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Abstract. Following the general scheme of the convariant path integral quantiz-
ation of gauge systems, two alternative formulations of the first quantized closed
bosonic string in a position representation are presented. In both approaches the
covariant path integral representations of the propagator and of the higher order
off-shell amplitudes are constructed. For a wide class of gauges the explicit
formulae for off-shell amplitudes are obtained. This paper is the continuation of
our previous work where the corresponding problems in the open string case were
considered [20].

1. Introduction

In the past few years, the elegant and self-contained S-matrix formulation of the
interacting bosonic closed string was developed [1]. The basic ingredients of this
formulation are the on-shell amplitudes defined by means of the Polyakov path
integral over closed surfaces [2] with a prescribed topology and with vertex
functionals [3] corresponding to ingoing and outgoing on-shell particle states.
This is however thoroughly perturbative formulation and it is an important
problem to derive an underlying theory the perturbative expansion of which we
have. Despite numerous attempts this goal is not yet completely achieved. One
possible way to go beyond the perturbative formulation is to understand whether
the Polyakov on-shell amplitudes could be constructed from simpler pieces. If we
adapt the ordinary field theoretical scheme of perturbation expansion these
building pieces should be interpreted as Green functions (off-shell amplitudes) in a
covariant second quantized string theory. The basic idea of the off-shell
formulation proposed by Cohen, Moore, Nelson, and Polchinski [4] is that the off-
shell amplitudes can be expressed by the Polyakov path integral over bordered
surfaces without making use of string fields. Considering the simplest Green
functions: the off-shell propagator and the off-shell three string vertex one can try
to derive some information about an underlying string field theory [5].
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The potential usefulness of the approach sketched above depends on whether
the following two problems could be solved. The first one consists in constructing a
well-defined path integral representation of off-shell amplitudes without referring
to string field theory (much likely the on-shell amplitudes are unambiguously
determined by the Polyakov path integral over closed surfaces [1, 6, 71]). The
second problem is to derive sewing rules for off-shell amplitudes giving a way for
constructing an arbitrary higher order on-shell amplitude from lower order “off-
shell pieces.”

The first approach to the first problem was proposed in the original paper [4].
The idea, based on Alvarez’s work [8], was to consider the path integral over
metrized surfaces connecting prescribed contours in the target space. The resulting
functional contains an averaging over boundary reparametrizations which in
contrast to other functional measures in the Polyakov theory remains undeter-
mined and is an untractable formal symbol. The expression for the off-shell
amplitudes is therefore well defined only for point-like string where this averaging
decouples [9-11]. In several papers [12-17] it was pointed out that the off-shell
amplitudes in string theory should be gauge dependent and the averaging over
boundary reparametrizations seems to be spurious. At present the structure of the
BRST extended off-shell closed string propagator is rather well understood. The
derivation based on the proper time representation was proposed by Birmingham
and Torre [12] and by Lee [13]. Another approach using the Batalin-Fradkin-
Vilkoviski phase space path integral was presented by Karchev [14]. These results
are closely related to the canonical operator (first) quantization, therefore a
generalization to higher order amplitudes is not straightforward. On the other
hand the considerations of [15, 16] are mainly of string field theory nature and the
original geometrical interpretation of the Polyakov path integral over surfaces is
lost. In particular the relation between boundary parametrization and a conformal
structure on the world sheet remains unclear. This leads to problems in
interpreting the off-shell amplitudes as functionals on boundary values of x- and
ghosts variables [16,17]. Despite difficulties with the definition of the off-shell
amplitudes, important progress was recently made in the second problem of the
off-shell approach [17-19]. In particular the problem of sewing at a fixed
conformal structure was completely solved [19].

In this paper we address the first problem of the off-shell formulation — the
construction of a path integral representation of closed string off-shell amplitudes.
It is a continuation of our previous paper [20] where the corresponding problem
in the open string case was considered.

In Sect. 2 the construction of the space of closed string wave functionals in the
position representation is presented. The considerations of this section are based
on the general scheme of the covariant path integral quantization of gauge systems
with first class constraints described in [20, 217. Similarly as in the open string case
we consider two formulations determined by two different choices of the space of
boundary conditions for closed string trajectories. In the first formulation this
space is chosen as the space %% of closed oriented metrized contours with marked
points, while in the second one as the quotient space %3 =%4%/R .. Special
attention is paid to the gauge independent description of the residual gauge
invariance and to the construction of ultralocal inner products in both
formulations.

In Sect.3 the path integral representation of the off-shell closed string
propagator is derived and evaluated. It is shown that this representation requires a
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choice of an additional geometrical data concerning the global structure of the
space of trajectories which can be interpreted as a choice of a gauge. For a wide
class of gauges an explicit formula for the propagator is obtained. In the special
gauges (called in this paper the fixed length and the constant curvature gauge) the
known expression [4, 12-14] is reproduced. Let us note that due to the presence of
the conformal Killing vector field on the cylinder the application of the F-P
method is slightly more complicated than in the case of the rectangle and requires
generalized (incomplete) gauges.

In Sect.4 the path integral representations of the off-shell closed string
amplitudes are derived. In the formulation based on the space €4, and in the fixed
length gauge they have a structure similar to that of the off-shell amplitudes
considered in [17,18]. Unlike in [17,18] the boundary values of the x-variables
are related in the present approach to a conformal structure on the world sheet via
the reparametrization invariant boundary conditions. Moreover the final ex-
pression for amplitudes contains an averaging over boundary twists (this provides
a natural way for incorporating an integration over relative twist in sewing rules).
In the formulation based on the space 4,, in the constant curvature gauge the new
expression for the off-shell amplitudes is obtained. This formulation was very
much influenced by the work of D’Hoker and Phong [26].

Section 5 includes some comments about the first quantized string in the
position representation and the discussion of some consequences of the present
approach for the sewing problem.

2. The Space of Closed String Wave Functionals

Within the covariant path integral framework [20, 21] the first stage of quantiza-
tion consists in the choice of a space of boundary conditions for trajectories of a
system which determines a space of states. Guided by the open string case let us
first consider the space %4 of all oriented closed metrized contours in the target
space R It is defined by the following quotient construction. Let S denote some
fixed model of 1-dim sphere, .#, — the space of all einbeins on S, and &% — the space
of all mappings x : S—IR?. The action of the group % of all orientation preserving
diffeomorphisms of S on the space .#g x &2, defined by

Mg x EE3 (e, JE)L%» (y*e,y*X) € Msx &8
induces the principal fiber bundle structure:
Ds—— Ms % E§
1“? . 2.1)
s
Unlike in the open string case the bundle above is nontrivial and there are no
tractable parametrizations of the base space €5~ R , x (6¢/SY). For this reason we
will consider instead of #§ the space 5 of closed oriented metrized contours with
marked points. The space €% is defined as the base space of the principal fiber

bundle:
Dg—> Mg xS % éag

lné 22)
FixR, x &2,
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where the group action is determined by:
Mg xS % E43(e, 5, ) —=255 (y*e,p ™ Y(s), y*R) € Mg x S x EL.

