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Abstract. Using Morse’s theory of reconstructions we define the space of all the
universes — the Superspace. On the Superspace we investigate the geometry of the
DeWitt metric. It is shown that the geodesic flow corresponding to the DeWitt
metric is exponentially instable. The dynamical system described by the
Einstein equations of evolution (Einstein dynamics) has the same type of insta-
bility also, if 1) the Universe is inflationary in some local domain, 2) in some local
domain the Universe does not change its volume, but changes the conformal
geometry very quickly as compared with the conformal potential. So, the Einstein
dynamics is unstable on the Superspace, therefore the following quantum theory
considered on the minisuperspace (a submanifold of the Superspace with a finite
dimension) says nothing about the “real” quantum theory on the Superspace, and
in the Superspace the semiclassical approximation is close to the quantum
approximation only during a short time.

1. Introduction

In a number of recent papers different approaches to quantizing gravitation are
considered. However, in all these papers the methods presented are applied solely
to minisuperspace models and quantized in a semiclassical approximation. Here a
question arises: what connection is there between these toy models and the “real”
quantum theory? In this paper we try to answer this question.

For quantization of the classical theory first of all a corresponding space is
needed, which must include possible states of variables describing the theory. In
cosmology that space must include the set of possible Universes [1]. While
considering the quantum cosmology the global properties of that space are used
[2]. Therefore we consider several properties of the Superspace. For this purpose a
natural definition of the Superspace is given and the geometry of the metric given
by the ADM Hamiltonian of gravitational and material fields is investigated. The
geodesic flow stability and the Einstein dynamics in the Superspace has been
investigated. In fact, this work is a continuation of the approach of [3].
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2. World, Universe, Superspace

The set of d-dimensional Universes will be described as follows. We assume, that
the Universe is closed (compact and without boundary).

By MM?* ! we denote the set of all d + 1-dimensional, smooth (hereafter “smooth”
means from class C", r>2), oriented, compact manifolds (d> 1),

M1 ={M** 1} ={all d+ 1-dimensional smooth,
oriented, compact manifolds} .

c-world (i.e. spacetime with material fields, see Appendix A) will mean the
following triad: (M1, g(M), ®(M)),

where M4+ 1 e MM+ and g(M)is a smooth Riemannian metric on M***, (M) is a
smooth scalar field. (We consider scalar fields for simplicity; the following
definitions can be evidently generalized for material fields of any type.) Denote the
set of c-worlds by W?*1,

Wt ={w}={(M""", g(M), BM))} ={(M, 8., P.)} -

Let us consider the set of smooth functions on M“*! without singular critical
points (Morse’s function) [4]. We denote that set by F(M?*+1),

feFM™Y
if

fec (M,

f:M**1581=[0,27]/{0,2n},
aMd+ 1 =f—1[af(Md+ 1)] .
For every ceS?, fe FM**1!) we denote
JIM* )= {x|xe M**!, f(x)=c},
Y{fIM** 1]} ={x|x e fIM** '], df|; pra+ () =0} .

The compactness of M?*! and non-singularity of critical points lead, for every
ceSh, feFM*Y), to the set Y{f,[M?*']} which contains a finite number of
points.

For given we We*! fe&M,), and ce S! we have the following triad:

uw, f,0)=(fIM,), g 9),

where g is the metric induced on f[M,] by g, =Pl (. C-Universes (ie.
space with material fields) are members of the set ¢,

w'= | U uw fo),

weWd*1 fe@(M,,) ceS!
W={u}={T, g, .}

According to Morse’s theory [4,5] (here we do not distinguish between the
embedded T, and the abstract T, manifolds)

W= 30RO},
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where 2 is the set of all d-dimensional smooth, oriented, closed manifolds with a
smooth Riemannian metric and a smooth scalar field on them. We shall consider
the empty set @ as a trivial manifold.

At Morse’s reconstructions Q¢ are critical with a given metric and scalar field.
Thus, if we consider the c-world w and fe F(M+1),

uw, f,c)e20{0},  ulw, f,c;)e 2U{0},
and if there exists a unique ¢ such as ¢; <c<c,, Y{f.[M,]}+0, then
uw, f,o)=we .

So the manifold T, is defined by two manifolds belonging to Z‘U{@} and
indexes 4, ..., 4, of critical function from (M**!) [5], then we introduce T,, as
follows:

T,=T,(A—1,.. . 4—1T,,, 0=i4=d+1,1Z5i<k,

where k is the number of point belonging to Y{f,[M,]}. In the case of k=1
Morse’s n=1—1 reconstructions mean contraction of the sphere S” embedded in
T,, into a point, and then expansion into the sphere $¢7"~ 1.

