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Abstract. We illustrate the mechanism producing the dipole phase in a two
dimensional Coulomb system by a detailed analysis of a hierarchical model.
We prove the analyticity of the pressure and of the correlations for
o? = fe? > 8x (i.e. right above the usually conjectured value for the Kosterlitz-
Thouless phase transition). We find also a power law decay for the correlations
with exponent «?/27 as the hierarchical distance goes to infinity.

1. Introduction

The renormalization group theory of the ultraviolet stability for scalar fields [1-3]
hinted that the same techniques could be employed in the analysis of the two
dimensional Coulomb gas of identical charges +e even, and particularly, in the
regime of the Kosterlitz-Thouless phase. The latter was rigorously established [4]
for low temperatures, i.e. for fe? =a?> 8, B being the inverse temperature and the
Coulomb potential being normalized as

1
V(ix—y)~ Eloglxryl_1 as |x—y|-o (1.1)

and regularized at short distance.

This paper is a continuation of the program started in [3] and continued in
[5-7] to study the problem of the molecules formation in the two dimensional
Coulomb gas and the related structure of the transition from the plasma phase to
the dipole phase (Kosterlitz-Thouless transition).
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** Partially supported by “Ministero della Pubblica Istruzione” and Grant N.S.F. DMS 85-
03333
*** Partially supported by “Ministera della Pubblica Istruzione”
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The arguments leading to the Kosterlitz-Thouless phase transition establish
that the transition point is o = 87, in the zero density limit. The new phase appears
to have various properties, among which

1) power law decay of the correlations,

2) the free energy and all the other thermodynamical quantities are analytic in
the density at ¢=0.

In [4] it was shown that the correlations decay as a power law for «? > 8n. Here
we show, in a hierarchical model, that this holds for o? > 87 and at the same time we
show the analyticity of the pressure at zero density.

In [1-3, 5-7] it has been abundantly shown that the understanding of the
hierarchical model is a preliminary step to the solution of many field theory or
statistical mechanics problems: the “missing details” to understand the real
physical problem are usually rather lengthy but trivial and not too interesting. In
this case we are not perhaps in the same situation, but we hope that our techniques
yield at least a key to the understanding of the ordinary two dimensional Coulomb
gas with ultraviolet regularization, even if it turns out to have different analyticity
properties in the activity.

From a technical viewpoint this paper relies on the new proof in [8] of the
convergence of the Mayer expansion for the Yukawa gas.

2. The Model

We suppose the reader familiar with the sine-Gordon representation of the two
dimensional Coulomb gas used in [5]: see [10, Sects. 11 and 15] for a review of the
formalism.

Let A be a finite box enclosing the system: then we consider the grand
canonical partition function Z for a neutral system of charges ge, 0= +1, with

A . . . .
activity 5 and temperature B! such that fe?=a?, interacting with a potential
V;cy = ny - COO s

1 C(p) ip(x—y)J2
- [\ ipx-y)yg
Cy n) fpz_,_g—me p,

@.1)

where g >1 and g® is an infrared regularization, while C(0)=1 and C(p)—0, as
p— oo, fast enough to act as an ultraviolet regularization (necessary because
otherwise the Coulomb system would be unstable for o> 4n).

The Coulomb gas partition function Z can then be written as

y) _2<r o
Z(A, B,A)= lim fP(d¢(<R))exp< 3 _nge 5 Chs ™ _f . gioad, )Idé>,
R~ c=*1 2 Ag—R
(22)
where ¢{=® is a gaussian random field with covariance
(<R) g(¢(<x)¢ <R))___ b_l_ f ip(é—1n) (pg )d2 (2.3)

2n)? i prH1



Dipole Phase of Hierarchical Coulomb Gas 279

For a derivation of the (2.2), (2.3) see [ 5] (or [10, Sect. 15,(15.19)] with N= —1, i.e.
no y-field). ~2R

1—
One gets a possible model by choosing, see [5, 10], C(p) = ngﬁ so that

Clpg ™) Rt 1 1 N etainyg-2i
PEril —j;'o p2+g%¥ - pr+g?ith = j;o Clg~p)g~~. (24)

This is a useful decomposition because it shows that ¢<® in (2.2) can be realized as
R-1
¢o0=3 42, (2.5
j=0

where ¢¢ are independent gaussian fields “living on scale g ~7: ¢¥ has the same
distribution as ¢{J). Moreover, by direct calculation

R
COO = Elogg . (2.6)

The hierarchical model replaces (2.5) by a sum of the same type but with new
fields ¢¢ which are defined to be

W=z, if xed, 2.7)

where 4is a square of side size g ~/ extracted from a pavement Q; of R* with squares
ofsize g7/, gis aninteger and Q; . , is obtained from Q; dividing each tessera 4 € Q;
in g* tesserae.