We define the space $° of the off-shell closed string wave functionals as the
space of all functionals on #4. Equivalently it can be defined as the space of
Ps-invariant functionals on .#g x S x &2. In contrast to the bundle (2.1) the bundle
(2.2) is trivial. In the sequel we will use a special class of global sections of (2.2)
determined by the family of the gauge slices:

0o s=1{(€,8,X)€ Mgx Sx E:e=const x &, s=§}. (2.3)

In these gauges a string wave functional P[¢] € $° can be regarded as a functional
¥, o, £]=P[Hxé,$,%)] on R, x &%

Let us now turn to the description of residual gauge transformations (i.e.
transformations induced on the space of boundary conditions by gauge transforma-
tions on the space of string trajectories [20,21]). In the space #5 x S x &4 a large
part of this transformation is described by the semidirect product Z3© #7, where
W denotes the additive group of all real valued functions on S with the following
action on Mg x S x &2:

Mgx S x 8> (e, 5, %) 225, (exp()e, s, X) € Mg x S x EL.

As a result of the extension of /g x &2 to Mg x S x &2 there exist additional
residual gauge transformations connecting metrized contours with different
marked points. It is convenient to describe these transformations in the following
way. Let (S, e) be an oriented 1-dim manifold diffeomorphic to S* endowed with a
Riemannian metric e. For every teR we define the difffomorphism:

i[S,e|t]:S3s—>s+71€S, (2.4)

where s+t denotes the shift of the point s € S by the Riemannian distance || in the
direction determined by the orientation of S for 7> 0 and in the opposite direction
for 1<0. Let [R, + mod2x] be the standard parametrization of U(1), then the

map:
10
5‘7;] €Zs.

where [ = { eds, provides an isomorphism of U(1) onto the group of the orientation
S

i[S,el-]:]RaO—»i[S,e

preserving isometries of (S, e). We define the U(1)-action on .# x S x &2 by:

0eU(1)

16
ﬂsxSxé’ga(e,s,i)————><e,s+ i;,i)e,/%sxSxé“g.

The whole group of the residual gauge transformations in the space /#g x S x &2
is then described by the semidirect product (#O(U(1) x Zy). In the space %% and in
the 1-dimensional conformal gauges (2.3) this group reduces to the direct product
R, x J4¢,3).R, denotes the 1-dim group of constant rescalings of einbeins while
P(é,3) is the subgroup of (W5 O(U(1) x D) defined by:

D5(6,9)={(9,u,7) e (W50 (U(1) x D) :exp(p)y*é=2¢, ucy~ (8 =85} .

In order to obtain a gauge independent description: of residual gauge
transformations in %5 we introduce the space .#sx S x Y, where Z¢ denotes



Polyakov Path Integral Over Bordered Surfaces 357

another copy of the group Zs. The action of the group R, x @5 on s x S x D
defined by:

Mg x Sx Fg3(e,s,7)

(A, 7)eR+ X Dg

(Ay*e,y 1(s),y ™ 'Py)e Msx S x g

induces the principal fiber bundle structure:

Dg—> Mg x S x Dy
m, (2.5)
Y.
Let us consider the following family of global gauge slices of the bundle (2.5):
Gos=1(e,5,7)eMsx Sx Pg:e=8, s=8}, (2.6)
We define the group structure on % by:
GsxGso(I, I")>I'T' =148,5,9-7), (2.7)

where I'=114(é,s,7) and I =114(¢,5,7).
The action of 5 on %4 is defined by:

@lac—% ,ré=T,(08,8, %) e, (2.8)
where ¢ =114(0é,$,X) and I'=114,5, 7).
Both definitions (2.7), (2.8) are independent of the choice of (4, §). It follows from
(2.7) that % is isomorphic to 5. We also have:

FUR , x Gz A,

where "¢ denotes the space of closed oriented (not metrized) contours in IR%.
In the sequel we will use two subgroups of 45 defined as quotient spaces:

Ge=0s/Ds, Fs=Us/Ds,
where
os={(e,s,7)eMsxSx Ts: 7 Ys)=5},
Us={(e,s,)) e MsxSx Dg:T*e=e}.

It follows from the definition that the subgroup %3 is isomorphic to the group Z(s)
={y€ Ds:y(s)=s}. By means of (2.4) one can construct the following isomorphism

of U(1)=[IR, + mod2x] onto S :
Io

Let us recall that within the convariant functional approach the first class
constraints linear in momenta are implemented in the quantum theory by means of
the residual gauge invariance [20,21]. The subspace H%, C$H°" consisting of all
R, x %g-invariant wave functionals can then be interpreted as the space of all
string states annihilated by all linear in momenta constraints operators.

Our next task is to introduce an inner product in the space $3. Following the
geometrical approach to functional integration of invariant objects [6] we start

I:]R39—+IG=Hg<é,§,i[S,é




358 Z. Jaskolski

with the U(1)® %s-invariant ultralocal Riemannian structure G(- | -) on the space
Mg xS % ES:
G5, (0e, 05, 0% | b€, 05', 6%)

oede’
=

where (de, 0s, 0%), (0¢’, 08, 6% )e./(e sy Ms X S % &9).
We define the inner product (-, Jin $Hoi by the following formal expression:

(7, ‘I”)=Jﬂsxjs xgg@(e, 5, %) ( 9§ @y)‘l (U(jl)du>‘1 ( )f)(p)‘“l’[Ré]‘I’/[c'],
(2.11)

where the functional measure %(e, s, X) is related to the metric structure (2.10) and
wave functlonaly are regarded as Pg-invariant functionals on .#gx S x &% The
map R:€%—%% is defined by:

R:%4s¢—-Ré=Ie, s, %or[e,s]) e %4,

where ¢ = I14(e, s, X) and r[e, s] denotes the orientation reversing isometry of (S, e)
uniquely determined by the condition r[e, s](s)=s.

In the 1-dim conformal gauges (2.3) the standard application of the F-P
procedure with respect to the group 9 yields:

ds+e*(s)dsds’ + [ edXoXds, (2.10)

(P, )= :;: Tdou(la) ! (J.20)" L7
X l'rlé, g[OC, Xo r[é> §]] Té,%[‘% x] s (212)

where [=[éds and the relation Vol(U(1))=lu was used. The functional measure
9% is related to the metric structure E*(-|-) on &%:

E*(3%16%) = [ ab0%0%ds.