For example, if d=2, k=1, n=1, we have

S2-S%(1){S*+ S} >8>+ §2.
It is clear that T, (n)T,,=T,,(d—n—1)T, [4,5]. If n=—1, then
0—-0(—1)s— 59,
a sphere is born from nothing, and vice versa
S4—SHdyp—0,

the sphere vanishes.

k>1 is the unification of the reconstructions of the k=1 cases. The spaces w
from Q7 have singular points (Y{f,[ M**']}), though the c-worlds including those
spaces are smooth.

In order to construct the set U as a space there is needed a topology, a system of
open sets. We solve this problem as follows: first we define the set of “smooth”
curves U°.

A mapping like

2:[0,1]-u¢
is needed a “smooth” one in ¢, if
IweWwdtl,  3IfeFM,)
so, that
A, @) =u(w, £;7), te[0,1]CS".

O is the strongest topology on U¥, for which every curve from the set of “smooth”
curves

Aow, )

weW‘“‘feﬁk(JMw)

is continuous on [0,1] (cf. [6]).
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By c-Superspace we mean an U with topology O(U%, O). Then we denote that
space by U again.

Linear connectivity of 2¢ depends on the Q5°-boardism group [4]. If Q5°+0
(Q3° =2, =0 =05°=0, 2°=Z), then U* is not connected linearly and the
number of non-connected pieces of U* depends on Q3°. Connectivity of U also
depends on the type of material fields as well: if ¢ is not a usual scalar field (i.e.
having real values), but has values from the non-trivial group G, then U will not be
connected even if Q5°=0 [7].

The space of c-Universes with given manifold T we denote by U4,

Wi={uell’, T,=T}.

Notice that, if Te 29, then CU% (closing of the subspace U4 with respect to O
topology) includes points from Q. It is clear that the U? is not complete and if
Te Q’ then the topology induced on the U4-subspaces is discrete.

By c-Superspace some authors mean U4 for some fixed Te X% We call such
subspace T-superspaces.

3. Geometry of Superspace

It is clear that there is no Banach structure on 24, i.e. ¢ is not a manifold (it follows
from discreteness of the topology induced on ©¢). But such structures exists on any
w4, for Me 2.

Let us fix any M e 2 and consider U4,. In this case WY, is the space of all smooth
Riemannian metrics and smooth scalar fields on M. It is known [8,9] that there
exists smooth Banach structure on such spaces. If S,(M) is the space of symmetric
2-covariant tensor on M and S(M) is the space of function then the tangent bundle
of U4, is [10]

UG, R U [S(M)@S(M)],
where @ is the Withney sum.

Let us denote the set of symmetric 2-contravariant tensor densities (scalar
densities) by S2(M)(S,(M)) [10,11]. Let

T*Uj, ~Uj, x [SHM)DS(M)].
If (k, x) e T, (=, p)e T*UY,, then
<(n’p)5 (kaX)>=}§lnk+pX
Now we introduce a metric on U% such that the kinematical part of the

Hamiltonian given by ADM formalism could be expressed by that metric (we take
N =1, N;=0). So, we have the following metric on U4, [10, 12, 13]

Slg, o1k, x; b, 9) =Ig;d#(g)(—tr(k) tr(h) +tr(k x h)+x9),
where
(g ¢) Uiy, (k, ), (h,He TU,,
du(g)=(detg)*?dx A ... ndx",
tr(k) = gabkab s (k X h)ab = kachdhdb .
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The metric ® has inverse metric ® ! and

6" '[g ¢ (m.p; 0,9)= Ajl du(g) ( - ﬁ tr(n) tr(g) +tr(n' x @)+ P'CI'> ;
where
(m, p), (0, 9) € T*Uyy,
n=n'du(g), ¢=q¢'dug),
p=pdug), q=4qdug).