The z, are gaussian random variables independently distributed and with
covariance )

logg . (2.8)

The hierarchical Coulomb gas is by definition given by (2.2) with ¢‘<® given by
(2.5) and ¢9 given by (2.7). This amounts to replacing the potential V,, between the
charges into the function given by (2.1) with C,, given by

1 1

Co=sp logg X 1=g"logd (g " x.97%), (2.9)
4397 Rx,g" Ry

where d"(u, v) is the “hierarchical” distance between u and v, i.e. d"(u, v) =g~ "*®*

with h(u, v) being the largest integer h such that there is a 4 € Q;, containing both u

and v. One can also define in a natural way a “hierarchical” distance d(x, y)

between two points x, y belonging to the original physical space, by the formula

d(x,y)=gR Mo 0™, (2.10)

Then one can write the “hierarchical” Coulomb potential in the following form

V,=— ilogﬁ(x, y). (2.11)
21

xy
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The potential (2.11) differs from (2.1) because it is not translation invariant in a
rather substantial way. Nevertheless one expects that it produces a model rather
similar in many respects to the true Coulomb gas: in particular one expects for this
model the kind of phase transitions of molecule formations which lead from a
plasma phase at small o to a dipole phase at o> 8.

The correlation functions can be easily expressed as functional integrals. For
instance the n-charges truncated correlation functions are

n

_e
0wy ... 0w,
xeXpK 2 %g@_n)'{ § :e“’“*”‘x”":dx) (2.12)

g=+1 Ag—R

An _2p (<R)

The (2.2), (2.12) show that the Coulomb gas problem can be interpreted as an
ultraviolet stability problem with an ultraviolet cutoff at scale g~ ® if g® is the
infrared cutoff in the original problem. Since the model is rather simple it can be
studied rather well with the methods of field theory.

Qz;(xlao-l’ ooy Xps O-n)z 10g§P(d¢(<R))

=0

3. Recursion Relation for the Coefficients of the Mayer Expansion

The integral over ¢“® can be performed by using the renormalization group

technique of integrating successively out the high frequency components of ¢(<®,
ie. ¢(<R D G<R=2) 4(<R=3)

It is well known that this is a very efficient algorithm [11].
Calling V<® the function of ¢‘<® in the exponential in (2.2), we define V=¥ for
k=0,1,...,R—1 recursively as

V(ék)zfP(d¢(k+1))ew§k+”, (31)
where the function eV** is a function of
k
¢(§k)= Z ¢(j)' (3‘2)
=0
The function V= is easily expanded in terms of a formal series:

< © 1 < =
VE= T 6l (VL VERY), (3.3)

t
where &, denotes the integration with respect to the field ¢*** and

at
AN 45 L U 74 €Lk ) G — [0 skt
1 : ) 2w, ... 00, 028y 4 1(exp(w; +... + @) )ng

(3.4)
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)

Fig. 1

From (3.3)it is easy to deduce an expression for V(=¥ by just iterating it, see [5,
(6.10)]. As the reader can check immediately, the iteration of (3.3) leads to an
expression of V=¥ in terms of trees:

<h_v VW)
e

where y is a tree with n endpoints 1,2, ...,n and some (possibly none) non-trivial
vertices v, w and one “root” r.

Moreover

1) each vertex v carries a “frequency index” h,= —1,0,1,2, ..., so that h,=k
and h, grows by one unit at a time as one climbs the tree from r upwards until it
reaches the value R—1 at the last inner vertices.