Note that the inner product (2.12) is 1ndependent of the choice of a gauge (2.3). It
can be regarded as a path integral over %

(P, ¥)= jd90<f ,@qo)—l P[RE]P'[¢]. (2.13)
s Ws

The functional measure 2¢ in the formula above is related to the ultralocal
Riemannian structure C(-|-) on %4 defined as a pull back of the following metric
structure on @, 4:

5a5a

G> ¥, 8, %) (0a, 9K |6/, 6X') = + E®%(5%|6%')

by the corresponding global section of (2.2). Let us note that the metric structure
C(-]-)is Fg-invariant. It is however not IR | x %2-invariant and cannot be reduced
by the F-P method to an ultralocal Riemannian structure on the space
A N%g + X%

_ Asin the open string case there is an alternative formulation in which the space
€i=%%/R, plays the role of the space of boundary conditions for string
trajectories. The space $° of the off-shell string states is defined as the space of all
functionals on %% and the subspace % CH of the off-shell “physical” states
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consists of all %g-invariant functionals on %%. The 1-dim conformal gauges are in
this case determined by the global gauge slices:

FPos={(e,s,X)eMsxSx Et:e=8, s=8§} (2.14)
of the principal fiber bundle:

R, X Dg—— MgxSxE
lH«f (2.15)

Gl el
Since the metric structure C(-|-) is not R, -invariant in order to determine
an ultralocal metric structure on (6" one should restrict himself to the subspace
UL CHL (@4~ %Y of contours with fixed intrinsic length [eds=¢. This
restriction can be regarded as a part of the gauge fixing in the formulation

based on the space H'. In this gauge and in the 1-dim conformal gauges
(2.14) the inner product (-|-)" in $% is determined by:

(Pley=¢7"1 I 7°% (10%7)"1 P, [Xor[e, 811, 4[], (2.16)

where /=(éds and W ={peWs: [exp(p)éds=1/}.

In the end of this section we will briefly describe the gauge invariant
parametrizations of the spaces %%, @%. Given (e,s)e.#sx S let us consider the
1-dim Laplace-Beltrami operator:

iﬂe:—e_li 14

dse ds

acting on the space of scalar real valued functions on S. Let us denote by
{w&s};> , the complete basis of all normalized eigenfunctions of Z,:

Lan*=hipy’
yytorlesl=yy®, n20,
virorles]= =yt n<0,

feyr ynds=0,,

We define the map 2 with values in the space 4 of infinite sequences of modes
in the following way:
P Mg xS xEE3(e,s, %) (L, ¢, ¢4 1, ¢4 ,, .. )ed?,

{=[eds, (2.17)

={eyy Xtds.

It can be easily verified that 2 provides the gauge invariant parametrization of €4.
The corresponding parametrization of the space %% has the following form:

P Msx SxEI3(e,s, %) (8, ", s, .. ) e A,

g (2.18)
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3. The Off-Shell Closed String Propagator

Let us fix a model 2-dim cylinder M with two boundary components X;, X, COM
called the initial and the final one respectively. We fix an orientation of M then
X, X, acquire the induced orientations. Let .#, denote the space of all
Riemannian metrics on M and & — the space of all mappings x: M—>R% The
space 7 (i, f) of all closed string trajectories starting at an initial class ce &% of
metrized contours with marked a point and ending at a final one ¢ € % consists of
elements (g, 0,0, x) of the space .4, x Z; x X x &y fulfilling the conditions:

Hyo¥es, 0 (o), 0fx)=13(8,5,%)=¢;,  (i—f), (3.1)
where:
et=Ifg, x;=xeoI;, (i=f),

and I;:X,»M, I;:X;—M denote the inclusions of the initial and the final
boundaries of M respectively. ¢; and ¢, in (3.1) are arbitrary diffeomorphisms:

e:2i=8,  (=f). (3-2)

A special remark is required concerning orientation. We fix the convention
(consistent with our definition of the inner product (-]-)) in which both
parametrizations (3.2) are orientation preserving difftfomorphisms. With this
convention the conditions (3.1) are independent of the choice of ¢, ¢;.

The requirement of the consistency of the F—P method imposes some additional
conditions on the space of allowed trajectories (see [20] for discussion of this point
in the open string case). First of all one should replace the space .#,, by an integral
submanifold .#;;C.#,, of the distribution in J .#,, determined by the Alvarez
(mixed) boundary conditions for metric variations [20]. Let M” denote the double
of M and ¢ : MP— MP some (arbitrary chosen) involution on M?, ;2 =id,n. The
subspace #‘ consists of all metrics on M admitting smooth /-symmetric
extensions on MP. In a similar way we define the subgroup 24,C92,, of all
orientation preserving connected to the identity diffefomorphisms f of M with the
smooth /-symmetric extension f2 on MP(; o f?=fPo,) and the additive group
Wy of all real valued functions on M with the Neumann boundary condi-
tions nf0,¢ =0 (n, denotes the invariant direction of the involution ¢). In addi-
tion we introduce the subgroup #;; C #7; consisting of all functions constant on
0M and the subgroup #;° CWyCWy of all functions vanishing on M. We
restrict the space of trajectories to the space:

Tiler )= Toalé, O Mig X 5% Zp x 8y

In order to formulate an additional condition for allowed trajectories let us
consider the action of the semidirect product 23,0 #5; on M3 x X, x X ; defined
by:

(f, $)e DA OW

(8,050¢) (exp(@)f*g, f 1o, f ™ (o))
It induces the principal fiber bundle structure:
SOWy—— My x ;X Z,
Irs (33)
TExS?
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over the cartesian product T,f x S* of the relative Teichmiiller space T of M
[23,24] and the 1-dim sphere S*.

Let us consider the space B,, of all 24,0 % ;-subbundles of (3.3). For every
Ay eBy and £eR | we define the 2°O ¥ -subbundle of (3.3):

B(l)= {(g,ai,o)eﬁMzgeida:E[ efdo':f}. (3.4

Now we are ready to define the path integral representation of the closed string
propagator in the formulation based on the space $°"". Let us recall that within this
formulation in order to define an inner product in the space $3 one should fix a
gauge ()~ ~ %4 In this gauge, for every #,, € B,, we define the string propagator
by the followmg formal expression:

T MG, FIBM(E) Dir Wit

PLEIB= | | 9Eo.op)( [ 9fx | e,
(3.5

where:

Tile, [ 1 BuE) = Tigle, )0 Bu(?) % &3y,

and S[g, x] denotes the BDHP action for the bosonic string [22]. According to
Polykov’s ideas [2, 6], the functional measure (g, 7,0, x) in (3.5) is treated as an
infinite dimensional volume form related to the ultralocal Riemannian structure
G(-|-) on My x X, x X x &4 defined by:

G(e,m.,%x)(ée, 66,00 ,6x|d¢€, b0, 007, 6x')
=M (6g|9g) + eX(0,)d0,00";+ e3(0 ;)00 ;00" + EY(dx|6xX') (3.6)
where 0g,0g' € 7, My, 60,,00.€T, 2, 60,00, €T, X, 6x,0x' € T 6y~ &4y and
M (6g|6g")= Afl )/ 8d*2g"g"08.084a 3.7
E4(0x|0x)= [ |/ gd*zdx"x™ (3.8)

Similarly the functional measures I, 2 ¢ are related to the Riemannian structures
HY(-|-), W9 |-) respectively:

Hi(0f |6f")= AIJ ) 8d?2g,0f 01", f,0f € T, D'y, (39)
Wi 6916¢)= | Ved>2698¢', 6,64 € Ty W9 x Wi (3.10)

The integration over the subspace of Ty(r, f|%,,(¢)) of a fixed
(gs 0y O-f) EgM(f)
is Gaussian and yields:
P[C, ¢ By(O)]= | D(g0., Uf)( [ 2fx | @cb)*’
B () D Wi

4
x (det, Z,) 2e”Slo-xloconl, (3.11)
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where det;, Z, denotes the determinant of the Laplace-Beltrami operator %,
acting on the space of scalar real valued functions on M with the Dirichlet
boundary conditions.

x{[g,0,,0,] in the formula (3.11) denotes the solution of the boundary value
problem:

ggx{[ga O, O-f] =0, (312)
x{[go,0.]01,=%07[80,185], (:=f),

where ¢,=1I1;(8,8,%), (: —>f).
The orientation preserving diffeomorphisms:

’Yi[g’ailéa‘ﬂzzi'—’s, (ﬁ.—>f),

are uniquely determined (for every (g,0,,0,) € My x X;x X, (é,8) € Mg x S) by the
equations:

const, x y¥[g,0,16,8]é=¢,=(I¥®)"*, (=f),
vilg,0:é,81(c)=8, (i>f). (3.13)
For every (f, 0)e 24, 0%5, (4,7)eR, x D we have the relations:

vLexp(@)f*g, f N o)é81=y.[g 0,181 fI,, (i=f), (3.14)
vLg 0%,y )=y oy le 0.068], (=f). (3.15)

It follows from (3.12-15) that the classical action S[g,x/ [g.0,,0,]] is a

O W p-invariant functional with respect to the variables (g,0,,0 f)e%,{l
X Z x X, and is independent of the choice of parametrizations (¢,3,%,),
(8,8, % ;) € M5 xS x & of the initial ¢ ¢, and of the final ¢ ; contours. Therefore it can be
regarded as a functlonal on the space M x X, x X x €& x (5"

W[g> Gza O-f]éa 5f]=S[g,x{[g, oia Gf]]' (316)

Since S[g, x![g,0,,0 'r11is not invariant under conformal rescalings of metric by
conformal factors ¢ ¢ W5y, the functional (3.16) nontrivially depends on the choice
of %,,€B,. In order to describe more explicitly this dependence we introduce a
suitable parametrization of the family B,,. We start with the construction of a
special class of global sections of the bundle (3.3). (The statements below
concerning the infinite dimensional geometry can be derived identifying the space

i with the space of /-symmetric metrics on the double MP [23,24] and then
using known results for closed surfaces [7].)

Let .42 denote the space of all metrics g € .#;, with the zero scalar curvature.
Let Z£(¢) be the subspace of .#;9 of metrics with a fixed Levi-Civita connection I
and with fixed lengths of the m1t1al and final boundaries equal to 7. #£(¢) is a global
gauge slice of the principal fiber bundle:

D6 )OWsg— My
e (3.17)
Ty
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where ¢, is a fixed point of 2, and 94(6,)={fe D} :f(6,)=6.}. Using F{(¢) one
can construct a global gauge slice ¥4,,7) of the bundle (3.3):

S8, )=F ) x {6} x 2. (3.18)

We introduce the “reference” subbundle %%, € B,, constructed from the gauge
slice (3.18) by the 24,0 ¥ j-action:

By=DyOWWFL)XZ,x 2. (3.19)
Let = be a global section of a given subbundle #,,€B,,:
BT xS o(t,5)—(g"%, 0%%, 6% € By, .
There exists a section =, of #%:
Eo: T x S a(t,5)—(gs%, 0b%, 6 e BY
and a smooth family of functions {¢"*} such that for every (z,s)e Ty; x S*:
g =exp(o"’)gs" (3.20)

Note that Z° is determined by = up to a conformal factor ¢5e #7%.
Let us consider the difftomorphisms 7 °[¢, §], 7+°[é,3] € Z5 defined by:

7:[e,81=7.[8"% 07°16,8107, '[g5% 076,81, (c—f).
It follows from the definition and the relation (3.14) that 77°[¢,$], 9%°[é, 3] are
independent of the choice of section = of #,, as well as of the choice of section = of
2% fulfilling the relation (3.20). Moreover from (3.15) we have for every
(4,7)eR . x Dyt
Feolv¥ey ' @1=y o8 810y, ().
Therefore the function:
OBy T x St a(t, )", [}*)e 99 x 43

defined by the equations:

[;'t’s:H?(és §’ %'S[é’ §])s (‘.—)f)> (3’21)

is independent of the choice of (¢, §) € 4 x S and provides an invariant character-
istic of the subbundle 4,,. Proceeding in the opposite direction one can easily show
that the construction above yields the 1 — 1 correspondence between the space B,
of all 24O ¥ ;-subbundles of (3.3) and the space b of all functions ¢: TX x S*
-G x 4.

Proceeding as in [20, the formulae (3, 34—42)] one can show that for every
section 5 of #,,€ B,

TR x S'a(t,5) (8%, 040" e By, .
of 8%

TR x S'a(t,5)— (85, 6%, 6%%) e By,

» [

and for every section

[x) [x

the following relation holds:
Wg"s, 645, 0%°|C,0 ¢ ] = WG, 64, 6%°| I¢,, I'y%¢ ], (3:22)
where (I"%, I7°) = 0[ B (2, 5)-
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Let us now turn to the path integral (3.11). For simplicity of presentation we will
restrict ourselves to the subspace B,,CB,, corresponding to the subspace bCb
consisting of all functions § constant with respect to the variable se S* (0/0s5 =0).

Let %,,€ B,,. We start with the construction of an appropriate gauge slice of
the principal fiber bundle:

Dy— Bu(?)
(3.23)
By Dy~ TEX S x W3p.
Let us observe that for every I', 4, the submanifold:
FH)x {6} x2; (3.24)

is a global gauge slice of the “reference” 24,0 ¥ ;-subbundle #%(/). With an
appropriate parametrization (¢, ))e R, x [ —=, ] of TR x S1 the gauge slice (3.24)
determines the global section E(I', 6,) of B%(¢):

N 0
B, 6): R, x[—1,7]5(0)—  gh 60 6,4 L0 ) e BY0).
Y

It follows from the assumption %, € B, that there exists a global section Z(I', 6,)
of B (¢):

_ 0\ _
B(,6):R, x[—m,n]3(t 0~ <gt, 6,6+ %)ﬁ%(/).

such that:
g'=exp(é)gr, (3.25)

where ¢’ is independent of s€ §'. From this section one can construct the global
section E4I', ;) of the bundle (3.23) as follows:

(I, 6): R, x[—m, 7] x Wios(t, 0, d)

- (exp(¢>)g;, 6aby+ i—i) cH0).

