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Abstract. In this paper we study rigorously the statistical mechanics of a gas of
vortices in the thermodynamic limit. In this limit, no negative temperature
states are found to exist.

0. Introduction

When the motion of a fluid may be considered as approximately two-dimensional,
the fluid often exhibits well-defined vortices. The existence of such vortices is an
experimental fact, which Poincare already tried to explain1. If dissipation may be
neglected, the motion of the vortices is Hamiltonian, and it is natural to study the
"gas of vortices" by the methods of statistical mechanics. Onsager [20] has argued
that when the total energy of the system is sufficiently large, the "gas of vortices" is
in a "negative temperature state." He further argued that, in such a state, vortices
of the same sign attract each other. In fact the coalescence of vortices of the same
sign has later been observed in computer experiments (see Montgomery and Joyce
[17]), and is claimed to explain in part the existence of large well-defined vortices2.

In this paper we study rigorously the statistical mechanics of a gas of vortices
in the thermodynamic limit. Thus we let the volume of fluid go to infinity, while
the density and mean energy of vortices tend to constants. In this limit, no negative
temperature states are found to exist3, contrary to Onsager's proposal.

Our main results are presented in Sect. 3 (Theorems 3.1 and 3.2).

* Address after Aug. 1982: Theoretical Physics, ETH, CH-8093 Zurich, Switzerland
** Work supported in part by NSF Grant MCS 78-02721

1 The argument of Poincare [22, Chap. VIII] is based on a discussion of the stability of motion

2 See also Kraichnan and Montgomery [15] for a discussion of this theory. Note that vorticity is
conserved in an inviscid fluid (theorem of Helmholtz) therefore Onsager's mechanism cannot explain
the appearance of well defined vortices in a fluid where the vorticity is smoothly spread out initially

3 Negative temperature states are known to exist for certain other systems without kinetic energy
(spin systems). We claim that nothing of the sort is present here
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1. Potentials

Let v = (vi9 v2) be the velocity field of an incompressible two-dimensional fluid in a
bounded open region /LcIR2. The incompressibility relation:

dvl ,

v dx2

implies the existence of a stream function Ψ such that

dΨ dΨ

if we know that the flow of v through pieces of the boundary of A vanishes.
Introducing the vorticity

ω=^-^—ΔΨ, (1.1)OX^ OX2

one sees that the instantaneous angular velocity of a fluid element is ω/2. The
relation (1.1) may be solved for Ψ as

Ψ(x)=ίdyω(y)V(x9y),
Λ

where the potential V(x,y) is the kernel of the operator V=( — A)'1, defined with
suitable boundary conditions (b.c.) on the space L2(A) = L2(A, Lebesgue).

We impose the physical condition that the fluid does not cross the boundary of
A. If dA is smooth, v is thus parallel to the boundary, and grad Ψ normal to it.
Therefore Ψ is constant on dA, and we may take this constant equal to 0.
Mathematically, this corresponds to taking Δ—ΛΛ, where ΔΛ is the Laplacian with
Dirichlet b.c. : — AΛ is defined as the Friedrichs extension4 of the positive operator

d2 d2

— ~— 2 — τ— 2 acting on C00 functions with compact support in A. The correspond-2
OX -I OX-

ing potential will be denoted by VΛ(x, y). We extend the definition of this potential
so that VΛ(x,y) = Q if xφΛ or yφΛ; VΛ(x,y) is then the kernel of an operator VΛ on
L2(IR2), vanishing on the orthogonal complement of L2(Λ). If Λ C Λr, the definition
of the Friedrichs extension implies that the domain of AΛ is contained in the
domain of ΔΛ, [with the identification of L2(Λ) to a subspace of L2(Λ/)], and that

where 1Λ is the orthogonal projection on L2(Λ). Writing

A = (-Δ

we have thus

hence

4 For a discussion of the Friedrichs extension, see for instance Riesz and Nagy [24, Sect. 124] and
Reed and Simon [23]
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and finally
VA^VA, when ΛcΛ'. (1.2)

It is convenient to introduce also the potential5

which corresponds to free b. c. (this is a definition of free b. c.).
If we write

then (x,y)-*VA(x,y) is continuous mAxA. [To see this it suffices to notice that
VA(x9 y) is a harmonic function of both x and y.~] We define

Let A be fixed, contained in the circle of radius R centered at 0, and let A be a
circle with large radius R' centered at 0. For ye A, VA,(-9y) is harmonic with

1 ί R\
boundary values — logβ' + O J — ]. Therefore, by the maximum principle

*>£)•
2π ° \R

When ω has support in /t and satisfies the "neutrality" condition J ωdx = 0, we
have thus Λ

VA,(x, y)dxdy\ £ 0 ,

hence

lim J ω(x)ω(y) VA,(x9 y)dxdy = J ω
' —>

Combined with (1.2) this gives

J ω(x) ω(y ) VA(x, y) dxdy ^ J ω(x) ω(y} V^ (x, y) dxdy , (1.6)

when

If 3P = {nίa1+n2a2:nl9n2e'Z} is a lattice in IR2, and A = {λ1a1 +λ2a2:
λ2^l}9 a potential ^per(x,y) with periodic b.c. may be introduced.

It is a periodic function φ of x — y, with

-Δφ(ξ)= ^δ(ξ-a)-\Λ\-1,
ae&

where \A\ is the surface of A. It is seen that VApeτ corresponds to the inverse of the
Laplacian on a torus, restricted to the orthogonal complement of the constant
functions. We have thus

j ω(x)ω(y) VΛ(x, y)dxdy g J ω(x)ωO;) VAper(x, y)dxdy , (1.7)

when

5 We write |x| = (x?
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The difference VΛper(x,y) — V^(x,y) is continuous at x = y, and we define

WΛ^ = L

2[VΛ^(x,y}-V^y}-]x = y

which is a constant. ίdω\2

We call — AΛN the operator associated with the quadratic form J dx £ I- —
Λ ί \Vχi/

defined on C00 functions with bounded derivatives on A; AΛN is the Laplacian
with Neumann b.c., which corresponds to a vanishing normal derivative on the
boundary of A when this boundary is sufficiently smooth. If Ac A' we have
— ^ΛN = ~~^Λ'N with the usual identifications. We define VΛN to be the inverse of
— AAN restricted to the orthogonal complement of the constant functions on A.
The corresponding potential thus satisfies

-ΔΛNVΛN(;y) = δy-\Λ\-1.

Assuming always

one obtains easily the following inequalities :

$ω(x)ω(y)VΛ,N(x,y) dxdy ^$ω(x)ω(y)VΛN(x,y) dxdy if ΛcA' , (1.8)

J ω(x) ω(y) Va(x, y) dxdy g J ω(x) ω(y) F^x, y) ώcrfy , (1.9)

Hx)ω(y) F^Λx, y}dxdy^ω(X)ω(y} VΛN(x, y)dxdy . (1.10)

The difference F^x, y)— F^^y) is continuous at x = y, and we define

which is a continuous function of x.
The potentials VΛ, F^, VΛper, VΛN may all be interpreted as two-dimensional

electrostatic potentials, VΛ corresponding to conducting b.c., and V^ to insulating
b.c. on dΛ. If Ac A', the electrostatic energy of a distribution of charge in A, with
conducting b.c., is less than the energy of the same distribution in A [inequality
(1.2)]. This is because, going from A' to A, one allows the electric field of the given
charge distribution to perform work on the freely moving charges of the newly
introduced conducting boundary.