By means of this metric we can map TU4, on T*U¢, and vice versa — T*U4, on
TU4,. These mappings are of the following form [10]:

G : TUd, - T*U4,,
6°Lg, ¢1(k, ) =du(g)(—tr(k)g ™' +k~ 1, ) =du(g) (— tr(k)g™ + k™, 7).
G*: T*Ud,—~TUuY,,
6*[g, ¢1(n, p)=(—1/d—Dtr(x)g +7"p)
=(—1/(d =) tr(n)gap + 7p, D) -
II:\Baice that every k-tensor from S,(M) can be introduced by the following form
k=kTT + kb + k",
where
tr(k™")=0, V-k"T=0(V-kTT),=VkLD),
there exists a vector field Z on M such that
k=06 —Q2/d)gV-Z, kiy=V,Zy+VZ,~(2/d)gaVe- Z°,

tr(k tr(k
=—c(i e, kifﬁ#gab-

Hence T, 4,4, can be introduced as a sum of perpendicular subspaces

Tig. 0 W = Tig. 0y Uit ® T, U3 ® Ty, M3, D T 5y M5, (3.1)

ktr

where
T, o Wir={(k,0), k=k""},
Tig. o Wor = 1(k, 0), k=k"},
Ty W3 ={(k,0), k=k"},
T4 oW =1{0, )} .
Perpendicularity of these subspaces is evident
GLg, p1(E™T+E + &+ &0 0" 0t 40" +1%)
=6[g, ¢1"", 0"+ G[g, ¢1(C" 1"
+6[g ¢1(E",n") +GLg, $1(E%n?).



32 A. A. Kocharyan

In the above 4 spaces the vectors belonging to T , U4, have negative length
(“timelike” vectors) and the others have positive length (“spacelike” vectors). Note
that vectors tangent to the orbit, passes through the point (g,¢) and is
diffeomorphic to (g, ¢) (see Appendix A), have the form [6, 10, 11]:

(ng’ 2Z(i)) = (Vazb + Vme VL‘(]SZC) B
and
Ty, 0rbit C Ty ) Uiy @ Ty ) U D Tf, ) U, (3.2)

As on a manifold of finite dimension, on ¢, there exists a Levi-Civita connection,
i.e. a Riemannian one without torsion [15]. In that case, as it is shown in
Appendix B (cf. [3, 12, 16]),

I'lg @1(k.2; @, 03 b, 9)=1 | dulg) { —tr(k)tr(w) tr(h)
+ 3tr(k)tr(w x h)+tr(w) tr(k x h)+ tr(h) tr(k x w)
—4tr(k x o x h)+tr(h)ye + tr(w)g*—tr(k)pI},

Riem [g, ¢1(w, ¢; k,x; |05 b, 9)
= [ du(g) {(1/Ntr[(kx 0o —w x k) x (h x| —1x h)]
M
+12[tr(h x w) tr(k) tr(]) — tr(I x w) tr(k) tr(h) + tr(k x I) tr(w) tr(h)
—tr(k x h) tr(w) tr(l) 4+ d{tr(w x ) tr(k x h)—tr(h x w) tr(k x [)}
+tr(k) tr() 9o —tr (k) tr(h)po + tr(w) tr(h)yo — tr(w) tr ()3
+d{tr(w x Dy3—tr(w x h)yo +tr(k x h)po —tr(k x hpI}1},
or [see Eq. (C.4)]
Riem[g, o1 (w, ¢; k, x5 Lo; b, 9)
= [du@) {(1/dtr[(kx d—d x k) x (A x [-Tx h)]
+x2{tr(@ x D tr(k x h)—tr(h x @) tr(k x 1)
+tr(@ x Dy3—tr(d x h)yo +tr(k x h)pa —tr(k x pd}},
where

e d _a_)_l_tr(w)
“ted—1) 7 a5

Note that Ricci (Ric) and scalar (R) tensors not always exist on infinite
dimensional manifolds. Appendix C [Egs. (C.2), (C.3), (C.5), (C.6)] implies

Ric[g, @1k, x5 k, )~ (d—6)(+ 0),
R[g, ¢l=(d—6)(+0)*.
Therefore, if d=6 then
Ric[g, d1(k, x5 k, )=0,
R[g,¢]=0.

- TT d L d
D€ Tig, 5yUss D Tig, )My -
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Hence, it is meaningless to write R in the Wheeler-DeWitt equation, so far as Ris 0
or +oo [2].
And if we consider m scalar fields, then Egs. (C.9), (C.10),

Ric[g, o1 (k, x; k, x)~(d*—Td+ 2m+4)(+ 0),
Rlg, ¢]~(d*—7d+2m+4)(+ 00)>.

These relations show that in case of small dimensions and few scalar fields in
c-Superspace there exists a certain instability. The geodesic flow of such
c-Superspace is more unstable than in case of larger dimensions or many fields (cf.