2) each vertex v, except the root r, with frequency index h, and out of which
emerge s, branches, represents a truncated expectation (5’,,T of order s, if the vertex
vis trivial,i.e. no true bifurcation takes place at v, then it symbolically represents an
ordinary expectation.

(3.5)

3) the factor n(y) is n(y)=T1s,! (3.6)
4) the endpoints represent the function
A (-4 | oo™ dx . (3.7
0'=z':(' 1 5 g 4g™=

Therefore V(y) has a rather complicated expression. However, since

)
. +—&(p<B)) .
. etaa¢§c<R) e 2 [ x ) elaaqbng) ,

(3.8)

it follows easily (see [ 5], or [10, Sects. 11 and 15] for details) that V(y) must have
the form of an integral of a kernel V(y, g, x) depending on y, on g=(04, ..., d,),
o;,=+1, and on x=(x4, ..., x,) € R?", n=|y| being the number of endpoints of y,
times : expiag=¥(x, ¢) :, where

P05, 0)= 3, 450, (9
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Le. Vi)=Y | dx,...dx,V(y, 0 x):expiag=H(x,0):. (3.10)
g (y"Ra)r
To discuss the structure of V(y, g, x) it will be convenient to think (y, g, x) as a
tree y with labels x;, g, attached to the first endpoint, x,, o, to the second, etc.
In this way it will be natural to think that each non-trivial vertex v of y
represents a cluster x(v) of charges g(v): such cluster consists of the point charges
(x;, ;) which label the endpoints i € v, i.e. the endpoints of y which can be reached
by climbing the tree from v upwards. The charge of the cluster associated with v ey

is defined as
Q,=2 0;. (3.11)
With the above notations and using the properties of gaussian integrals and the
elementary relations

- 2t ER0x0) . . Hiad(“P(x,9) . . Hiad M (x,0) .

a2
+Z U9
e

. iap<K)(x,q) . __ iad( <R (x,
- pio® x9). g iag x g)’

where n o on
UP(x,0)=Y X 0,0,C5Y, (3.12)
i=1 j=1

one realizes by induction (see [5, (6.5)] or [10, Sect. 11, (11.4)«11.7) and Sect. 15],
for more details) that, if y has at least one non-trivial vertex and if v is the first non-
trivial vertex of y, with frequency label k, followed by s vertices vy, v,, ..., v (€ither
non-trivial or endpoints), then

— L e U(<k)(x,q)— b U(<K)(x;,01)
V(v,g,x)=<ﬂl V(Vi,gi,zci)>e e £

i=

X (g?kT( 12 (x1,01) ey ei‘l¢(k)(v’_‘sags):) , (3.13)

where y,, ..., 7, are the s subtrees growing out of the vertex v thought of as a new
root and g;=a(v;), x;=x(v,).
If y has no non-trivial vertex, it is:
_ A (2-2
V(y,0,x)= §g<2 =i (3.14)

Clearly (3.13), (3.14) allow us to find an explicit formula for V (see [5] or [10,
(11.5)«(11.7) and (15.9-(15.22)]); if h,= —1:

Sy 2
UC<ho)(xy,00)— Z U(<h")(-’_‘v.agu‘)] A (Z—L)R "
= * F(U)}[—g' 4n
2

2
- t%[U( SR (X, gv) ~ UCS o) (xy, 60)]

Viy,o,x)= TI1 {e_%

v non-trivial

B Fo)

v non-trivial

x H (g%h‘%g(z_%)R>, (3.15)
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where the last product is over the endpoints i of y, v” is either the non-trivial vertex
immediately preceding v or the root when such a vertex does not exist, k; is the
frequency of the non-trivial vertex to which the i-th endpoint is attached, F(v) is a
shorthand symbol for the truncated expectation in (3.13) and we used the
definitions: US9=0=C9=¢(<9,

The key problem remaining before us is to find what to do with the truncated
expectations in F(v): we have two convenient representations of F(v). Namely
(see [10, Eq. (C23)]):