2. Mechanics of Vortices

The kinetic energy of the fluid contained in A is

= - J ω(x) ω(y) VΛ(x, y) dxdy ,
^ Λ

where ρ is the density of the fluid.
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m

Suppose that ω= Σωί> where the ωf have definite signs, small disjoint supports
i

centered at ξl9...9ξm9 and ]/ρ^ωί(x)dx = Rί. Then

m m

^=!Σ Σ lωi(x)ωj(y)VA(X,y)dxdy

+ Σ WΛW
i<J

If the supports of the ω tend to the points ξί9 we have

K - § Σ ί «i(*H(y) U*, y)dxdy-+ UΛ(ξίt . . ., ξj ,
^ ί

where we have written

υΛ(ξv ...,α= ΣRΪWAQ+ Σ ̂ /^y
i i<j

[remember that WΛ is given by (1.5)]. We define similarly

uao(ξv-^J=ΣRiRjVx(ξί,ξj),
i<j

and for a parallelogram A,

UΛper(ξ,...,ξm)

The quantity UΛ(ξί9 ...9ξm)is finite when the ξt are distinct and inside A. On the
other hand K-+GO when m>0. We view UΛ as a renormalized energy of the vortex
system it may take positive or negative values. Note that, as a consequence of
(1-2),

UΛ(ξ»...9ξJ£UA,(ξ19...9ξJ when ΛCΛ'. (2.2)

Using (1.6) and (1.7) we obtain also

UΛ(ξ19...9ξ^ Um(ξl9...9 ξj when

t/^1,...,ξJ^^pe^ι5..,U when

Since the vortices move with the fluid, by the theorem of Helmholtz, we have

dt ξ ~ i --d, ψ(ξί) ~ - 1 o

j Λ

0

-1 0 ^grad; (ξi, y ) + Σ - = ̂ (4 (2.3)
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We admit that if the zth vortex were alone in infinite space, its velocity would
vanish (although its internal structure might change with time)6. This means that
we may replace in the right hand side of (2.3), V^ξ^y) by
VA(£* y}~ vJ£i>y) = VA(£i> y) [§ee C1-4)]- Notice that VΛ is self-adjoint jind that its
kernel is real (because — ΔΛ is a real operator). Therefore VΛ(x,y)—VA(y,x) and

grad VA(χ, y)\x=y=ξί = igrad VA(x9 x)\x = ξi = grad WA(ξ^ .

Altogether (2.3) becomes

Replacing « by = , we take this as definition of the motion of point vortices.
We have thus

dt dξn

(2.4)

These are Hamiltonian equations7 in the 2m variables ξia with z = l , . . . , w ; α = l,2.
In particular Liouville's theorem implies that the volume element
dξ = dξ11Λdξ12Λ... ΛdξmίΛdξm2 is preserved under time evolution. The total
volume of accessible phase space is in fact finite (= \Λ\m, where \Λ\ is the surface of A).
It is thus natural to follow Onsager, and apply the methods of statistical mechanics
to systems of vortices. This means describing systems of many vortices in terms of
Gibbs ensembles.

The micro canonical ensemble is the probability measure

Ω-1δ(UA(ξ1,...,ξJ-E)dξ, (2.5)

where Ω is a normalization constant, and the support of the measure is on the
energy surface defined by

6 A more careful discussion would approximate the velocity field some distance away from the
/ 0 1\

vortex in the form x—>υ(ξ:) + grad K, (x, 6), and define v(ξi) on this basis. Note that an isolated
\ -1 O/

vortex enclosed in a box A will usually move, due to the presence of walls. In the simple example of a
straight infinite wall, we have VΛ(x, ξ)=V00(x, ξ)— Vm(x, ξs\ where ξs is the symmetric of ξ with respect
to the wall. The vortex at ξ moves under the influence of its mirror image at ξs. The motion of ξ, ξs

corresponds exactly in 2 dimensions to the motion of a smoke ring in 3 dimensions

7 Writing qί = ζil ]/ρ]/\R^, pt. = ̂ 2^i J/έ?/l/W> we obtain the familiar equations dqi/dt = dUΛ/dpi,
dpjdt= —dUJdq^ It is however more natural to retain the variables ξiol
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The statistical description of a system by the microcanonical ensemble is usually
justified by assuming ergodicity of the measure (2.5) under time evolution8.

The heart of statistical mechanics is the study of the thermodynamίc limit, where
Λ,n,E tend to infinity, while the density \Λ\~ln and specific energy \Λ\~^E have
finite limits ρ,ε. Before taking the limit, one replaces (2.5), where E has a fixed
value, by an expression where E varies in an interval (\Λ\(ε — <5), \A\(ε 4- <5)), and only
after the thermodynamic limit does one let <5-»0. It is a new physical assumption
that this complicated limiting process gives a correct description of (2.5) when
Λ,n,E are large but finite, and £ is a number, not an interval. There is some
ambiguity in the limiting regime which is chosen. This will be briefly discussed in
Sect. 5.4. In the next sections we go into the formalism of statistical mechanics, and
study the thermodynamic limit. Before that let us recapitulate the physical
assumptions that have been made:

(a) Two dimensions
(b) No viscosity
(c) Point vortices
(d) Ergodicity of the microcanonical ensemble under time evolution; (or

dominance of an ergodic component in the presence of small random
perturbations)

(e) Fixed total energy may be replaced by a small energy interval; the
thermodynamic limit is a good approximation for the description of large, finite
systems at moderate densities and energy.

3. Statistical Mechanics of Vortices

3.i. Introductory Remarks. In order to simplify matters, we assume that all
vortices have strength Rt=±R, with ,R>0. According to (2.1) the Hamilton
function for n positive vortices at positions ξly ...,ξn and m negative vortices at
positions ξ ί 9 ...,ζm in an open region ΛdlR 2 is given by

n m

uΛ,x(ξ",ξm)= ΣR2wΛtX(ξύ+ ΣR2wA,x(ξ})
1=1 j=l

+ Σ R2vA.^^+ Σ R2vΛ,*(ξPQl^ί<l^n l^j<k^m

- Σ R2vA,x^j), (3.1)

where X specifies the boundary conditions (b.c.), X = D (Dirichlet or conducting
b.c.), X = F (free or insulating b.c.), X = P (periodic b.c.), X = N (Neumann b.c.),

8 Nothing is known on the ergodicity of a system of n vortices in a box. (For a discussion of the
dynamics of 3 or 4 vortices in infinite space, see Novikov [18], Novikov and Sedov [19], Aref [1],
Ziglin [28], and Aref and Pomphrey [2].) Actually, ergodicity may be too strong an assumption. It
would be enough to assume that for large A, n, E, (2.5) has one ergodic component of measure close to 1.
(One may suppose that the other components would be invisible, for instance because points starting in
them would, by small random perturbations, go to the large ergodic component)
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ξn = (ξl9...,ξj. Furthermore WAtD=WA9 VΛ,D=VΛ, WAtF = 09 VAtP=Vm9

WΛP = WΛpQr, and VΛ P=VΛper in the notations of Sects. 1 and 2.
The system is called neutral if n = m. It is straightforward, but cumbersome

notationally, to deal with vortices of variable strength, distributed according to
some a priori distribution, dλ(R\ of compact support (see Appendix B).

It may be of interest to also consider the thermodynamics of "non-neutral"
systems, e.g. n = ΰ. Their behaviour differs from the one of neutral systems (m = n)
which we study below. In order to obtain thermodynamic behaviour, a neutraliz-
ing, uniform background vorticity must be introduced. Physically, such a back-
ground vorticity corresponds to a fluid in uniform rotation with constant angular
velocity, or one which "shears" between two parallel lines. In this way one obtains
a family of vortex systems interpolating between the neutral two-component
Coulomb plasma and the "jellium" [26] in which all point vortices have strength
— R, and there is a neutralizing, uniform positive background vorticity.

For the purpose of comparison (e.g. with numerical studies [17]) we not only
discuss the physically motivated Dirichlet-, but also free-, periodic- and Neumann
b.c. The remarks on the physics of the vortex system, assumptions (a) through (e),
Sect. 2, suggest that we study the micro-canonical ensemble. It turns out, however,
that for many values of the thermodynamic parameters this ensemble is equivalent
to the canonical ensemble. Moreover, for the system of point vortices studied
below, the canonical ensemble is known to be equivalent to the grand canonical
ensemble. This is a simple consequence of the scaling properties of UAtX (see Sect. 4
of [8], [9], and Theorem 3.2). Mathematically, the grand canonical ensemble is
the most convenient one.

3.2. Definition of Ensembles and Thermodynamic Functions,
The Main Results

(a) Microcanonical Ensembles. Let δΔ be the characteristic function of the interval
[ — zl,0] and δ~ the one of (— oo,0]. The microcanonical partition function for a
neutral system of n positive and n negative vortices in a bounded, open domain

is given by

Δί δA(UΛ,x(ξn,ξn)-E)dξndξ\ (3.2)
Λ2n

where E is the total energy, and

n n

i = l l 7=1

(We closely follow notation in [8, 9, 25].) We also define

Ωx(Λ,n,E)=ί±-} j δ-(UΛίX(ξ",ξn)-E)dξ"dξn. (3.2')
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Let

_ E A _2n
ε=UΓ MΪ'ρ=MΪ'

where \Λ\ is the "volume" (area) of A. These quantities are the energy density,
energy density uncertainty and particle density, respectively. We define the
entropy densities

and

1
?'ε)=R

?'ε)Ξ^
sδ x(ρ9ε) = Hm s^'x(ρ,ε),sx(ρ,ε)Ξ lim

Λ? IR2 yl/ IR2

(3.3)

with δ, ε, and ρ kept fixed, (A /* IR2 in the sense of van Hove [25]). For Neumann

b.c. the thermodynamic limit of s^J can be shown to exist (see Sect. 4). The function
s*(ρ, ε) is by definition an increasing function of ε.