(7).

4. Dynamics in Superspace

Let us consider some M-superspace and investigate the geodesic flow given by the
®-metric on it. That geodesic flow coincides with the dynamical systems defined by
the following Hamiltonian [9],

H[g, ¢; mp]1=(1/2)-6""[g ¢1(m, p; 7, p).

Let us consider now the stability of this geodesic flow (cf. [19]) corresponding to
a velocity-dominated Universe [18]. We describe the projection of two neighbour-
ing geodesics on the submanifold of the homogeneous conformal metrics c-HC, (cf.
[3, 12, 20])

c-HC={(g, $)e Ui, (M, g, $)-homogeneous, &(x)=const, ¢(x)=const},

where

¢(x)

B

_ (detg(x))""*
=

and therefore,
L(s)=&Ly(s)-
As shown in [3], there exists an exponential instability on ¢-HC, i.e.
Ly(3)~exp(45),
where § is an affine parameter for the geodesics projected on ¢-HC [12]
_ o
ds &’
and [3], (see Appendix D),

A=max {(—w)"'?, ;<0}.
Now we evaluate 1. Equation (C.7) implies

i K (v, u)=Ric (u,u)= — %}
i=1
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where v; and u are vectors from c-HC and are orthogonal to each other, n is the

dimension of ¢-HC d(d; ) —1—1 (vector u), i.e. n= d(d; 1 —2, therefore
d

(K {u)) E% é:l K (v,u)=— d =

4n 4(d(d2+1) _2>'

Following [3], i

dd+1) )
4< 2 “2)

L(s)~ & exp(45),

A>0 and A*> 4.1)

and [12] implies
(s—s,)2*(s—s,)?-  “timelike” geodesic
L(s)= I/Z(s —so)** “null” geodesic
[ (s—s,)7*(s,—5)1~ “spacelike” geodesic,

where c2=x*a*+p?), p=EXdp/ds)y, S =So—C2 S;=So+¢C, dso/ds=0,

1 S
9:+=>5 1+ % . Which implies that, for s— + oo,

s “timelike” geodesic
l/fc' s4+ “null” geodesic,

where g, <3(1+ /). So, “timelike” and “null” geodesics have weak instability
(for these geodesics the Lyapunov characteristic number is 0).

In the “spacelike” case, in a finite interval of “time” Ads=s,—s;=2¢, L(s)
becomes + oo. This means that “spacelike” geodesic is very unstable (for these
geodesics the Lyapunov characteristic number is + o).

Consider now the dynamics with the following Hamiltonian in M-superspace
[10-13]

L(s)oc {

c}f[g’ ¢, T, p] =(1/2) U l[ga ¢] (TL’, D; nap)'l" V[g: ¢] P
where

Vig ¢] =1{4dﬂ(g) {—R(g)+(1/2) |do|I*+ F(¢)} ,
“d¢”2 Egab¢[a¢|b-

The dynamics given by this Hamiltonian corresponds to Einstein’s equations, if
the constraint equations [11] are added,

H[g, ¢; m,p]=0,
Bylg, ¢; 7, p1= —2n5),+pdy,=0.

These equations constrain only initial conditions, but not dynamics. The
equations corresponding to the Hamiltonian are [10,11]

WeX=—6*dV)=—grad(V),
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where V is a covariant derivative on the M-superspace (see Appendix B),

dg d¢ 4
-t 4)erm,

and
VZ =(w,y)e TUY,
we have
av av
(dV,Z)=ZV=jd" {d WO+ =7 d¢ }
= | dulg) {Ric™(g)—- ¢'“¢“’)w
tr( ) ~——{—R(@)+(1/2) |dp[I>+ F($)} +(F'(d)+ Ad)x} ,
where i
F
49=—g"bw.  FO="50.
Then,
v . 1
dng =(detg)"/ 2{(RIC""(g)- —¢'“¢“’)+(1/2) {—R(g)+(1/2) ||d¢?| + F($)} g™,
35 —(detg)”z(F (P)+49).
Therefore,
2
W P Xy = (d, grad(V)y =~ {(d~ 2)[ ~Rg)+ 1|d¢|12] +d-F(@)},
4.2)
(A, VX = — G, grad (V) = 282 Ricang) L gregin - 43)
dn 4 2
{de, VyX) = —<de,grad(V)) = —(F'(§) + 4¢). (4.4)
Here the following expressions have been used [3,12]:
08 - 08ab 4
agéb é tI'(ag:g b) 0’
where (cf. [3,12]) &(x); n4(x), A=1, ...,d(d;_ D —1; ¢(x)-coordinates are chosen
such that
tryyd 0 TTyyd Lyyd 0 dYyd
65() e T"Us,, A() eT"TUS, ® T U, e )eTII

