be a function of x. Define

iA:[(AF%ﬁ)Jr,A]-l—m((Ja—f- MJ/>A_A (Ja_ n+m—1j,)) ;

m—1 m—1

0ty 2 2
(3.2a)
U For gl(n), the standard gauge fixing conditions consist of restricting .« to be of the form

(U —1I) as exhibited in Eq. (2.27). This is equivalent to imposing a set of first and second class
constraints; after reduction a la Dirac we obtain a W,-algebra.
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Op_ [(B7 )4, Bl + (n + m) ((J@Jr wJ’) B-B <J6 . DJ’)) . (3.2b)
oty 2 2

o 4 4 n+2m )\’

8_t2J— (n(n—l—m)ul + o - 3 J ) . (3.2¢)

This set of differential equations gives rise to an integrable system.

Proof. We will show that Egs. (3.2a-3.2c) admit a Lax pair representation. First
we observe that Egs. (3.2a) can be rewritten as

0 m \2 2 m? 5, m(n+m)
4= z B BRI ey
ot [(a+2J> T e J]
m \2 2 m , mn+m),
—A[(MEJ) o - - R (33)

Similarly we re-express Egs. (3.2b) as

2 2
0 <a+";mJ> —%vl—(ner) J2+(”+'")”’J'}B

~B=
oty

4 2

—-B

4 2

2 2
<a+ "Z”ﬁ]) - %vl _mEmy ’"(”er)./’} . (34)

Next we introduce a pseudo-differential operator as follows:

L = ¢ $4¢73B719"F", (ng)' = -/, (35)
and expand Ly, ,; in powers of 0
0 .
L[n,m] = (3” + Z w,»@”"“ . (36)

i=0
Due to the identity
plop=0—-J,

all the coefficients w; turn out to be differential polynomials of the fields u;,v; and
J. For example

1 1
wo = 0, w,=u1+vl+znm(n+m)<§J2+J’> ,

Wy = uy + vy + mJuy + (n + m)Joy + nv}
1 2 2 .
+ m(n -+ m) ("“LT’".F F(nbm— 1)+ ”“L—;"—?’J") (3.7)

and so on. The RHS of Eq.(3.2¢) is a derivative. Therefore we can extract the
equation of motion of the field ¢,

4 n+2m
U+ —u1 +
nm

d
5—t2(1n ¢) = — ( J2> ) (3.8)

n(n + m)
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In this passage we have ignored possible integration constants: this is part of the
definition of ¢.

Now using Eq.(3.3) and Eq.(3.4), as well as Eq.(3.8), we can derive the
equation of motion of the operator Ly, »;,

0 2
a—tz—L[n,m] = 1:32 + ;’I_WI’L[n’m]] .
Noting that
) 2 2
o+ ;Wl = (L[n,m])+ 5
we finally get the following Lax pair representation:

0 2
ét—zL[n’m] = [(L[Z;,m])+’L[n,m]] . (39)

Once we know the Lax operator any higher flow is completely determined. This
ends the proof of integrability.
Two remarks are in order.

1) If we define a map (Miura map) as follows:

L= ¢ 3497 , (3.10a)
= (0-S1)0—5) (0~ Sn)s (3.10b)
S 4S84+ (”+—2'")’1’J, (3.10¢)
then
L LiLy a”+§j a”"+2a o ! (3.11)
[n,m] = 12 = n+lla S 6—526—81' .

This is exactly the Lax operator considered in [7]. The a; fields in the first sum
coincide with w;. The full integrable hierarchy is

0 r
%L[”l,m] = [(L[n,m])+sL[n,m]] . (312)

Following [7], we will call it the (n, m)® KdV hierarchy. The W-algebra associated
to its second Hamiltonian structure is referred to as a W (n, m)-algebra.

2) In our construction of the (n, m)™ KdV hierarchy, the field J plays an essen-
tial role. It allows us to merge two KdV-type hierarchies into a new one. Pictorially,
we can say that the field J behaves like a gluon, which mediates the interaction
between the m™ KdV hierarchy and the (n + m)®™ KdV hierarchy. .

