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Abstract. We classify the finite-dimensional irreducible representations of the
quantum affine algebra U (slz) in terms of highest weights (this result has a
stralghtforward generahzatlon for arbitrary quantum affine algebras). We also
give an explicit construction of all such representations by means of an evaluation
homomorphism U (slz)——> U,(sly), first introduced by M. Jimbo. This is used to
compute the trigonometric R matrices associated to finite-dimensional represen-
tations of U (sl,).

1. Introduction

A quantum group is a Hopf algebra U (a), depending on a parameter ge @, which
“tends to” the universal enveloping algebra U(a) of a Lie algebra a as q tends to
1. In this paper, we develop a highest weight theory for the finite-dimensional
representations of U,(a) when g is the affine algebra sl,, assuming that g is not a
root of unity. We also give a concrete construction of all finite-dimensional
irreducible representations of Uq(slz) Many, but not all, of the results extend
without difficulty to the case of U,(g) with g any finite-dimensional complex simple
Lie algebra.

As in the case of the quantum groups U,(g) [10], where there are 2'irreducible
representations of any given highest welght (I=rankg), the finite-dimensional
irreducible representations of Uq(slz) are of 4 types depending on the choice of
two signs. One of our main results (Theorem (3.5)) establishes a one-to-one
correspondence between (isomorphism classes of) finite-dimensional irreducible
representations of U (slz) of each type and polynomials with constant coefficient
1. A similar result was proved by Drinfel’d [4] for Yangians, which are deforma-
tions of U(g[t]) (but in that case there is no question of signs).

In the classical case, the finite-dimensional irreducible representations of g are
constructed as follows [1]. One proves first that the centre of § acts trivially on
all such representations; thus, one is considering representations of the loop algebra



262 V. Chari and A. Pressley

L(g)= g[t,t“]. For any aeC” one has the evaluation homomorphism
ev,:L(g)— g obtained by setting t = a. The pull-back by ev, of any representation
Vof gis a_representation V(a) of L(g), and every finite-dimensional irreducible
representation of L(g) is isomorphic to a tensor product of such evaluation
representations. Moreover, a tensor product V,(a,)® ---® V,(a,) is irreducible if
and only if the V, are irreducible and the a; are distinct.

Jimbo [8] defined a quantum evaluatlon homomorphism U (slz)—» U,(sl,), so
evaluation representations can still be defined. We prove that every finite-
dimensional irreducible representation of U (sl ») on which the centre acts trivially
is a tensor product of evaluation representatlons this accounts for two of the four
types, and the remaining two types are obtained by twisting with a certain
automorphism of U q(slz) The conditions for such a tensor product to be irreducible
are more subtle than in the classical case, but can be described combinatorially
in terms of the polynomials associated to the factors in the tensor product. An
analogous theory for Yangians was presented in [2].

Jimbo also pointed out in [7] that representations of quantum loop algebras
lead to trigonometric solutions of the quantum Yang-Baxter equation. In Sect. 4,
we compute the solutions associated to all the finite-dimensional irreducible
representations of U (sl,).

2. Quantum Affine Algebras

Throughout this paper, qeC* is assumed not to be a root of unity.

2.1. For any integer r > 0, define

q—r
[rl,= ,
*gq—q!

(2.t = 1 [,

and set [0],!=

2.2. We begin with the definition of a quantum affine algebra in terms of Chevalley
generators. We have modified the presentation given in [4] slightly to enablé us
to specialize ¢, and to simplify certain formulae.

Definition. The quantum affine algebra U (slz) is the associative algebra over C
with generators e*,K*',i=0,1, and the followmg relations:
KK '=K 'K;=1,
KoK =K, Ko,
KiefK ' =q*?%e?
KiejiKl.‘1 = q“ej.i, i# J,
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K,—K !
[ei+ae,‘_] —_—._‘—v’l-’

[er.ef 1=0,
(e )eF — [3y(ef et et + [Bletel (et —et(ef) =0, (i)

J

PN

Moreover, U (sl,) is a Hopf algebra over € with comultiplication
Alef)=¢ ®K; +1®e/,
Ale])=¢;, ®1+K;'®e;,
AK)=K;®K,
and antipode
S(K)=K' S )=—¢ K ', S )=—Ke .

Remark. According to Drinfel’d [3], this deformation of U(s72) is essentially
characterized by the existence of a Cartan anti-involution given by:

Olef)=e', i=0,1,

G(K:) = Ki_ 19 9(6]) = q_ 1'
2.3. In [4], Drinfel’d gave a second realization of quantum affine algebras which
is more convenient for the concrete construction of representations given in this

paper. We recall this definition now; again we have modified it appropriately to
enable us to specialize q.

Theorem. The quantum affine algebra Uq(sAl ,) is isomorphic to the associative algebra
over C with generators x;t (keZ),h, (keZ —{0}), K*', central elements C*' and
the following relations:

CCT'=C'C=KK '=K'K=1,
1 ck—C*
[, b1 =06 -, [2k],———,
k> "M k lk q q—q 1
th:th,

KxFK™'=q*2x},
1 -
(e X1 = i%[Zk]qCH”z)(“'k“fo,

+ o %2+ % __ k2 4.+ _ _+
Xpw 1 X — 77X X =47 X Xy T X0 X

_ 1 -
[x:’xl 1= _I(Ck 1'/’k+1'¢k+z)’
a—q
where the W, and ¢, are defined by the following equalities of formal power series:

> t//ku"=KCXP((q—q“1) > hku">,
k=0 k=1
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Z ‘I”—k“_k:K—leXp((‘I“q—l) z h-ku_k>'
k=0 k=1

The isomorphism with the presentation in (2.2) is given by:
Ko—CK™!, K;—K, efrxd,
egox K™, eg—C 'KxT,.
Remarks.
1. The isomorphism given in [4] is not quite correct. (For example, &, and %,
commute but their images do not.)
2. No explicit formula for the comultiplication is known in terms of this

presentation. Partial information, sufficient for our purposes, is given in
Proposition (4.4).