It is known that this system of equations has inflationary solutions,
Eocéyexp{(d/2)Hs}, n*ocni=const?,
pocp,=const, F'(¢p,)ocO,
5(s)oc 5(0) ,
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hence,
L(s)= &,Luc(8)occonst exp{(d/2)Hs},

i.e. inflationary solutions are unstable with respect to conformal perturbations
(Luc(0)>0).
In general, when

I<dn*, VxXD|>|<dn*, grad(V))|,

i.e. conformal geometry changes very quickly as compared with the conformal
potential, then

1)=&, exp o [as(E)]),

or
dL(s) (diné; al
= ~Z\L
ds ( is T 53) (s),
and L increases exponentially, if
dIné, + a nst
i Z occons

(e.g. £occonst).

So, L increases exponentially, if

I. é,cexp((d/2)Hs), local volume of the Universe increases exponentially
(inflationary Universe).

d¢,

1L s
compared with the conformal potential, leaving the local volume unchanged
(conformal Universe).

oc0, the Universe changes local conformal metrics very quickly as

5. Conclusions

So it is clear that in any M-superspace, therefore in the Superspace, the Einstein
dynamics and the geodesic flow are unstable. The instability is exponential, if
1) the gravitational and material fields are changed very quickly as compared with
the potential (velocity dominated Universe [18]), the case of geodesic flow. Notice
that with small dimensions d and few scalar fields m the geodesic flow is more
unstable, than in case of larger dimensions or many scalar fields;
2) the Universe is inflationary in some local domain, (inflationary Universe);
3) the Universe does not change its volume in some local domain, but changes the
conformal geometry, (conformal Universe).

In such cases the instability of dynamics implies that:
a) the quantized system on a submanifold of finite dimension (e.g. the minisuper-
space) tells us very little about the “real, complete” quantized system, because
according to the Heisenberg uncertainty principle there are always virtual
perturbations along other frozen directions, and these perturbations are unstable,
b) in the Superspace (moreover, in the minisuperspace) the semiclassical appro-
ximation is close to the quantum approximation only during a short time [21, 22],
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-1

ting C gH ~! for inflationary Universe (H > 1), and t,,,;0C 2—2 for “conformal
-1
Universe” éiz >1 and (4.1) implies that t,, <}/2(d+1) giz

In further investigations, where the complete Hamiltonian will be considered
[23] without preliminary condition, we shall give final answers to these questions
(see the Introduction).

Appendix A

Let Q be a smooth manifold and E(Q) a vector bundle over Q with a projection
n: E(Q)— Q. Denote the group of (orientation-preserving) diffeomorphisms of Q by
Diff(Q). Consider now an equivalence relation on E(Q). We say that f; € E(Q) is
equivalent to f, € E(Q), f, ~f,, if 31e Diff(Q) such that 1. (f;)=1>.

Let &(Q) be a space of all the equivalence classes

_ _E©

and

orbit(f)={yeEQ),p~f}.

In that case we name the members of E(Q) “c-objects” (¢ comes from the word
“coordinate”) and the members of €(Q) we name “objects.” So, defining some
“c-object” (c-world, c-Universe, c-Superspace) we shall have an “object” (world,
Universe, Superspace). In this paper the symbol “c” has only this meaning.

Appendix B

If f is a function defined on U4, then by Df(x) we denote the derivative of the
function f and by Df - w(x) the value of the derivative on w € T, %4, [5]. Notice that
the following formulae are true [here Dk-h=0=D,-h and k,l,he S,(M)],

D,[du(e))-h=""" du).