3.2. W(n, m)-Algebra. It has been shown that there exists a bi-Hamiltonian structure
connected with the pseudodifferential operator (3.6) [14]. From it we can extract
two compatible Poisson structures for the (n, m)™ KdV hierarchy, as was shown in
(71,

fx frh@pm) = LpnmX Ya) (3.13)
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and

Uxs fryo(Lpnm) = (XLpnm))+ YLinm) — ((Lin,mX))+Lin,mY)
o B V1@ W X1, G14)
where
X Yle = J(AX Y]+ KRV = [Xo, V] - [X_, Y], RA=A, 4

These two Poisson structures lead to two infinite dimensional Poisson algebras
among the fields w;, which are
1) a Wi, oo-algebra

{wi(@), w; () = (F1)i(x)0(x — y), (3.15)
and
2) a W,-algebra
{wix), wi(¥)}2 = (H2)yj(x)0(x — y) . (3.16)

Since in the (n, m)® KdV hierarchy we only have (n + 2m — 1) fundamental inde-
pendent fields, these two oo-field Poisson algebras are realized via two finite-field
algebras on the dynamical variables (S;;a;), [7]. We denote the corresponding

Poisson brackets by

{gi(x), ;)1 = (H2)y(x)d(x — y), (3.17)
and .
{9:(x),q;(}2 = (H2);j(x)0(x — ) . (3.18)

q; are the components of a (n + 2m — 1)-dimensional vector g = (ai,...,qn1m—1;
Si,...s8m). #) and H#, are the appropriate Hamiltonian operators: they are (n +
2m — 1) x (n+ 2m — 1) matrix operators. We are particularly interested in the sec-
ond Poisson structure. Let us rewrite the Hamiltonian operator #, in block form

(% %)
A P

where #; and 2, are (n+m—1)x(m+m—1) and (m X m) matrix operators. The
antisymmetry of the Poisson bracket implies

A

A 1T =43,
where the superscript “7” means the following conjugation operation
ot=-0, st=r B =84, b, =M
for any ordinary function f, differential operators 4, B, and matrix operator M.

Theorem 3.2. The Miura map

A

'ﬂ : q = (al’-"san+m—l;S1w",Sm) - Zj = (ul’---sun+m——1;vla~',vm~—l;‘]) (319)
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transforms the second Hamiltonian structure into the following block diagonal
Sform:

2 0 0
MA(M =] 0 2 0|, (3.20)
0 0 2

where P, P, and P5 are the Hamiltonian operators of a Wyym, Wp-algebra and a
U(1) current algebra, respectively. In other words, the fields u; form a W,
algebra, the v, form a W, algebra and J a U(1) algebra, respectively. The
remaining Poisson brackets vanish.

In order to prove this theorem, we proceed first to prove the following:

Proposition 3.3. Suppose that a W-algebra be defined by (n + 2m — 1) basic fields
(U1, Upim—15015---,Vm—1;J ), wWhich satisfy the following properties:

(1) The fields u;(1 £ i < n+m—1) form a W, n-algebra

{w,u;}2 = Qy[uld(x — y) . (321)
(i) The fields (—v;)(1 = j < m — 1) form a Wy-algebra
{vi,v;}2 = 6;;[—v]o(x — ¥) . (3.22)

(iii) The field J forms a U(1) current algebra

4 /
T} = mé (x—y), (3.23)

while the three groups of fields u;,v; and J mutually commute
{ui’ Uj}z = 0’ {ui9J}2 = O’ {UjsJ}Z = 0: Vl’] .

Then Egs. (3.2a-3.2¢c) are Hamiltonian equations ensuing from the above Poisson
brackets and the Hamiltonian H = [wy(x)dx, where wy(x) is given by Egs. (3.7).