F(v)= e—azC"‘v>(J.cuf,gur;zcv'f,qw)
®=2, L 1= Gagd | %

xlog % (nci)exp—a Y CMxy 0055, a} (3.16)
IS{1,...,sp} \iel i<jji,jel

where A denotes a pair v,0" € {vy, ...,v, } of vertices among the s, that follow
immediately v, %S denotes the family of all connected Mayer graphs with vertices
{v;,..,0.} and, if x=(x;,...x,), @=(01,...,0,), X=(Xp41,-->%,),
Q-/=(O-p+ JERERS O-q):
p q
CPx,0:x,0)=3 ¥ 0,0,CY . (3.17)

i=1 j=p+1 e
This is the mutual electrostatic energy of the clusters (x, g) and (x’, ¢"): notice that

¥ 5, 0,%,0)=UN (U 50 )~ £ UM,0), (B18)

i<j,i,jel iel ie

where U®(x, ¢) is the electrostatic energy of the charges (x, g) with the potential
C™®, see (3.12).

So far we did not use the structure of the hierarchical model, i.e. the special form
of CM:

0, if x, t in th A
Cihy) o if x, y are not in the same 4€Q, (3.19)
g9 otherwise.
2n

In this case the following simplifications occur:
1) F(v)=0 unless all points in the cluster x(v) are inside the same box 4 of size
—hy
2) F(v)=0unless all the charges of the largest subclusters vy, ..., v, in v, i.e. the
subclusters associated with the vertices immediately following y, are non-zero:
Qv,-=|=03 i= 1a < Sy

3) U0, 000) = (£ 00 1080, _ 021080,

LEV

1
4) Ot 00 %o o) = o 0 0oy

Furthermore we shall use:

: logg logg
(<hi) _ _
end;%ntsi COO 2n Z,: hl 21 (Unz U(h h )+ nhr> ) (320)
> (e=D=n-1, (3.21)

v'Zvun.t.
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where 1, is the number of endpoints that can be reached by climbing y from v, i.e. is
the number of charges in the cluster x(v); here n.t. means “non trivial.”

Collecting the above four properties, (3.20), (3.15), and calling v, the first non-
trivial vertex of y we find

—~logZ=pp(B, 1) = IAl o ,,Z—*—1 Ag"*dxll_I

v

a2 2 a2 o2
2 Q2(hy— k)t a=nohu—hu) [ A [2-2=]R n
4n 4n <§g< 477:) g 41:) , (322)

v "[1F()

xI1g

vn.t.

where > * means that the sum is restricted to the charge configurations ¢ such that
Q,%+0 if v>v,. Equation (3.22) is the Mayer series for our Coulomb system.
The property 1) of F(v) strongly restricts the variability of x,, ..., x, forcing x(v)
to be made of particles all in the same box of size g ~"»: this allows us to calculate
the integrals.
Let F*(v) be the value of F(v) when x(v) are all inside the same box A4 of size g~
[see (3.16) and the property 4)]:

F*n)=% TI @f%”%4) (3.23)

r A=(vi,vy)

Then, using the mentioned property 1), one finds

lim —- f dxy . dx ]_[F(v) g R T F*(v)g 26 U (3.24)

A— o0 !AI vn.t.

where the convergence in (3.24) is dominated in the sense that the right-hand side is
always larger or equal to the left-hand side.
The (3.24) gives with (3.22) the following bound on the n-th order coefficient
2

U, n>1, of the Mayer expansion: if a= %7—{ -2,

2

N e
x ¥ IT[Q Qm”h”+'”““'”b‘“"'““‘h)wvwn]azﬂ
y,hr=—1 vn.t. v

having used the equality immediately following from (3.21) (recall our convention
hr = 1)

Z(Sv_l)hz):Z(nv—1)(hv_hv’)_(n_1)' (326)

To estimate F*(v) we use the second of (3.16) and properties 3), 4):

_ ~alebz e
PO~ Gt (15 e, 2 (116)0 e

where we used the shorthand Q, =3 Q,.
iel
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Therefore, by changing Ciecig“‘"Q'zzcg, we find

a? 2 1 sy AU Z
F*)=g*mo 20~ §<H C’)log Z [1sg 4"Q, (3.28)

(an)s” i=1 Z:z ..... sy} iel

and we choose integration contours with |{]|=¢/s, to get

\F*(v)| < <Sg> gimiti % 10g<1 - <1 + Si> ’ +1>1 < Bs,| Dsgéni1 % (3.29)

where B and D, are suitable constants. This will be considered together with (3.24)

and
nR= 3% nSh,—h,)+ Y (R—h)—n, (3.30)

v>r,vn.t. endpointsi

where v’ is again the non-trivial vertex preceding immediately v in y, (v'=r and
h,.= —1if no such vertex exists) and ; is the frequency label of the first non-trivial
vertex of y to which the i-th endpoint is attached.