It is easy to see [25] that if the thermodynamic limit of s*(ρ, ε) exists and if
s*(ρ, ε) is strictly increasing at some ε = ε0, then

lim 4'*(ρ, ε0) - sδ x(ρ9 ε0) - sx(ρ, ε0) ,
ΛS IR2

for all <5>0. It might happen, however, that sx(ρ, ε) = s0 = const, for εe^εj,
ε0<ε1. In that case it is conceivable that sδ>x(Q9ε) depends on δ and is strictly
smaller than s(ρ,ε), for some εe(ε0,ε1) and some sufficiently small δ. Thus it might
happen that

at energy densities ε around which sx(ρ, •) is constant. This was, in fact, expected
by Onsager [20]. Of course, in a finite region A,

<Q

dε

if ε is large enough, depending on A. The true behaviour oίsd>x(ρ,ε\X = D,F,P, or
TV, as a function of ε is described in the following result.

Theorem 3.1. For X = D, F, P, TV, there exists a function σ*(ρ,ε) such that

is increasing and concave in ε, with values in the open interval — oo, ρ — ρ log-), and

if σx(ρ, ) is strictly concave at ε \
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(In particular, the thermodynamίc limits of sδ^x and s* exist.) If ε belongs to an
interval of linearity (εκ, εL) of OX(Q, - ) then

ρ,ε), (3.5)

lim ss'x(ρ,ε)^σx(ρ,εR). (3.6)
Λ/ 1R

(Note that εR is the left extremity of the interval.) Finally

lim σ (ρ,ε)— — oo, lim ,:
ε-» - oo ε-» + oo

Notice that

is the entropy of an ideal (non-interacting), two-component gas of vortices. A
proof of (3.5) and (3.6) is given in Appendix A. The remaining statements then
follow by proving the equivalence of the microcanonical, canonical, and grand
canonical ensemble for all, but possibly countably many values of

β_dσx(ρ,s)

and exploiting detailed properties of the free energy as a function of ρ and β see
Theorem 3.2 and Sects. 4 and 5.

In Sect. 4 we show

sN(Q, ε) ̂  s*(ρ, ε) ̂  s>, ε) < ρ - ρ log , (3.7)

for all ε < oo and X = F or P.
Using a conjectured extension of the results in [4, 5] (proven for a lattice

Coulomb gas) to the continuum gas studied here, one is able to establish the
equivalence of all three ensembles, for β sufficiently small, i.e. ε sufficiently large,
and Dirichlet boundary conditions, and to exhibit the approach of sD(ρ, ε) to

ρ — ρlog-, as ε-»oo, explicitly (see Sect. 5).

In the next section we establish some general properties of sδ(ρ, ε) and s(ρ, ε) in
particular, we prove the following scaling relation: For arbitrary b.c. and all

(3.8)

which can be transferred to the thermodynamic limit if the latter exists. In that
case we obtain

s(ρ, ε) = e8πε/ρR2s(e-8πε/ρR2ρ, 0) - 8πε/ρ#2 , (3.9)

by choosing ε' = 0, ρ;-θ~2ρ, θ = e4πεlρR2.
Thus, the entropy as a function of ρ and ε is determined by the entropy as a

function of ρ, for a fixed value, ε0, for example 0, of the energy density ε, provided
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the thermodynamic limit exists (see Sect. 4 and Appendix A.) Existence of the
thermodynamic limit can be proven for strictly neutral systems with Neumann b.c.
(Sect. 4). This summarizes our main results, but see also Theorem 3.2 and (3.34).

(b) Canonical and Grand Canonical Ensembles. The canonical partition function
for a system of n positive and m negative vortices in a bounded, open domain
/LClR2, with D,F,P or N boundary conditions at dΛ, is defined by

Qx(Λ,n,m,β)=\'^- $• dξndξme-βυ^(ξn^\ (3.10)
n! ml ^n + m

with UΛtX given by (3.1), and

Qx(Λ,n,m,β)ΞΞQ, unless n = m,

if X = N, F or P b. c. are imposed. We define

and

βfx

λ(Q,β)= — T--rlogQx(A, n,β), (3.11)
Ml

with ρ = —- /*(ρ, β) is the free energy density for a neutral system in A with b.c. X.

It is proven in [8, 9], Sects. 3 and 4, that for 0<β< —y and — bounded,

m, (3.12)

and

4π
Qx(Λ,n,n,β)=cβ, for /ϊk-j, (3.13)

K

for X = F,P, and TV. In Appendix B, this result is extended to X — D ( in which case

(3.12) has been shown to hold for β< -| in [9]).

By using an argument of Griffiths [12], it has been observed in [13] that

fF(ρ,β)= lim2f
F

Λ(ρ,β)

(where the limit is understood in the sense of van Hove; see Definition 2.1.1 in
[25]). The same argument works for Neumann b.c. [the important ingredient in
the proof being inequality (1.8)].

For all four choices of b.c. the existence of the thermodynamic limit of /*(ρ, β)
can also be deduced from the equivalence of the canonical and the grand canonical
ensemble and the existence of the thermodynamic limit of the pressure for all

4π
— andX = D, F, P, N; (see Sect. 5).
R
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We now define the grand partition function

Ξx(A,z,β)= Σ zn + mQx(Λ9n9m9β)9 (3.14)
n,m= 0

where z = eβμ is the activity, 0^z< oo. The pressure is then given by

jSp^(z, β} = — log Ξx (yl, z, jS). (3.15)
|yl|

4π
In Sect. 5 we show that for β < —y

β)9 (3.16)

where K(z, β) is some finite constant independent of A, provided yl is a circular or
rectangular region containing { ξ : \ξ\ ̂  1}. Moreover, for X — F and N and {/!} an
increasing sequence of circular or rectangular regions

px(z, β) is monotone increasing in A, 1

pD(z, β) is monotone decreasing in A.}

By (3.16) and (3.17),

px(z,β)= Jim p*(z9β) (3.18)
Λ /* 1KZ

4π
exists and is finite and positive, for all 0<z<oo, 0<β< —y, andX = D,F9N.

One can also establish (3.18) for X = P, with yl^lR2 through a sequence of
squares or rectangles (see Sect. 5 and [6]).

By (3.16) and (3.17), forZ-F,JV,

0 < p*(z, β) < px(z, β) ̂  pD(z, β) < P

D

Λ(z, β). (3.19)

By (3.10), (3.14), and (3.15)

for X = F, P, and N9 and

It is an elementary fact that

jim2p°(z) = 2z. (3.21)

By (3.19) and (3.20)

p°Λ(z)<limβpx(z,β)ί2z
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forX = D, F, P, N and arbitrary A, so that by (3.21),

(322)
for X = D,F,P,N and for all Λ.\ ^ ' J

Next, by (3.10), (3.14), and (3.15),

ru
I71!