Proof. With respect to the W-algebra specified in the above proposition, the
Hamiltonian H generates the following equations:

gui = Qulu] - 1 +mQ@ufu] - J, (3.24a)

2

0 . .

gv, = —6p[-v] - 1 —(m+m)éy[—v]-J, (3.24b)
2

o 4 4 n+2m 5\

= (ff(n-km)u1 Tt ) ' (3:240)

Now we are going to show that Egs. (3.2a-3.2c) can be re-expressed in this form.
We recall that the Lax pair form of the second flow equations of the m™ KdV
hierarchy is

0
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with Lax operator B given in Egs.(3.1). This flow is generated by the second
Hamiltonian Hy, = — [v5(x)dx through the Poisson structure (3.22), i.e.

d .
—0; = {vi, Hn}r = —6p[—0] - 1,

Oty
which leads to
0 ml 0 m—i—1 = A m—i1—1
—B=-Y|=—u]o = > (6n[-v] - 1)0 . (3:26)
Oty =1 \ Oty =1

Comparing Egs. (3.25) and (3.26), we get the following identity:
m—1 .
% (Gal—0] - Do""! = [(B%),,B]. (327)

On the other hand, in Eq.(2.15), if we choose ¢=J(x)¢ with & being an
x-independent infinitesimal parameter, then we immediately get another identity,

m—1 . 1 -1
S (Gal-v] - J)o" = = (Ja + %J’) B-B (Ja - ’"TJ’) . (328)
i=1
These two identities, (3.27) and (3.28), tell us that Eq. (3.2a) is exactly the same
as Eq. (3.24a).
Similarly for the (n + m)®™ KdV hierarchy, we have

n+m—1

> (Dalu] - 1)0"=1=" = [(47m),, 4], (3.29)

and

" B - Jyarmit = (Ja n %b) A—4A (Ja - E“’Z—”J') ,
i=1

(3.30)

which guarantees the coincidence between Eq.(3.2b) and Eq. (3.24b). This com-
pletes the proof of Proposition 3.3.

Proposition 3.3 means that W,.,,, ® W,, ® U(1) is, modulo a Miura transforma-
tion, the second Hamiltonian structure of the (n, m)® KdV hierarchy. Due to the
uniqueness of the second Poisson structure, it is just the W(n, m)-algebra (3.14),
up to a Miura transformation. This completes the proof of Theorem 3.2.

As a direct consequence of Theorem 3.2, we have

Corollary 3.4. Suppose that we have a W-algebra specified in Proposition 3.3,
introduce an infinite set of fields w;’s by Eq. (3.6), then the w;’s satisfy the infinite
dimensional Poisson algebras (3.15) and (3.16).

Let us make one final remark. The relation between ¢ and J is the typical
vertex operator relation that allows us to express interacting fields in terms of free
fields in chirally split 2D conformal field theories. In this case ¢ plays the role of
the vertex operator and J is the derivative of a free field. Since it is well-known
that W, algebras are representable by means of free fields, this implies that W (n, m)
algebras can also be represented by means of free fields.
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4. Drinfeld—Sokolov Representation

In this section we will derive the Drinfeld-Sokolov representation of the (n, m)®
KdV hierarchy, and analyze other ways to determine the W (n, m)-algebra.

4.1. Infinitesimal Deformation of the Lax Operator. As we did in Sect. 2, we first
construct the associated linear spectral system of Egs. (3.12),

L[n,m]l// = 'h// P (4~1)

0 L
'a;rl// = (Ljm)+ ¥ - (4.2)

Once again Y is a Baker—Akhiezer function. We are going to show that calculating
the W(n, m)-algebra is equivalent to finding two infinitesimal differential operators
P and Q, such that

5L[n,m] = QL[n,m] - L[n,m]P 5 (43)

and (Lin,m) + 6L(n,my) has the same form as Ly, ). This property reflects the sym-
metry of the spectral equation (4.1) at A =0, i.e.
=Py,  (Linm + OLpnm)Wy +09)=0. (44)

Proposition 4.1. Equation (4.3) coincides with the second Poisson structure (3.14),
if we choose

1 1
P=(pm)i =2  O=Upm¥)s—~Z, (45)

where Y =3 2,0 "¢; is an arbitrary infinitesimal pseudodifferential operator,
and

Z = [(Lpnmps V1)) - (4.6)

The proof is the same as the proof of Proposition 2.1. Although the formulas
(4.3) and (4.5) have the same form as Eq.(2.8) and Eq.(2.11), one should keep
in mind that the differential part of ¥ now plays an important role.