Let #X(I', ¢,) denote the global slice of (3.23) determined by Z(I', ¢,). Since all
metrics g € W (ZF£(¢)) have the some conformal group C,C %5, [7] the submani-
fold ZE(I')= CH{Z(I,6))is a Cr-reduction of the fiber bundle (3.23). We will use
this reduction as a generalized (incomplete) gauge slice. Applying the geometrical
formulation of the F—P method for generalized gauges developed in [ 7] to the path
integral (3.11) with the gauge #(I') one obtains:

P[¢, /| Bu(0)]= A gm0 ( S @qﬁ) -1 (C;r dw-") -1

_d
x (det P, P, 2(det, £,) e~ Stox/loomm, (3.26)

where the measures %(g,0,,0,), dw’ are related to the induced Riemannian
structures on P(I') and Cj respectively. The F-P operator P, P, is defined by
means of the conformal Lie derivative operator P, and its adjoint P, [6,8]. The
symbol det’, for determinant means that the Alvarez’s (mixed) boundary
conditions [8] are used and the zero eigenvalue is omitted.
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The generalized gauge slice #(I') can be parametrized by means of the section
EYI, ) as follows:

IR+ XWI:"IO X Z¢ X Z"f E (t7 ¢’ o, Gf)q(exp {(¢ + d)t) ° Iai}g;”s Gu I; 1(“[))eggl(/) H
(3.27)
where I, € Cr is uniquely determined by the condition I,(c,)=4, Changing

variables in (3.26) by (3.27) and using the Z,-invariance of the classical action we
have:

PLé. | Bul)]= Zyj | ogdoy | T (4,2°9) (] dof)

d

w) 1/2 (det, gg) T 255, x716;,941) , (3.28)

fog(éwréz)( P

where g =exp(¢ + ¢")g- and (&,)> =Tg =exp(¢' o I )I g} oy denotes an arbitrary
element of the 1-dim space ker P, and:

_ d, 1, .4,
(00)ap= <z£gab— ’igabg E&d) >
H(P, )= Moyp|oy).

The functional measure J'¢ in (3.28) is related to the nonconstant Riemannian
structure W(-|-) on #3:

V(04169 = J exp(p+ ¢ grdz*¢og’.

In order to extract the ¢-dependence of the volume of the conformal group C,
let us fix a conformal Killing vector field 6¢p eker P, and define:

H(P)=H%(6¢|56¢).

Note that for every §=exp(¢+ ¢")gr- the 1-dim spaces ker P, are identical. The
conformal Killing vector field ¢ € 7,24, can be regarded as a right invariant
vector field on Cp. Taking the 1-form d¢ dual to d¢p we have for every

g=exp(d+dgr:
[ do’=(H(P,)'? [ do, (3.29)
Cr Cr

where the integral on the right-hand side is independent on ¢ and can be chosen to
be equal 1.

Let us now consider the finite dimensional integral over 2, in (3.28). Changing
variables (see Def. (2.4)):

{
[-mn]30—0,=6,+ %ez,,

where 6 is arbitrary chosen point of X, and using the relation:

W[g9 G, Gf+TIézs Ef] = W[g> G, O.flc;u Ieéf]
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we obtain:

jefda e - Wlg,6: 05, Cf]__2i j* dbOe -Wig,6;,85[c;, Ing] (330)
by T -n

Inserting (3.29) into (3.28) and using the relations (3.22) and (3.30) we have:

P S, /2 © n P
Ple,c,|Bld)] =5 T dt | dOM,(oploge Pt 8l Tjtoen

~ . det, PP, \? -4
x [ G Z2N (—Lﬁ detp %) 2.
W’;& (p(wfj‘& qb> H(P;)H(P,) (detp Z5)
As it was shown by Alvarez [8] in the critical dimension d=26 the conformal
anomaly vanishes, therefore taking into account the formal relation:

Fip( [ D)=
574, 7)
we finally have:

AL et _( det,P 12
P[c, cfl'%M(/)] = W (j; dt _j"n d@Mg;(étpléx) <H(PA)#>

X (dety )~ 13~ Wlor 2o orlT e, Tploes) (331)

Let us observe that the functional (3.31) is mdependent of the choice of a
“reference” point ¢,€ X . It is convenient to choose as 4, the point b.ex s of
intersection of 2 ; with the geodesicline startmg até4,and perpendlcular to Z (with
respect to the metric g}). One can show that &, defined in this way is 1ndependent of
te T,¥ and of a flat Levi-Civita connection I'. With this choice the functional:

Wlt|e,cl=Wlgr 6., 6,18, (3.32)

is independent of the choice of ¢, and I'. This functional (with a slightly different
interpretation) was first evaluated in [4]. It is however worthwhile for clarification
of the present approach to repeat some steps of this derivation.

Let us fix a parametrization (6,7) e [ — 7, 7] x [0, 1] of M with the identification
[—n,t]1=[x, 1] and with the clockwise orientation on [ -7, 7] x [0,1]CIR2 In
this parametrization the space %,(¢)C.#;Y of metrics with the vanishing Levi-
Civita connection I' =0 and with the lengths of the initial and of the final boundary
component equal 7 form the 1-parameter family:

— % (1 0
ot T;}N]R_F at—>g{,= W(O 4n2t2

We fix the point ¢,=(0,0)e . It is easy to verify that §,=(0,1). Let us now fix
(é,8)€ Msx S with {éds=¢. There exists the parametrization ¢ €[ —n,n] of S in

)efo(/)c,@"(/). (3.33)

. 1 . .
which (&, 3)= 27 0). In this parametrization we have:

4n? 42
L= e
wé s=/—-1/2,

w&3=)/2¢"1 cos(no),
&3 =)/2¢/"sin(no), n>0.
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Let %, %, denote the representants of the contours ¢, ¢, in the gauge %, (¢):

4 .
H‘Z<2_T;30’£¢> =E9 (¢—)f)

Proceeding to the gauge independent parametrization of (Zﬁs (2.18) we have:

&=y | oo, (=),

&= g _}: Xo)cos(no)do, (:—f),

&= ‘/f o) sin(nods,  (i—f), n>0.