-r f <W*Λ«,'f)[<>r(Az;ί,>ι)-<>r(Az;ί,>!)]

where ρA(β, z ; ξ ) i s the one-vortex correlation, and ρΛ

 ±(β,z; ξ, η) is the correlation
of a vortex with strength R at ξ and a vortex with strength ±R at ?/, in the grand
canonical ensemble; see [25, 10] for definitions. In a bounded region A,

and

Thus, by a dominated convergence argument,

zR2

d^\im(v^-n}-vA(^n)). (3.23)

Suppose now that A is the disc of radius r centered at the origin. Then

lim (V^ξ -η)- VA(ξ9 η)) = (l/4π) logr2 - (l/2π) log(r2 - ξ 2) (3.24)

see Sect. 3 of [8], or [9]. Therefore

(l/4π) logr2 + -L- } (- 2ί) log(r2 - ί2)rfίl
zπr o j

--—[logr2-2]. (3.25)

Hence

lim ^—^— diverges to — oo, as r-> oo .
β^o dp

By (3.17) and (3.22),
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for arbitrary A. Therefore we conclude that

**«*£&--«>. (126)
β^o dp

Theorem 3.2. Let u = βR2/4π. Then, for all choices of b.c.,X = D, F, P, N,

βpx(z,β) = z2/2-«Fx(x), (3.27)

where Fx(a) is a finite, strictly positive convex function of α, for 0^α< 1, with the
following properties :

2) limf*(α) = 2,

α^o da

Moreover, the canonical and grand canonical ensembles are equivalent, for all

- D (3 28)

Remarks. 1) For free b.c., (3.27) and (3.28) are proven in [8]. The extension to other
b.c. is indicated in Sect. 5. From (3.27) one derives the equation of state

see [16, 8, 9].
2) Assuming that the methods of [4, 5] extend to the continuum Coulomb gas,

for sufficiently small, but positive values of α, one can show that FD(a) is C°° in α,
for small α, and

, (3.29)
aa

as a^O; see Sect. 5.
We now turn to the proof of Theorem 3.2. For the proof of Eq. (3.27) see [8, 9]

and Sect. 5. It follows from (3.10), (3.14), and (3.15) by using Holder's inequality
that βpx(z, β) is convex in β, hence in α. Thus, using (3.27)

da2 ( 2 - α ) 3 V β / ^ v > "

r(\ogz)βpx(z,β) + 2z2/2-«F'(a)
(Z — Oί) [(2 — Oί)

+ z2/2-αF/(α) = F"(α), for z = 1 > (3>30)

Thus F(a) = Fx(tt) is convex. That it is finite for 0^α<l follows directly from

(3.16), and that it diverges when a si follows from (3.10) and (3.13). All quantities,
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4π
<2*, Ξx, and px, diverge when β ̂  —-^, because of the logarithmic singularity of

R

By (3.22) and (3.27),

lim βpx(z, β) = zFx(ff) = 2z, i. e. Fx(ΰ) = 2, for all X .
β~*0

This proves property 2) of Fx. Next,

4π (2-α)2

This identity combined with (3.26) yield property 3), forX = D. In order to prove 3)
for X = F9P, and TV, suppose first that

dFx(a)
— - —

doc
^̂ const > — oo ,

uniformly in αe(0, 1). Then -^

. Since by (3.28)

,β))^^0

< °°> ^or some constant ε0 and all

s*(ρ,ε) = ρl-log-], for all ε^ε0,X = F, P, N. But, by Theorem 3.1,

and since the entropy density s*(ρ?ε) is increasing in c, we conclude that

(3.31)

for all ε < oo. Actually, the upper bound on σD follows from properties 2) and 3) of
FD and Eq. (3.27), Theorem 3.2, as shown below. Thus sx(ρ, ε) > sD(ρ, ε), for
εe(ε0, ao),X = F, P or N. This however contradicts inequality (3.7). We therefore
conclude that

r dFx(a)
lim — - — = — QO,

for all X. This completes the proof of property 3). Finally, we observe that by
(3.27), px(z, β) is analytic in z, except at z = 0, oo, and strictly convex on (0, oo). As is
well known (see [25]), this entails the equivalence of the grand canonical and the
canonical ensemble. Equation (3.28) therefore follows from (3.27) by Legendre
transformation (see Sect. 4 of [8], or [9]). D
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The contents of Theorem 3.2 may be summarized, in terms of the free energy
density fx(ρ, β\ by means of the following Fig. 1:

βfx(p, )

pΠogf-1]

-cr x(ρ,ε)

slope ε

J S
— β

Fig. 1

Proof of TheoremBΛ. The main part of Theorem 3.1 is proven in Appendix A.
The function σx(ρ, ε) is defined by

σx(Q,ε)= inf (βε-βfx(ρ,β)).

Suppose βfx(ρ, β) is continuously differentiable at some value β0 of β. Then

β^πr-(e,β)-βfx(Q,fl

and £0 is determined by the equation

\S(βfx)=

Moreover, the microcanonical and the canonical ensemble are equivalent at those
values of β and ε, and

lim
Λ/ΊR2 /l/ΊR2

'̂ εo) = σ^to, ε0)

By properties 2) and 3) of FD and Eq. (3.28) - which we have established without
using Theorem 3.1 - there exists a sequence {βn} converging to 0 such that
βfD(ρ, β) is strictly concave and continuously differentiable at β = βn, for all n. [By
(3.28), {βn} can be chosen to be independent of ρ!] By property 3) of FD, Theorem
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as n->oo. Therefore {σD(ρ,εJ} is a strictly increasing sequence, and by property 2)
of FD, Theorem 3.2,

lim σD(ρ, εn) = sup σD(ρ, ε J = ρ 1 - log - .

Using inequality (3.5), Theorem 3.1, which is established in Appendix A, we thus
obtain

yl/ΊR2

for all ε< oo, and using (3.6)

lim lim s^D(ρ,εn)= lim lim s^(ρ,εj
»->«, ASK r

- lιmσD(ρ,εn) = ρ 1-log-
n->oo L ^

Next, by property 1) of FD, Theorem 3.2, there exists a sequence {β'n} converging to
4π 1 t— such that
-**• ι ni r Π/ ^/ \

and βfD(β, ρ) is strictly concave and continuously differentiable at β = j8'M. (Again
{jδj,} may be chosen to be independent of ρ.) Thus

tends to — oo, as n-^oo. In conclusion

lim σD(ρ,ε;)= lim lim sD

A(ρ^'n}

= lim lim
n-» oo ΛsW.2

= — oo .

This, together with (3.5) and (3.6) (proven in Appendix A), completes the proof of
Theorem 3.1 for X = D. By inequality (3.7) (which is proven in the next section)

sx(ρ,ε)^sD(ρ,s), (3.32)

for all ε<ao,X = F,P,N. Thus σ*, sx, and sδ x tend to - oo, as ε^-oo, and

for all ε<oo.
As already noted in the proof of Theorem 3.2, inequalities (3.22) and (3.32)

yield properties l)-3) of Fx, X = F,P,N, stated in Theorem 3.2. By repeating the
arguments given above ΐoΐX = D, we thus conclude that, for each choice of^Γ = F,
P or iV, there exists a sequence {ε^} diverging to + oo such that

lim lim sδ^x(ρ,εn)= lim lim s*(ρ,εj

This completes the proof of Theorem 3.1.
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All as yet unproven statements about entropy, free energy or pressure are
established in Sects. 4 and 5 and Appendices A and B.

Next, we recall some facts and properties of correlation functions of the two-
component Coulomb gas in the grand canonical ensemble. (We believe that the
properties of correlations in the microcanonical ensemble are identical in the
thermodynamic limit, but we have no proof.) In [21, 10] it is proven that, for all

4π
z>0, 0<β< —y and all n,m, the thermodynamic limit of the correlation functions

R
of n vortices of vorticity + R at positions ξn and m vortices of vorticity — R at
positions ξm,

ρx(β, z ξ\ ξm) = Jim ρx

A(β, z ξ\ ξm), (3.33)

exists if AsΊR2 by inclusion, and for X = D9F9 and N. (For the definition of the
grand canonical correlation functions see [25, 10].) The limiting functions, ρx

9 are
Euclidean invariant. Of particular interest are the correlations of the vorticity,
ω(x), which we denote by <ω(<J1)... ω(ξn)yx(β9z). (This is the expectation value of
the product of the vorticity at ξί9... 9ξn.) It is well known (see e.g. [11]) that

(ω(ξ)ω(η)yx(β, z) = ρx(β, z 0)δ(ξ — η) — 2[ρ*'+ ~ (β , z ξ, η) — ρx' + +(β,z;ξ, ηj] .

(3.34)

Here ρx(β, z \ ξ ) is the one-vortex correlation which is constant in ξ, and the
superscripts on the right side of (3.34) indicate the sign of the vorticity of the two
vortices.

It follows from [11, 8, 9] that ρx> + ~(β,z; ξ,η)-ρx> + +(β,z; ξ,η) is a positive,
convex function of \ξ — η\ which tends to 0, as \ξ — η\-+ao9 foΐX = D, F9 and N. Thus

is a negative, concave function of \ξ — η\ which increases to 0, as \ξ — η\-*oo. This
means that if the vorticity at the point ξ is constrained to be positive, it is
predominantly negative at all points η Φ ξ (in contrast to what might be expected
heuristically). For X = P9 one can still show that (ω(ξ)ω(η]yp

A(β, z) is negative, for
ξ φ η9 in any bounded rectangle A.