In the case Y = 0!~"¢, we have

n+1 n—1
5L[n,m] = (85 + 7 8’) L[n,m] — L[n,m] (85 - 8') )

As a consequence, a; satisfies the Virasoro algebra

{ar,a1} = (ca® + @10+ 0a1)o(x — y), 4.7)

moreover ¥ and (Lj ) transform like primary fields with conformal weights

(152) and (%1), respectively. In other words, the scalar Lax operator (3.11) trans-
forms covariantly under diffeomorphisms

{x—>f(X),

~ n=1 (4.8)
Lipmy = (f'G))™Z Lppmy(f/ ()™ 7,

where ~
Lipm = 0" +a1(x)0" 2 +--- .
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Obviously, under this transformation, the differential part and pseudo-differential
part do not intertwine. In other words, they transform separately in a covariant
way. Therefore we have following results:

(i) The a; fields can be separated into two subsets; the fields a;(1 £ 1 <
n — 1) (the first subset) have the conformal properties as the fields of the ordinary
W,-algebra.

(ii) Each factor of the pseudodifferential part must be a conformal covariant
operator, which implies that a,.;(0 < / < m — 1) are primary fields, and

n25— 1 423
_ " x +27—1 _ y ; 2 ,
o5 T ey
which results in the following Poisson brackets:
2j—1
{a1,8;} = <”+—2]——az + sja) 30— ). (49)

Summing over j, and recalling the definition of the field J, we get

{and}s = (@ +J0)0(x —y),  {a, ¢} =o' (x—y). (4.10)

In other words, the field ¢ is a primary field with conformal weight one. If we
define

1 1
w = gnm(n+m) (EJZ +J’) ,
then it is easy to see that
1
w,a1} = (cgd +wd+ 0w)d(x — y), cp = —-nm(n—+m). (4.11)
¢ ¢ 4

(iii) The conformal properties of the operator L, »; and the field ¢ imply that

nt+m—1
>

A — (F1) T A (x))
B— (f')) BT

We immediately recognize that the differential operators 4, B transform in the same
way as the Lax operator of the ordinary KdV hierarchy under diffeomorphisms. As
a result, we have

(4.12)

1

{ur,a1} = (Cpym® + 10 + 01 )0(x — ¥),  Cnym = 7 (n+r;1+ 1) ,  (413)
1

{vi,a1} = (—cm03 40104 0v1)0(x — y), cm= 3 (m;{- 1) . (4.14)

Combining (4.11),(4.13), and (4.14), we get (4.7), which guarantees consistency.
For a; = u; + v; + w and the set of fields («;), (v;) and J are mutually commutative.
Equations (4.7), (4.11) and (4.13,4.14) are four copies of Virasoro algebras; the
total central charge

C=Cpym —Cm+Cp = Cy (4.15)
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depends only on the order of Lax operator Ly, ], no matter what m is. The field ¢
just tunes the conformal weight so that Ly, ») is a conformal operator with weight 7.

4.2. Drinfeld-Sokolov Representation. In order to construct the Drinfeld—Sokolov
representation of the (n,m)" KdV hierarchy, we introduce a set of auxiliary fields

=V, hp=0=0y, 1<i<n-1
O@=SiaW-i=¥—;, 0Zi<m—1. (4.16)

In this way, we obtain the linearized version of the spectral equation (4.1)

PP =0, L=0+U—-4A; (4.17)
with
—1 n+m—1
ZSm zE—z —i T+ Z aEnn i (4~18)
=0 =1
and
n—1
A=+ 3 Eiir. (4.19)
i=—m+1

In order to derive the flow equation of ¥, we need the following lemmas.