2.4. In the next section we shall make use of several subalgebras of Uq(s72)
isomorphic to U,(sl,). The quantum group U (sl,) is generated by elements
e*, K*! with relations

KK '=K 'K =1,
KeiK—l =qi2ei
K—-K!
e e ]=——r.
q9—9q
The comultiplication is given by
Ae)=e" @K +1Q®e",
Ae)=e ®1+K '®e",
AK)=K®K.
It is_clear from the presentatlons (2.2) and (2.3) that U(sl,) is a subalgebra of
q(slz) in many ways. In fact, it is easy to check that, for all ieZ, the map

et |—>x e —C 'x~., K—KC

is a homomorphlsm U q(slz)—> U (slz) (It follows from Proposition (4.1) that the

map is injective.) Let U* be the image of this map; note that for i=0,1, U' is the
“diagram” subalgebra of Uq(slz) generated by ef_, and K{!,.

3. Finite-Dimensional Representations

In this section we state one of the main results of this paper, which gives a
parametrization of the finite-dimensional irreducible representatlons of U (slz) in
terms of polynomials with constant coefficient 1. The proof is given in thls section
and the next.

3.1. We begin with the following analogue of the easy half of the Poincaré—
Birkhoff-Witt theorem.

Definition. Let H (respectively N.) be the subalgebras of ‘Uq(sAlz) generated by
C*1 K*! and hy for k #0 (respectively by x;t for all keZ).
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Remark. It is easy to see from the presentation (2.3) that H is also generated by
{C* Y, ¢, for k2 0}.

Proposition. We have U q(sAlz) =N_HN,.

The proof is almost the same as that for Lie algebras given in [5] (cf. [2],
Proposition (1.11)).

3.2. This motivates the following definition.

Definition. A vector €2 in a representation V of Uq(.;lz) is a highest weight vector
if Qis annihilated by x, for all keZ and is an eigenvector of every element of H.
The representation V is a highest weight representation if it is generated by a highest
weight vector.

Proposition. Every finite-dimensional irreducible representation of U q(SAlz) is highest
weight.

Before giving the proof of this proposition, we recall from [10] that there are
exactly two irreducible representations V, .,e = + 1, of U,(sl,) of each dimension
n+121. In fact, V,, has a basis {v,v,,...,v,} and the action is given by

n~2iv

K-v,=¢q p oeu=en—i+1]w,_y, e v;=[+ 1104,

One can obtain V, _; from V, , by twisting with the automorphism of U (sl,)
given by

K——K, et —et, e e,
Proof of Proposition (3.2). Let V be a finite-dimensional irreducible representation
of U,(sl,). Assume for a contradiction that V' contains no non-zero vectors
annihilated by x, for all keZ. Let 0 #veV be any eigenvector for the action of

K, say
K-v=1, AeC”.

By the assumption, there is an infinite sequence of integers ki, k,, ks, ... such that

the vectors o,x,. 0, XX 0, x  x x -v,... are all non-zero. Since they are
eigenvectors of K with distinct eigenvalues 4,q%4,q*4,¢%4,..., they are linearly

independent. This contradicts the finite-dimensionality of V.

Hence, the subspace V, = {veV:x," ‘v =0 for all ke Z} is non-zero, and is easily
seen, using the relations in (2.3), to be preserved by the action of the commuting
operators K, K,. Let eV, be a simultaneous eigenvector of K, K,;. By
considering the action of the two “diagram” subalgebras U°, U' of U (sl,), and
using the preceding remarks, it follows that

K Q=¢q"Q, i=0,1 (*)
for some ¢; = + 1 and some integers ny, < 0,n, = 0. This implies that
KCQ=¢,(gp¢,)qm il Q (%)

for all i. By applying the preceding remarks to the action of UY, it follows that the
exponent of g on the right-hand side of (**) must be non-negative for all i. Hence,
ny+n; =0 and

C-Q=¢g4e,0 (%%%)
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It now follows from the relations (2.3) that H acts on V by a commuting family
of operators. Since H clearly preserves the subspace V,,, we may therefore assume
that € is a simultaneous eigenvector of every element of H. Then £ is a highest
weight vector for the action of U(sl,) on V, and € generates V' because V is
irreducible.

From equation (##%) in the preceding proof, we obtain

Corollary. Let V be a finite-dimensional irreducible representation of Uq(sAlz) of type
(1,1). Then, C acts as 1 on V.

3.3. Let U,(L(sl,)) denote the quotient of Uq(s72) by the two-sided ideal generated
by the central element C. Note that U (L(sl,)) is a Hopf algebra which is a
deformation of the universal enveloping algebra of the loop algebra L(sl,)=
st 1]

The following result, together with Corollary (3.2), shows that, as far as
finite-dimensional representations are concerned, it is enough to consider
representations of U, (L(sl,)).

Proposition. For any ¢q4,&, = * 1, there is an algebra automorphism of Uq(sAlz) such
that
KieK;, e e, e e

This is easily verified using the presentation (2.2). In terms of the other presentation
(2.3), one can check that the automorphism is given by

K—e, K, Croepe, C,
X7 ey (et ) x, X o (g0e )X, s
Ve, ¢ iei(Eot)) Py,

hy if k>0,
h— .
(€&, )h, if k<O.

Except for the trivial case ¢, = ¢; = 1, these are not Hopf algebra automorphisms.