D,g h=—he,
D(tr(k))- h=—tr(k x h),
D,ftr(kx1))-h=—2tr(kxIxh),
tr(kxIxh)=tr(Ixkxh).
We have a Levi-Civita connection, therefore [15]
I'lg, ¢1(k, x; o, @; h,9)=(1/2){DG[g, $]- (h, ) (k, x; ®, 9)
+DE[g, ¢]- (@, ) (k, x; h,9)—DG[g, ¢1- (k, ) (@, @; b, 9)},
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where
Djk-1=Dgh-1=Dyw-1=0,
Dyx-0=Dy3-6=Dyp-a=0
Y(l,0)e TU,,
DG[g, ¢]-(h, %) (k. 1; @, ¢)=D,6[g, d1- h(k, 1; @, ¢)+D,6[g, ¢1- 9k, 1; ©, ¢)
=D,6[g, ¢1-hik, x; w, ¢)
=D, { [ due) (—tr (9 tr(@)+trlkx )+ m} o

=Ajl du(g) [(1/2) tr(h) tr(k x w) + tr(w) tr(h x k) + tr(k) tr(h x o)
—(1/2) tr(k) tr(w) tr(h) + (1/2) tr(h)yp — 2 tr(h x k X w)] .
Therefore,
I'lg, ¢1(k, 15 @, 05 b, 9)=% 3 dp(g){ —tr(k) tr(ew) tr(h)
+3tr(k) tr(w x B)+ tr(w) tr(k x h)+ tr(h) tr(k x )
—4tr(k x o x h)+tr(h)xp + tr(w)y3 —tr(k)pd} .

For any vector fields X, Y,Z, U e TUY, the covariant derivative and the Riem
tensor are defined as

WX=VX Y=DX -Y+6*[g¢1(I'lg ¢1(; X;Y)),
Riem[g, o1 (X, Y)Z={[Vx, W] —Vx.n}Z,
Riem[g, ¢1(U,Z, X, Y)=06[g, ¢] (U, Riem[g, ] (X, Y)Z).
Then, one can see that
Riem[g, d1(w, ¢; kx5 Losh,9)
=(1/2{D*6[g, ¢]- (. 0; k, 2) (@, @; h,9)—D*G[g, ]-(h,3; k, 1) (w, @; L, 0)
+D*6[g, 1 (h 9; o, 9)(k, x; |,0)—D*G[g, ¢ (I, 0; @, @) (k, 2; h, 9)}
+67 (g, ¢1(I'[e, 15 k,x; 1,0), T8, $1(-; @, 9; b, 9))
~6"'[g, ¢1(I'lg, d1(; k1 1, 9), I'le, $1(-; @, 05 1,0)),
where
D*G[g, ¢]-(l,0; k, x) (@, ¢; h, 9)=D[DG[g, ¢ (L, 0)]- (k, 1) (w, ¢; b, 9)
=(1/4) 1{4 du(g) {tr() tr(k) tr(w x h)+ 2 tr(h) tr(k) tr(l x w)
+2tr(w)tr(k) tr(l x h)+ 2 tr()) tr(h) tr(k x w)+2 tr(]) tr(w) tr(k x h)
+2tr(w)tr(h) tr(k x ) —4trk)tr(I x 0 x h)—4 tr(l) tr(k x w x h)
—8tr(Wtr(kx wx)—8tr(w)tr(kx hx )—4tr(w x ) tr(k x h)
—4tr(hx )tr(k x w)—2tr(w x h)tr(k x )
+8tr(kxIxwxh)+8tr(Ixkxwxh)
+8tr(l x w x k x h)—tr(k) tr(I) tr(h) tr(w) + (tr (k) tr() — 2 tr(k x D)3},



Instability in Superspace 39

6~ '[g,01(I'Le, d1(; ko x; L o), I'le, ¢1(-; o, @5 b, 9))
=(1/16) i dp(g) { —d/(d—1) tr(k) tr(l) tr(h) tr()
+4[tr(hxoxIxk)+tr(hxwxkx)+tr(hx I xkxw)+tr(hx kXX ©)]
+(3d—2)/(d—1) [tr(k) tr(}) tr(h x w)+tr(h) tr(w) tr(k x [)]
+tr(h) tr(k) tr(ew x )+ tr(h) tr(]) tr(w x k) + tr(w) tr(k) tr(h % 1)
+tr(w) tr(]) tr(h x k) —4[tr(h) tr(w x k x )+ tr(]) (k X h X w)
+ tr(w) tr(k x I x h)+tr(k)tr(h x @ x )]—(9d—8)/(d— 1) tr(h x w) tr(k x I)
+(Bd—4)/(d—1) (tr(h x w)yo +tr(k x DI¢)—(d—2)/(d—1) (tr(h) tr(w)xo
+tr(k) tr()9¢) + (tr (k) + tr(w)9) (tr(D)y + tr(k)o) —d/(d — 1)xSpa} .
Therefore,
Riem[g, ¢](w, @; k,x; Lo; b, )
= Jld,u(g) {1/4)tr[(kx w—w x k) x (hxI—1xh)]

+x2[tr(h x w) tr(k) tr(l) — tr(I x w) tr(k) tr(h)+ tr(k x I tr(w) tr(h)
—tr(k x h)tr(w) tr(l) +d{tr(w x ) tr(k x h)—tr(h x w) tr(k x )}
+tr(k) tr()3p —tr (k) tr(h)po + tr(w) tr(h)yo — tr(w) tr () xS
+d{tr(w x Dy3—tr(w x h)yo +tr(k x h)pa —tr(k x )3¢}1} .