Lemma 4.2. Let P be a differential operator P = Ef;o p:i@ with order k smaller
than m, then it is always possible to find a set of p; which are differential poly-
nomials of p; and S;, such that

k
P="po+ 3 Pi(0—Sp—iy1)---(0 = Sp_1)(0—Sp) .
i=1

The proof is straightforward.

Lemma 4.3. Let (i, j,r) be non-negative integers and 1 £ j,r < n—1. Then
—~1 Lti
PLE ) = (WL L = (L) )y

+Z[((61L[,,+,,i] Y Lpnm)s + (L YL ML L (4.20)

Furthermore,

. OH,
pi—1pati=! = Olrinl 421
( [n,m] >(_1) 5an—~j ( )

The proof is similar to the proof of Lemma 2.2. The appearance of the second
term in the square bracket reflects the fact that L, ,; is not a purely differential

operator. Since
0

—1 . —1/yr+ni
m‘/’/ =07 ——Y =0 (L[rTm )+

al‘r-i—m'
the above two lemmas imply that the RHS can be represented linearly in Yy (—m +

1 < k < n), and the coefficient in front of ¥, is Z, oA %IZ"J:’;’
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Now let us turn our attention to the derivation of the equations of motion for
the elements Y_; (0 < j < m — 1). From the definition (4.16), we have

0 Uad B | 1 0 1 1
at,m‘”‘f_ (,; -8, a-5 (amms’) 0—8 0-8

1 1 L)
Lr )
+6—Sj+l F) —Sl( [,,,m])+> v

Define O; = (L[a,m] )+, then Eq. (3.12) guarantees the following recursion relations:

0
S, 1<i
Ot pi

(0=8)0i1 —0i(0—-8;) =

IIA

m
or equivalently

1 1 1 d I
i = i S; .
Omz=g =5-59% 575, <6t,+,,i )a—s,-

These equations completely determine the operators O;;; and the equations of
motion 5-S;. Applying this procedure, we are able to get

0 1 1

Oty Vs = Opi g S, -8

V.

In the spirit of the above lemmas, we can rewrite the RHS of the above expression
into the form V; - ¥, where the elements of row vector V; are Taylor series in A
and differential polynomials in g. All these results together lead to the following
proposition:

Proposition 4.4. (i) Equation (4.2) can be uniquely rewritten in matrix form,

0
0 Lrini

V= MV, (4.22)

where the elements of M,.,; are Taylor series in 1, while they are differential
polynomials of the fields (a;,S;), in particular

., 0H,
(%r-#ni)n—j,n = Z A 1l . (4.23)
0<I<i 5aj

(ii) The consistency conditions of Egs.(4.17,422) form the generalized
Drinfeld-Sokolov hierarchy

0

6tr+ni

L = [Myini» L] (4.24)
Example. The second flow corresponds to the following matrix field:

2 | — —1 . m—i+l
,/%2 :(U—A)2+— Z (l " )a(l' ])E,'j—'z Z SIIE[, .
I=1

n m+l<j<i<ndm \J — M — 1

Since A in general is irregular, so the integrable hierarchy (4.24) is a type Il gener-
alized Drinfeld—Sokolov integrable hierarchy in the terminology of reference 3.
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Proposition 4.5. The spectral equation with A = 0,
@+U-DHY =0 (4.25)
is invariant under the following infinitesimal transformations:
Y — GY, Py — GLG!, G=1+R. (4.26)
The infinitesimal matrix field R satisfies
U=[Ro+U-1], 4.27)

and (U + 0U) has the same form as U. The elements of R are polynomials of
the basic fields u;’s, in particular
Rn—j,n = % =¢;j (428)
with F being an arbitrary infinitesimal functional.
Equation (4.27) completely determines the upper triangular part of the matrix
field R, and its main diagonal line (except the trace). Further,

Z(Jifl),JéS + Z (JV;)USJ, 1sisn+m-1, (4.29)
=

where N 1 and V% 2 are certain operatorial matrices of dimensions (n+m — 1) X
m, and (n +m — 1) X (n+ m — 1) respectively.