3.4. A representation V' of U (L(sl,)) is highest weight if it is generated by a vector
£2 which is annihilated by the x,” for all keZ and such that

U Q=d} 0, ¢ Q=d; Q

for some complex numbers d,” (k = 0),d,” (k < 0); note that dj d; = 1. The collection
of numbers d = {d;F} is called the highest weight of V.

As in the case of semisimple Lie algebras, there is a universal highest weight
representation M(d) of U,(L(sl,)) of any given highest weight d, which may be
defined as the quotient of U,(L(sl,)) by the left ideal generated by {x,’
kezZ), Y, —d}-1 (k=0), ¢, —d, -1 (k<0)}. Moreover, every representation of
highest weight d is a quotient of M(d), and M(d) has a unique irreducible quotient
V(d).

One of our main results is the following theorem, which gives the precise
condition for V(d) to be finite-dimensional.

Theorem. The irreducible highest weight representation V(d) is finite-dimensional if
and only if there exists a polynomial P with non-zero constant term such that
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{2 4y = gies? P(g"u)
¢ P(u)

o goeerP@"W P(q ™ *u)
; P(u)

in the sense that the left-hand sides of these equations are the Laurent expansions
of the right-hand sides about u =0 and u = co respectively.

>

RN

Remarks.

1. The polynomial P associated to any finite-dimensional representation of
U,(L(sl;)) in Theorem (3.4) is unique if (for example) we normalize it so that the
constant coefficient is equal to 1. We shall assume that this is done from now on.

2. A similar result holds for an arbitrary quantum loop algebra U ,(L(g)), with g
a finite-dimensional simple Lie algebra. To every finite-dimensional irreducible
representation of U,(L(g)) is associated an I-tuple of polynomials, where [ = rank g.

3.5. The following result is the crucial step in the proof of the “only if” part of
Theorem (3.4).
For any {eU (L(sl,)), we introduce the elements

=
[rl,!
Proposition. There exist elements P,,Q,eH, r = 0, such that:

@),
P,=(—1yq"x;"x["K™" (modUX ),

Q,=(—1yg "x*Vx; VK" (mod UX,),
for r>0,and Py=Qy=1;

(1),
r:;‘f Zl/,jﬂp, 1K,
(a—q )[r]ql
Qr='L Z(p —j- lQr Jj— IK
(@—q ], /=0
Sfor ¥r>0;
(iii),
r—1
( l)r r(r— 1)X+(r l)x‘(r)——_ Z x]+1Pr i~ lKr 1 (mOdUX+),
j=0
r—1
(_l)r —rir— 1)x+(r l)x—(l‘)— _ Z x:jQr—j—lK_r+1 (mod UX+),
j=0
for r>0.

Remark. 1In the classical limit g — 1, the formulae in Proposition (3.5) appear in
[1] (see Eq. (4.5) in [1], for example). In the classical case, the P, are interpreted
as the coefficients of a certain polynomial and the classical limits of the
(g—q~ ")y, as the sum of the r'™ powers of its roots. Thus, part (ii) may be
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interpreted as a g-analogue of Newton’s formulae relating the elementary
symmetric functions and the power sums.

Part (i) of the proposition can be reformulated as follows. Define
PW= Y pu, 2w=) Qu "
r=0 r=0

Corollary. We have

)
P()

@(u) _K-! Q(quz,
2u

as elements of H[[u]] and H[[u~']] respective’y.

It is now easy to prove the “only if” part of the theorem. Assume that dim V(d) < oo
and let reZ ;. be the highest weight of V(d) for the action of the U (sl,)-subalgebra
U° of U,(L(sly)), i.e. for the highest weight vector £ of V(d), we have

K-Q=q0Q.
From [10], it follows that the U°-subrepresentation of V(d) generated by Q is the
(r+ 1)-dimensional irreducible representation of U° and, in particular, that

(xg Yy t-2=0.
From Proposition (3.5) (i), it follows that

P(u) 2= Pu)2
for some polynomial

Pwy= Y mu'
i=0

of degree r. The first equation in the statement of Theorem (3.4) now follows from
Corollary (3.5).

To prove the second equation in Theorem (3.4), apply x*,_,,n =0, to both
sides of the first congruence in Proposition (3.5) (iii),,,. Considering the action
on (2 gives

r—n

n
- +
Z d—knr—n+k: Z dk nr—n-k
k=0 k=0
for0<n<r, and
n
z d:knr—n+k=0

k=n-r

for n>r. Note that, by Proposition (3.7) (ii),_,, the right-hand side of the first
equation is equal to

_2 —_
q4q " ", _,.
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Multiplying the n'® equation by #"~" and summing from n=0 to oo then gives

< i diku"‘>P(u)=q’P(q‘2u)
k=0

as required.
This completes the proof of the “only if” part of Theorem (3.4). The proof of
the converse will be given in Sect. 4.

Remark. By considering the action of the subalgebra U?, one can prove similarly
that
2u)2=0Qw™")

for some polynomial Q of degree r, and that

o _,0(*u™")
d-u*=qr=d 2 )
D T

It follows that Q(u) = v P(u ).

We now turn to the proof of Proposition (3.5). We shall only prove the formulae
involving the P,; the Q, case is similar. We define the P, inductively using (ii), and
P, =1. Then the first formula in (i), follows immediately from that in (iii), by
multiplying on the left by x;. We prove the first formula in (iii), by induction on
r, the case r=1 being trivial.

For the inductive step, the crucial result is the following formula:

(iv),

—2r

q

F) D) = gmr = F ) = ()
Xy Xy =q "x; x5 'x; "+
q+4q

[hy,xg* ™ Px7P]K (modUX ).