With our parametrizations of S and M the diffeomorphisms (3.13) are especially
simple:

yi[g:), 6-¢|é5§] :Ziz [_7'5,7[] X {0} 9(670)—’ —0€ [—TC, 71:] =S3
,086.6.16,81: 2, =[—m,n]x{1}3(0,1)>0ce[—n,n]=S5,
and the boundary value problem (3.12) takes the form:

4n? [ 9* 1 0?

T+ —— 2 )Xo, 0)=

72 <602 t 4 o 2) x:(,7)=0,
x{(o,0)=é‘(‘,‘.+\/§ z (&~ cos(na)— ., sin(no)), (3.34)
x!(o,1)= c0f+1/ Z (c cos(no) +c"_,,fsm(no))

Solving (3.34) for x/ we have:

xl(o,7) =041+ B (1—1)

cos(no)
sh(2rnt)
sin(no)
sh(2nnt)

+ﬂngo{é sh(2zntt) + &, sh(2nnt(1 — 1))}

+)/2 ¥ {é*,,shQ2nntr)+ &, sh2mny(1 —1))}
n>0
and
Wtlé,ip]= S[ga, x![g5, 6., &]]

_ 1 (CO¢ Co j‘) 3 M L.
o < A sh(Znnt) (“’m*cnf) ch(2mnt)— = cmcnf>>-
(3.39)

Evaluating determinants in the expression (3.31) as in [4] one obtains the final
formula:

PG, ¢/ | Bo(t)]=2¢2 [ dtt™ P exp(dnt) [] {1 —exp(—4nnt)} 2+
0 n>0

X 217! dfe= WU, T lots] (3.36)
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The formula above is the closed string counterpart of the expression for the
open string propagator obtained in [20,21]. Guided by the open string case we
introduce the fixed length gauge consisting in the choice of the “reference”
subbundle #%(¢). In this case I =I}=id and the propagator:

PLE,&/1¢1=P[E, /| B340)] (337)

takes the familiar form [4, 12-14].
The only new feature is the appearance of the averaging over boundary twist in
(3.36). Let us introduce the projector IT, on the subspace of #¢-invariant states:

= . 1
I, :9"s T[E]—’% § dO¥[Iyc],
and the operator P, defined on $° by the integral kernel:
Ple,c l0]=¢> j drt~ 13 exp(dnt) H {1 —exp(—dnnt)} ~24¢ =Wt Loes]

From the Js-invariance of the inner product (-, -) (2.16) and from the properties of
W[t|é,¢ f] we have:

p,=P,oll,=1,-P,, [P,MH,]=[P,1I,]=0, (3.38)

where P, denotes the operator corresponding to the integral kernel (3.37).

It follows from the formulae (3.38) that one can consistently replace P, by Z,. In
fact, since both operators lead (after the BRST extension [12]) to the same on-
mass-shell condition on the subspace of Fg-invariant states, the physical content of
the quantum theory remains unchanged. The advantage of working with
P[c, ¢ |/]is that its BRST extension is invertible on the whole (BRST extended)
space of states.

The path integral representatlon of the functional P[¢, ¢ ,|/] can be obtained
taking in (3.5) the subspace of T (<, f | B(¢)) consisting of all string trajectories
with the zero relative twist. We say that (g,0,,0 f)e%M x X, x X has the zero
relative twist iff for a zero scalar curvature metric § € 459 related to the metric g by
a conformal rescaling (¢ =exp(¢)g) the points 7,0, can be connected by the
geodesic line perpendicular to the boundaries %, b -

The quantum mechanical interpretation of the operator P, can be derived
proceeding as in [4, 12]. As in the open string case [20] it can ke regarded as the
“body” of the operator inverse to the standard BRST extended closed string
Hamiltonian.

Asin the open string case there is an alternative formulation based on the space

o with the inner product (-,-) (2.11). Within this formulation the propagator
takes the following form:

P[¢, ¢, ]=0(6:—¢PLCs 4l 411, (3.39)

where (£,,¢,), (¢ f, ¢ ;) are determined by the contours ¢, ¢, respectively. As was
discussed in [20] there are some problems with the path integral representation of
the functional P[c ¢;]. One can mimic the delta function structure of (3.39)
defining the space 7 (¢ 1198%) of allowable string trajectories as the space of all
trajectories (g,0,,0,X)€ My x Z,x X, x &3 fulfilling the conditions:

H‘K(Q:kev Q; ) C‘ ’ (¢_’f) ’

‘ (3.40)
(8,050 € BU{WP(Mi7) < 2, x X}
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Note that for ¢,,¢ f with £+, the space T (<, f | B%) is empty. This choice of the
space of trajectories will be called hereafter the constant curvature gauge. As in the
previous formulation the propagator P[¢,, ¢,] can be replaced by the propagator:

Ple,e1=0~¢ PPC,sEf1¢ 2] (3.41)

which has an invertible BRST extension in H3q;.

4. The Off-Shell Closed String Amplitudes

Let M, , denote an oriented, bordered 2-dim surface with h-handles and
b-boundary components X, (s =1,2, ..., b) difffomorphic to $* (oM, ,=| ) Z,). We
assume that the Euler characteristic of M, , is negative y(M, ,)=2—2h—b <0 (the
disc and the cylinder cases are then excluded). For every M, , we introduce the
double My, with a fixed involution . We define the spaces .#; ,, & ,, and the
groups @,, » Wiiv Wi WiiS by the obvious generalization of conditions used in
the previous section.

The action of the group Z; ,O#,; , on the space #;, , induces the principal fiber
bundle structure:
D sOWiio—— M
lnh,b 4.1)
T
where T;%, denotes the relative Teichmiiller space of M, , [23 24] Let us consider
the act1on of the group Z; ,O#;;, on the space 4 ,x 2, x ... x X, defined by:

My X2 XX ZyD(8,04,...,0)
(f>d)€ Dh, LOWH, - - ‘
ol hb*(eXP(‘i’)f*g,f Yoy) .. f l(ab))e'ﬂh,blex"'xzb'

This action induces the principal fiber bundle structure:

gi,bQ%ib———_)'/%}f,b X 21 X...X Zb
4.2)

TR x 2 X ...xZ,
Note that the bundle (4.2) is trivial. In fact for every global gauge slice %, , of (4.1)

the submanifold &, , x 2, x ... x X} is a global gauge slice of (4.2).