2
The (3.25), (3.29) yield the bound, ( = g; —2>:
—2R—naR+2(n—1)~ﬁn
lu =Ag 4
xsup>* ] [9

0,6 he vn.t.

a2 a2
== Q¥ —hyr = 1) —ny(hy —hy) _ _ _
4n g415 g 2(ny—1)(hy hv')BDslv:| R (3.31)

where 4 is the number of trees with n distinguished endpoints without counting

the different frequency labels and Y * is the summation over the ways of putting
he

frequency labels k, on a “tree shape” (unlabeled tree ), i.e. Z* is the sum over all

the tree shapes 6 of a tree y such that Q,+0 if v> v, vg bemg the first non-trivial
vertex of y, and 0, =0.
A simple counting argument gives

N2 Y 5, <2(n—1) (3.32)

vn.t.

so that, using (3.30)

T

a he v>vg,vn.t.
SDy(1—g %) (=g )" (3.33)
for a suitable constant D,. This proves that the Mayer expansion is uniformly
convergent in A with radius of convergence bounded below by 1/(D,(1—g~%)~1).

a
. b N
Making use of the extra factor g 4 present when Q, +0, one can also
show that the “non-neutral trees” give a vanishing contribution to u, as R—co.
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4. The Correlation Functions

We can use (2.12) to find an explicit expression for the truncated correlation
functions in terms of the kernels V(y, g, x). One can in fact think that the expression
2

in the exponent of (2.12) is simply | a= Z—n -2

k
L [” 21g‘z"é(x—g"‘xj)émwf]:ei"“""’“’:dx, (1)
g-R j=

so that we see that the calculation of the integral (2.12) can be performed via (3.22)
k
replacing 4 by A [1 + X g Ro(x—g7*x)),,,0 j] and retaining only the terms of
=1

first order in @y, ..., w,. We find

n,x,0) A =2 R\
gxa=Y ¥ ¢ 59 +
-1

nk ke 2

dy; ...dy,_, (-2 03+ Zom )b — o)
x | =PRI Flg' 4 A . 42
@ ®ape TIs,! onk

v
(n,x,a)

where > means that the sum is over the trees with n endpoints, between which
there are the “frozen vertices” x, ..., x, with charges 64, ...,04; V1, ..., Y, are the
positions of the other endpoints.

The fact that in (4.2) there are less integrations (and less g~ 2" factors) than in

~2Rk 50 that, up to a k! Z
can do the same estimate as in Sect. 3, thus proving the convergence of the Mayer
expansion for the truncated correlation functions.

In order to study the decay properties of the correlations, one needs a more
accurate bound, which takes exactly into account the missing g ~ " factors and the
constraints related to the positions of the frozen vertices. Given a tree y, we define
its “skeleton” j as the tree which is obtained from y by eliminating all the branches
which are not needed to connect the frozen vertices to the root. Proceeding as in
Sect. 3, one can show that the contribution of y to 97 (x, ¢) is bounded by (h,= R if v
is an endpoint)

(cAy' X* g—2(R—huo)< l—[ g_“(hv_hv')>< 1 g—Z(R—hu)(Su—l))’ (4.3)

{hy}vn.t. v>vo yavn.t.
vn.t. or endpoint

(2.12) is overcompensated by the factor g factor, one

where §, is the number of vertices following immediately v in J, ¢ is a suitable
constant and Y * means that there is, for any v €7, the constraint

h,<h,(x)=max{h:34 € Q" such that g~ %x;e 4, Vx; € x(v)} . 4.4)

In order to bound (4.3), we need another definition. Let §, the “superskeleton”
of y, be the tree which is obtained by adding to the skeleton § some lines of 7,
starting in a non-trivial vertex v € § or in v, and ending in an endpoint, so that, for
any ve 7, the number § of vertices following immediately it in § is equal to s,.
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u,
U3

Y

Fig. 2

Let L, be a line of the superskeleton 7 joining the vertex v” and the vertex v
immediately following it (in 7). Such line, thought of as a line in 7, contains other
non-trivial vertices v, <v,< ... <uv,.