Much less is known about systems of vortices of negative vorticity (for
example, —R\ immersed in a neutralizing positive background vorticity. This
system is stable for arbitrary values of the inverse temperature β - in contrast to
the two-component vortex plasma. The thermodynamic limits of the free energy
and the pressure have been constructed [26], and results similar to (3.22), (3.26),
and (3.27) can be derived. However, the microcanonical ensemble does not seem to
have been analyzed directly, and the existence of correlation functions is only
known for one special value of β, [14] (see also [7]). It is an interesting speculation
that for large values of the inverse temperature β the correlation functions of this
system exhibit directional long range order. We do however not have a proof of
this.
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4. Properties of the Entropy

In Sect. 1 we have shown that

^VΛ^, (4.1)
Λ,P/

in the sense of quadratic forms see also [24, 23]. From these inequalities and the
definition of the kinetic energy, K, in Sect. 2 [see (2.1) and (3.1)] we conclude that

I J
* ' <JJ

= U

for arbitrary f" eyΓ, <JmEylm. Now, recalHhe definitions of Ω(Λ, n, E) and of sΛ(ρ, ε)
- see (3.2') and (3.3). Since δ~(UΛ )X(ξn, ξn) — E) is monotone decreasing in UΛ x,
inequalities (4.2) give

This proves the first two inequalities in (3.7) and inequality (3.32).
Next, we show that the thermodynamic limit of SN

Λ(Q, ε) exists. Let A be the
union of m sets Aί9 /= 1, ... ,ra, with disjoint interiors. By (1.8)

m

VΛ,^ Σ V*.* (4 4)
i= 1

in the sense of quadratic forms on functions f(ξ) with the property that
J f ( ξ ) d 2 ξ = 0, for all i. [If / violates this condition, for some i, we set (/, VΔ. Nf)
Δi

= + oo (4.4) then holds in general.] Let ξΔι be the subset of points of ξn contained
in Ai9 and ξΔt the subset of ξn contained in A{. By (4.4) and (3.1),

υΛιN(^,ξ")^υΛiιN(ξΔi,lΔ). (4.5)
i

Since δ~ is monotone decreasing in (7, we conclude that

ΩN(Λ^E)^t±-}2 J δ-(ΣUΔtN(ξAi9ξΔi)-E\dξndξn. (4.6)

We set λt= -~. Clearly, 0<λi<ί and ΣΛ = 1 We choose n and |4-|, i=l, ...,m,

such that k^λfπ are integers, for all i. Finally we set E^λβ. By (4.6),

π|(Λ)2 ί ί-d/^^KM*')-^)-^*

By taking logarithms we find

m
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Since (5~^1,

(4.8)

By standard arguments [25], (4.7) and (4.8) imply the existence of the thermody-
namic limit of SN.

Next, we compare the entropy with the free energy. Since

δ-(x-E)^e~β(χ-E\ (4.9)

for all β, we obtain from (3.2') and (3.10)

ΩX(Λ, n, E) ̂  QX(Λ, n, β)eβE ,

hence

sδ

A *(ρ, ε) ̂  s*(ρ, ε) ̂  βε - βf*(ρ, β) . (4. 1 0)

As shown in [8, 9] and Appendix B, fx(ρ,β) is bounded uniformly in /L, for
arbitrary ρ and X = D,F, P, N, provided

β<4πR~2.

Conversely,

7=1

where

where

and we have used (4.9). Given β<4πR~2, we choose y>0 so small that
<4πR~2. Then Qx(Λ,n,β+ y)^ const1"1', independent of our choice of E1 (see
[8,9] and Appendix B). Finally

Λ2n

2n

These estimates permit us to use the arguments in [25, Sect. 3.4.3], to conclude
that

(4.11)
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with $Λ-+Q, as |/L|-»oo, if (for each A) /, E19 and El are chosen suitably. Combining
(4.10) and (4.11) we obtain

j8/*(ρ,j8)= minfjSε- lim s^(ρ,ε)\, (4.12)
ε \ Λ^R2 /

where fx(ρ,β)= lim /J(ρ,/J), with /l^IR2, e.g. in the sense of van Hove [25]; see

Sect. 5.
Next, we exploit the scaling properties of the Green's function VΛ>X of the

Laplacian with X b.c. at dΛ and of the one-body potential WΛ x, in order to
establish the scaling properties of the entropy [see (3.8) and (3.9), Sect. 3.2]. Let θ
be an arbitrary, positive number. We set

Lemma 4.1.

For all choices of X

3) UΛ x((θξ)\ (θξΓ) = Ue-lΛ x(ξ", ξm) + logfl.
4π

Proof. 1) LetX = D, P or N. The Green's function VΛ>x(ξ,η) is uniquely specified by
the following properties :

a) For ηeA, VΛ>x(ξ,η) is harmonic in ξ in A ~{η}l V Λ ί X ( ξ , η ) = VAfX(η,ξ).

b) F o r f / e Λ , F^ x(ξ,f/)« - —log |ξ-/y|+ const, as ξ->f/.
2π

CD) F^ D(ξ, f/)->0, if either ^ or η approach dA.

Cp) V Λ ί P ( ξ , η ) is periodic in £ and 77, with domain of periodicity = A.
Now, note that VΛtX(θξ,θη) satisfies a), b), and cx) Qί = D9P9N) if in a), b), and

cx) /I is replaced by Θ~1A. This proves 1). Lemma 4.1, 2) then follows from (1.3),
(1.4), and (1.5). Using 1) and 2) we finally see that 3) follows from (3.1) and
(i.3). α

We are now prepared to prove the scaling relation (3.8) for the entropy sA(ρ, ε).
(We temporarily suppress the super- and subscripts X.) By (3.27) and (3.3), Sect. 3.1,

2n ' E
with ρ= — - ε= ——. We now make a change of variables, ξj^>ηj = θ~1ξj, ζj^ϊjj

= 0-%, ./=!,...,*. We set

(Θηγ = (θηl9...9θη,)9 etc.

Note that ηn and ηn range over (θ~lΛ}n, and

dξn = θ2ndη\ etc.
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Hence

i.e.

κ' 4π

which is (3.8).

5. Free Energy and Pressure; Conclusions

5.1. Existence of the Thermodynamic Limit

Combining definitions (3.10), (3.11) with inequality (4.2) we obtain

JΛ™r/=\fϊ(Q,β).

and, using in addition (3.14), we get

(z,β). (5.1)

In Appendix B it is shown that, for all z and all β<4πR2,

ξ\^l}9 (5.2)

for some finite constant independent of Λ. Inequalities (5.1) and (5.2) yield (3.16).
By (3. 10), (4.4), and (4.5)

.e.
m

f S ( Q , β ) £ Σ * ι f A . ( β , β ) , (5-3)
i= 1

where λi = \Ai\/\A\, kt = λtn, . . . , as in Sect. 4. If A is a unit square, for example, then
clearly

for all k and all β<4π/R2. Furthermore, since QN(A, n, β) ̂  QD(Λ, n, β) ̂  const", if
β<4π/R2 and 2n/\A\ is bounded uniformly in A (see Appendix B), we conclude
that f%(Q,β) satisfies uniform upper and lower bounds, for all ρ>0 and all
β<4π/R2. This and (5.3) show that if Λ^IR2, in the sense of van Hove [25],

M/ft f t0 = fN(Q,β)
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exists. An argument originally due to Griffiths [12] can be used to show that the
thermodynamic limit of /J(ρ, β) exists. See also [8, 9, 13]. For X = D,P we do not
give a direct proof of the existence of the thermodynamic limit of the free energy,
but analyze the pressure and then exhibit the equivalence of the canonical and the
grand-canonical ensembles (Sect. 5.2).

The existence of the thermodynamic limit of the pressure for periodic b.c. can
be inferred from [9, 6]. (The arguments are somewhat lengthy and are therefore
not reproduced here.) For X = D, F, and N, we can establish the existence of the
thermodynamic limit of the pressure by considering its first derivative in z :

, ,
oz Λ

i.e.

βpx

Λ(z,β} = \A\-ι}dtt-^d2ξQx

Λ(β,ζ ξ). (5.4)
0 Λ

By correlation inequalities [10] Q^(β,z; ξ) is increasing in A, for X = F,N, while
ρ (̂β, z ξ) is decreasing in Λ, for each fixed ξ. These properties along with (5.4) and
(5.1), (5.2) establish (3.17) and the existence of the thermodynamic limit. (For
X = F,N one could instead use Griffiths' argument [12].)

Remark. The correlation inequalities in [10, 21] can be used to construct the
thermodynamic limit of all grand-canonical correlation functions.