Appendix C
We can consider the metric ® on WY, as follows (cf. [12]):
N
6Supex-space I ddx GHomogeneous hm {M Z GHomogeneous}
N—-wo
where
uM)= | d,
M
G;‘Iomogeneous déz(x) + Kzfl(x) (Géonformalq&)
=- déz(x) + K2€2(x) (Géonformal + d¢2(x)) s
then,
N
I= j d*xI§ = lim {—UL——) ¥ FH}
N—=ow
uM) X
Riem,= j d’x Riem} = lim N 2 Riemi ¢, (C.1)
N-wo
Ric, = j d?x Rick = lim {1 y Rch} (C2)
N—-wo i=1

= | dxRj;= lim {(”g{‘?)ﬂ % R‘} (C.3)

N—- o
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Using these relations we compute Rien, by Riemj;. Notice that
Gi=—d&*(x) +1K*E(x)Gy = — d&*(x) + k> EX(x) (G +dg*(x))
= _d52 + K—zéz(Gc + d¢2) 5
Gp=—d&+f(§)Gey,

ie. Gy is torsional multiplication of —d¢? and G, [24]. If V¥ is a covariant
derivative of Gy, V¢ of —dé&2, V¢ of G4, then [24].

VRY=V5 Yo+ Vil Yoy +3[X 0) Yo+ Ye(@)X oy — Gep(Xo» Yop) grade ()],
where (X, X,,) the natural projection of X,y =In[f(¢)]=In(x*¢?),
Riemy(X, Y)Z =Riem(X,, Y)Z,+ Riem 4(X .4, Y,4)Z.4
+3{1X 5 ZJ Yoy —h (Yo ZX oy + Gog(X oo Zop) H (Yo)
= Gog(Yepr Zop)H (X 9} +EUH{X AW Z L)+ Gep X g Ze) 1AW |12} Yo
—{ YW Z L)+ Go(Yop Zoy) |l 11X,
+ { Y,:(tp)ch,(X cp» Zc¢) -X g(‘P)Gw( ch» Zc¢)} gradg(w)] >

where e o2 i

(% P P

h(Xg Y= d—szng’ ldy|*=— (‘dz‘> ,  gradg(y)=— E,
d*y .

H(Xy)=— d—éz—Xé, Riem, =0,

therefore
Riemy(X, Y)Z =Riem,,(X.y, Y.p)Z.,

- K2{Gc¢(Xc¢’ Zc¢) Yc¢ - Gc¢( Y;q&’ Zc¢)Xc¢} .

And

Riemg(U, Z, X, Y)=k2E*[Riem (U 4, Z 5 X 40 Yop)
- KZ{Gccb(Xcdv Zc¢)Gc¢( Y;dn Uch) - ch:( chn ch))chz(ch&’ chb)}] .
If U=(k, x), then U,,=(k, ) [here Y=(w,9)] and
Gop(U, Y)=Goy(Uoy, Yop)=tr (kK x @) + 9.
Hence it follows from Egs. (C.1-C.3) and [3], that
Riem[g, ¢1(w, ¢; k. x; |05 h, 9)
= [ du(g) {1/9) tr[(kx ®— x k) x (A x T—Tx h)]
M
+ k2{tr(@ x D) tr(k x h)—tr(h x @) tr(k x ])
+tr(@ x Dy9—tr(@d x h)yo +tr(k x h)pa —tr(k x )p3}}, (C4)
and
. dd—6
RICH = (3—2)

_d(d—6) dd+1)
H™ 3022 3

Gy (C.5)

(C.6)
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From [3] we have

Ric,= —(d/4)G,, (C7
Re=—@{ 2D -1}, )
In the general case, if there are m scalar fields,
. d )
RICH- m{d ~7d+2m+4}Gc¢, (C9)
d

RH=W{d2—7d+2m+4}-(d(d+1)/2—1+m). (C.10)

Appendix D

Notice, that in HC the instability of geodesic flow does not immediately follow
from [3], i.e. from instability on c-HC, because only the existence of the 2-surface is
shown, on which the two-dimensional curvature K =const <0. But in the general
case (not only homogeneous Universe) that direction can be from spaces tangent
to the orbit (we mean conformal orbit). Hence, we say that two c-Universes are
going exponentially away from each other, but in fact this movement is along the
orbit. It means that departing c-conformal Universes (conformal metrics) can be
very close Universes (conformal geometries), while the ¢c-Universes can differ
much.