Proof. The first and the second statements can be proved in the exactly the
same way as Proposition 2.3. In order to prove the third statement, we denote

R=3Y1"" lRl and U =3 7""" ' Ui, where R/(U;) means the pseudo-diagonal
line R,,j(U,,) with i —j = 1. Then Eq. (4.27) shows

[Ri,I1=—-R + > [Ri—ks1, U, VI Z0.
k=1—n—m

Therefore we can recursively solve this equation for all R;(/ = 0), which are dif-
ferential polynomials in (&;,g;). When / < 0, Eq. (4.27) means

0
[Ri,11= ~0Ui1 Ry + S [Rige,Ude VI<0.  (430)

k=1—n—m
Solving these equations recursively, we obtain Eq. (4.29). This ends the proof.
Now let us suppose F' to be an arbitrary infinitesimal functional, define

OF OF
< =&, (1§J§n+m_l)9 o
J 35,

=0, 1<,
6(1_,' 7 =/ =m

With respect to the second Poisson structure (3.14), F generates the infinitesimal
transformation

n+m—1

Z (P 1)yt + Z(Jiﬂ)g s (4.31)

n+m—1

08 = Z (‘%Z)ljaj + Z(QZ)U (4.32)
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Since the operatorial matrices A W, A are conjugate to each other, there are only
three independent matrix differential operators, say, @1,?2 and A 1, which com-
pletely exhibit the structure of the W(n,m)-algebra. However, as shown in the pre-
vious proposition, the field-dependent gauge symmetry can only determine the ma-

trix operators N 1,;17 » (in Eq. (4.29)). Comparing Eq. (4.29) and Egs. (4.31, 4.32),
we obtain

Pr= N\ Ky + Ny K= NPy, (4.33)

while 2, remains undetermined. Therefore the field-dependent gauge symmetry
(4.27) is necessary but not sufficient to completely determine the structure of the
W (n,m)-algebra (compare with Subsect.2.2). This is quite a distinguished feature
of the (n,m)® KdV hierarchy with m=+0. We would like to point out that this is
not a negative aspect. In fact it is just this leftover arbitrariness which provides
room for the W,-algebra.

4.3. On the Regularity Properties of A. Let us come now to the distinction men-
tioned in the introduction between type I and type II integrable hierarchies according
to whether the constant element A in the DS system is regular or not. We have to
study the regularity properties of the A’s defined in Eq. (4.19).
We recall that an element =, belonging to a finite dimensional Lie algebra ¥
of rank r, is regular if
dm¥% (=) =r, (4.34)

where
9(E)={X € % : (ad=)*X =0 for some k = 1,2,...} .

It is known that, if = is regular, then ¥(Z) is a Cartan subalgebra of 4.

Our elements A belong to the loop algebra (with loop parameter A): the regu-
larity property has to be understood with respect to their projection on the relevant
finite dimensional Lie algebra.

We have checked this regularity property for A, defined by Eq. (4.19), by direct
calculation in the simplest cases, up to n +m =5 (A is imbedded in s/,., except
when n =1, in which case it is understood to be imbedded in gl,.,). It turns
out that A is regular if m = 0,1, while it is not regular in the other cases. We
have further studied the diagonalizability properties of A in more general cases,
which confirms the above statement. This leads us to the conjecture that the above
statement is true for any n and m. We are therefore oriented to believe that the
(n,m) hierarchies are type 1 if m = 0, 1, while they are type II in the other cases.

Altogether we can conclude that the distinction between type 1 and 1I integrable
hierarchies has a technical meaning in the Drinfeld—Sokolov context, but does not
seem to have any relevance in the Gelfand-Dickii context.