-1

Assuming this for a moment, we obtain, using (iii), and (i),,

—2r r—1
F)y—(r — ro—rlpr g —rr— - r
xgOx " V=q""x (—1)q "KP,+ —q P Y —[2)x;,,P K
q+4q j=o0

(mod UX ,),

which gives (iii), , ; after some simplification.
Turning now to (iv),, we begin by proving

V),
xg—(r+1)xl— — xl—xg(r+ 1)+q—er8"(r)hl +q~2r+2Kx;-xg(r—1)‘
In fact,
_ 1 r . B .
Lo oy = g T G D
q Jj=
1 e )
= ) (xg VKhy(xg) ™’
[r+1]q!,;0( o VKhi(xo)
1

i 4K
q-Jj=0
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Now

r—

[hla(xo yl= Z (xo [hn +](xg)""”1

=[2], Z (xg )'xy (xg ) ~* 71
i=0
r—1

- [z]q Z q_ZIX XO) 19

using x; xg =q¢*xg x;. Thus,
(vi),

[hy, (g Y T=q"""1[2],[r],x] (xg ) ™*
Hence,

r

el B s

r—1

+[—+‘E12 q 2], r— 1K (xg Vx| (xg ) !

__q er+(r)h +q 2r+2Kx+ +(r 1)

[Xo(r+1) x; ]._

after summing the geometric series. This proves (v),.
A similar argument using

(vi),
[hl,(xl_)r] —- [z]q[r]qq—r+ l(xl—),._ 1x2_
proves

v),
Xgx{ D =x 0 Dxx 4 " Kx Ohy — Kx[ "™ Dx;.
Using (v),_,, we have
[r+ l]qx(';(r)xl—(r*'l) — xl—x;(r)xl—(r)+q—r+lea-(r—l)hlxl—(r)+q—2r+4Kx;-xg(r—Z)xl—(r)
=xxgOx7 04 g KX VR x[ O

-r+2

+q K[hy,xg" ™ V]x;7® (using (vi),_,)
[21,
=x7x3Ox;O+q " Kxl " VxOhy
q—r+2
TR 4 T KD
q

Ex—x+(r)x—(r)+q—r+1Kx+(r—1) —rK—l

{X x—(r+1)+Kx r— l)x }+q—r+1Kx+(r 1)[h x-—(r)]
q-r+2

+ K[hy,x " D]x7® (mod UX )
(21,
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using (v),. Hence,
([ + 1y =g [r)xg O+

R (e Ve () -2r+1 +(r—1)y—(r+1)— -r+1 +(r—1) ~(r)
=X, X "x; " +q7 T Kxg X, X, +q Kxg [hy,x "]

—-r+2
+ 9 K[h,xiTD]x0  (mod UX )
(21,
h ,x_(') _
Exl—x3-<r)x1—(r)+q—2r+1Kx;(r—1){_[1—[2]1_] r—1}+q—r+1Kx3-(r—1)[hl’x1 (r)]
q
q—r+2
+ K[h,xg T V]x7” (modUX,)
(21,
using (vi),. This simplifies to
q—r+2
ax3 x]SR0 O 04 S KD xd X ] (mod UX.)
q

-r

=x;xgx 0+ q—_ [hy,xg" Yx7P]1K (modUX,)
+ 1

and (iv), is proved.

4. Evaluation Representations

4.1. In this section we define a family of type (1, 1) representations of Uq(s72). Their
existence depends on the following result.

Proposition. For any acC™, there is a homomorphism of algebras eva:Uq(s72)—+
U,(sl,) such that

ev,(x,)=q *a*K*e",
ev,(x, ) =q *d*e” K*,
for all keZ.
Proof. We first construct ev, in terms of the Chevalley generators. Set
evlleg) =g 'a*te™, evyef)=e*, ev(Ko)=K !, ev, (K, =K.
To show that this defines a homomorphism U q(sAlz) — U (sl,), one must check that
the relations in (2.2) are satisfied. This is immediate except for the four quartic
relations, which reduce to
(e*)Ye” —e(e*)’ =[3],e*[e" e Je"
and a similar relation with + and — interchanged. This is easily verified using
the defining relations of U (sl,). Using the isomorphism in (2.3), we find
ev,(C) =1,
ev,(K)=K,
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ev,(xy)=e*,
ev,(x¥,)=qga 'K le*
ev(x;)=¢q 'ae" K.
We find from these equations and the relation
[x5,x;1=mK
that

“la(K — K"
N
q-q

The formulae in the statement of the proposition can now be proved for k = 0 by
induction, using

eva(hl ) =

[hl’xkt] = i(q_i—q—l)xki-f—l'
The proof for k<0 is similar.

Remark. The classical limit of ev, is the homomorphism L(sl,) = sl,[t,t '] —sl,
is obtained by setting t = a. We refer to ev, as an evaluation homomorphism.

4.2. Representations of U (s72) can thus be obtained by pulling back representa-

tlons of U,(sl,) by the homomorphlsms ev,. It is clear that the representations

Wy of U (slz) lead to representations of U (slz) of type (1,1), but that the
V, -1 do not; we denote V, ; simply by V, from now on.

Definition. For any integer n 2 0 and any acC*, the evaluation representation V,(a)
of Uy(sly) is the pull-back of the representation V, of U (sl,) by the evaluation
homomorphism ev,:U ,(sl,)— U ,(s,).

Remark. The representation Vy(a) is trivial for all aeC* but we shall see that for
n 2 1, the representations V,(a) are all distinct. Moreover, the V,(a) are irreducible
since ev, is surjective. Since ev,(C) = 1, the V,(a) may be regarded as representations
of U (L(sl,)).

Proposition. The action of the elements x,” on V,(a) is given by:
xk ;= gtgkn =2t Dy 11,0~ 1>
Xp v =aq" Tl 1] vy
In particular, V,(a) is a highest weight representation with highest weight vector v,.