It is easy to see that we can decompose the expression (4.3) so that to the line
L, is associated the factor

r

— *a(hu—hv —alhs —hy)
Spv= H > IT ¢
i=1| (hs}szv, DZv;
n.t.

v n.t.or endpoint

—a(hy—hy) U !:{h }Z‘ < I:I g—a(hs—ha')>], 4.5)
. f)n.t.oren:ipoint

S, 1s easily estimated by noticing that to each non-trivial vertex §=v;, i=1, ...,7,
one can associate (in a non-unique way) a line starting in ¥ and ending in an
endpoint and that one can collect the g ~*®> =" factors so that each line carries a
factor g~ “®~"), Then

S, < gt hv )c‘ﬁ"V)
and (4.3) can be bounded by

(cAr  T* g—Z(R—hvo)< 1 g—a(hv-har)>< I g—Z(R—hv)(sx—n>’

(4.6)

{hu}vespn.t. vej,v>vp Pavn.t.
vn.t.or endpoint

4.7

where 7" is the vertex immediately preceding v in 7.

The bound (4.7) implies very easily that in the expansion (4.2), if A is small
enough, the leading terms are those with the minimum number, say n,, of
endpoints sufficient to satisfy the neutrality constraint Q, =0. Of course

(4.8)

k
+ 1> gy.
i=1

If k=2 and g, +g,=0, there is only one leading tree and one can easily show,
using (4.4), that

i hn} d(x1,x,)? QT(xbxz;Uuaz) (4.9)
is different from zero and finite, if the hierarchical distance d(x,, x,) is defined as in
(2.10).
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For increasing values of k, one could obtain similar results with increasing
work. In any case (4.7) implies immediately at least the upper bound

e (e DI S eldy) (4.10)
where d(x)=min {d(x;, x;),i%j}.

References

1. Benfatto, G., Cassandro, M., Gallavotti, G., Nicolo, F., Olivieri, O., Presutti, E., Scacciatelli,
E.: Some probabilistic techniques in field theory. Commun. Math. Phys. 59, 143 (1978)
2. Benfatto, G., Cassandro, M., Gallavotti, G., Nicolo, F., Olivieri, O., Presutti, E., Scacciatelli,
E.: Ultraviolet stability in Euclidean scalar field theories. Commun. Math. Phys. 71,95 (1980)
3. Benfatto, G., Gallavotti, G., Nicolo, F.: On the massive sine-Gordon equation in the first few
regions of collapse. Commun. Math. Phys. 83, 387 (1982);
Nicolo, F.: On the massive sine-Gordon equation in the higher regions of collapse. Commun.
Math. Phys. 88, 581 (1983)
4. Frohlich, J., Spencer, T.: The Kosterlitz-Thouless transition in two dimension Abelian spin
systems and the Coulomb gas. Commun. Math. Phys. 81, 527 (1981)
5. Gallavotti, G., Nicolo, F.: The screening phase transitions in the two dimensional Coulomb
gas. J. Stat. Phys. 39, 133 (1985)
6. Nicolo, F., Renn, J., Steinmann, A.: The pressure of the two dimensional Coulomb gas at low
and intermediate temperatures. Ann. Inst. H. Poincaré (to appear)
7. Nicolo, F., Renn, J., Steinmann, A.: The sine-Gordon equation in all regions of collapse.
Commun. Math. Phys. (in press)
8. Benfatto, G.: An iterated Mayer expansion for the Yukawa gas. J. Stat. Phys. (to appear)
9. Speer, E.R.: Mayer coefficients in two dimensional Coulomb systems. J. Stat. Phys. (to appear)
10. Gallavotti, G.: Renormalization theory and ultraviolet stability for scalar fields via
renormalization group methods. Rev. Mod. Phys. 57, 471 (1985)
11. Wilson, K., Kogut, J.: The renormalization group and the e-expansion. Phys. Rep. 12, 75
(1974)

Communicated by J. Frohlich

Received January 1, 1986