5. Examples

In this section we present several examples to exhibit our construction of the (n, m)®
KdV hierarchy, and to show the decomposition of the W(n,m)-algebra into the
direct sum. For practical reasons we will proceed in reverse order with respect
to the demonstrations given so far. We will consider the hierarchies and the
W (n,m)-algebras explicitly given in [7,20], and, subsequently, work out the cor-
responding Miura maps. We show that the modified Poisson algebras are a direct
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sum of W, W,» and U(1), and the modified integrable equations coincide with
the ones given by Egs. (3.2a-3.2¢).

(1, 1) KDV hierarchy. The simplest case of the (n,m)® KdV hierarchy is with
n=m= 1. We choose it as our first example because it has attracted a lot of
attention both from mathematicians [15] and physicists [16] in the past few years.
The (1,1)" KdV hierarchy is derived from one random matrix model [8],

a v
—Lpn =L+ Lond Lpn=0+a

o R (5.1)
The second flow equations are
0 0
—ay =d +2a1S1), =8 =Qa +5-5]). (5.2)

Oty
The W(1,1)-algebra is
{a1,a1} = (a10 + 0a;)o(x — y), {a1,81} = (&* + 510)0(x — ),
(1,81} = 25'(x — y). (5.3)

Define a map

oty

1 1
Loy =¢ 2P +uwd 107'¢,  u=a - ZS% -38 I=S. (4

then the field u satisfies Virasoro algebra

{u,u} = (%53 + ud + au) dx—y), {LJ}=28(x—y). (5.5)
The flow equations become
d _ 1 " / ’ 0 A /
6t2u = §J +2uJ' +u'J, 6t2J =2u-+3JJ". (5.6)

It is perhaps worth giving the third flow equations:

0 3 3
W= "+ 6uu’ + Z(JZ)"’ + 6uJ + EJZu' ,

9
otz

It is easy to see that this set of integrable equations extend the famous KdV equa-
tion by an additional boson field. The Gelfand-Dickii Poisson brackets give rise to
two infinite dimensional Poisson algebras, which are referred to as two boson rep-
resentations of the Wy, ,-algebra and the W, -algebra, respectively. This hierarchy
has also a modified Lax pair representation [17]

0

3y Lot = [(Linoa) 5 ) Limod] (5.7)

with the modified Lax operator

J = (6Ju + %ﬁ +J”> .

1

Liod = ¢Lp ¢ ' =0+J +ho™", h=u+ )

1
J? + —2—J’ ) (5.8)
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As a consequence, the Gelfand—Dickii Poisson bracket should be modified simulta-
neously [18].

(2,1)™ KdV hierarchy. This is the next simpler case. The hierarchy is [19,20]

0 L 1
gt:L[z,l] =[LE DLl Lpn=70+a+ @ (59)
The second flow equations are
0 _ / 0 A / 0 _ 2 1y
—a; =2a,, —az = (ay +2a281), —Si=@+S-58). (6.10)

ot ot

The Poisson algebra is

oty

1
{a1,a1} = (Zala +ad + 563) o(x — y), {ar,a2} = (3a20 + 2a5)0(x — y),

(.50 = (3 450) 06— (5180 = 306,

{a2,a2} = [(2a) + 44281)0 + a) + 2(a251)'10(x — ),
{a2,81} = (@10 + (0 + 51)*0)d(x — ). (5.11)
The relevant map is
Lpy = ¢ +ud+ u2)¢_1a_1¢%
with

2 1
=38 wm=a- §S%—S{,

2 2 2 2
U =az — §a1S1 - 5,7513 - §S1S{ - gS{I .
(5.12)
Then the fields (u1,uy) satisfy the Wj-algebra
{ur,m} = (20> + 110 + 0uy )o(x — y),
{ur,ur} = (20 + 20u, — 3wy — 0*)5(x — y),
2 ) 2 2 3
{ug,up } = [0°uy — up0° — g(m + 0°)(0uy + 0°)]o(x — ) . (5.13)
Equation (5.10) becomes
0
—at—zul =2uy —uf +2J" +2uyJ +uyJ
0 2
Ez—uz = ug — -3—(u]ul1 + u’l”) +J"M" u1J" + 3142.]/ + uéJ 5
2
iJ = Zuy +4JJ" . (5.14)

oty 3
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Once again this coincides with Eqgs. (3.2a-3.2¢). This equation is an extended ver-
sion of the Boussinesq equation (in parametric form) by the addition of one further
boson field. The various free field representations of the Poisson algebra have been
given in [19].