5.2. Scaling Properties of the Pressure and Free Energy

We recall the definition (3.10) of the canonical partition function. (We temporarily
suppress reference to boundary conditions.)

J dξndξme-eυ^ ^.
nimi

We change variables, ξj-^ηj = θ~1ξj, ... , as in Sect. 4. By Lemma 4.1,

02(n + m)

Q(Λ,n,m,β)=—— j dη"dηm

n\m\

With (3.14) this yields

Ξ(Λ, z',β) = Ξ(θ-ίΛ,θ2~ βR2/4πz', β), (5.5)

hence
pΛ(Z',β) = θ-2pθ-1Λ(θ2-«Z',β),

where a = βR2/4π. Now choose z' = l, z = 92~a. After passing to the thermody-
namic limit and setting βp(l,β) = F(<x), we obtain βp(z,β) = z2/(2~a}F(a\ which
proves Eq. (3.27), Theorem 3.2. Moreover, it shows that p(z, β) is analytic in z,
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except at z = 0, oo, and strictly convex on the positive real axis, for arbitrary
αe(0, 1). This proves the equivalence of the canonical and grand canonical
ensembles. Therefore the thermodynamic limit of fx exists for all X = D, F, P, JV,
and fx satisfies Eq. (3.28), Theorem 3.2.

5.3. Comments on the Equivalence
of the Canonical and Micro canonical Ensembles Conclusions

Notice that if we can prove that the function Fx(a) is continuously differentiable in
α at some value α0 of α, then βfx(β,ρ) is continuously differentiable in β at

β0 = — γ~ . In that case
R

see e.g. [25]. If continuous differentiability is true for all /?0e(0, 4π/R2), it follows
that the thermodynamic limit sδ'x(ρ, ε) of the entropy exists for all ρ >0 and all real
ε (see Theorem 3.2), and sδ'x(ρ,ε) would be a strictly increasing function of ε.

We can think of two techniques that might enable one to derive differentiability
properties of Fx(oc) :

1) One could try to extend the techniques of Brydges and Federbush [4, 5] to
the two-dimensional continuum Coulomb gas. This would enable one to prove
that for 0<α<α, for some ά<l, FD(a) is C00 in α and to determine the rate of

divergence of— FD(ot\ as α->0: In the thermodynamic limit
da

Taking for granted that the methods of [4, 5] apply to the continuum gas, one
would conclude that

and the inverse correlation length, m(β\ behaves like

as β^O, up to corrections of higher order in β. (These asymptotic formulas are
suggested by Debye-Hϋckel theory.) By inserting these results in (5.6) we conclude
that

(5.7)

as β^O.
2) One can try to exploit the results of Faddeev et al. [27], claimed to be exact

results for the two-dimensional sine-Gordon theory. That theory is isomorphic to
the two-dimensional, two-component Coulomb gas studied here [8, 9]. The
vacuum energy density of the sine-Gordon theory, normalized such that it
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vanishes in the free-field limit, i.e. when β->0 or z->0, is precisely the pressure of
the Coulomb gas. The results in [27] indicate that the pressure is a smooth
function of β in the interval (0,4π/R 2). This would imply that the function F(α), see
Theorem 3.2, is smooth in αe(0,1), and therefore the entropy is uniquely
determined by the free energy.

5.4. Reduction to a Box of Fixed Size

We have discussed the situation where 2n vortices with fixed strength ±R are
contained in a box A->co, with n/\Λ\ constant. Because of the scaling properties of
the electrostatic potential, it is equivalent to consider 2n vortices of strength ±R in
a fixed box A. We might also take 2n vortices of strength + Rn—>0 in a fixed box A.
There is some arbitrariness in the choice of the energy variable, and different
choices may lead to different limiting regimes. It is not a priori clear which one is
appropriate for the statistical mechanics of vortices (as Oscar Lanford kindly
pointed out to us). The limiting regime which we studied gave the entropy as a
nontrivial function of the energy (continuous nonconstant function). Essentially
different limiting regimes would thus presumably lead to trivial functions. In
particular, we don't see how to obtain an entropy function which would increase
on one interval and decrease in another interval as suggested by the Onsager
argument.

Appendix A

Proof of Theorem 3.1. We know that the limits

f JznjJnn-βU Λ(ξn,—^}dςdςeIJ

I ) Λ2n

exist when /l^IR2, in the sense of van Hove, and \A\~12n^>ρ, defining the free
energy density, for the boundary conditions X = D, F, P, N. We have shown that

4π
fx(ρ,β)= — co, for β^—y, and βfx(ρ,β) is a finite concave function of β on

R
4π\ 4π

,-y , with /%/?)-> -oo when /?-> -
K I K

3.2, and is proved without the help of the present appendix, Define

0, -^y , with fx(ρ, /?)-> — oo when β-*—^. This is part of the content of Theorem

σx(ρ,ε) = inf (βε-βfx(ρ,β)). (A.I)

K° £)
This is clearly an increasing function of ε. Let εL(β) and εR(β) be the left and right
derivative of βfx(ρ, β) with respect to β. We shall from now on omit the superscript
X. General arguments concerning the equivalence of ensembles [25] give the
following results:

(a) lίm sδ

Λ(ρ,ε) = lim sΛ(ρ,ε) = σ(ρ,ε) = βε
As]R.2 ΛsR2

when ε = εR(β).
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(b) lim sup sδ

Λ(ρ, ε) ̂  σ(ρ, ε)
Λ^lR2

when εe[εΛ(/?),εL(/?)] (σfe') is then linear on [εΛ(/?), εL(jS)]).

Proposition. For all X and ε > εR(β),

when ΛsΊR2 in the sense of Fisher9.

We shall prove this proposition for X = D which is the most difficult, but also
the most interesting case. Other b.c. can be analyzed in a very similar way.

We now establish some notation :

ε<> = εR(β), s0 = σ(ρ,εR(β)). (A.2)

Instead of specifying points (ξn, ξn) in Λ2n, the positions of vortices, we shall specify
configurations, X, a set of n + vortices and a set of n — vortices. If S is a set of
configurations, X, and S the corresponding subset of Λ2n [i.e.
S = {(ξn(X),ξn(X)):XeS}], we define

with χ$ the characteristic function of S.
Given an arbitrary y>0 and ε>ε0, we shall try, for large A and \A\~12n&ρ, to

construct a set S of configurations such that

MΓ 1 logvol π S>s 0 -y, (A.3)

and such that all configurations in S have energy in the interval
((ε — (5)|Λ.|,(ε + (5)|Λ|), for some arbitrarily small, but positive δ. Since ε>ε0 and by
(A.2), this proves the proposition.

The proof of (A.3) consists of an explicit construction of S which we now
outline : We choose an integer v<ζn, with v-> oo and v/n-»0, as n-> oo, and consider
configurations of 2(n — v) vortices in A with energy in an interval
[(ε0 — <5')|Λ|,ε0|Λ.|]. To these configurations we add the 2v remaining vortices in a
small number (two) of very concentrated clusters in such a way that they
contribute an amount of energy proportional to \A\ and make a negligible
contribution to the specific entropy.

Let S0 be the set of configurations of 2(n — v) vortices with energy in the interval
[(ε0 — (5')|Λ|,ε0|Λ|]. Since v/n-»0, we have for large A,

MΓ 1 logvoln_ v5 0>5 0-7/3. (A.4)

We may also assume that γ has been chosen so small that

|/l|-1logvolnS0

<<s0-2y, (A.5)

where SQ is the set of configurations with energy <(ε0 — δ')\A\. Since /t^IR2 in the
sense of Fisher, we may decompose most of the area of A into little squares, Σ, of
area l/2ρ. Let <(•)> denote the expectation value given by the measure
(voln_ v5' 0)~ 1vol λ 3_ v( ) on 50. Then, for more than half of the squares £,

(number of vortices in Γ> ̂ f . (A. 6)

9 See [25] for the definitions
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Fig. 2

Since Λ^ΊR2 in the sense of Fisher, some fraction (> constant) of these little
squares has a distance ^/cdiam/1 to the boundary of A9 for some τc>0. We choose
one such square, Σ^. Let S1CS0 be the set of all those configurations in S0 with no
vortices in Σί. It follows easily from (A.6) that

Hence, for A sufficiently large

(A.7)