Proof. This follows immediately from Proposition (4.1) and the formulae preceding
the proof of Proposition (3.2).

Corollary. The polynomial P associated to V,(a) is given by
Pwy=(1—q" tau(l —q" 3au)---(1 —q "*'au).

Proof. We must compute the eigenvalues d;” of , on the highest weight vector
vo. Now, for k>0,
(-9 ) "Wve= [x,f,xo—]'vo
= (aq"™ ')*[n],vo,
while Y4 v, = K v = q"v,.
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Hence,

aq" " tu

el

d+uk= n+ n__ . —n
A " +@" —q )—-—l_aq,,_lu

1—qg " lau
:—_q"-(————n_l ).
1—¢"" ‘au

P(g?u) 1—q " ‘au

P(u) 1—q" tau

We must therefore check that

B

which is clear.

4.3. Before studying the evaluation representations further, we pause to complete
the proof of Theorem (3.4). For this, we need the following multiplicative property
of the polynomials associated to the finite-dimensional irreducible representations
by the “only if” part of Theorem (3.4) which we have already proved.

Proposition. Let V and W be finite-dimensional representations of U (L(sl,)) and
assume that the tensor product V® W is irreducible. Let Py, Py and Py, gy be the
polynomials (with constant coefficient 1) associated to V,W and V® W in Theorem
(3.4). Then,

Pyow =Py Py.
Corollary. Let V and W be finite-dimensional representations of U (L(sl,)). If V@ W
is irreducible, then it is isomorphic to W@ V.

Remark. There are simple examples of finite-dimensional representations ¥ and
W of U,(L(sl,)) for which ¥ ® W is not isomorphic to W® V (see the remark at
the end of Subsect. (4.8)).

4.4. The proof of Proposition (4.3) depends on the following partial description
of the comultiplication of U (L(sl,)) in terms of the presentation in (2.3). Let X
denote the subspaces of U = U (L(sl,)) spanned by the x;” (keZ).

Proposition. The comultiplication A of U satisfies:
(i) modulo UX:2 @ UX _,
k
Ax)=x @K+1®x, + ) x_,®Y;, (k=0),
i=1

k-1

AxT)=xI, @K '+1®@x%, + ) x¥, ., ®¢_;, (k>0),
i=1
(ii) modulo UX , @ UX?,

k-1

Ax)=x, @1+ K®x, + Y, v:®x,_, (k>0),
i=1

k
AXxZ)=x", @1+ K '@x,+ Y ¢ ®x_,,, (k=0),
i=1
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(iil)) modulo UX, @UX_+UX_Q®UX,,

k
AWy = Z Vi®Yy_;, (k20),

k
Ald-i)= .Zo - ®¢_vin (k20).

Proof. The formulae are proved by induction on k. The initial case of each of the
six formulae follow from the action of A on the Chevalley generators given in
Definition (2.2), and the isomorphism in Theorem (2.3). One then obtains

Ahy)=(q—q~ )14, K™Y
=[A(xg), Ax)I(K'®K™Y)
=h®@1+1®h; —(¢> — ¢ *)x; ®x].
Using the relations
[hlsx};—t] = i(q+q_1)x1<i+1a

the first of the formulae in parts (i) and (ii) follows. The rest of parts (i) and (ii) is
proved similarly. Finally, part (iii) follows from parts (i) and (ii) using (for example)
the relations

¥, if k>0,
— ¢, if k<O.

Remark. This proposition can be formulated most simply by introducing the
elements

(Q—Q'l)[xf,x5]={

‘P(u)= Z wkuk7
k=0

d)(u) = Z ¢—ku-k’
k=0

Xiw=Y x7u, XTI w=7Y x u*
k=0 k<0
of the Hopf algebras of formal power series U, (L(sl,))® C[[u]] and U,(L(sl,)) ®
C[[u"']]. The first formula in the proposition is equivalent to the statement that

A(X£0)5X20® Y+ 1®X:2rO

modulo (UX?% ® UX _)[[u]]; the next three formulae can be expressed in a similar
way. The first formula in part (iii) is equivalent to the statement that, modulo
UX,@UX_+UX_®UX,)[[u]], the element ¥ is group-like:

APV =PR Y,

and similarly for @.

Proposition (4.3) is an obvious consequence of Proposition (4.4). For (4.4) (i)
implies that the tensor product of highest weight vectors in ¥V and W is a highest
weight vector in V® W, and the group-like property of ¥ then implies the
multiplicative property of the polynomials.
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A similar argument completes the proof of Theorem (3.4). Let P be any
polynomial with constant coefficient 1, and let its roots be {,...,{, (repeated
according to multiplicity). Set a;=(;7' and consider the representation
V=V(a,)® - ®V(a,). It is clear that V contains, up to a scalar multiple, a
unique vector £ of weight r (i.e. such that K- Q= ¢"Q), namely the tensor product
of the highest weight vectors in each factor. It follows by a standard argument
that the subrepresentation V' of V' generated by 2 contains a unique maximal
subrepresentation V”. By the previous argument, the finite-dimensional irreducible
representation V’/V” has associated polynomial

[T (—aw= 10— =P

This completes the proof of the “if” part of Theorem (3.4).

4.5. Recall that if V is any finite-dimensional irreducible representation of a Hopf
algebra A, the vector space dual ¥* can be made into a representation of A by
using the antipode S:

(x D))= AS(x)v) (xeA,veV,ieV*).
Recall also that S is a coalgebra anti-homomorphism, so that
VWP =W*QV*
for any two representations ¥V and W of A.