(1,2)" KdV hierarchy. This hierarchy has been studied in [20]:

0 1 1
—L = [(L} L L =0 . 15
. [p2p)+ Lol Loy =0+ai5— S T2 TS, (5.15)
The second flow equations are

0 o / /

=0 = a4 + 2(12 + 2(61151) ,

ot

0

4= ay +2d58) + 2ax(S) + $1)

2

0 Al / "

=8 =24} + 2518, - S},

Oty

0

—S, =2a} + 255, — Sy — 287 . (5.16)

ot

The W (1, 2)-algebra is

{a,a1}2 = (2410 + a})d(x — y), {ar,a2}2 = (3420 + 2a3)0(x — y),

{a1,81}2 = (8% + 810)5(x — ), {a1,5:}2 = (26° + $,0)8(x — ),

{az,a2}2 = [(2a) + 4282 — 2a281)0 + a3 + (24282 — @281)'18(x — y) ,

{a2,8:}2 = (@10 + (0 + $2)(0 + Sz — $1)0)d(x — y) ,

{S1,81}2 = 28'(x — y), {a2,81}2 =0,

{S1, 8} =8(x — y), {82,8:}, =28'(x - y). (5.17)
The Miura map we need is

Li = ¢ (0 +w o+ u2)¢_%(32 - 01)_1¢%

with

1 1 1
J = (851 + 8), v =—(S =S+ (82— 51,
3 4 2
1
U =a, — §(S% +82-8585)-5;,
1 1
Uy =@y + zai(S) = 28) + E(Sl +5,)(58,8;, — 287 — 282)

1 1
- E(Sl —25)S1 — $) + 5(51 -28)". (5.18)

We remark that this is the first non-trivial Miura map we encountered till now,
since the maps (5.4) and (5.12) are invertible, so as to be just redefinitions of
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the fields. The fields (u;,u,) satisfy the Wj-algebra (5.13), while v; satisfies the
Virasoro algebra

{v;,v1} = (—%03 + 010+ avl> ox—y) (5.19)

with negative central charge. The Poisson bracket of the field J is
2
{JS,J} = 55 x—y). (5.20)
The modified second flow equations are

0
—uy = 2ub —u +4J" + 4w J +2u T,

oty
0 2
5“2 =uy — g(“lull +u!" )Y+ 20" 4 2uyJ" + 6upd’ + 2ubJ
2
0 3
6—t2U1 = —'Z—J/” + 61]1.]’ + 3U1J 5
iJ = ﬂu/ +2u] + 54T’ (5.21
= 3% 1 . 21)
oty 3

This set of equations describe the coupling of the Boussinesq equation and KdV
equation. It is worthwhile studying further.

In this paper, we have shown how to construct a new integrable hierarchy
from two KdV hierarchies, in particular we shown that the corresponding W (n, m)-
algebra can be decomposed into a direct sum of the ordinary W,-algebras. The
Lie algebra structure of the W(n,m)-algebra has been discussed in [22]. There are
still many problems which should be understood better. First, it has been noticed
that the W (1, 1)-algebra can be constructed from s/(2) Kac—-Moody algebra through
coset construction [21]. It is interesting to check if this is true for all the other
W (n,m)-algebras. Second, Dickey has observed that the (n, 1) KdV can be viewed
as a reduction of the KP hierarchy by fixing the additional symmetry [23]. It is
perhaps also true for the m > 1 case. Finally the (n,m)" KdV hierarchy might
play roles in the study of the low dimensional quantum gravity.

Acknowledgements. One of us (L.B.) would like to thank L. Dabrowski and C. Reina for helpful
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