(A.8)

an immediate consequence of (A.4) and (A.7). [We note that we could, for each
N = 1,2,3, ..., find N squares, Σl9 ..., ΣN9 at distances ^ K diamΛL from dA9 such that
the set of configurations SNCSQ with no vortices in Σiu...uΣN satisfies voln_vSN

>(l/4)Nvoζ_vS0, and \A\~1logvoln_vSN>sQ-2y/39 for sufficiently large A]
We now modify configurations in S ί by adding v-h vortices and v —vortices in

Σ1. Let ω(x) denote the charge (or vorticity) density corresponding to the 2v
vortices in Σ1. Clearly

(A.9)

As shown in Sect. 1, it then follows that

$d2xd2yω(x)ω(y)[_VΛ x(x, y) - VJx - y)] ̂  const(Rv) 2( |/2ρ K diam/t)~1.
(A.10)

Next, we describe the way in which we distribute the 2v vortices in Σί more
precisely: They are all contained in a disc D of radius at most (l/4)(2ρ)"1/2

inscribed in Γ^ Each individual vortex is in a disc of radius r,
,1/2

so that the distance of two such discs is at least 2r. The discs containing a positive
vortex form a cluster, those containing a negative vortex form another cluster, and
the two clusters are at a distance «l/4(2ρ)~1/2 see Fig. 2. To be specific, we may
assume that these clusters are roughly circular pieces of a regular lattice
(hexagonal or square) of small discs of radius r, with lattice distance proportional
to r. By (A. 10), the interaction energy of vortices within one such cluster is

1

]A
(A.11)

as v-»oo.
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The interaction energy between the two different clusters is

~ _(KV/2π) log (—!==:) -R2v20(άiamΛ-1). (A.12)
\4J/2ρ/

These estimates are to be understood as follows :
(a) Uniform constants only depending on the geometry of the clusters have

not been computed.
(b) Apart from those constants, (A.ll) and (A.12) give the exact behavior of

the total interaction energy of the 2v vortices, in the sense that the interaction
energy is contained in an interval

(A.13)

where K and k are constants independent of r, v, and Λ9 and η tends to 0, as r-»0,
Λ->ao.

Next, we must estimate the interaction energy between the 2v vortices in D C Σl

and the 2(n— v) vortices in Λ\Σί : We fix a configuration S1 of 2(n — v) vortices in
Λ\Σ1. This configuration determines a charge density, Ώ(x), with suppΩcA\Σ1,
and

Next, we fix the position of each of the 2v vortices in Σ1 to be at the center of one of
the little discs of radius r contained in DcΣ1. Let ω0(x) denote the charge density
corresponding to this particular configuration. Furthermore, let coθ(x) denote the
charge density obtained from ω0(x) by rotating the positions of all 2v vortices
about the center of Σ1 ( = center of D) through an angle θ.

We now note that

2π

J dθωe(x) = ω(x) (A. 14)
o

is invariant under rotations about the center of Σ19 and §ώ(x)d2x = Q. The
interaction energy between the 2v vortices inside Σί with charge distribution ωθ(x)
and the 2(n — v) vortices of the configurations Sί in Λ\Σί is given by

Wθ = \d2xd2yωe(x)Ω(y) VΛ, x(x, y). (A. 1 5)

Next

f dθWβ = \d2xd2yώ(x)Ω(yWΛ,x(x, y) .
0

Since VΛfX(x,y) is a harmonic function of x, for xeD, for all choices of b.c. X and all
yeΛ\Σl9 and since Jώ(x)J2x = 0 it follows that
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As long as n is finite (or, equivalently, \Λ\ is finite) Wθ is a continuous, periodic
function of θ. This is true because

dist (supp Ω, supp ωθ) ̂  4 (2ρ)-1/2

Thus there exists at least one value (L of θ such that
«J 1

As one varies the position of each of the 2v vortices in D Cl^ throughout one of
the small discs of radius r (depicted in Fig. 2), the variation, A WΘ9 in the interaction
energy between the 2v vortices in D and the 2(n — v) vortices in A\Σί is bounded by

\Δ Wθ\ ̂  const(v(rc - v)/l/2ρ) r . (A.18)

This follows from (A. 15) and the continuity properties of VΛtX(x,y) with respect to
xeD, for arbitrary ye/lVΣ^.

Thus if the position of each of the 2v vortices inside Σl is anywhere inside one
of the 2v little discs, rotated by 0Sι, inside D then, by (A.17) and (A.18),

To complete the proof of our proposition we now must choose v and r,
calculate the total energy uncertainty, using (A.13) and (A.19), and calculate the
entropy of the class of configurations constructed above. For example, we may
choose

-1/2 Γ A' At I (A 2°)r = c2v ' exp[ —c3αιamyl],J

where c1? c2, and c3 are finite, positive constants. Then the total energy of the 2v
vortices in DCΣ t is, by (A. 13), contained in the interval

c4[K-η,K]R2\Λ\, (A.21)

for a positive constant c4 (depending smoothly on c1,c2,c3), with fy->0, as /1/^IR2,
in the sense of Fisher. Moreover

Thus the total energy of the configuration, 5, consisting of 5t and of the 2v vortices
put into D by the construction described above, is contained in the interval

[(ε0 + c4K - δJ\Λ\, (e0 +

where

51 = δ' + 77 + exp [ — O(dianiyl)] ,

δ 2 = exp [ — 0(diam A)"] .

By choosing c l 5c 2,c 3 suitably, c4K can attain any prescribed, positive value.
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To calculate the entropy of 5, we first calculate the total volume, Fv, of all
configurations of the 2v vortices inside D constructed as described above:

Vv = (πr2)2v - const l-\ e-
constvdίamA. (A.23)

Note that Vv is independent of S1 (in spite of the fact that the angle θSί depends on
Sj). Thus the volume of S is given by

and hence, using (A.8), (A.20), and (A.23)

= |yir 1 logvol I i_ vS 1

> s0 - 2y/3 - const (M| ~ ί diamΛ)1/2

>50-y, (A.24)

provided /L^IR2, in the sense of Fisher, and, given y, \A\ is chosen sufficiently large.
Clearly (A.24) and (A.22) complete the proof of (A.3) and hence of our

proposition.

Remark. In our proof we have used two special features of the Coulomb
interaction :

1) VΛ tX(x,y) diverges to + oo, as y->x, for each xeD. [This was used in (A.ll)
and permitted our choice of v, namely v/|Λ.|1/2->0, as |/L|-+oo, see (A.20).]

2) More importantly, in our estimate of the interaction energy, W, between the
2v vortices in D and the 2(n — v) vortices in Λ\Σί9 we have used the harmonic
property of VΛtX(x,y) with respect to xeD, for yeΛ\Σv

It turns out that one can avoid using either of these two elements, 1) and 2).
Instead one uses the following elements :

a) Inequality (A.5).
b) Given an arbitrarily small square Σ, the set of configurations of v( + or — )

particles inside Σ of energy ^εv2 has a volume Fv^ const (v!)"p, p< oo, provided ε
is small enough.

c) Charge conjugation invariance (i.e., + particles and — particles have equal
a priori probabilities) or repulsive (positive) two body potentials of short range.

d) One repeats the construction described above in N widely separated
squares, Γ15 ... ,ΣN [see remark between (A.8) and (A.9)].

These properties are all valid in the vortex gas studied in this paper, but they
hold for a much larger class of classical statistical systems. The proof of our
Proposition, assuming only a)-c) above, however becomes more difficult. [A clever
interplay between d), c), and a) permits us to control the entropy and energy
uncertainty.] We do not give the details.

Appendix B

Stability in the Canonical and Grand Canonical Ensembles,
and Monotonicity Properties of the Pressure

In this appendix we briefly describe two methods for proving the stability bounds
(3.12) and (3.16) for β<4π/R2. In [8, 9] these facts have already been established
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for b.c. X = F,N. Thanks to the third inequality in (3.16) it suffices to prove the
stability bound [last inequality in (3.16)] for Dirichlet b.c. The bound (3.12)
follows from (3.16) by standard arguments; see e.g. Corollary 3.6 of [8].

We then briefly indicate how one proves the monotonicity properties (3.17)
and, finally, how one can treat vortex gases, where the vorticity, R, of individual
vortices varies, but is distributed according to some finite measure dλ(R) of
compact support.