Proposition. The dual of the evaluation representation V,(a) is isomorphic to V,(q*a).
Proof. This follows from the relation

Soevy, =ev,°S
satisfied by the antipode S of U (L(sl,)). The relation is easily proved by checking
it on the Chevalley generators of Definition (2.2).

4.6. To describe the conditions under which a tensor product of evaluation
representations is irreducible, we need some simple combinatorial definitions and
results.

Definition. A non-empty finite-set of non-zero complex numbers is said to be a
g-string (or simply a string) if it is of the form {{,q~*(,q~*(,...,q~ *(} for some
{e@™ and some reZ ,.

Example. The roots of the polynomial associated to an evaluation representation
V,(a) form a g-string S,(a) with { =¢" 'a,r=n—1.

4.7.
Definition. Two g-strings S, and S, are said to be in general position if either

(1) S;US, is not a g-string, or
(i) S;&8,0r S,<8,.
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Example. The strings S,(a) and S,(b) are not in general position if and only if

b
“=gq
a

t(m+n—2p+2)

for some 0 < p < min{m,n}.

By a set with multiplicities, we mean a set together with an assignment of a strictly
positive integer to each element of the set. There is a natural definition of the
union of two sets with multiplicities. Note that the roots of a polynomial form a
set with multiplicities in an obvious way.

The following elementary result is left to the reader. (The proof of an equivalent
result is given in [2], Proposition (3.4).)

Proposition. Any finite set of complex numbers with multiplicities can be written
uniquely as a union of q-strings, any two of which are in general position.

4.8. The following result gives the precise condition under which a tensor product
of evaluation representations is irreducible.

Theorem. A tensor product V, (a,)® ---®V, (a,) is irreducible if and only if the
g-strings S, (a,),...,S,.(a,) are in general position.

We begin by proving this result in the case r = 2. We shall change notation and
consider V,,(a)® V,(b). By Corollary (4.3), there is no loss of generality in assuming
that m 2 n.

We recall from [8] that, as a representation of U,(sl,),

Vm@ Vn = Vm+n<-D Vm+n—2® @ Vm""'
In fact, the highest weight vector £, in the component V,,,,_,, of V,,®V, is
given by
p
Q,=Y (=g " Vm—p+illn—il,lv,_; @0
i=0

(To verify this, it is enough to check that £2, has the correct weight and is annihilated
by e*.) One checks that, for p>0, £, is annihilated by x* | if and only if

b
“=gq
a

m+n—2p+2

In this case, it follows from

[hoy,xg1=(q+q ")xZ,

that h_,-Q, is also annihilated by x; and has the same weight as £,; it must

therefore be a scalar multiple of ,. It follows easily that £, is annihilated by x,

and is an eigenvector of h, for all k < 0. Similar arguments deal with the case k = 0.
This proves that V,,(a) ® V,(b) has a subrepresentation not containing its highest

component if and only if

m+n—2p+2

b
—-=q
a

for some 0 < p < n. The tensor product has a proper subrepresentation containing
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the highest component if and only if its dual
(Val@) @ V,(0))* = V,(q?b)® V(g a)

has a subrepresentation not containing the highest component. By the previous
argument, this is the case if and only if

g q—(m+n—2p+2)
for some 0 <p<n.
Combining these two results with the example in Subsect. (4.7), we see that

V,.(a) ® V,(b) is reducible if and only if the strings S,(a) and S,(b) are not in general
position, proving the theorem in the case r =2.

4.9. More detailed arguments prove the following result.

Proposition. Let V =V, (a)®V,(b), 0 <p <min{m,n}. If bja=q=™*""2P*2) then
V has a unique proper subrepresentation W. In fact:

(@) If bla=q™*""2P*2 we have

W=V, g "9®V,-,(q"b),
V/WE’ Vp—l(qm—p+la)® Vm+n-—p+1(q_(m_p+l)b)’

and, as a representation of U (sl,),

W= Vm+n—2p@Vm+n—2p—2®“'®Vlm—nl'
(b) If bla=q ™ ""2P* D we have
W; Vp—l(q_(m—p+1)a)®Vm+n—p+1(qm_p+1b)9

Viw=V,_ (¢Pa)®V,_ (g "b),
and, as a representation of U ,(sl,),

W= Vm+n® Vm+n—2® @ Vm+n-2p+2'

We omit the details.

The preceding proposition admits a simple pictorial description. When the
g-strings S,,(a) and S,(b) are not in general position, there are two ways of producing
two new strings which are in general position:

(i) The intersection of the two strings, together with the two nearest neighbour
elements, is discarded.

(i) The union of S,,(a) and S,(b), regarded as sets with multiplicities, may be
decomposed into the union of two strings in general position (see Proposition
(4.7)). The two strings are simply the set-theoretic union and intersection of S,,(a)
and S,(b).

In part (a) of the proposition, W corresponds to the two strings produced by
operation (i) and the quotient V/W to those produced by operation (ii). In part
(b), the reverse in true.

Remark. It follows from the preceding proposition that, if V,,(a) ® V,(b) is reducible,
it is not isomorphic to V,(b)® V,,(a).
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4.10. We now turn to the general case of Theorem (4.8). Suppose first that some
pair of strings S,(a;) and S, (a;) is not in general position, and assume for a
contradiction that the tensor product V, (a;)® --- ® V,, (a,) is irreducible. It follows
from Corollary (4.3) that the tensor product is unchanged, up to isomorphism, by
any permutation of the factors. If we choose a permutation which leaves the i'®
and j™ factors adjacent and use the results of Subsect. (4.8), we obtain the required
contradiction.
The converse depends on the following

Lemma. Suppose that the strings S, (a;), 1 £i<r, are in general position and that
ny<n,<---=n,.ThenV, (a)® ---®V, (a,) is generated by the tensor product of
the highest weight vectors in the V, (a;).