Now let us show that there is a vector orthogonal to the velocity of geodesics,
which is not tangent to the orbit, and on the 2-surface extended on that vector and
velocity of geodesics, & =const <0.

Assume that k is a vector tangent to the geodesic. Let us take any f vector field
on M and consider

%ab :ﬁaﬁb- ﬂcTﬁgab P

where

6[g,¢1(B,8B)=1, pLp +(1—2/d)p*B},=0.
It is clear that

Kk, B)=Riem(k, B, k, B) = | du(g) {(BkaB")?

— (BB (Bkk.sB")} £0.
Choose f so that

BkanB®=0.
There exists such f, because tr(k)=0, tr(k x k) =0, which means that (the smallest
B, K(k, B)=const<0. As tr(B)=0 and Bj,=0, then Be T]% U4 and we have
[see Egs. (3.1), (3.2)] Y(g, ) U}, B¢ T, 4 orbit, on which the statement made
above is based.



42

A. A. Kocharyan

Acknowledgements. The author is grateful to V. G. Gurzadyan, V. V. Harutyunyan, R. T. Jantzen,
S. G. Matinyan, R. L. Mkrtchyan, and A. G. Sedrakyan for useful discussions and help. We wish to
thank Prof. R. Ruffini and the Dipartimento di Fisica of the University of Rome for their
hospitality.

References

A LN -

oo 3O\ W

. Misner, C.W., Wheeler, J.A., Thorne, K.S.: Gravitation. San Francisco: Freeman 1973

. Kocharyan, A.A.: Work in progress

. Gurzadyan, V.G., Kocharyan, A.A.: Mod. Phys. Lett. A2, 921 (1987)

. Dubrovin, B.A., Novikov, S.P., Fomenko, A.T.: Modern geometry. Moscow: Nauka 1984 (in

Russian)

. Milnor, J.: Lectures on the h-cobordism theorem. Princeton: Princeton University Press 1965
. Fisher, A.E.: In Relativity. Carmel, M., Fickler, S.I., Witten, L. (eds.) 1969

. Mkrtchyan, R.L.: Phys. Lett. 172B, 313 (1986)

. Bourbaki, N.: Varietes differentielles et analytiques. Fascicule de resultats. Paris, parte 1

(1967), parte 2 (1971)

. Lang, S.: Introduction to differentiable manifold. New York: Wiley 1962
. Fisher, A.E., Marsden, J.E.: J. Math. Phys. 13, 546 (1972)
. Fisher, AE., Marsden, J.E.. In: General relativity. Hawking, S.W., Israel, W. (eds.).

Cambridge: Cambridge University Press 1979

. DeWitt, B.S.: Phys. Rev. 160, 1113 (1967)

. Hawking, S.W., Page, D.N.: Nucl. Phys. B264, 185 (1986)

. York, JW., Jr.: J. Math. Phys. 14, 456 (1973)

. Klingenberg, W.: Lectures on closed geodesic. New York 1978

. Christodoulakis, T., Zanelli, J.: Preprint IC/88/103

. Gurzadyan, V.G., Kocharyan, A.A.: Astr. Sp. Science 136, 307 (1987)

. Eardley, D., Liang, E., Sachs, R.: J. Math. Phys. 13, 99 (1973)

. Gurzadyan, V.G., Kocharyan, A.A.: Zh. Eksp. Teor. Fiz 93, 1157 (1987); Sov. Phys. JETP 64,

651 (1987)

. Lochart, C.M., Misra, B., Prigogine, L.: Phys. Rev. D 25, 921 (1982)

. Zaslavsky, G.M.: Stochasticity of dynamical systems. Moscow: Nauka 1984 (in Russian)
. Echard, B.: Phys. Rep. 163, N4 (1988)

. Kocharyan, A.A.: Work in progress

. Beem, J.,, Ehrlich, P.: Global Lorentian geometry. New York 1981

Communicated by S.-T. Yau