Let V^x be the Green's function of the operator — ΔΛfX + μ2, where AΛ>X is the
Laplacian on L2 (A, Lebesgue) with X b.c. at the boundary dΛ of A, and μ^O.
Clearly

j/(μ) < y(μ') ? for μ^>μ'>Q. (B.I)

Let Uyx(ξn, ξm) be an (n, m) particle Hamilton function defined as in (3.1), but with
VΛ x replaced by V(μ}

x and with WA x(ξ) replaced by ^lim (F^x(£, η)- FJ& η)). By
(Bl) ' ' ^ξ

uyx(ξn, ξm) ̂  lim Uy^ξ", ξm) = UΛ x(ξn, ξm), (B.2)

and the last equation holds for all X, provided one sets UΛ x(ξn,ξm)= +00, for
n φ m, when X = F, P or N. We define

n! m! Λn+m

and
00

Ξ(μ)x(A,z,β)= X zn+mQ(μ)x(A,n,m,β). (B.4)

By (B.2)

for μ^O, (B.5)

i.e. it suffices to establish stability of a gas where the "vortices" interact through a
Yukawa - rather than a Coulomb potential, and this will follow from an upper
bound on Ξ(μ}x of the form

, z, β) ̂  exp [/c(z, β)\Λ\] , (B.6)

where \A\ is the area of A, and k(z,β) is a finite constant, for all z>0 and all
I

β<4π/R2. If X — D, A= (j Λp where A19 ... ,Λn are disjoint, open sets, then

and one checks easily that this entails

Ξθ»D(Λ,z,β)£YlΞMD(Λj9z,β). (B.7)
j = ι

Thus it suffices to prove (B.6) for X = D and a region /I of unit area. By (4.2), this
will prove (B.6) for X = F,P,N, as well. In the literature one finds two fairly
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convenient methods for proving (B.6); see [8, 9, 3]. They both rely on the sine-
Gordon transformation which also plays a crucial role in a proof of the
monotonicity property (3.17) based on correlation inequalities [10]. We briefly
recall some of the main formulas defining this transformation. Let C ( = V^}

D) be
the integral kernel of a positive definite quadratic form on L2 (A, Lebesgue). Let
dμc(φ) denote the Gaussian measure on 2'(Λ) [the dual of C™(Λ)\ with mean 0
and covariance C. Let C0 be a kernel with the property that

c(ξ)=\\m(C(ξ,η)-C0(ξ,η)) (B.8)
η-+ξ

is continuous and integrable near dΛ. Formally, we define random fields :eiaφ:0

and :eiaφ: by

. giotφ . ίζ\_e ka2C0(ξ,ξ)emφ(ξ)

° ' (B.9)
.eiaφ.^ = e±aiC(ξ,ξ)eίaφ(ξ) ^ V '

It follows that

: e
ίaφ :0(ξ) = e~ ̂ c(ξ} : eίaφ :(ξ) . (B. 10)

By the definition of dμc and (B.8)-(B.10)

J Π :e^:0(^M0)
j = ι

where

U(ξv...,ξn)= Σ «
l ^ ί < j < Z n

If we set C=V^D, C0 - F,, we obtain

Lemma B.I.

where <( ))c denotes integration with respect to the Gaussian measure dμc(φ\ and

Remark. Formally, the proof follows by power series expansion of the exponential,
the identity

2z : cos βRφ :0(ξ) = z( : e R φ :0(ξ) + : e

and identity (B.ll). To make these formal calculations rigorous, one first proves
Lemma B.I for a regularized version of V^μ}

D(ξ, η) which is continuous in ξ and η
and then removes the regularization, proving at the same time a uniform bound of
the form (B.6). Details for X = F may be found in [8, 9]. For X = D, a convenient
regularization consists in replacing

V%>D(ξ,η) by [FJ

This is used in [3].
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By (B.10),

J :cos\/βRφ:0(ξ)d2ξ= :cosγβRφ:(ξ)d2ξ,

where

c(ξ) = lim \yMD(ξ, η) - Vm(ξ9 η)-] , (B.13)

and we may choose μ = 1. One verifies easily that, for βR2 < 4π and A a unit square
or unit disc

(a) Jexp d ξ<co, and

(b) j exp
ΘΛxθΛ

for all 0^1. To prove (a) and (b) we notice that — <
+ const and that V$ D(ξ, η) has exponential decay in \ξ — η\ [this is used in the proof
of(b)].

Estimates (a) and (b) are typical of the estimates one needs to control the
renormalization group scheme in [3] which (with Lemma B.I) yields the bound

Ξ(μ)D(Λ, z, β) ̂  exp c(βR2}z2 , (B. 14)

for some constant c(βR2) which is finite for Q<βR2 <4π, and A is assumed to be a
unit square or unit disc. The method in [3] is designed to establish (B.14) for a
renormalized version of Ξ(μ)x(A, z, β), for all βR2^6π. This causes some technical
complications which are unnecessary in our case. It is not entirely trivial to
develop a simplified version of [3] which can be used to prove (B.14) without
appealing to sophisticated techniques. Since details are lengthy but fairly straight-
forward, we omit them.

When A is a disc, one can set μ = 0 and prove (B.14) by following the method in
[8, 9]. This case is quite simple, because the Green's function of the Laplacian
with Dirichlet b.c. on the boundary of a disc has a simple explicit expression. One
proceeds as follows: One defines C=V(^D = VΛ^D. The Green's function VΛ D is

calculated in [8, 9]. Let Λ0 and Λ be two discs centered at the origin, with A0CΛ
and dist(/L0,δ/t)>0. Then

2z$:cos}/βRφ'.0(ξ)d2ξ

^/exp

exp[4z J :cos}/βRφ:0(ξ}d2ξ}\1/2. (B.15)
I Λ~ΛO J/c

Now, notice that the re-Wick ordering factor exp #2c(ξ) is uniformly

bounded on A0. Therefore a convergent upper bound on the first factor on the
right side of (B.15) follows from the results in [8, 9]. A bound for the second factor
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can be proven by adapting the arguments in Sect. 3 of [8] : In Eqs. (3.11) and (3.15)
n

of [8] the terms J~[ zj—\vj+n\
0i\\vj — zj+n\

a are replaced by
j=ι

(R16)

where u = βR2/4π, and

-c(\z\)= lim[F00-F1D](z,w)g—ln(l/dist(z,a^)) + const.

Since \Zj— wj+n\ gconst dist(z7 , dA) and |wy — zj+n\ ^const dist(w;., <9/l), for all
z 1 ? . . . ,z n and wί9...,wn contained in A\A0, (B.16) is bounded by const". The
estimates in Sect. 3 of [8] and the boundedness of (B.16) yield a finite upper bound
on the second factor in (B.15).

Finally, we note that the stability bound for Qx(A,n,m,β) follows from (B.I4)
and (B.4) by the Cauchy estimate.

We now outline the idea of the proof of the monotonicity properties (3.17) of
the pressure. First note that

.
OZ Λ

see (5.4). In the sine-Gordon representation

Q

x

Λ(β, z ξ) = 2zΞx(Λ, z,β)~ 1 < : cos ]/βRφ :0(ξ) exp J2z Λ: cos ]/βRφ :0(ξ)d2ξ])c ,

(B.18)

with C=VΛ x. It now follows from the correlation inequalities in [10] and the
inequalities

where Λ1 and Λ2 are disjoint, open sets and Λ = Λγ\jΛ2, that for each fixed ξ

ρ^(jβ, z ξ) is increasing in A , for X = F,N,

and

ρ%(β, z ξ) is decreasing in A .

From this (3.17) follows by standard arguments (provided the domains are squares
or discs).

We conclude with a few remarks on vortex gases with vortices, the vorticities of
which are distributed according to a measure dλ(R\ with supp/lc[ — K0,K0],
R0 < oo. The grand partition function of this gas in the sine-Gordon representation
is given by

= ex
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C=VA x. By taking the absolute value of the expression inside the expectation

<(')>c we obtain

ΞX(Λ9 λ, β) ̂  /exp$dλ(R) J : cos ]/βRφ :0(ξ)d2ξ\ . (B.20)
\ Λ 1C

By Jensen's inequality

βRφ :0(ξ)d2ξrg z~ 1^dλ(R) exp [z J :cos ]/~βRφ '0(ζ)d2>

(B.21)

where z = §dλ(R). Thus, combining (B.19)-(B.21) one finds

> z $ : c o s } / β R φ : 0 ( ξ ) d 2 ξ \ .
A 1C

The right side is bounded for all z>0 and uniformly in R, provided βRl<4π; see
(B.14). If dλ(R} = dλ( — R\ the correlation inequalities in [10] are applicable, as
well, and can be used to prove (3.17).
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