Assuming this result for the moment, the proof of Theorem (4.8) is completed
as follows. Let Vy, N = Y n;, be the highest componentof V =V, (a,)® - ®V, (a,)
as a representation of U (sl,), and assume that the g-strings S, (a,),..., S, (a,) are
in general position. By Corollary (4.3), we may assume that n; < --- <n, without
loss of generality. By the lemma, V has no proper subrepresentation containing
Vy. On the other hand, if W is a subrepresentation of ¥ not containing Vy, then
its annihilator W° is a proper subrepresentation of

V*xV,(¢%a)® - ®V, (¢%a;)

containing its highest component. But this contradicts the lemma, since the strings
S..(q*ay),..., S, (q%a,) are in general position.

The proof of the lemma is by induction on r. The case r =2 was proved in
Subsect. (4.8). We note first that V' is generated by £2'®v, , where £’ is the tensor
product of the highest weight vectorsin V' =V, (a,)®---®V, _ (a,_,). Thisis an
easy consequence of Proposition (3.1) and part (i) of Proposition (4.4), together
with the induction hypothesis that V' =U-Q".

We now prove, by induction on i, that Q'®v,eU-Q2 for 1 £i<n,, where
Q= 0Q'®v;. For i =0 there is nothing to prove, and the case i = n, establishes the
lemma.

Assuming that Q' ®v,eU-Q, with i >0, consider the equations

k-1
X (2'Qu)=x 2 Qv+ ). Y, Q' ®x,_,v;

p=0

for k = 1, which follow from Proposition (4.4) (ii). Hence, using Proposition (4.2),

k-1
X (Q®u)=x,2®v+ ) d,, bTA®e v,
p=0

where b, = a,q™ % and d,,_, is the eigenvalue of i, acting on 2'. More generally,
let b;=a;q"% for 1 <j <p and let d, ; be the eigenvalue of ¥, acting on the tensor
product of the highest weight vectors in V, (a,),...,V,,(a;). Then, iterating the
above computation, we find

r—1

X (' ®v) = Z A j(0o® - ®e v ®--Quv) (%)
=0
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(with e~ acting in the (j + 1)™® position), where

Z dPJ 1+1’

and we have set dy o =1, d, o =0 for p > 0. We shall prove that, under the hypo-
thesis that the g-strings S, (ay),...,S,(a,) are in general position, the matrix
A=(Ay ;)1 <<rozj<r—1 I8 invertible. It follows from equations (*) that 2'®uv;
is a linear combination of the elements x, -(£2’' ® v;) for 1 £ k <r, and this completes
the induction step.

Our assertion is a consequence of the following formula:

det 4 = g% ( [15; ><H (be *q—znjbj)>-
j<k
Indeed, since the b; are non-zero, det A =0 only if
by=q" 2"ip j
for some j < k. If k <, this is equivalent to
aj = qnj+nkak9

which contradicts the fact the S, (a;) and S,,(a;) are in general position. If k=,
we have

aj= qnj+n,.—2i
again contradicting general position, since i > 0.

To prove the determinant formula, we first note thatif b;, ; = g~ 2"b; for some
j=1, the j'™" and (j — 1)™ columns of A differ only by a factor an

The proof that

a,

qV A ;= Agj-1
proceeds by induction on k, using the relations
Ai1,;=bjr1(Ae;+diy)
and

dij=dy 19" +(q" —q ") Ak -1

which follow from the definition of 4, ; and Proposition (4.4)(iii).
For k=1, we have to prove

q" do, j+1 dO,j—lbj’
which follows from the fact that
do,=qn+
Assuming the result for k, we have
gV A1 ;=9"b; (A + )
= q_"ij(Ak,j +d, ;)
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=q "bi(A;+d o qV (@Y —q ") A - y)
= bj(Ak,j- s dk,j— 1)

=Apiy o1

This completes the induction ¢ 2p.

If k> j is any pair of indices for which b, = g~ 2"b;, there is a permutation o
of {1,2,...,r} such that a(r) = r and a(k) = a(j) + 1. Let £/, be the result of applying
o to the factors in €', ana define V, and V' similarly. By the general position
assumption, there is an isomorphism V' — V' of representations of U ,(L(sl,)), and
we may assume that it sends £’ to 2’. Hence, there is an isomorphism V -V,
which takes 2'®v; to 2/ ®uv; for all i. It follows that

{x{ (2 ®v),....x (2 ®v)}
is linearly dependent if and only if
{x (2. ®v),....x (2, ®v)}

is linearly dependent. The first condition holds if and only if det A =0, and the
second if and only if de1 A, =0, where A, is the matrix obtained by applying ¢
to the parameters a,,....a, and n,,...,n,. This implies that b, — g~ >"b; is a root
of det 4 if and only if b,y — g~ *"b,; is a root of det A4,, which is true by the
first part of the argument.

This accounts for the second product in the formula for det A. The first product
arises from the fact that the j™ column of A is divisible by b, i+1»> and the remaining
factor by counting degrees and identifying the coefficient of b, b3 --- bl in det A.

The proof of the lemma, and hence that of Theorem (4 8) is now complete.

Remark. As q— 1), det A becomes a Vandermonde determinant. See [1], Sect. 4,
for the analogous role played by classical Vandermonde determinants in the
representation theory of affine Lie algebras.

4.11. Tt is now a simple 11atter to write down all finite-dimensional irreducible
representations of U q(slz)

Theorem. Every finite-dime, sional irreducible representation of U q(sAlz) of type (1,1)
is isomorphic to a tensor product of evaluation representations. Two such tensor
products are isomorphic if ard only if one is obtained from the other by permuting
the factors in the tensor prodi. -t.