Let B, , denote the space of all 9; ,O ¥, ,-subbundles of (4.2). Since the
9,; »O Wy p-action on .4, , is free (there are no conformal Killing vector fields on
i,5) the problem of parametrization of B, , simplifies. Let </, % denote the

@,, b@"/fh »-subbundle of (4.1) obtained by the #}/ ,-action from the space M, ! of
all metrics ge . , with the scalar curvature equal —1. Then the submanifold:

B = AT X . X 5 4.3)

is a 95 ,O ¥, ,-subbundle of (4.2). Using (4.3) as a “reference” subbundle and
proceeding as in the previous section one can construct the 1 —1 correspondence
between B, , and the space b, , of functions:

Snp: TRy xZ ) x ... xZ,3(t,0)>(I7°,... I} )€ Qg‘s’
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Within the formulation based on the space %26 in the gauge 26 ~%25(¢) the
h-loop b-states off-shell closed string amplitude is defined by:

AlCy, ., 64| B o))
= ) 2g,04,...,0p, x)(

T €1y s C| B, ()

[ 9fx [ 2¢)7 e, (44

Dh, b Wwily

where the space (¢, ..., Gyl B,,»(¢)) consists of all “trajectories”
(801, s O X)EMf y X 21 X ... X 2y X EFS
fulfilling the conditions:
(8,01, - O EB W)X Z X ... X Ty,
My(oken o (o), 0fx) =0, k=1,...,b;

where: ef =I¥g, x,=Ifx, k=1,...,b, and %; (/) denotes the 2 ,OW ;>
subbundle of %;, , determined by the conditions:

| edo,=¢, k=1,...,b. (4.6)

Zx

(4.5)

(For every k=1,...,b, I;:2,—»M, , denotes the inclusion of the boundary
component X, into M, ,, and g,:S—2Z, is an arbitrary orientation preserving
diffeomorphism.)

The formal expression (4.4) fulfills the consistency requirement of the F-P
method and can be evaluated (=defined) for any 4, ,%B, ,. For the special
subspace B, ,C B, , of subbundles corresponding to the subspace b, ,Cb, , of
functions independent of (o4, ..., 0,)-variables one obtains the following result:

2 2 = AR L3 _
Ah[cl""’cbl‘%h,b(/)]z(z_n)*b —j 0, ... [ d6, [ deeho+3by

-n [Tils]

_ [det PP, \!/? _
xdetMgt(étpiléxj)<d tH(P )> (detp Zy) 13
< e_ngt,&U_"er, ..... F;,Ielcb], 4.7
where
T,53t>8 € 30 C My, (4.8)

is a global section of the 2} ,O#;%-subbundle #;7(¢)C ;%™ determined by
the conditions (4.6). [ T,%,] denotes a fundamental domain of the modular group in

For a given 6=(6,,...,6,)€ X, x... x X, the functional W[g"é|cy,...,C;] is
defined by:

WIg',6¢y,....¢,]=SIg" xa], 4.9)
where x,, is the solution of the boundary value problem:
Lpxa=0,
(cahe=Fi o 7il&' 641,51, (4.10)

Go=Iy8,8%), k=1,..,b.
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It is easy to verify that the expression (4.7) is independent of the choice of a
section g’ of the subbundle .«/;%*(¢) and of a point e X x ... x 2.

In the fixed length gauge the off-shell closed string amplitudes are defined by
choosing for each topological type (h,b) the Z; ,O#;’ ,-subbundle %; , (4.3):

A[Cy, .. o] = ALCs ... Gy BY (L)) (4.11)

Note that due to the integration over twists of all boundary components in (4.7) the
propagator P[¢,, ¢,|/] can be replaced by P[c,, ¢;|£] also on the second quantized
level.

Let us now proceed to the formulation based on the space %2°. In order to
generalize the condition (3.40) to more complicated topologies we introduce the
Frenchel-Nielsen coordinates of T;%,:

TR 5t—>(Lyy s Ly 01,1y s O3pp— > Canp—3) ERY X (R xR, )3H+073

For a given pattern for gluing 2h—2+b parts to obtain the surface M, ,, the
coordinates L,,..., L, are lengths (with respect to the hyperbolic geometry on
M,, ;) of the boundary components 2, ..., 2, while (6,,7;) (j=1,...,2h+b—3) are
parameters of gluing [25]. (We use the conventlon where 0, corresponds to the
relative twist by the hyperbolic distance t;=(2r)"'¢;0,, then the Dehn twists
correspond to 0;=2rnk, keZ).

For a given subbundle %, ,€%B,, we define the space J;(¢y,...,¢;| By 1)
consisting of all string “trajectories”

(801 s Oy X)EME y X Zy X .. X Dy X E
fulfilling the conditions:
LI, () =2
(8,04,....0,)EB, 4, (4.12)
I y(ofey, 0r Yoy), 0fx)=¢,,  k=1,...,b.

As was discussed in [20] in the open string case in order to construct conformally
invariant (in d=26) functional measure on J}(¢y, ...,¢y| 4, ) it is necessary to
introduce the larger space (¢4, ..., ¢,| By, ,) determined by (4.12) with the first
condition omitted. Furthermore we introduce the 9j ,O#/}-invariant
functional:

b
L 0= LI, 4(2) (4.13)

which can be regarded as a “characteristic functional” of the submanifold
Ti(C1s o Col Bup) CT4(C s o5 Co | Bi) -

In the formulation based on the space % the path integral representation of the
h-loop, b-states off-shell closed string amplitude has the following form:

b
Ayléys s Gyl B p] = _ § DG, 01,500, %) [] (¢ — LilI1},4(g))
T (1, .| Bh, b(£)) k=1
( | 9f x j 9¢) Lg=Slg:x] (4.14)
Dh, b Widy

Asin the case of (4.4) the F-P procedure can be applied to evaluate (= to define) the
expression above for any %, ,e€9®B,, For #,,e®B,, proceeding along the
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standard lines [6,7] and using the Frenchel-Nielsen coordinates one obtains the
following result:

_ f T T
Aleys G| Brpl=== | d6... j do, [ do™*
’ 2n -n -n [Th bl
x (det 4 Py P *(detp Lp) ™ 13e— Wit 61T ose1, o Tilo,e0] (4.15)

The symbol d&™* in (4.13) denotes the restricted Weil-Petersson volume form
on T}, defined by:

3h—3+b
NP ="T] ¢ty 49;
ji=1

and [T;},] is the submanifold of a fundamental domain [T;¥,] determined by the
equations L,(t)=¢,, k=1,...,b.
The determinants in (4.15) are evaluated for a section

TR 5t—g'e oAPNC M, 4.16)

of the subbundle /%" with values in the space .#; ' of metrics with the scalar
curvature equals —1 The functional W[g', a)c 15 cb] is defined by replacing in
Eq. (4.9, 10) the section g’ (4.8) by the section g' (4. 16) and substituting ¢, = I1(¢,) (11
denotes the canonical projection IT:%2 6%2°). These two sections can be
connected by a transformation from ¥, so the functionals W and W coincide.
They may have however different BRST extensions (the nonhomogeneous
boundary conditions for ghost variables are not #} ,-invariant.) Therefore we
prefer to use different notations.

The closed string off-shell amplitudes in the constant curvature gauge are
defined by:

Ah[él,...,éb|~1]=Ah[él,...,C.blg,?,b]. (4.17)

5. Conclusions
5.1. The First Quantized String

The considerations of Sect. 2.3 provide the first step of the covariant functional
quantization of the closed bosonic string in the position representation. There are
two formulations based on two different choices of the space of boundary
conditions for closed string trajectories. They consist of the following three objects:
the space of string wave functionals endowed with the ultralocal inner product, the
family of off-shell propagators numerated by the family B,, of 24,0% -
subbundles of (3.3) and the group of residual gauge transformations describing the
subspace of “off-shell physical” states. As in the open string case [20] it turns out
that the choice of the subbundle %%, constructed from the space of zero scalar
curvature metrics by the #;-action leads (in both formulations) to the propagator
with a simple quantum mechanical interpretation. After the BRST extension
[12-14] it can be related [4] by the quantum mechanical formula:

P={dte ™
0

with the standard closed string Hamiltonian (the zero mode of the density of
quadratic in momenta constraints).
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It is an interesting question to find a quantum mechanical interpretation of the
propagators corresponding to other choices of #,, € B,,. It seems that the freedom
in the choice of #,, € B,, corresponds to the freedom in the choice of a closed string
Hamiltonian governing an (unphysical) evolution in the intrinsic time. In the
present paper we adapt the point of view according to which the choice of #,,€ B,,
is regarded as a part of the gauge fixing procedure. The general structure of gauge
fixing in the first quantized theory is briefly summarized in Table 1. It is essentially
the same as in the open string case and we refer to [20] for a more detailed
discussion. Let us only note that the resulting formulation crucially depends on the
first and the third stage of the gauge fixing: The choices made at the second stage
have a technical character and do not influence the final expressions.

Within the covariant functional framework of quantization [20,21] the first
class constraints linear in momenta are implemented on the quantum level by the
requirement of invariance of wave functionals under the residual gauge transform-
ations. This requirement formulated in terms of infinitesimal transformations
leads to a family of first order differential equations on string wave functionals. In
order to determine the subspace of physical on-shell states it is necessary to add a
second order differential equation corresponding to a quadratic in momenta
constraint (all other quadratic constraints appear as integrability conditions for
this extended system of equations). It could be done by taking the inverse of the
string propagator, but in both formulations considered in Sect. 3 the propagators
are not invertible. One possible way to overcome this difficulty consists in the
construction of an invertible extension of the propagator. This is precisely what the
BRST construction provides. Such an extension of the closed string propagator (in
the fixed length gauge) was proposed in several papers [12-14]. It should be
stressed however that a complete first quantized theory should include, besides a
BRST extended invertible propagator, a BRST extended inner product as well as a
BRST extension of the group of residual gauge transformations.

Table 1
‘I Spacc? pf boundary } Spa}ce of. string
| conditions | trajectories
c | ]
50“‘
l————— :——— S-fixed — — — — — ——Il—— M-fixed ————
50“‘
| |
Fore i 2.14) : Generalized
hn—-—— Conformal gauges — —1— — conformal — — —
of f [ | 7
) l 2.3) | gauges FI)
off l G, G2%(0) _J Fixed length gauge
m ————- -
9 | 4, R, l Constant curvature
| [ gauge

5.2. The Second Quantized String

The path integral representations of the closed string off-shell amplitudes
presented in Sect. 4 give a starting point for the off-shell formulation of interacting
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closed string theory. The basic idea of the present approach consists in the choice
of 9, ,-invariant boundary conditions (4.5), (4.12) for string “trajectories”
(metrized surfaces). There are two advantages of the conditions (4.5), (4.12). First of
all they lead (via the F—P method) to the well defined F-P determinant. Therefore
to derive the path integral representations of off-shell amplitudes one can follow
essentially the same line of reasoning as in the case of the Polykov path integral
over closed surfaces [1, 2, 6, 7]. Secondly they allow to compare boundary values
on different bordered surfaces without referring to any special parametrization of
the corresponding boundary components. This gives a way to overcome the
difficulty of previous approaches concerning the relation between boundary
parametrizations (and therefore boundary values of the x-variables) and a
conformal structure on the world sheet [17,18].

Note that with the choice of Zj ,-invariant boundary conditions the
W, y-invariance is broken to the #}%-invariance. In consequence the off-shell
amplitudes are not invariant under the residual gauge transformations (49 or
R, x%9) and depend, for every topological type (h,b), on the choice of a
D yO Wy ,-subbundle 4}, of the principal fiber bundle (4.2). (In different
formulations the subbundle %j, is further reduced to different Zj ,— #;%-
subbundles, see conditions (4.5), (4.12).) This freedom in the definition of the off-
shell amplitudes is in fact an expected feature of the off-shell formulation and can
be understood as the freedom in the choice of a gauge. The gauge dependence of
amplitudes is explicitly described for a wide class of gauges by the formulae (4.7),
(4.15).

A complete discussion of sewing rules requires a BRST extension of the
amplitudes constructed in Sect. 4. Therefore we restrict ourselves here only to a few
remarks. In the formulation based on the space ¢2° and in the constant curvature
gauge the sewing rules are especially simple. It can be easily recognized from
formula (4.15) that using the scalar product (2.12) for the sewing one obtains the
correct Weil-Petersson measure. In fact the double integration over twists of
common boundary components reduces, due to the fg-invariance of the inner
product (2.12), to the single integration over relative twists. Moweover the
constant curvature gauge has the sewing property [20] and the problem of sewing
amplitudes can be reduced to the problem of sewing at a fixed conformal structure
which was recently solved [19]. This pattern of the sewing amplitudes was first
proposed by D’Hoker and Phong [26]. .

In the formulation based on the space 43¢ the expression for the off-shell
amplitudes (4.7) contains the integration over Teichmiiller parameters related to
the lengths of boundary components. Therefore for every boundary component
along which amplitudes are sewn we have one redundant integration. As it was
argued in [17, 18] these superfluous integrations can be removed by inserting the
inverse of the off-shell propagator “between” sewn amplitudes. Let us stress
however that in the approach developed in [17, 18] the relation between boundary
parametrizations and a conformal structure on M, , is constructed by means of
holomorphic quadratic differentials on M, , and differs from that determined by
the boundary conditions (4.5). The sewing rules proposed in [17,18] require
therefore a modification to be applied in the present formulation.

Both sewing patterns sketched above have (independent of details of a BRST
extension) an important drawback: An infinite overcounting of the moduli space
appears [17,18]. Maybe it is an unavoidable feature of the Euclidean off-shell
formulation. The comparison with the Mandelstam light-cone formalism [27, 28]
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suggests however that a solution of this problem exists. It seems that in this
problem a better understanding of the relation between the covariant off-shell
formulations in the Euclidean and in the Minkowski spaces is required.
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