Proof. Let V be a finite-dimensiunal irreducible representation of U q(s72) of type
(1,1) and let P be its associated polynomial By Proposition (4.7), the set of roots
of P can be written as a union of g-strings in general position, say S, (a,),...,S,(a,).
By Theorem (4.8), the representation

V(@) ® - @V, (a,)
is irreducible, and by Proposition (4.3) its associated polynomial is P. Hence,
=V, (a)® - ®V,l(a,)
The last statement in the theorem follows from the fact that the decomposition

of the set of roots of a polynomial into g-strings in general position is unique (up
to the order of the strings).
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5. Trigonometric Solutions of the QYBE

In this section, we compute the solutions of the quantum Yang-Baxter equation
associated to the finite-dimensional irreducible representations of U (sl,), restrict-
ing ourselves to the type (1, 1) case for simplicity.

5.1. The quantum Yang—Baxter equation (QYBE) is
Ry,(u—v)Ry3(u— w)Ry3(v — w) = Ry3(0 — w)R 3(u — w)R  ,(u — v).

Here, R(u) is a function of ueC with values in End(V ® V), for some finite-
dimensional vector space V, and R,, =R®ideEnd(V@V®@V) etc. If V is a
finite-dimensional irreducible representation of U,(sl,), there is an associated
solution of the QYBE. In this section we shall compute all such solutions.

5.2. The connection between the QYBE and quantum affine algebras depends on
the following observation, which follows immediately from the defining relations
(2.3).

Proposition. There is a one-parameter group of automorphisms t,, A€C, of the Hopf
algebra U (sl,) such that

Tz(x;:_r) = euxki’ Ti(h) = e*hy, T, (K) =K, 7,(C)=C.
Definition. For any representation V of U q(§l2) and any Ae(C, the pull-back of V by
the automorphism t, is denoted by V(4).

Note that V(J) is not necessarily an evaluation representation. If V,(a) is an
evaluation representation, we have

V(@) = (V,,(1))(In a).
5.3. We have seen in Theorem (4.8) that a tensor product of evaluation representa-
tions is generically irreducible. The same is true for the representations V(A).

Proposition. Let V and W be finite-dimensional irreducible representations of U q(§l2)
with highest weight vectors Q, and Qy,, and let A, ueC. Then:

(i) the tensor products V(1) ® W(u) are irreducible except for a finite set of values
of A — u (modulo integer multiples of 2mi);

(i) the unique intertwining operator

IV, W, 0): W)@ V(4)- V() Wk

which maps Qu ® Q) to 2, ® Qy, is a rational function of e* * with values in
Hom(W®V,V&® W).

The proof is almost identical to that of Proposition (5.1) in [2].

Definition. Let V be a finite-dimensional irreducible representation of Uq(s72). Then
the R-matrix associated to V is the function R(A — u) with values in End(V ® V)
given by

R(A—w=I(V,A:V, wo,
where oeEnd (V ® V) is the switch of the two factors.
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Theorem. The R-matrix associated to a finite-dimensional irreducible representation
of U(sl,) is a solution of the QYBE.

See the proof of Theorem (5.5) in [2].

Remark. A (matrix-valued) function of AeC is said to be trigonometric if it is a
rational function of e for some ceC*. By part (ii) of the proposition, the R-matrix
in the theorem is a trigonometric solution of the QYBE.

54. Let
V = Vm(al)® A ® Vnr(ar)

by any finite-dimensional irreducible representation of U 4(512). The intertwining
operator I(V, 4; V, u) can be computed as the product of k? intertwining operators
of the form I(V,,, a; V,, b), each of which effects an interchange of nearest neighbours.

If 2, is a highest weight vector for U (sl,) in V,®V,, of weight m +n —2p, it
is easy to see that (" ®1)-£2, is also a highest weight vector. Hence, we may
assume that

" ®1)Q2,=0

for 0 <p < min {m,n}. Similarly, we may choose highest weight vectors Q' in
V,.®V, such that

p—1

(e* @D, =

p—1°
Let P,:V,®V,—V,®V, be the unique homomorphism of representations of
U (sl,) such that

P(Q2,)=12Q,
and
P 2)=0 if r#p.

Then, we can write

min{m,n}
I=1(VaV,,b)= Y c,P,

p=0

for some c,eC.
Consider the equations

Ies-2,) =5 -1(£2,)
Using Theorem (2.3) and Proposition (4.2), this becomes
I((b™'e*®@1+a 'K®e")Q,)=(a"'e"®1+b 'KQe™)I(£2,).
Now, from Subsect. (4.8) we recall that, if a/b = g™ *" 27" ? thene* -2, = 0. Hence,
(K®e*)Q,= —q"" "7 @1)-0,.
This gives

(b—l_a—-lqm+n—2p+2)c (a—l_b—lqm+n—2p+2))c

p—1= P>
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and hence

min{m,n} p— 1 qu+n—2j)

I(Vm,a; Vmb)— Z n

»=0 j=o (b—agmt"T2) "
Theorem. The R-matrix associated to the representation

=V, @)®---®V,(a,)
of U q(s?lz) is given by

RA—p) = (Z I(V, e“aj)>a.

i,j=1

The order of the factors in the product is such that the (i,j)-term appears to the left
of the (i',j')-term if and only if

i>i or i=i and j<j.

Remark. Write x = a/b and clear denominators on both sides of the QYBE (5.1)
satisfied by the R-matrix associated to V,(a)® V,(b). Both sides of the equation
are then polynomials in x. It is clear that the constant terms, and also the highest
order terms, in the R-matrix give (constant) solutions of the QYBE. These solutions
have been written down by Kirillov and Reshetikhin [9].

Remark. The formula for I(V,,,a; V,,b) was first obtained by M. Jimbo in [6].
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